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We use the Szekeres inhomogeneous relativistic models in order to fit supernova combined data sets.

We show that with a choice of the spatial curvature function that is guided by current observations, the

models fit the supernova data almost as well as the Lambda-CDM model without requiring a dark energy

component. The Szekeres models were originally derived as an exact solution to Einstein’s equations with

a general metric that has no symmetries, and they are regarded as good candidates to model the true lumpy

universe that we observe. The null geodesics in these models are not radial. The best fit model found is

also consistent with the requirement of spatial flatness at cosmic microwave background scales. The first

results presented here seem to encourage further investigations of apparent acceleration using various

inhomogeneous models, and other constraints from cosmic microwave background and large structure

need to be explored next.
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I. INTRODUCTION

Complementary cosmological observations have estab-
lished that the expansion of the universe has entered a
phase of acceleration [1–8]. Cosmic acceleration and the
dark energy associated with it have been recognized as one
of the most important and challenging current problems in
cosmology and physics; see e.g. the reviews [9–16]. As
discussed in the literature, cosmic acceleration can be
caused by a repulsive dark energy, or can be caused by
some radical changes to gravity theory (general relativity).
However, a third possibility has been discussed in a num-
ber of recent papers, which is that cosmic acceleration
could be an apparent effect because cosmological observ-
ables, such as the luminosity distance to supernovae, are
altered by inhomogeneities in the universe when analyzed
within exact inhomogeneous models. In view of the chal-
lenges presented by the cosmic acceleration problem, all
three possibilities need to be thoroughly explored.

The possibility of an apparent acceleration has been
discussed in the literature using the inhomogeneous
Lemaitre-Tolman-Bondi (LTB) models; an incomplete
list includes [17–23]. In these and other papers, it was
shown that the LTB models can fit supernova observations
and the position of the first peak of the cosmic microwave
background (CMB) without any dark energy in the models.
Although the LTB models are spherically symmetric, the
results of those papers support the fact that, as a proof of
concept, apparent acceleration is a serious possibility.
Thus, it is a compelling endeavor to explore apparent
acceleration within more general inhomogeneous cosmo-
logical models.

In this paper, we present a first analysis of apparent
acceleration using the appealing Szekeres inhomogeneous
models [24,25]; see also [26] and references therein for a
review of the models. The models were originally derived
by Szekeres [24,25] as an exact solution to Einstein’s
equations with a general metric that has no symmetries
(i.e. no Killing vector fields). The models have been inves-
tigated analytically by several authors [27–36] and are
regarded as the best exact solution candidates to represent
the true lumpy universe we live in. For example, the
models are put in the same classification as the observed
lumpy universe in [37] (see the table on page 37 there). In
Ref. [30], the authors reformulated the models using a
coordinate system that shows that the models can be re-
garded as nonlinear exact perturbations of the Friedmann-
Lemaitre-Robertson-Walker (FLRW) models, but where
the exact nonlinearity of general relativity is not altered.
As we discuss further, the Szekeres models have a flexible
geometrical structure and are very likely to fit various
cosmological data sets without the need for a dark energy
component.
It is perhaps worth clarifying that we are not proposing

the Szekeres model as the true model of the universe but
rather investigating the possibility of an apparent accelera-
tion in an inhomogeneous universe.
In this scenario, apparent acceleration is due to the fact

that we happen to live in one of the many underdense
regions of the universe. The physical reason for such an
observation is that inside the underdense region, there is
less matter to slow down the expansion, and therefore the
expansion rate in the underdense region is larger than what
it is in an overdense region or compared to the overall
averaged rate of expansion. Some limits have been put on
the dispersion in this expansion (see, for example, [38]),*mishak@utdallas.edu
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but this was contested (see, for example, [39–41]). So the
difference between the dynamics inside the underdense
region compared to outside of it could give the apparent
effect of an accelerating expansion. Furthermore, in these
models we do not have to impose that we are located close
to the center of the underdense region because the defini-
tion of a center itself depends on a spherically symmetric
geometry which our models do not suffer from.

