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We explore the possibility of modeling electroweak physics in a warped extra dimension with a soft

wall. The infrared boundary is replaced with a smoothly varying dilaton field that provides a dynamical

spacetime cutoff. We analyze gravity, gauge fields, and fermions in the soft-wall background and obtain a

discrete spectrum of Kaluza-Klein states which can exhibit linear Regge-like behavior. Bulk Yukawa

interactions give rise to nonconstant fermion mass terms, leading to fermion localization in the soft-wall

background and a possible explanation of the standard model flavor structure. Furthermore we construct

electroweak models with custodial symmetry, where the gauge symmetry is broken with a bulk Higgs

condensate. The electroweak constraints are not as stringent as in hard-wall models, allowing Kaluza-

Klein masses of order the TeV scale.
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I. INTRODUCTION

The warped extra dimension framework provides a com-
pelling geometrical understanding of a number of mys-
teries left unexplained by the standard model (SM), most
notably the hierarchy problem and the flavor puzzle. In the
original Randall-Sundrum model [1], a slice of anti-de
Sitter (AdS) bounded by ultraviolet (UV) and infrared
(IR) branes was used to solve the hierarchy problem.
This setup was subsequently generalized by placing SM
fields in the bulk [2–6] in order to address flavor issues.
Fermion mass hierarchies result from the wave function
overlap of SM fermions with an IR localized Higgs [4,6,7].
This leads to a fermion geography in the fifth dimension
which also naturally suppresses the scale of generic higher-
dimension operators that mediate dangerous flavor-
changing processes [6,7]. Furthermore, there exists a
built-in ‘‘GIM’’ mechanism suppressing induced flavor-
changing neutral currents (FCNC), a result of the near-
universality of the couplings between the SM fermions and
excited Kaluza-Klein (KK) gauge modes [6,8]. In addition,
by the AdS/conformal field theory (CFT) correspondence
[9,10], these extra-dimensional models provide a weakly
coupled holographic description of nontrivial strong gauge
dynamics responsible for electroweak symmetry breaking
and flavor physics (for a review, see [11]).

A basic feature of warped phenomenological models is
the existence of an IR brane at which the warped dimension
abruptly ends. This breaks the conformal symmetry, gen-
erating four-dimensional (4D) particle states with a KK/
composite mass spectrum m2

n � n2. But this hard-wall
representation of the IR brane represents just one way to

break conformal symmetry. Instead a more general ap-
proach is to replace the IR brane with a so-called soft
wall, in which conformal symmetry is smoothly broken
by a dilaton field, providing a dynamical cutoff to space-
time along the fifth dimension. This allows for a variety of
KK mass spectra to be generated and, since there is no
longer an IR brane, forces all IR-brane fields to be five-
dimensional (5D) bulk fields. Thus, from the dual holo-
graphic description, any operator of finite dimension re-
sponsible for conformal (or other) symmetry breaking can
be modeled in the soft-wall background.
The soft-wall warped dimension was first proposed to

model the Regge behavior of highly excited mesons in
AdS/QCD models [12]. In analogy with this QCD appli-
cation, the soft wall can be used to model the possible
underlying dynamics of electroweak physics. Since this
dynamics is unknown, a much larger set of possibilities
can be studied for electroweak physics, leading to a variety
of qualitatively distinct phenomenology. In particular, an
application of the soft-wall warped dimension to electro-
weak breaking in gauge-Higgs unification models leads to
less severe constraints from electroweak precision tests,
allowing for KK gauge modes generically as light as 2 TeV
or less [13].
In this work we will study the standard model in a soft-

wall warped dimension as a way to model the possible
underlying dynamics of electroweak physics. A concrete
5D gravity model, similar to the dynamical AdS/QCD
model of Ref. [14], is presented which provides a starting
point to address the hierarchy problem and stability.
Although our model does have a built-in stabilization
mechanism due to a particular choice of UV boundary
conditions, a large hierarchy between the UVand IR scales
can only be obtained by a significant amount of tuning.
Nevertheless, different boundary conditions can be chosen
which leave the IR scale undetermined, corresponding to a
modulus field. Thus, new mechanisms may still be devel-
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oped which solve the hierarchy problem in the soft-wall
framework.

With these caveats aside we study bulk gauge fields and
fermions in the soft-wall warped dimension. Even though
the fifth dimension is infinite, the KK spectrum can be
discrete, with a variety of spacing between resonances
including linear Regge-like behavior. The analysis of
bulk fermions is particularly involved compared to the
usual hard-wall setup. Specifically, it is necessary to go
beyond the zero-mode approximation and fully account for
the 5D Yukawa interactions that generate position-
dependent fermion mass terms. The general problem with
three generations requires a detailed numerical analysis,
which we do not address in this paper. Instead, we illustrate
in a simple single-generation model that many of the nice
features of hard-wall models, such as fermion localization,
mass hierarchies, and universal KK gauge couplings, occur
in the soft-wall warped dimension.

Finally, we construct electroweak models with custodial
symmetry. We discuss the dynamics leading to an IR-
peaked bulk Higgs condensate responsible for breaking
electroweak symmetry. Moreover, we find that electroweak
constraints are not as stringent as their hard-wall counter-
parts, accommodating KK modes with masses of order the
TeV scale.

This paper is organized as follows: In Sec. II, we discuss
some of the general features of the soft-wall warped di-
mension. A dynamical 5D gravity model is then presented
which provides a concrete realization of the soft-wall
framework, and issues related to the separation of the UV
and IR scales are discussed. We study bulk gauge fields and
fermions in Sec. III, fully accounting for the effect of the
backreaction of the Higgs condensate on the fermion dy-
namics. In Sec. IV we consider custodial electroweak
models, studying the Higgs sector and electroweak con-
straints. Directions for future work and conclusions are
presented in Sec. V.

