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Uniqueness of Kerr space-time near null infinity
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We reexpress the Kerr metric in standard Bondi-Sachs coordinates near null infinity 7*. Using the
uniqueness result of the characteristic initial value problem, we prove the Kerr metric is the only
asymptotically flat, stationary, axially symmetric, type-D solution of the vacuum Einstein equation.
The Taylor series of Kerr space-time is expressed in terms of Bondi-Sachs coordinates, and the Newman-

Penrose constants have been calculated.
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I. INTRODUCTION

Since the work by Bondi et al. [1], it is well known that
the Bondi coordinates are a very natural choice when we
want to describe the asymptotic behavior of a gravitational
field near null infinity J*. Based on works by Penrose,
Newman, and Unti [2,3], there is an elegant way to reex-
press Bondi’s work in the Newman-Penrose (N-P) formal-
ism. This also gives us a general formalism to describe the
asymptotic structure of general asymptotic flat space-time
which is smooth enough near J*. Using the characteristic
initial value (CIV) problem method, many authors [4-6]
have shown the existence of null infinity in a general case
and pointed out the degree of freedom of the gravitational
field near null infinity. The CIV method has many advan-
tages in dealing with the gravitational radiation problem.
Recently, this method has been used in numerical relativity.
Winicour and his colleagues developed the Cauchy-
characteristic matching (CCM) method. They wanted to
combine the CIV method and the standard Hamiltonian
evolution method [7]. On the other hand, the Kerr solution
is a very important exact solution of the Einstein equation
both in the theoretical area and in application. An interest-
ing question is whether the Kerr metric describes the
space-time outside a stationary rotating star. For a long
time, the Bondi coordinates of Kerr space-time were not
very clear. For example, how does one describe the Kerr
space-time in Unti-Newman’s general formalism [3]? The
uniqueness theorem [8,9] tells us that the Kerr solution is
the only asymptotically flat, stationary, axially symmetric
solution of the vacuum Einstein equation with a regular
event horizon. From an application point of view, it is very
difficult to get detailed information about the event horizon
of a space-time because of the infinite redshift near the
horizon. An interesting question is how to identify the Kerr
solution based on information near null infinity. This is
more practical in future gravitational experiments. This
idea can also be understood from the Geroch conjecture
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[10]. Obviously, stationary and axially symmetric condi-
tions are not enough because there are many asymptoti-
cally flat exact solutions of the Ernst equation. In the next
section, it is found that such uncertainty comes from the
homogeneous part of a control equation which comes from
the Killing equation. The general solutions of that equation
contain some free constants. These unknown constants are
closely related to Geroch-Hansen multipole moments [11].
In order to identify the Kerr solution, we use Petrov clas-
sification [12] and show that this condition will help us to
finally pick out the Kerr solution. Furthermore, N-P con-
stants for Kerr space-time are also calculated as a by-
product.

This paper is organized as following: In Sec. II, we prove
a local uniqueness theorem of the Kerr solution based on
the information near null infinity. This theorem also tells us
the standard Unti-Newman expansion of the Kerr metric.
The detailed expression of this extension is contained in
Appendix A. Appendix B contains some spin-weight har-
monics which are useful for our calculation.

II. MAIN THEOREM

Let (M, g) be an asymptotically flat space-time and
(u, 1, 0, @) be the standard Bondi-Sachs (B-S) coordinates.

Theorem 1.—Suppose (M, g) is an asymptotically flat,
stationary, axially symmetric, type-D, vacuum space-time
in a neighborhood of null infinity; then it is isometric to
Kerr space-time in the neighborhood of the Bondi
coordinates.