Interestingly, the possibility of apparent acceleration
connects to the averaging problem in relativity and cos-
mology, e.g. [42–44]. The problem states that the operation
of smoothing inhomogeneities in the universe from small
scales of distance to large scales is an operation that does
not commute with the operation of applying the Einstein
equations. In other words, the order in which the two
operations are applied is important and leads to different
results due to the nonlinearity of Einstein’s equations.
Because of this noncommutation problem, it becomes clear
why using observables in inhomogeneous models, such as
the Szekeres models, is different from using FLRW plus
perturbations and why it can lead to different interpreta-
tions. The problem was pointed out well before the cosmic
acceleration problem and has now reemerged because of
dark energy and possible links to inhomogeneous models;
for a recent review see [45] and references therein. In our
work here, nonlinearities affect observables and lead to
apparent acceleration, and this is different from other ideas
where authors tried to use nonlinearities in order to gen-
erate a true acceleration; see also [45] for a review.

Finally, it is worth mentioning that the possibility of
apparent acceleration also addresses the acceleration/dark
energy coincidence problem, e.g. reviews [9–15]. This
problem is stated in the literature as the ‘‘why now?’’
problem, i.e. why cosmic acceleration is taking place dur-
ing the current epoch of cosmic evolution and only after
initial structures have formed. As pointed out previously in
the literature, e.g. [45] and references therein, in the ap-
parent acceleration scenario, the effect is taking place at
the current epoch because of the onset of nonlinear cosmic
structures in the universe.

The usual difficulty in comparing inhomogeneous mod-
els with observations is that it is not possible, in general, to
analytically solve the null geodesic equation in these mod-
els and derive observable functions. This equation is easily
solved in the FLRW model, but that is not the case in more
complex models. In the Szekeres models, unlike the LTB
and the FLRW models, the null geodesics are not radial so
the full set of equations needs to be integrated in order to
consider observations. In the present work, we explore a
numerical integration in order to overcome the problem.

In this first of a series of papers, we launch a program
where we plan to use relativistic cosmological models that
are more complex than the FLRW models (focusing on the
Szekeres and Szekeres-Szafron models) and compare them
to currently available and future cosmological data. We

show in this paper that the Szekeres models successfully fit
supernova data and provide preliminary support to the
possibility of apparent acceleration. A number of points
need to be further investigated and are subject to ongoing
and future work by the authors.

II. THE SZEKERES COSMOLOGICAL MODELS

The models are described in some detail in [26,46], and
we give here a brief overview only. We use the set of
coordinates used by [34,36] and by [33]. The spacetime
metric reads

ds2 ¼ �dt2 þ ðR0 � R E0
EÞ2

�� kðrÞ dr2 þ R2 dp
2 þ dq2

E2
(1)

where R ¼ Rðt; rÞ is the area distance and 0 is used for
@=@r. The function kðrÞ is related to the energy per unit
mass and determines the curvature of the spatial sections
t ¼ constant. This function divides the models into sub-
cases: hyperbolic ðkðrÞ< 0Þ, parabolic ðkðrÞ ¼ 0Þ, and el-
liptic ðkðrÞ> 0Þ. The function E ¼ Eðr; p; qÞ is given by

Eðr; p; qÞ ¼ ðp2 þ q2Þ
2SðrÞ � PðrÞ

SðrÞ p�QðrÞ
SðrÞ qþ CðrÞ (2)

and the functions PðrÞ, SðrÞ, QðrÞ, and CðrÞ satisfy the
relation

CðrÞ ¼ P2ðrÞ
2SðrÞ þ

Q2ðrÞ
2SðrÞ þ

SðrÞ
2

�; (3)

but are otherwise arbitrary. The geometrical function
Eðr; p; qÞ and the geometrical constant � ¼ 0, þ1, or �1
define further subcases of the Szekeres models and control
the mapping of their various hypersurfaces [33].
The Einstein field equations with a dust source are