II. THE SOFT-WALLWARPED DIMENSION

A. General features

The basic feature which distinguishes the soft-wall
warped dimension from the usual hard-wall slice of AdS
is the replacement of the IR brane with a smooth spacetime
cutoff. The metric describing 5D spacetime in the confor-
mal coordinate z can be written as

ds2 ¼ e�2AðzÞ�MNdx
MdxN: (1)

Wewill work with a pure AdS metric, AðzÞ ¼ logkz, where
k is the AdS curvature scale and �MN ¼
diagð�;þ;þ;þ;þÞ. In contrast to hard-wall models, the
coordinate z extends to infinity. The action describing the
gauge and matter fields is

S ¼
Z

d5x
ffiffiffiffiffiffiffi�g

p
e��L; (2)

where L is the matter field Lagrangian and � is the
‘‘dilaton.’’ Although we are taking a phenomenological
approach, we have in mind that � is to be identified with
the string theory dilaton and the action (2) may originate
from some particular D-brane construction.
The dilaton obtains a nontrivial background value �ðzÞ,

providing a dynamical cutoff to spacetime and obviating
the need for an IR brane. In the holographic picture, � is
responsible for the confining dynamics at infrared energy
scales. Indeed, we can identify an effective running cou-
pling g25e

� � e�=Nc, with Nc the number of colors in the

dual theory, which grows in the IR. Correspondingly,
sources located at large z will be strongly coupled, and
processes involving exchange of IR localized bulk KK
modes can become nonperturbative at high energies
[12,13]. However, for UV-localized matter, as in the elec-
troweak models that we will present, the effective descrip-
tion will remain perturbative sufficiently far into the
infrared region.
Though there are many possible behaviors for the dila-

ton, we will only consider power-law behavior �ðzÞ ¼
ð�zÞ�. In general the eigenfunctions of bulk fields with a
power-law dilaton satisfy an analog 1D ‘‘Schrödinger’’
equation with a power-law potential. A simple WKB ap-
proximation then shows that for large mode number n the
KK mass spectrum follows

m2
n ��2n2�2=�: (3)

Even though the conformal coordinate z extends to infinity,
for � > 1we obtain a discrete mass spectrum. In particular,
for the case � ¼ 2 the spectrum exhibits linear ‘‘Regge’’
behavior. Later we will specialize to this case as it allows
for analytic results. As � ! 1 we recover the usual hard-
wall mass spectrum m2

n � n2. The dilaton power-law ex-
ponent, �, therefore provides a continuous parameter in
which the KK mass spectrum varies from a continuum to
that associated with a compact extra dimension. As dis-
cussed in [13], there are other interesting but qualitatively
distinct behaviors possible if � � 1. For example, a con-
stant dilaton [15] leads to ‘‘unparticles’’ [16] from a 4D
perspective, while ‘‘hidden valley’’ models [17] are ob-
tained when � ¼ 1 [18].
Though an IR brane is no longer needed, a UV boundary

at small z is still required in order to obtain the zero modes
identified with the SM fields, which otherwise would not
be normalizable. This also follows from holography, be-
cause typically the zero modes are (primarily) elementary
fields associated with ‘‘sources’’ on the UV brane, rather
than composites emerging from the dual gauge theory. As
in hard-wall models, the UV brane will be located at a
position z0 ¼ 1=k.
Note that there is an alternative way to model the soft

wall, which relies on having an exponentially decaying
metric [19]. For many cases, the equations of motion are
the samewhether one uses a dilaton or the decaying metric,
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but differences can arise, in particular, for bulk fermions
and massive bosonic fields. We find in most cases that it is
technically simpler to use a running dilaton as the soft wall
with a pure AdS metric.

B. A dynamical soft wall

Though it is possible to study certain aspects of soft-wall
phenomenology from a purely bottom-up approach, a
number of important questions cannot be addressed with-
out reference to an underlying gravity theory. A dynamical
gravitational model is required, for example, to address
issues regarding the generation of hierarchies and stability.
In this section we present a dynamical 5D gravitational
model which leads to a soft-wall warped dimension. The
model is the same as that in Ref. [14] with modifications to
accommodate an UV boundary.

Consider the Einstein frame action describing gravity
and two scalar fields, the dilaton � and the tachyon T:

S ¼
Z

d5x
ffiffiffiffiffiffiffi�g

p �
M3R� 1

2
gMN@M�@N�

� 1

2
gMN@MT@NT � Vð�; TÞ

�

�
Z

d4x
ffiffiffiffiffiffiffiffiffiffiffiffiffi�gUV

p
�UVð�; TÞ; (4)

whereM is the 5D Planck scale. The bulk action contains a
scalar potential Vð�; TÞ, while the UV boundary located at
z0 ¼ 1=k is characterized by the induced metric gUV and
boundary potential �UV.

The solutions to (4) are most easily obtained through the
introduction of a ‘‘superpotential’’ Wð�; TÞ, which con-
verts the system into a set of first-order differential equa-
tions [20,21]. Using this procedure, we can write the bulk
and boundary potentials in the simple form

Vð�; TÞ ¼ 18

��
@W

@�

�
2 þ

�
@W

@T

�
2
�
� 12

M3
W2; (5)

�UVð�; TÞ ¼ 6½Wð�0; T0Þ þ @�Wð�0; T0Þð���0Þ
þ @TWð�0; T0ÞðT � T0Þ þ . . .�; (6)

where �0, T0 are the boundary values at z ¼ z0. The extra
terms in the boundary potential may contain higher powers
of ð���0Þ and ðT � T0Þ without affecting the back-
ground solution.