In order to make the proof clear enough, we divide it into
two subsections. In the first subsection, we calculate the
Taylor series of general, stationary, axially symmetric
space-time in Bondi coordinates. We find that all Taylor
coefficients can be expressed in terms of {W%} and their
derivatives. Unknown functions {‘If(’;} satisfy a linear in-
homogeneous second order partial differential equation.
We find that the general solution of such an equation has
the form W% = W§ + DX,Y, ., , where W{ is the special
solution which corresponds to the Kerr metric and D is a
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free constant; i.e. all axially symmetric and stationary
solutions are characterized by the set of constants {D*}.
This set of constants is closely related to the famous
Geroch-Hansen multipole. In Sec. II B, with the help of
the type-D condition, we show that all {D*} vanish and the
Kerr metric is the unique, stationary, axially symmetric,
asymptotically flat type-D metric.

A. Taylor series of general, axially symmetric, vacuum,
stationary space-time

Suppose (M, g) is a vacuum, stationary, axially symmet-
ric space-time. * and ¢“ are two commutative Killing
|

— DR+ (e + &R+ KA+ kA =0,
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vectors. Near J©, we use the standard B-S coordinates to
do the standard asymptotic expansion. The detailed con-
struction of these coordinates is well known and can be
found in Refs. [2,3]. With this choice of coordinates, we
can also choose a set of null tetrads {/, n%, m“, m“}, such
that [ = (%)“, and these tetrads are parallel transported
along /. Under such a choice of coordinates, ¢¢ = (ﬁ)”.

The timelike Killing vector * can be expressed in terms of
anull tetrad as 1 = TI* + Rn® + Am® + Am®. [t%, ¢p*] =
0 means that T, R, A are independent of ¢. The null tetrad
components of the Killing equation for ¢ are

—DT — (e + 8T —wA—7A—D'R+ (y+ %R+ 7A+ 1A =0,
—«kT+ 7R+ DA+ (§—e)A— S8R+ (a+ B)R+ pA+ cgA =0,
—tT+ PR+ DA+ (¥ —y)A—6T —(@a+ BT — uA—AA=0,

—D'T—(y+ )T —vA—pA =0,
—oT+ AR+ 8A+ (@a— BA=0,

—pT + uR+ 8A—(a— B)A— pT + aR + A — (a — B)A = 0.

Using the Bondi gauge k = e =7=0,p=p, r=a +
B, we have

— DR =0, (1)
—DT—DR+(y+%R+7A+7A=0, (2
DA — S8R+ TR+ pA+ 0A =0, 3)
—DT—(y+9T—vA—pA=0, 4)
—7T+PR+D'A+(y—y)A— 8T — 7T — nA— XA =0,
5)
—oT + AR+ 8A + (@ — B)A =0, (6)

—pT + uR + 8A — (@ — B)A — pT + R
+6A—(a—BA=0. (7)

Here we use the standard notation of [2,3,12]. Differential
operators in the above equations are defined as

d d d d - 0
D= —, Di=—+U—+X—+X—,
ar du ar al al
smolrplopl ool
=w— — —, =e —.
ar al a{ 2

It is well known that stationary solutions to Einstein’s
vacuum field equations are analytic [13]. Moreover, it is
also known that asymptotically flat, stationary, vacuum
solutions are not only analytic, but even admit an analytic
conformal extension through null infinity [14,15]. Keeping
this result in mind, all geometric quantities (the coordinate
components of the null tetrad, N-P coefficients, compo-

nents of the timelike Killing vector, and components of
Weyl curvature) can be expressed in terms of a power
series of 1; for example,
1 1
s amwifai
r r
Some lower order Taylor coefficients of the components of
the tetrad, N-P coefficients, and components of the Weyl
tensor (up to third order) can be found in Sec. 9.8 of [2].
First of all, let us consider the function R. Equation (1)
and the axially symmetric condition tell us that R =
R(u, ). With the formal expansion of the null tetrad and
N-P coefficients [2,3], the zeroth order of Eq. (2) gives

R _
Ju
so R = R(0, ¢). In order to get more information about R,

a higher order of the Killing equation is needed. The first
order of Egs. (3), (5), and (7) is