_R 2ðt; rÞ ¼ 2MðrÞ
Rðt; rÞ � kðrÞ (4)

and

8��ðt; r; p; qÞ ¼ 2ðM0ðrÞ � 3MðrÞ E0
EÞ

R2ðR0 � R E0
EÞ

(5)

where the function MðrÞ represents the total active gravi-
tational mass in the case � ¼ þ1 [33,47]. The evolution of
Rðt; rÞ depends on kðrÞ and is given by the following:
Hyperbolic case: kðrÞ< 0,

Rðt; rÞ ¼ MðrÞ
�kðrÞ ðcosh�� 1Þ; (6)

t� tBðrÞ ¼ MðrÞ
�kðrÞ3=2 ðsinh�� �Þ: (7)
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Parabolic case: kðrÞ ¼ 0,

Rðt; rÞ ¼ MðrÞ�
2

2
; (8)

t� tBðrÞ ¼ MðrÞ�
3

6
: (9)

Elliptic case: kðrÞ> 0,

Rðt; rÞ ¼ MðrÞ
kðrÞ ð1� cos�Þ; (10)

t� tBðrÞ ¼ MðrÞ
ðkðrÞÞ3=2 ð�� sin�Þ (11)

where tBðrÞ is an arbitrary function of r and represents the
big bang time. For a simultaneous big bang, we choose
tB ¼ constant ¼ 0 just as in a FLRWmodel. It can be seen
that there are several subcases of the Szekeres models and
that a given model is specified by six functions that can be
reduced to five by using the coordinate freedom in r. The
model we chose for our analysis is specified in Sec. IV.

III. THE NULL GEODESIC EQUATIONS IN THE
SZEKERES MODELS

The null geodesic equation describes the motion of light
rays arriving to us from astronomical objects, and it is
necessary to solve it in order to derive observables, such
as the luminosity distance to supernovae or the angular
diameter distance to the CMB last scattering surface. This
equation is easily solved in the FLRW model but not in the
Szekeres models, and here we employ a numerical ap-
proach to the problem.

Furthermore, it is worth noting that unlike in the LTB
geometry, there are no radial null geodesics in the Szekeres
models as was discussed, for example, in [46,48,49]. This
is due to the dependence of these geodesics on the p and q
coordinates, and one must integrate the full set of geodesic
equations, which is how we proceed below.

First, we apply the null geodesic equation

ka;bk
b ¼ 0 (12)

using the Szekeres metric (1) and where ka is a null vector
(kak

a ¼ 0) tangent to the geodesics. The resulting equa-
tions for the coordinates ft; r; p; qg are written below. These
were previously given in, for example, [48,49], and we
rederived them here using the computer algebra system
GRTENSORII [50]:

d2t

d�2
þ R;tr � R;tE;r

1� k

�
R;r � R

E;r

E

��
dr

d�

�
2

þ RR;t

E2

��
dp

d�

�
2 þ

�
dq

d�

�
2
�
¼ 0; (13)

d2r

d�2
þ 2

�
R;tr � R;tE;r=E

R;r � RE;r=E

��
dt

d�

��
dr

d�

�

þ
�
R;rr � R;rE;r=E� RE;rr=Eþ RðE;r=EÞ2

R;r � RE;r=E

þ k;r
2ð1� kÞ

��
dr

d�

�
2 þ 2

�
R

E2

��
E;rE;p � EE;pr

R;r � RE;r=E

��
dr

d�

�

�
�
dp

d�

�
þ 2

�
R

E2

��
E;rE;q � EE;qr

R;r � RE;r=E

��
dr

d�

��
dq

d�

�

�
�
R

E2

��
1� k

R;r � RE;r=E

���
dp

d�

�
2 þ

�
dq

d�

�
2
�
¼ 0;

d2p

d�2
þ2

�
R;t

R

��
dt

d�

��
dp

d�

�
�
�
1

R

R;r�RE;r=E

1�k

�ðE;rE;p�EE;prÞ
��

dr

d�

�
2þ2

�
R;r

R
�E;r

E

��
dr

d�

��
dp

d�

�

�
�
E;p

E

��
dp

d�

�
2�2

�
E;q

E

��
dp

d�

��
dq

d�

�
þ
�
E;p

E

��
dq

d�

�
2¼0;