There exists a solution to the 5D gravity-dilaton-tachyon

equations of motion with the metric gMN ¼ e�2 ~AðzÞ�MN

and the background solutions [14]

~AðzÞ ¼ 2
3ð�zÞ� þ logkz; (7)

�ðzÞ ¼
ffiffiffi
8

3

s
M3=2ð�zÞ�; (8)

TðzÞ ¼ �4
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 1=�

p
M3=2ð�zÞ�=2; (9)

where the tilde in (7) distinguishes the Einstein frame from
the ‘‘string’’ frame. Note also that we have set the additive
constants in the solutions (8) and (9) to zero. The super-
potential which gives rise to this solution is

Wð�; TÞ ¼ M3k

�
ð�þ 1ÞeT2=ð24ð1þ1=�ÞM3Þ

� �

�
1� �ffiffiffi

6
p

M3=2

�
e�=ð ffiffi6p M3=2Þ

�
; (10)

from which the scalar potential can be obtained using Eq.
(5). The scalar potential must have a rather special form to
support the simple background solution in Eqs. (7)–(9), but

as discussed in [14] terms containing e2�=ð ffiffi6p M3=2Þ do in fact
arise in 5D noncritical string theory.
The parameter � is an integration constant in the solu-

tion and sets the IR scale of the soft wall. This is analogous
to the radius in RS1, which is also identified as a modulus
field. Without stabilization of the scale �, there should
exist a massless radion associated with this modulus.
However, we will see next that the UV boundary potential
can in fact stabilize �, and we therefore expect that the
radion becomes massive. The phenomenology associated
with the radion requires a detailed analysis of the fluctua-
tions of the background solutions and is beyond the scope
of the present work.
The UV boundary conditions are found to be

M3e
~A @

~A

@z

��������z0

¼ Wð�0; T0Þ; (11)

e
~A @�

@z

��������z0

¼ 6@�Wð�0; T0Þ; (12)

e
~A @T

@z

��������z0

¼ 6@TWð�0; T0Þ; (13)

which imply that

�0 ¼
ffiffi
8
3

q
M3=2ð�z0Þ�; (14)

T0 ¼ �4
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið1þ 1=�Þp

M3=2ð�z0Þ�=2: (15)

Taking z0 ¼ 1=k, Eqs. (14) and (15) fix the soft-wall scale
to be

� ¼ k

� ffiffiffi
3

8

s
�0

M3=2

�
1=� ¼ k

�
1

�4
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 1=�

p T0

M3=2

�
2=�

: (16)

Note that (16) also implies a tuning between �0 and T0.
Clearly, a large hierarchy cannot be generated between the
UV scale k and the soft-wall IR scale � for � > 1. Taking

natural values for the boundary values, �0 � T0 �M3=2

implies � & k, with a larger hierarchy for smaller values
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of �. In the case � ¼ 2 on which we will focus later, it is
clearly not possible to generate the Planck-weak scale
hierarchy without a significant amount of tuning.
Interestingly, the hierarchy �=k� 10�16 can be naturally

generated for �0 � 0:1M3=2 and �� 1=13, but this does
not give rise to a discrete KK particle spectrum.
Nevertheless this deserves further study.

While the boundary action (6) fails to naturally generate
a large hierarchy between k and �, an alternative way to
satisfy the boundary conditions for � and T is to let

�UVð�; TÞ ¼ 6Wð�; TÞ: (17)

The boundary conditions following from the variational
principle do not then fix the IR scale �. With this assump-
tion other stabilization mechanisms can then be explored.
For example, we might consider an additional scalar field
S, as in the Goldberger-Wise mechanism [22], with a small
amplitude so that the backreaction on the metric can be

neglected. If the field has a profile SðzÞ �M3=2ð�zÞ� and
boundary condition analogous to those in (12) and (13),

this would suggest�=k� ðS0=M3=2Þ1=�. A large hierarchy
between k and� would be obtained if 0<�< 1. It would
be interesting to look at the dynamics leading to this profile
for S and determine if the backreaction on the dilaton and
metric can be made small.

Although our main application of the soft-wall back-
ground will be to model electroweak physics, one can ask
whether ordinary 4D gravity can be incorporated naturally
into our model. The 4D Planck mass is given by

M2
P ¼ M3

Z 1

z0

dz e�3 ~AðzÞ;

¼ 22=�

�

M3�2

k3
�

�
� 2

�
; 2

�
�

k

�
�
�
’ M3

2k
; (18)

where �ðn; xÞ is the incomplete Gamma function, and we
have used z0 ¼ 1=k and assumed�=k � 1 in the last step.
We can see that there is a problem because wewould like to
have �� TeV to model electroweak physics. Lacking a
robust mechanism that generates a hierarchy between �
and kmeans that k��� TeV. If we take as usual k & M,
then according to (18) we cannot account for the weakness
of gravity.

With these considerations, there are two possible cases
for the UV scale k & M: (i) k � MP, i.e. there is no large
hierarchy and we project out the zero-mode graviton with
Dirichlet conditions (for concreteness we will take k�
1000� as in [23]); (ii) k�MP, i.e. we assume a suitable
stabilization mechanismmay be found and apply Neumann
conditions to allow a massless graviton.

Note that the metric (1) and action describing matter
fields (2) is defined in the string frame, which is obtained

by rescaling the dilaton � ¼ ffiffiffiffiffiffiffiffi
8=3

p
M3=2� and performing

a conformal transformation gMN ! e�4�=3gMN . In the
string frame, the background solutions for the metric and

dilaton become

AðzÞ ¼ logkz; (19)

�ðzÞ ¼ ð�zÞ�: (20)

We have a pure AdS metric and power-law dilaton as
advertised in Sec. II A. Unless otherwise specified we
will now restrict to � ¼ 2. This will give rise to a linear
Regge-like mass spectrum and will enable analytic solu-
tions to be obtained. Other values of � will lead to quali-
tatively similar features.