0, (10)

SoR + A° =0, (1)

— WIR + Al — §,T° +14° — 604" =0, (12)

2T — R =0, (13)

where 6, = % 3% and the overdot means d,. Because

the space-time is stationary, there is no Bondi flux. This
implies ¢° = 0 [2]; then the N-P equations tell us that this
leads to \Pg = (. Combining this condition with (11)—(13),

we get
Al + A% =0. (14)
The second order of Eq. (3) is

124009-2



UNIQUENESS OF KERR SPACE-TIME NEAR NULL INFINITY

L1+ Z7) Py ) (15)

V27 74
It has been shown that the right-hand side of the above
equation is independent of u, so A' = 0. This implies A? =
0 and R is a constant. So we can take R = 1 without loss of

241 =

generality.
With R = 1, the Killing equations become
—DT+(y+y) +7A+ 1A =0, (16)
DA+ 17+ pA+ cA =0, (17)

—D'T—(y+ 9T —vA—pA=0, (18)

— 7T+ 0+D'A+(y—y)A— 8T — 7T — uA— AA=0,
(19)

—oT+ A+ 8A+ (a—BA=0, (20)
—pT + u+ 6A — (@ — B)A — pT
+@a+6A—(a—PBA=0 (21

With Eq. (9), the nontrivial zero order Killing equation is

T°=0. (22)
The nontrivial first order Killing equations are
— A% =0, (23)
—T' + WA + WIAC =0, (24)
— WY + Al +14° — 5940 =, (25)
09+ §,A% + 2a°A° = 0, (26)
2T =1 =0, 27

which implies 7! = 0 and A! = 0. The same order N-P
equations also give W9 = 0 and W9 = 0.
The second order Killing equations are

T' — YWy + W) =0, (28)
—24' =0, (29)

T2 =0, (30)

LIW + A2 — §,T' = 0, €2))
lo¥ =0, (32)

2T — 0%6° — 3%6° — V) — W§ =0, (33)

where § is the spin-weight operator [2] and is defined as
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22"
we know o0 =0, Al=0, 7T?=0, T! = F(W) + ),
V) =), W) =0, A2 = —LgW) + 15,(V) + ¥)). It is
worth pointing out that the result ¢° = 0 tells us that the
Bondi coordinates, which are chosen as in [3], are associ-
ated with the “good cut” of stationary space-time, i.e.
0? =0, so the freedom of supertranslation has been
removed.
The third order Killing equations are

Jf = (8y + 2s5a”)f, a® = — # From these equations,

277 + Y09 + §09)) = 0, (34)

— 342 - 1w =, (35)

T3 =0, (36)

W0+ 7% + A3 + 342 - 5,72 =0, (37)
§pA? +2a°A% =0, (38)

277 + 100 + 100 + §,A2 — 2a°A2 + §,A% — 2a°A? =0.
(39)

Equations (35) and (38) imply
JV9 = 0. (40)
The spin weight of W9 is 1, so it is a linear combination of
spin-weight harmonics {, Y, l,m}‘ The axially symmetric con-

dition implies m = 0. The behaviors of the spin-weight
harmonics under the action of the operators ¢ and # are [2]

I+ s+ D({I—s)
ﬁSYlm = _\/ 2 s+1Ylm’

- (I—s+1D{+s)
lnglm = \/ 2 s*lYlm’

0Yim = Yim-
(41)

So we get W9 = c(u), Y,y = c(u) sinf. Detailed calcula-
tions of N-P equations of the same order also give

1oy 1-
=S - gﬁzxy?, vl =0,
1-
V=2, Wi=Wi=¥i=0 (42
1-

Equation (34) and 72 = 0 give
¢ @sing + &f sin@ = 2(¢ + &) cosh =0,  (43)

which implies ¢ + ¢ = 0. The first order Bianchi identities
tell us ‘I’? — ;Z‘Ifg = 0, which implies qu = —¢cosh + Cy;
however, it is well known that ‘I’(z) = ‘I’g for the stationary
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case [2,3], so ¢ = 0. This means ¥{ = C; sinf and V) =
C,. The Komar integral shows that —C, is just the Bondi
mass of the space-time. Additionally, Eq. (37) tells us that
A3 =0.