(15)

d2q

d�2
þ 2

�
R;t

R

��
dt

d�

��
dq

d�

�
�

�
1

R

R;r � RE;r=E

1� k

� ðE;rE;q � EE;qrÞ
��

dr

d�

�
2 þ 2

�
R;r

R
� E;r

E

��
dr

d�

��
dq

d�

�

�
�
E;q

E

��
dp

d�

�
2 � 2

�
E;p

E

��
dp

d�

��
dq

d�

�
þ E;q

E

�
dq

d�

�
2 ¼ 0

(16)

where � is a parameter. Next, the first integral (i.e. kak
a ¼

0) reads

�
�
dt

d�

�
2 þ ðR;r � RE;r=EÞ2

1� k

�
dr

d�

�
2

þ R2

E2

��
dp

d�

�
2 þ

�
dq

d�

�
2
�
¼ 0: (17)

In order to study the propagation of null rays in the
Szekeres models, one needs to integrate numerically the
set of Eqs. (13)–(16) subject to Eq. (17).
Before we do that, let us relate these equations to the

redshift. For that, we consider two consecutive wave crests
of a light ray traveling to the observer. One is described by
the first integral at tð�Þ, and the second is at tð�Þ þ Tð�Þ,
where T is, therefore, the period of the light. Thus we have

�
dt

d�

�
2 ¼ ðR;r � RE;r=EÞ2

1� k

�
dr

d�

�
2 þ R2

E2

��
dp

d�

�
2 þ

�
dq

d�

�
2
�
;

(18)
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�
dðtþ TÞ

d�

�
2 ¼ ðRðtþ T; rÞ;r � Rðtþ T; rÞE;r=EÞ2

1� k

�
dr

d�

�
2

þ R2ðtþ T; rÞ
E2

��
dp

d�

�
2 þ

�
dq

d�

�
2
�
: (19)

We can now use the first integral to see how the period
changes as the light propagates. We will assume that the
period of the light, T, is much smaller than the time over
which the light propagates; see, for example, [46]. This
allows us to Taylor expand to first order,

Rðtþ T; rÞ ¼ Rðt; rÞ þ _Rðt; rÞT (20)

and

R0ðtþ T; rÞ ¼ R0ðt; rÞ þ _R0ðt; rÞT: (21)

Substituting into (18) and (19), and subtracting (18) from
(19), we get

dt

d�

dT

d�
¼ Tð�Þ

�� _R0Rþ R _RðE0
EÞ2 � ðR0 _Rþ R _R0Þ E0

E

1� k

��
dr

d�

�
2

þ R _R

E2

��
dp

d�

�
2 þ

�
dq

d�

�
2
��

: (22)

Now, the redshift is related to T by

1þ zð�eÞ ¼ Tð�oÞ
Tð�eÞ (23)

where the subscript e is at emission and o is at observation.
We take the derivative with respect to �e to obtain

dz

d�e

¼ �dTð�eÞ
d�e

1þ zð�eÞ
Tð�eÞ : (24)

We can now substitute (24) into (23) and drop the sub-
scripts to get

dz

d�
¼ �ð1þ zÞ

�
d�

dt

��� _R0Rþ R _RðE0
EÞ2 � ðR0 _Rþ R _R0Þ E0

E

1� k

�

�
�
dr

d�

�
2 þ R _R

E2

��
dp

d�

�
2 þ

�
dq

d�

�
2
��

(25)

or, more simply,

dðlnð1þ zÞÞ
d�

¼ � 1
dt
d�

�� _R0Rþ R _RðE0
EÞ2 � ðR0 _Rþ R _R0Þ E0

E

1� k

�

�
�
dr

d�

�
2 þ R _R

E2

��
dp

d�

�
2 þ

�
dq

d�

�
2
��

: (26)

Now, Eqs. (13)–(16) constitute a system of second-order
ordinary differential equations (ODEs) for the functions
ftð�Þ; rð�Þ; pð�Þ; qð�Þg, where the coefficients are com-
posed of the metric functions evaluated on the null cone
using the Field equations and the model specifications.
Equation (26) relates the system to the redshift.