1. Graviton fluctuations

Our explicit dynamical model allows us to study the
properties of bulk graviton resonances, which may have
interesting phenomenological implications if matter is lo-
cated in the bulk. Consider the tensor fluctuations of the
metric gMN:

ds2 ¼ e�2 ~AðzÞ½ð��� þ h��ðx; zÞÞdx�dx� þ dz2�; (21)

where in the transverse-traceless gauge, @�h
�� ¼ h�� ¼ 0,

the 5D gravitational action becomes

S ¼ M3
Z

d5x
ffiffiffiffiffiffiffi�g

p
R

! M3
Z

d5xe�3 ~A

�
� 1

4
@�h��@

�h�� � 1

4
@5h��@5h

��

�
:

(22)

The bulk graviton is expanded in KK modes

h��ðx; zÞ ¼
X1
n¼0

hn��ðxÞfnhðzÞ; (23)

where the wave functions fnh obey the equation of motion

@5ðe�3 ~A@5f
n
hðzÞÞ þm2

ne
�3 ~AfnhðzÞ ¼ 0; (24)

and the orthonormal condition

M3
Z 1

z0

dz e�3 ~AðzÞfnhðzÞfmh ðzÞ ¼ �nm: (25)

The normalization (25) leads to a canonical action for the
graviton fluctuations. We must impose either Neumann or
Dirichlet conditions on the wave functions at the UV
boundary. Applying Neumann conditions @5f

n
hðz0Þ ¼ 0

gives rise to a massless 4D graviton with wave function,
f0h ¼ 1=MP, that is UV localized with respect to a flat

metric, where MP is defined in (18). Instead if Dirichlet
conditions are applied then the zero mode is projected out.
Next we consider the massive KK modes. It is conve-

nient to make the redefinition fnhðzÞ ¼ e3
~AðzÞ=2f̂nhðzÞ, which

brings the equation of motion into the form of a 1D
Schrödinger equation:

½�@25 þ VðzÞ�f̂nhðzÞ ¼ m2
nf̂

n
hðzÞ; (26)
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with the potential given by

VðzÞ ¼ 9

4
~A02 � 3

2
~A00 ¼ 4�4z2 þ 4�2 þ 15

4z2
: (27)

The normalizable solutions are given by

f̂ n
hðzÞ ¼ Nn

he
�3 ~AðzÞ=2U

�
� m2

n

8�2
;�1; 2�2z2

�
; (28)

where Uða; b; yÞ is the Tricomi confluent hypergeometric
function. The profiles fnhðzÞ are therefore

fnhðzÞ ¼ Nn
hU

�
� m2

n

8�2
;�1; 2�2z2

�
: (29)

The profiles with respect to a flat metric are plotted in
Fig. 1.

The KK mass spectrum can be found by applying the
UV boundary condition. In the limit �z0 � 1, the KK
modes follow approximate linear trajectories:

m2
n ’ 8�2ðnþ 1Þ; n ¼ 1; 2 . . . (30)

The approximate mass formula (30) is valid for both
Neumann and Dirichlet conditions. This is because the
mass spectrum is largely determined by IR dynamics and
is not overly sensitive to the UV boundary condition.

For large z, the wave functions (29) are well approxi-
mated by Laguerre polynomials:

fnhðzÞ ’ Nn
hð�1Þnþ1ðn� 1Þ!4�4z4L2

n�1ð2�2z2Þ: (31)

Using (31), we can derive an approximate expression for
the normalization

Nn
h ’

ð�1Þnþ1

ðnþ 1Þ!
k

�

�
�
M3

k

Xn�1

j;k¼0

ð�nþ 1Þj
j!�ðjþ 3Þ

ð�nþ 1Þk
k!�ðkþ 3Þ�ðjþ kþ 3Þ

��1=2
;

(32)

where �ðxÞ is the gamma function and ðxÞn ¼ �ðxþ
nÞ=�ðnÞ denotes the Pochhammer symbol. The sum can
be performed,

Xn�1

j;k¼0

ð�nþ 1Þj
j!�ðjþ 3Þ

ð�nþ 1Þk
k!�ðkþ 3Þ�ðjþ kþ 3Þ ¼ 1

nðnþ 1Þ ;

(33)

and using (18), we can write the normalization as

Nn
h ’ ð�1Þnþ1

MP

k

�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

2ðnþ 1Þ!ðn� 1Þ!

s
: (34)

Note that these results also follow from the analog 1D
Schrödinger equation (26). In the limit z ! 1 the potential
is equivalent to that of a harmonic oscillator with energy
eigenvalues (30) and eigenfunctions (31).
As in hard-wall models, the couplings of the KK grav-

itons depend on where matter is located in the extra di-
mension. Later we will examine electroweak models with
UV-localized fermions. In this case the KK mode gravitons
couple with a strength fnhðz0Þ ��=ðkMPÞ, which is ex-

tremely suppressed and not likely to have observable con-
sequences. This of course will change if fermions
propagate in the bulk.

III. BULK FIELDS

We will now consider bulk gauge and fermion fields in
the soft-wall background. As motivated in Sec. II, the
starting point will be the action (2) with an appropriate
matter Lagrangian.