The fourth order Killing equations are

373+ (Y + 94 =0, (44)
4A% = 1wl (45)
T4+ X0 + J0) (V9 + ¥9) =0, (46)

AT — 130 + 5% + A* + (W9 + T9)A2
+3A3 = 5T + WIA + 1A =0, (47)

L0+ J4 + §A3 =0, (48)

273 + p* + a* + JA3 + JA3 =0, (49)

where y* = —%(aoﬁ‘lfg - 'Oﬂ‘_Ifg) - %32‘1’8, A=
e o T

(P + 53\If8), V3= - %\if?\lfg - %;33\If8. (These results
are obtained for N-P equations of the same order.)
The spin weight of W, is 2, so Egs. (45) and (48) imply

W) = D3(u)sin’6. (50)

Equations (37) and (45) eliminate the time dependence of
D3(u), i.e. W9 = D3sin%6. Equation (47) is

At =o. (51

The fifth order Killing equations are
AT* + (y° + 9°) — 10942 — 1w942 = 0, (52)
At =17, (53)

— 105 + X+ 1WOT! +3W0A% + At =0,  (54)

—2p° +2T* + (p° + °) + 3W0A?

+ 30042 + JA* + JA* =0, (55)
where
5 — 5 — 1\1,3 5 1«1;1
p> =0, /.L—_Z 5 0'——5 0

A5 = —é\lfgwg _21_4‘1,1,
Y = = o (@O — a0 + IR — P
40 0 Ot 307 0
5= l;»m,l P = _g|q,0|2 + 1‘32\1,1
g" v 2 3001 6"

1-
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Equations (46) and (52) and the Bianchi identities imply
W0 = iC,sinf, C; € R, where C, is the Komar angular
momentum. Equations (53) and (54) give

FIPL + 5V = 10(¥9)2 — 159w, (56)
The homogeneous part of the above equation is
v, +5W) =0, (57)

Because the spin weight of W] is 2, it is a linear combina-
tion of {, ¥, ,}. Using Eq. (41), the homogeneous equation is

(_l2 -+ 12)2Yl,0 = 0, (58)

which gives [ = 3. The general solution of Eq. (54) is
1 (10 2 5 )in2 6
\PO = ?(Cl) - 5C2D sin“@ + D 2Y3’0. (59)

(Bianchi identities insure ‘If(l) = 0.) By definition [2], the
nonzero N-P constant for stationary axially symmetric
space-time is

10
GO = ?(Cl)z - SCQDS. (60)

Until now, we have obtained the series expression of
tetrad components up to fourth order, N-P coefficients up
to fifth order, and Weyl components up to sixth order. To
prove this theorem, all Taylor coefficients of all geometric
quantities are needed. We use the inductive method to
solve this problem order by order.

Suppose we know the Taylor coefficients of the tetrad
components up to (k — 3)th order, the Taylor coefficients
of connections up to (k — 2)th order, and the Taylor co-
efficients of the Weyl curvature components up to (k —
1)th order. The (k — 1)th order of the Killing equations
(17) and (20) is

_(k_l)Ak72+Tk71:..., (61)
coe AT A2 =, (62)
where ““: - - means terms which only contain lower order

coefficients. Based on the induction hypothesis, those
terms are known. In order to solve these equations, we
need the coefficients A*"! and 7¢~!. From the N-P equa-
tions,