We integrate the system using a fourth-order Runge-
Kutta algorithm with adaptive step size [51]. Our numeri-

cal code iterates between calls to evaluate the Field equa-
tions on the null cone and calls to integrate the ODEs. We
also coded a three-dimensional interpolator [51] in order to
select geodesics with starting points matching the coordi-
nates of the supernovae of interest as given in [52]. We
implemented the Runge-Kutta code [51] with the function
vectors

y ¼
�
t; r; p; q;

dt

dl
;
dr

dl
;
dp

dl
;
dq

dl

�
(27)

and

dy

dl
¼

�
dt

dl
;
dr

dl
;
dp

dl
;
dq

dl
;
d2t

dl2
;
d2r

dl2
;
d2p

dl2
;
d2q

dl2

�
(28)

so that the system of four second-order ODEs is reduced
into a system of eight first-order ODEs. We also use the
parameter l � lnð1þ zÞ instead of �. Further details about
the numerical integration and the 3D interpolator will be
presented in a separate follow-up paper [53].
The next step of our numerical integration is to evaluate

numerically the area distance and the luminosity distance.
For a general definition of the observer area distance r0, we
go back to earlier work by [43,54], where for a general
metric in spherical coordinates, r0 is given by

r40sin
2� ¼ detðHIJÞ (29)

where HIJ is the ��� block of the metric. For that, it is
useful to rewrite the Szekeres metric in spherical coordi-
nates. For this purpose, we consider the following coordi-
nate transformation:

p ¼ cot

�
�

2

�
cosð�Þ; q ¼ cot

�
�

2

�
sinð�Þ; r ¼ r;

(30)

which yields the new line element

ds2 ¼ �dt2 þ ðR0 � R
~E0
~E
Þ2

�� kðrÞ dr2 þ
�
R
~E

�
2ðd�2

þ sin2ð�Þd�2Þ (31)

where the function ~E � Eð1� cosð�ÞÞ does not alter other
parts of the metric.
Now, we note from the metric (31) that there are no off-

diagonal components of the f�;�g part of the metric, i.e.
g�� ¼ 0, and since here we specialize our analysis to the

case of Szekeres models with � ¼ þ1, then, by (29), the
area distance can be described by [55]

r0 ¼ R

E
(32)

which indeed depends on the three coordinates r, �, and �
on the null cone. It follows that the luminosity distance is
also a function of the three coordinates and is given by
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dLðzÞ ¼ ð1þ zÞ2 R
E
: (33)

We numerically integrate dL along with the system of
ODEs (13)–(16) above. Then, as usual, we evaluate the
distance modulus to supernova as

mðzÞ �M ¼ 5 logðdLÞ þ 25; (34)

we use the supernova magnitudes and uncertainties from
the combined data sets of [56–58], and we transform the
coordinates from the supernova database [52]. The findings
are presented in the next section.

IV. RESULTS AND DISCUSSION

We discuss here our results from the numerical integra-
tion and comparison to combined supernova data sets of
[56–58]. We specify our Szekeres model by using some
guidance from current observations of matter abundances,
CMB observations, and also some previous works on in-
homogeneous models [20,34,36].

(i) We consider the case of Szekeres models with � ¼
þ1. This case includes the three subcases of hyper-
bolic, elliptic, and parabolic models.

(ii) We set tBðrÞ ¼ 0 for a simultaneous big bang like in
the FLRW models.

(iii) In the usual way, e.g. [33], we use the coordinate
freedom in r and set MðrÞ ¼ ðsinhðrÞÞ3.