A. Gauge field

Consider the simple case of a U(1) gauge field AMðx; zÞ
in the bulk. The gauge field dynamics are described by the
action

S ¼
Z

d4xdz
ffiffiffiffiffiffiffi�g

p
e��

�
� 1

4
FMNF

MN

�
: (35)

Performing a KK decomposition,

A�ðx; zÞ ¼
X1
n¼0

An
�ðxÞfnAðzÞ; (36)

the wave functions obey the equation of motion

@5ðe�ðAþ�Þ@5fnAÞ ¼ �m2
ne

�ðAþ�ÞfnA (37)

and are normalized according to

0.5 1.0 1.5 2.0 2.5 3.0
µz

1.0

0.5

0.5

1.0

fh
n

FIG. 1. KK graviton profiles: The zero mode (solid line), n ¼
1 (dashed line), and n ¼ 2 (dotted line), for � ¼ 1 TeV and k ¼
1000 TeV. If k and � have a Planck-weak scale separation, then
the zero mode is further separated from the KK modes.
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Z 1

z0

dz e�ðAþ�ÞfnAðzÞfmA ðzÞ ¼ �nm: (38)

The profile of the massless mode is constant:

f0AðzÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
� 2k

Eið��2=k2Þ

s
’

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k

logðk=�Þ � 	=2

s
; (39)

where EiðxÞ is the exponential integral function, 	 � 0:577
is the Euler-Mascheroni constant, and we have used z0 ¼
1=k and �=k � 1. The wave functions of the massive
modes are

fnAðzÞ ¼ Nn
AU

�
� m2

n

4�2
; 0; �2z2

�
: (40)

Applying the Neumann condition to the wave functions
at the UV boundary determines the mass spectrum of the
excited vector modes. We find that in the limit �=k � 1,
the gauge boson masses follow approximate linear trajec-
tories:

m2
n ’ 4�2n; n ¼ 1; 2 . . . (41)

For large z, the wave functions reduce to Laguerre poly-
nomials:

fnAðzÞ ’ Nn
Að�1Þnþ1ðn� 1Þ!�2z2L1

n�1ð�2z2Þ: (42)

Similarly, as for the graviton wave function case, this form
of the wave function can be used to derive an approximate
expression for the normalization:

Nn
A ’ ð�1Þnþ1

n!

ffiffiffiffiffiffiffiffi
2nk

p
: (43)

B. Fermions

While the analysis of bulk gauge fields in the soft-wall
background is straightforward, this is not the case for
fermions. Unlike in hard-wall models with an IR brane,
the Higgs boson in a soft-wall background must neces-
sarily propagate in the bulk. Since the Higgs profile should
be peaked in the IR (to be dual to a composite electroweak
symmetry breaking sector), the backreaction of the Higgs
vacuum expectation value (VEV) on the bulk fermion
equations of motion at large z cannot be neglected. The
correct way to proceed is to diagonalize the bulk equations
of motion and obtain the SM fermion masses from the
boundary conditions.1 This is different from the usual case
in which fermions are analyzed using the zero-mode ap-
proximation, treating Yukawa interactions as perturbations
and obtaining fermion masses from wave function overlap
integrals [4,6,7]. Indeed, we show in Appendix B that the

fermion zero-mode approximation in the soft-wall warped
dimension has problems with strong coupling and normal-
izability. We therefore endeavor to fully account for the
Higgs feedback on the fermion equations of motion.
As we will see, the general analysis for three fermion

generations is quite involved and requires a numerical
approach that is beyond the scope of the present work to
determine the mass eigenvalues and eigenvectors. Instead,
we will specialize to a simple model with one generation
and identical bulk masses for SUð2ÞL doublet and singlet
SM fermions. This simple model allows for an analytical
determination of masses and eigenfunctions and illustrates
how in principle the general analysis can be done. More
importantly, we show that some of the nice features of bulk
fermions in hard-wall models, such as mass hierarchies and
universal KK gauge couplings, which usually lead to the
GIM mechanism, are also present in our single-generation
model. These features are likely to persist in a general
setup with three fermion generations, allowing a complete
treatment of flavor issues in the soft-wall background to be
addressed.
Let us therefore begin with the general case of three

fermion generations. Our conventions for fermions are
summarized in Appendix A. In the bulk theory we have
SUð2ÞL doublets�ai

L ðx; zÞ and singlets �i
Rðx; zÞ, where i is

a flavor index and a is an SUð2ÞL index. We define the two-
component parts of the Dirac spinor as �ai

L� ¼ �	5�ai
L�

and similarly for �i
R. Neglecting for the moment Yukawa

interactions, the dynamics of the bulk fermions is governed
by the action

S ¼ �
Z

d5x
ffiffiffiffiffiffiffi�g

p
e��

�
1

2
ð ��ai

L e
M
A 	

ADM�
ai
L

�DM
��ai
L e

M
A 	

A�ai
L Þ þMij

L
��ai
L�

aj
L

þ 1

2
ð ��i

Re
M
A 	

ADM�
i
R �DM

��i
Re

M
A 	

A�i
RÞ

þMij
R
��i
R�

j
R

�
; (44)

where eMA ¼ eA�M
A is the vielbein and DM ¼ @M þ!M is

the covariant derivative with spin connection!M. We work
in a basis where the mass matrices ML;R are diagonal.

In the absence of Yukawa interactions, we can obtain

zero modes �aið0Þ
Lþ ðxÞ and �ið0Þ

R�ðxÞ by applying Dirichlet
conditions at the UV boundary to the fields�ai

L� and�i
Rþ:

�ai
L�ðx; zÞjz0 ¼ 0; �i

Rþðx; zÞjz0 ¼ 0: (45)

However, with no IR boundary the Higgs boson must
necessarily propagate in the bulk, significantly affecting
the dynamics of the bulk fermions. Consider the bulk
Yukawa interaction:

1Note that in general any model with a bulk Higgs condensate
and bulk fermions should be analyzed in this way. However, with
a hard wall cutting off the extra dimension, it may be reasonable
to treat the bulk Yukawa interaction as a perturbation and use the
zero-mode approximation for fermions (although, see also [24]).
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SYukawa ¼ �
Z

d5x
ffiffiffiffiffiffiffi�g

p
e��

�
�
�ij
5ffiffiffi
k

p ��ai
L ðx; zÞHaðx; zÞ�j

Rðx; zÞ þ H:c:

�

	 �
Z

d5x
ffiffiffiffiffiffiffi�g

p
e��

� ½mijðzÞ ��i
Lðx; zÞ�j

Rðx; zÞ þ H:c:�; (46)

where we have substituted the background value for the
Higgs field

Hðx; zÞ ! HðzÞ ¼ hðzÞffiffiffi
2

p 0
1

� �

with the definition �L 	 �2
L and defined the effective

mass term arising from the Yukawa interaction

mijðzÞ 	 �ij
5ffiffiffiffiffi
2k

p hðzÞ: (47)

There is a z-dependent bulk mass mixing between �i
L

and �j
R due to the Yukawa interaction. Defining � ¼

e2Aþ�=2c , the equations of motion for c L� and c R� are

	�@�c
i
L� 
 @5c

i
L
 þ e�AMij

Lc
j
L
 þ e�Amijc j

R
 ¼ 0;

(48)

	�@�c
i
R� 
 @5c

i
R
 þ e�AMij

Rc
j
R
 þ e�Amyijc j

L
 ¼ 0:

(49)

The KK expansions for c i
L� and c i

R� are

c i
L�ðx; zÞ ¼

X1
n¼0

c iðnÞ
� ðxÞfiðnÞL�ðzÞ; (50)

c i
R�ðx; zÞ ¼

X1
n¼0

c iðnÞ
� ðxÞfiðnÞR�ðzÞ; (51)

where 	�@�c
iðnÞ
� ¼ �mi

nc
iðnÞ

 . Defining the vectors

fiðnÞ� ¼ fiðnÞL�
fiðnÞR�

 !
; (52)

the equations of motion for the wave functions fiðnÞ� can be
written in the compact form

½@5�ij �Mij�fjðnÞ� ðzÞ ¼ �mi
nf

iðnÞ

 ; (53)

where the mixing matrix is defined as

M ¼ e�A Mij
L mijðzÞ

myijðzÞ Mij
R

 !
: (54)

The problem is now reduced to finding the profiles by
solving Eq. (53) and determining the masses from the
boundary conditions (45). This is a difficult problem owing
to the coordinate dependence of the mass matrix, which

implies that the transformation diagonalizing the mass
matrix will in general be z-dependent. Such a
z-dependent rotation will not leave the @5-term invariant in
(53). This mixing is somewhat reminiscent of the ‘‘twisted
split fermion’’ models of [25]. One difference is that the
Yukawa interactions mix SUð2ÞL doublet and singlet fer-
mions, whereas the ‘‘localizer’’ scalar in split fermion
models does not induce such a mixing.
A new feature of this type of analysis is that we are really

no longer searching for an exact zero-mode field but rather
an ‘‘almost zero mode,’’ which is to be identified with the
SM fermion. The mass of the SM fermion is determined
directly from the boundary conditions (45) rather than
from an overlap integral. To proceed further with a realistic
three generation model of bulk fermions requires a numeri-
cal approach to solve the system (53), which we will not
pursue in this paper. Instead, we will now explore a simpler
model with a single generation which can be solved
analytically.

1. One generation model

With one generation of fermions (i ¼ 1), the mass mix-
ing matrix (54) becomes

M ¼ e�A ML mðzÞ
mðzÞ MR

� �
; (55)

where mðzÞ can be taken to be real by a phase rotation of
the fermions. In general, diagonalizing the matrix (55) still
requires a z-dependent transformation. However, there is a
special case whenML ¼ MR 	 M that we now consider in
which a global transformation diagonalizes the system.

Defining fn� 	 f1ðnÞ� in (52), we can diagonalize the equa-
tions of motion with the following transformation:

gnL�
gnR�

� �
¼ 1ffiffiffi

2
p 1 1

1 �1

� �
fnL�
fnR�

� �
: (56)

The equations of motion for the wave functions gnfL;Rg�
are

½@5 � e�AðMþmÞ�gnL�ðzÞ ¼ �mng
n
L
ðzÞ; (57)

½@5 � e�AðM�mÞ�gnR�ðzÞ ¼ �mng
n
R
ðzÞ; (58)

and are normalized according to

Z 1

z0

dzðgnL�gmL� þ gnR�gmR�Þ ¼ �nm: (59)

From the UV boundary conditions (45) and the definitions
(56), we can write the boundary conditions for the wave
functions using the equations of motion (57) and (58):

gnL�
�����z0

¼ �gnR�
�����z0

; (60)
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½@5�e�AðMþmÞ�gnL�
�����z0

¼
½@5�e�AðM�mÞ�gnR�
�����z0

:

(61)

For a generic Higgs background hðzÞ it will not be
possible to obtain analytic forms for the wave functions.
Let us therefore specialize to a concrete example of a
Higgs profile in which the wave functions can be found
analytically. We will assume the Higgs profile is given by

hðzÞ ¼ �k3=2�2z2; (62)

where � is a dimensionless Oð1Þ coefficient.2 Later in
Sec. IVA we will analyze the dynamics leading to this
Higgs profile. The first-order equations (57) and (58) can
each be decoupled, allowing us to write the following
second-order differential equations:

½�@25 þ VfL;Rg�ðzÞ�gnfL;Rg�ðzÞ ¼ m2
ng

n
fL;Rg�ðzÞ: (63)

The Schrödinger potentials are given by

VL�ðzÞ ¼ b2�4z2 þ ð2c
 1Þb�2 þ cðc� 1Þ
z2

;

VR�ðzÞ ¼ b2�4z2 � ð2c
 1Þb�2 þ cðc� 1Þ
z2

;