124009-4
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D\PI - 5‘1’0 = _4(1\1’0 + 4p‘lf1 = qfk
- Wk +
SrETAL
1
D0'=2pa'+\lf0:>a'k_1=—(k_3)\lfé+ ,
1
DA=pA+a Al = (7 R
pATOR= 20k —2)
DT=Tp+f0'+‘I’1=>Tk 1
1
= \Ifk 63
=2 (63)
Combining Egs. (61)-(63), we get
- +4)(k+1
Mf\lf’é + w\pé = (64)

2

The homogeneous part of the above equation is

k+4)(k+ 1
A %WO =0. (65)
|
Dp=p*+lol?=—(k=3)p"" =,

Da=ap+ Bod= —(k—2)a* ="

i
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Because of Eq. (41) and the axially symmetric condition,
the general solution should be

W =5 + D5, 15, (66)

where W is a special solution of Eq. (64) and D* is a
constant. Obviously, the Kerr solution satisfies all condi-
tions of our theorem, so ‘I’O must exist. The concrete form
of W can also be obtained by direct calculation. One can
express the ““- - -”” terms in Eq. (64) as a linear combination
of spin-weight harmonics {,¥,,}. The inductive method
insures that the maximal value of / in that expression will
be finite for any given order; then we can get W§ by
comparing coefficients between both sides of this equation.
With the general solution of W%, Eq. (63) will give 7¢7!,
o*~1, A¥~1 and W%. Furthermore, Cartan structure equa-
tions and Bianchi equations will help us to get other
coefficients,

DB=Bp+ac+V¥ =—(k—2)pk!=wk4+ ...,

DV, — 5§V, =3pW, — 2a¥, — AV, = —(k — 3)Wk = gt +
DVy — 6§V, = 2pW; — 2AW, = —(k — 2)Wk = JWk +
DV, — 6V, = pW, + 2aW¥; — 3A¥, = —(k — )Wk = JWk + (67)
Dy=ra+7B+W¥,= —(k— Dy ' =W + qpr* ! —ap7t 1+ -+,
Dp = pp+ o+ ¥, = —(k—2)ur! =%pk_1 +WE 4
Dv=71A+7u+¥;= —(k—1)rk! =%7"k_1 +Wh 4
DE=p8B +oét=—(k-3)& =+, D& =p&+o8=—-(k-3)& =",
Do =pow+ow—(@+p)=—(k—3?=—-ak1-pgl+...,
=@+ B+ (a+ pPé=—(k—2)xk?2= #(ak_l + B+

=(a+ po +

From the above results, we find that we can express all
(k — 2)th order coefficients of tetrad components, (k —
1)th order coefficients of connection components, and kth
order coefficients of Weyl curvature in terms of W&, §
derivatives of W§ and lower order coefficients which we
have known. The form of W% is given in Eq. (66). This
means we can get all those coefficients for any given order.

B. Uniqueness of the Kerr solution

In the above subsection, we have obtained the Taylor
series of a general, stationary, axially symmetric metric.

R

UK = — k=l — gl 4o

From Eq. (66), we can see that the freedom in each
order of the Taylor coefficients is just the constant
D* (k = 5). These arbitrary constants should be closely
related to the famous Geroch-Hansen multipole mo-
ments [10,11,16,17]. What we want to do in this
section is pick out the Kerr solution from those
possible solutions; i.e. we need to fix the value of
{D¥}. In order to do that, we consider the Petrov classifi-
cation [12]. It is well known that the Kerr solution
belongs to the type-D class; i.e. its Weyl curvature satisfies
[12]

124009-5



XIAONING WU AND SHAN BAI
K = \Pl(q,4)2 - 3\1,4\1'3\1,2 + 2(‘1’3)3 = 0. (68)

Writing down the 12th order coefficient of the above
equation, we get

= 3WIWIvY + 2(Wi)} = 0. (69)
In the previous section, we obtained
V=0, W=iC, Y, V=1V
qu = D52Y2,0, \I’% = —%\P?‘Ifg - %’53‘1’8’ (70)
Vi = —1gv