(iv) In a similar way to the work done on the LTB models

by [20], here we set, for the Szekeres models, kðrÞ ¼
~kðrÞr2 with

~kðrÞ ¼ �1

1þ C2r2
: (35)

So at large r, the spatial curvature goes to zero as
indicated by CMB observations [5,8], and at very
small r the curvature goes negative in accord with
local observations of matter abundances with a den-
sity about one-quarter of the critical density. The
constant C will be set by the best fit model to the
data.

(v) For fS; P;Qg, we use model 1 of [34] with
f140; 10;�113 lnð1þ rÞg, which was considered
within the context of structure formation using
Szekeres models and also within a general discussion
of cosmological applications of the models [35].
Other submodels will be explored in forthcoming
investigations.

Our fittings are presented in Fig. 1. We find that the
Szekeres model that we considered fits the supernova data
competitively up to a redshift 1þ z ¼ 1:449. The best fit
model has a value C ¼ 0:80 with �2 ¼ 112, and this is
found to be close to the �2 ¼ 105 of the flat Lambda-CDM
(LCDM) model with �m ¼ 0:27 and �� ¼ 0:73 (see also

[56] for the LCDMmodel). In view of the possible system-
atic uncertainties involved in the supernova data, it is not
clear that the difference between the two �2 is significant.
Also, the model that we used here was derived and dis-
cussed from fits that modeled large-scale structure [34]
(clusters and voids), so while the model is found to provide
a good fit to the supernova data with ð1þ zÞ< 1:45, one
needs to take into account the transition to larger scales.
Indeed, it is well known that the Szekeres models average
to almost Friedmann models at very large scale of dis-
tances [24,25,27–31,33], but further work is needed in our
numerical approach in order to model such a transition and
include it in the fit. Nevertheless, as shown in Eq. (35), the
constant C controls spatial curvature and our model is
consistent with the requirement of spatial flatness at the
CMB scales.
Now, while the LCDM model requires a cosmological

constant in order to fit the data, the Szekeres model is used
without any dark energy component. As indicated by the

function ~kðrÞ in (35), the interpretation of this result is that
we may happen to live in one of the many underdense
regions of the universe as described by a Szekeres inho-
mogeneous cosmological model, and this would lead to an
apparent acceleration.
However, a number of points need to be investigated in

order to fully explore this possibility, and work is ongoing
by the authors. These include the following:
(i) Exploration of other submodels and ansatz for the

functions S, P, Q and the curvature function kðrÞ of

 34

 35

 36

 37

 38

 39

 40

 41

 42

 43

 0  0.05  0.1  0.15  0.2  0.25  0.3  0.35  0.4  0.45

m
-M

z

From SN data set used by Davis et al. 2007

Szekeres model

LCDM model

FIG. 1 (color online). Supernova fits for the Szekeres model
(green crosses) and the LCDM model (blue curve). The data are
94 supernova (up to 1þ z ¼ 1:449) from Davis et al. 2007,
Wood-Vasey et al. 2007, and Riess et al. 2007 [56–58]. The
Szekeres model fits the data with �2 ¼ 112. This is close to the
�2 ¼ 105 of the LCDM concordance model. Because of the
possible systematic uncertainties in the supernova data, it is not
clear that the difference between the two �2 is significant.
Furthermore, other Szekeres models remain to be explored.
The Szekeres model used is also consistent with the requirement
of spatial flatness at CMB scales.
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the model including the transition from Szekeres
models to an almost FLRW model.

(ii) Comparison to CMB observables. We expect that the
position of the first peak of the CMB spectrum can be
easily met by the Szekeres model that we considered.
Most importantly, the models show promise to fit the
full CMB spectra because of their flexible geomet-
rical structure. Another constraint that needs to be
studied is the amplitude of primordial fluctuations in
the gravitational field. Here, one needs to use the
Szekeres-Szafron models [27,32] that include pres-
sure as well.

(iii) Comparison of the models to observables of large-
scale structure growth, such as gravitational lensing
and galaxy clustering.

In conclusion, this first work of a series shows that the
Szekeres inhomogeneous models provide a good fit to the
supernova data and seems to support apparent acceleration,
but further investigations using these models are required
in order to thoroughly explore this possibility.
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