(64)

where we have used M ¼ ck and defined the parameter

b ¼ �5�=
ffiffiffi
2

p
in the potentials (64). The solutions to (63)

that are finite at large z are

gnLþðzÞ ¼ Nn
Lþe�b�2z2=2z�cU

�
� m2

n

4b�2
;
1

2
� c; b�2z2

�
;

(65)

gnL�ðzÞ¼Nn
L�e�b�2z2=2z1�cU

�
� m2

n

4b�2
þ1;

3

2
�c;b�2z2

�
;

(66)

gnRþðzÞ¼Nn
Rþe�b�2z2=2z1þcU

�
� m2

n

4b�2
þ1;

3

2
þc;b�2z2

�
;

(67)

gnR�ðzÞ ¼ Nn
R�e�b�2z2=2zcU

�
� m2

n

4b�2
;
1

2
þ c; b�2z2

�
:

(68)

The fermion mass spectrum is obtained by applying the
boundary conditions (60) and (61), which yields the fol-
lowing equation:

1

4
m2

nz
2
0U

�
� m2

n

4b�2
þ 1;

3

2
� c; b�2z20

�

�U

�
� m2

n

4b�2
þ 1;

3

2
þ c; b�2z20

�

�U

�
� m2

n

4b�2
;
1

2
� c; b�2z20

�

�U

�
� m2

n

4b�2
;
1

2
þ c; b�2z20

�
¼ 0: (69)

The first massive mode is to be identified with the SM
fermion, so it is of interest to determine its mass. In the
limit �z0 � 1, and assuming the first mode is light
m2

0=ð4b�2Þ � 1, an expansion of Eq. (69) reveals a very

light mode for jcj> 1=2:

m2
0 ’

2b�2

�ð�1=2þ jcjÞ ðb�
2z20Þ�1=2þjcj: (70)

In the regime �1=2< c< 1=2, we find instead that the
fermion mass is of order b�2:

m2
0 ’

4b�2


 secc
� c ð1=2� cÞ � c ð1=2þ cÞ ; (71)

where c is the digamma function. Thus we see that it is
possible to generate a small fermion mass (e.g. electron) or
a large mass (e.g. top quark) by choosing different values
of the bulk mass parameter c, at least in this simple case of
one generation.
Note that given our assumption that the bulk Dirac

fermions have the same mass M ¼ ck, one fermion is
always UV localized while the other is IR localized. This
can be seen by examining the wave functions of the lightest
mode c 0�, which are obtained from the normalization
condition (59) and defined as

g0�ðzÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðg0L�ðzÞÞ2 þ ðg0R�ðzÞÞ2

q
: (72)

1 2 3 4
µ z

0.5

1.0

1.5

g0

FIG. 2. The fermion profiles of the lightest mass eigenstates
c 0� for b ¼ 1, c ¼ 1=2, � ¼ 1 TeV, and k ¼ 1000 TeV. The
solid (dashed) line indicates g0þðzÞ (g0�ðzÞ).

2Note that an analytic solution with a linear VEV has been
considered in Ref. [18], but assuming a KK expansion (50) and
(51) does not give rise to a discrete spectrum.
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We have plotted these profiles in Fig. 2 for c ¼ 1=2, in
which case the left-handed mode is UV localized while the
right-handed mode is peaked out into the fifth dimension.

We have seen that it is possible to generate a mass
hierarchy, at least in this simple bulk fermion model. It is
interesting to ask whether any of the other nice features of
flavor physics present in the hard-wall models also appear
in this simple soft-wall setup. For example, the usual hard-
wall framework with bulk fermions contains a built-in
GIM mechanism suppressing FCNC induced by the ex-
change of KK gauge bosons. This is due to the fact that
light fermions are UV localized and to a good approxima-
tion couple universally to these excited KK gauge modes
[6]. Let us investigate the coupling of, say, c 0þðxÞ to these
excited states, to obtain the dependence on the localization
parameter c of the zero mode. For simplicity, we will
consider fermions with the same charge coupled to a
U(1) gauge boson (i.e. photon). The bulk gauge coupling
is given by

S ¼ ig5
Z

d5x
ffiffiffiffiffiffiffi�g

p
e��½ ��Le

M
A 	

AAM�L þ ðL ! RÞ�:
(73)

Inserting the KK decompositions (36), (50), and (51) and
using (56), the 4D gauge coupling for c 0þ is found to be

g ¼ g5f
0
A ’ g5

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k

logðk=�Þ � 	=2

s
: (74)

Similarly, the coupling of two zero-mode fermions to a KK
gauge boson is given by

gn ¼ g5
Z 1

z0

dz g0þðzÞfnAðzÞg0þðzÞ; (75)

where the wave functions are obtained from (40) and (72).
In Fig. 3 we plot the ratio gn=g as a function of c. We can
see that, as in the hard-wall models with bulk fermions, the

couplings quickly become universal for UV-localized fer-
mions, c > 1=2, while for c < 1=2 the couplings are larger
and nonuniversal.
Finally, we point out that in this simple model in which

the different fermions have the same bulk mass, only one of
the fermions c 0þ or c 0� may enjoy a universal coupling
due to their opposite localization (see Fig. 2). Clearly, the
relevant case to consider is when fermions have different
bulk masses. The analytic results we have obtained in this
single-generation model are promising and suggest that the
flavor puzzle in the SM may be addressed in the soft-wall
framework. In this light, the general problem discussed
above clearly deserves further consideration.