This constant is fixed in the following way: from Komar
integrals M =L [¢ *dt and J = Ma =3 [ *d¢,

we know W) = —M, ¥ = 3iMa\/¥1 Y, . If we submit
these into Eq. (70), then we get

3iMa |4
‘I’% = 3 ‘/?—11/1,0’
3iM%a ’477 1 71
= | ———-__D> Y, (71)
< 2 3 \/i )—1 2,0

\Pi _ (_ iN6mM2a N D5>2Y20.
4 4 g

v

W W

Submitting the above result into Eq. (69), we find

iN6rM?*a D’ 3iMa ’477 2
0=3M<_f+7)72}]2’0+2[7 ?71Y1’0i|

. 2 5 2.2
=|:3M(_l\/67TM a+2>_3M a 16777']72)/20‘
4 4 4 5 g

Solving the simple linear

_l\/@Mz 5_3 2,2
[3M(— boria By — IMa

(72)

algebraic  equation

7] =0, we can fix the
value of D as

[16
D5 = Md? Tﬂ + iverM2a. (73)

Submitting the above result into Eq. (60), it is easy to check
that the N-P constant of Kerr space-time is zero, which has
been obtained in [18,19].

In order to fix the general D*’s, we also use the inductive
method and fix them order by order. Suppose that we know
D* up to order n. To get the value of D"*!, we consider the
(n + 8)th coefficient of Eq. (68); a long but direct calcu-
lation shows that it should be

— 32O 4 =, (74)

[T 3

Here also mean terms which only contain lower
order coefficients. From Egs. (63), (66), and (67), we know
that

PHYSICAL REVIEW D 78, 124009 (2008)

nel A+l ntl
W =W+ D"TLY 0

1 -
\|r?+1 — _(n — 3),;{\|r6+1 + oo,
1 -
\I]g+1:—n_2ﬂ’\1}}f+l+_,,, (75)
1 -
W =

1 -
\I,Z+1 — _;ﬂ\ljg"’l + e

where W4*! is the special solution of Eq. (64) which
corresponds to the Kerr solution. We know that the Kerr
solution is type-D; i.e. Eq. (74) holds for \iflé, so Eq. (74)
can be written as

— 3020

A4 n+1 L
A== e’ o to=0 09

If the general W;*! in Eq. (75) also satisfies Eq. (74), we
have

—3Wiv) gt
(n—=3)n—2)n—1n 0
=392y -
+ prtl 32 Y +---=0.
(n—3)n—-2)(n-— l)nﬁ 27n+30
(77

[T 2]

Because terms in only contain lower order coeffi-
cients, they remain unchanged when we change @8“ to
the general W2 *!. Obviously, % #5750 isa
nonzero function for any n, so the general solution of W3 *!
satisfies Eq. (74), meaning D"*! = 0 and Wi*! = Wt
This tells us that the Kerr solution is the only solution
which satisfies all requirements of our theorem.

Remark: In the above subsection, we proved our theo-
rem under the requirement that the whole space-time is
type D. In Sec. IIB, we showed that the freedom of
vacuum, stationary, axially symmetric space-time is just
a set of constants {D*}. The reason we need the condition of
type D is to fix the value of {D*}. If the type-D condition
holds at several points in the Bondi neighborhood and
those points are not zero points of

%#2le0, then it is easy to see that {D'}
should be zero; i.e. if the type-D condition holds at several
points, it will imply that this condition holds in the whole
neighborhood. This feature may be a practical method
from the experiment prospective. That means only several
points need to be checked for the type-D condition to see
whether the space-time around us is Kerr space-time. This
may be a useful property for future gravitational experi-
ments, such as “mapping space-time’’[20].
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APPENDIX A

The asymptotic extensions of Kerr space-time in B-S
coordinates are as follows:

0
o=
ar
u 0 1 M Md> B iMa (7 B iMa 0 B 0
nt = I:—E - —(3c0s26’ - 1)+ O(r 4)]_r + [ 53 coty + o(r 4)] Y; [_—2r3 coty + o(r 4)]8_5’
3iMa Ma? 1+
[ 2 Ging + sin2 + o(r—4)] + 0(r —4)— [( 0, o(r —4)] _ (A1)
V273 2r ol
(2) N-P coefficients,
1 3Ma? sinf cotd  3Ma?sinf cosé
= ——+ 0(r ), o=—-—"">7 "+ 0(@7), a=— + o),
p=—1+00) S04 o) G
cotd 3iMasind 33Ma? siné cosé 3iMasin® 18Ma?sinf cosf
= - +0(r™d), T=- + +0(r™d),
A 22r 2273 224 ) 2273 J2r )
2einn2 . 2 29 _
A= _ Ma sin 0 L o0, = _i +M2 3iMacosd Ma (3005 0—1) +00),
4r 2r r r
oM (2+/2 — 1)3iMa cosb B 3Ma2(300520 -1 oG, L, 3iMasing  Ma® sinf) cosf N
2r V23 4y 4273 2rt
(A2)
(3) Weyl curvature,
v, — 3Ma255in20 L 0(o), v, — 3iMasing 12M a? siné cosf L0,
r 2rt V27
- 2 29 _
v, — - M3 B 31Mafos0 N 3Ma*(3cos?0 — 1) + 0(-9) (A3)
r 4r &
3iMa sinf 3i 61 3Ma*sin%6
v, = — SVasy [— L M2asing + £ Ma? siné cosé’]r*5 + 0(r 9, v, = a—ssln + 0(r~°).
24274 2V2 V2 ar

APPENDIX B

Some spin-weight harmonics are as follows:
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1 ’ 3 . ’3 . ’ 3 »
YO,O = \/T_/n-, 1Y1,1 = E(COSQ + l)equ, IYI,O = %Slnﬁ, IYI,—I = E(l - COS9)€ l¢,
[ [3 ... [3 ,»
Y = — 8—7Tsm06 ¢, Yio= 4—cos0, Y o1 = 8—7Tsm6?e ¢ Yy, = 16—77(1 — cosf)e'?,
Y,y = —|—=sin (1+ O)e ;LY (1+ 6)>e*?,
Y1 = g sind. LY cosf)e = cos
5 y 5 .,

2V =3 —247Tsm6’(1 + cosh)e'?, 2Vo=3 T 0, 2y =3 247Ts1nt9(1 — cosf)e”

Y,y =32 (1 — cosf)?e %?; Yy, = —3q—si 6(1 + cosf)e*¢
222 = 35— cosf)?e %%, Yy, = 54 S0 cosf)e*?,

5
Yo, = 1/ (2 cosf — 1)(1 + cos@)e’®, Y= 31’4— sinf cos#,
: T
5 L 5 .,

Y, =3 (2c050 + 1)(1 — cosf)e ¢, Y, ,=3 msmﬁ(l — cosf)e 2, Y20 = 3y{gSin"0e ie,
Y, = —6 S sinf cosfe'?®, Y, = i (3cos?0 — 1) Y, | = S sinf cosfe ¢

> 167 IR Py ’ > 167 ’

5 N 5 ,
Yy -2 =3qfqgsin 20e 2% Yo = 35— ——sinf(1 — cosf)e??,
id 5 :
(2 cosf + 1)(1 — cosh)e'?, Y=~ Esmﬁ cos0,
=3 5 2 —i¢ =3 5 . —2i¢.
Y, = m( cosf — 1)(1 + cosf)e™'?, Yy = msm@(l + cosf)e *?;
2 i _ S it _ S 2
(1 — cosf)“e LY, =3 msmﬂ(l — cosf)e'?, Y0 =3 Te-Sn 6,
5 2,-2
LY, =-3 Ism&(l + cosf)e” LY, ,=3 K(l + cosf)?e
: : T
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