IV. ELECTROWEAK MODELS

In this section we investigate electroweak models with
custodial symmetry [26] in the soft-wall background. For
simplicity, we will consider SM fermions localized on the
UV brane, which are interpreted as elementary states in the
holographic theory. It should be possible to generalize
these models to include bulk fermions based on the analy-
sis presented in Sec. III B. We will focus on bulk gauge
fields interacting with a Higgs field peaked at large z,
which is dual to electroweak symmetry breaking via strong
dynamics.
Consider a bulk gauge theory with an SUð2ÞL �

SUð2ÞR � Uð1ÞX custodial symmetry. On the UV boundary
the gauge symmetry is broken via boundary conditions to
the electroweak subgroup SUð2ÞL � Uð1ÞY . In the IR re-
gion, the custodial symmetry is broken to the vector sub-
group via a bulk Higgs condensate. In the usual hard-wall
setups, this symmetry breaking is achieved via a Higgs
localized on the IR brane [26] or via IR-brane boundary
conditions as in Higgsless models [27]. In fact, our setup is
very similar to the ‘‘gaugephobic Higgs’’ model [28],
though with a different background geometry and no IR
brane.
The Lagrangian of the model is given by

S ¼
Z

d5x
ffiffiffiffiffiffiffi�g

p
e��

�
� 1

4g25
La
MNL

aMN � 1

4g25
Ra
MNR

aMN

� 1

4g025
XMNX

MN � TrjDMHj2 � VðHÞ
�

�
Z

d4x
ffiffiffiffiffiffiffiffiffiffiffiffiffi�gUV

p
e��VUVðHÞ; (76)

where La
Mðx; zÞ, Ra

Mðx; zÞ, and XMðx; zÞ represent SUð2ÞL,
SUð2ÞR, and Uð1ÞX gauge fields, respectively. In addition
there is a bulk Higgs bosonHðx; zÞ with bulk and boundary
potentials VðHÞ and VUVðHÞ, respectively. We have chosen
the right- and left-handed gauge couplings to be equal for
simplicity.
The gauge fields satisfy the following UV boundary

conditions:

1.0 0.5 0.5 1.0 1.5 2.0
c

1

1

2

3

4
gn g

FIG. 3. The ratio gn=g for the n ¼ 1 (solid line), n ¼ 2
(dashed line), and n ¼ 3 (dotted line) KK gauge modes with b ¼
1, � ¼ 1 TeV, and k ¼ 1000 TeV.
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@5L
a
�

�����z0
¼ 0; R1;2

�

�����z0
¼ 0;

@5

�
1
g02
5

X� þ 1
g2
5

R3
�

������z0
¼ 0; ðX� � R3

�Þ
�����z0

¼ 0;
(77)

which break SUð2ÞR � Uð1ÞX ! Uð1ÞY . The bulk Higgs
field is a bidoublet under SUð2ÞL � SUð2ÞR, and acquires
a nontrivial profile along the fifth direction:

hHðzÞi ¼ hðzÞffiffiffi
2

p 1 0
0 1

� �
: (78)

This profile breaks SUð2ÞL � SUð2ÞR ! SUð2ÞV . We

therefore define vector and axial-vector fields V, A ¼ ðL�
RÞ= ffiffiffi

2
p

with wave functions vðp; zÞ and aðp; zÞ satisfying
the equations of motion:

@5ðe�ðAþ�Þ@5vðp; zÞÞ ¼ p2e�ðAþ�Þvðp; zÞ; (79)

@5ðe�ðAþ�Þ@5aðp; zÞÞ � e�ð3Aþ�Þg25h
2ðzÞaðp; zÞ

¼ p2e�ðAþ�Þaðp; zÞ: (80)

The vector profile vðp; zÞ is obtained from (40), while the
exact form of the axial-vector profile can only be deter-
mined after specifying the Higgs VEV hðzÞ. We will next
consider two simple cases which allow for an analytical
determination of aðp; zÞ. Note that the X gauge boson
profile is also given by vðp; zÞ.

From a 4D perspective, the theory contains a massless
photon, a KK tower of chargedW bosons, and a KK tower
of neutral Z bosons with the lightest states in these towers
identified with the SM W and Z bosons, respectively. To
determine the mass spectra, we apply the UV boundary
conditions in Eq. (77). For theW tower, the spectrum (with
m2

n ¼ �p2) is determined by the following equation:

vðp; z0Þa0ðp; z0Þ þ aðp; z0Þv0ðp; z0Þ ¼ 0; (81)

while for the neutral Z boson tower we find

v0ðp; z0Þ½g25ðvðp; z0Þa0ðp; z0Þ þ aðp; z0Þv0ðp; z0ÞÞ
þ 2g025 vðp; z0Þa0ðp; z0Þ� ¼ 0: (82)

The prime ( 0 ) in Eqs. (81) and (82) denotes differentiation
with respect to z. Note that of the two equations in (82), one
equation (v0ðp; z0Þ ¼ 0) corresponds to the excited modes
of the photon, while the other equation determines the KK
spectrum of the Z boson.

To match the 5D theory to the 4D effective theory, we
can relate the parameters g5, g

0
5, and � to, for instance, the

electric charge and the masses of the W and Z bosons
determined from (81) and (82). The electric charge is
computed from the normalization of the photon wave
function, contained in the L3, R3, and X bulk gauge bosons,
and is given by

e2 ’ g25g
02
5

g25 þ 2g025

k

logðk=�Þ � 	=2
: (83)

The W and Z boson masses will be computed for specific
Higgs profiles below, but first we consider the dynamics of
the Higgs sector and present a simple model leading to an
IR-peaked Higgs background profile.

A. Higgs dynamics

We now analyze the dynamics leading to a bulk Higgs
condensate. An understanding of the Higgs dynamics is
important for more than just aesthetic reasons; any realistic
phenomenological study requires a concrete dynamical
model to analyze the Higgs fluctuations and determine,
for example, the mass of the physical Higgs scalar and its
couplings to SM fields.
The bulk Higgs potential in (76) is assumed to have the

form

VðHÞ ¼ m2
HðzÞTrjHj2; (84)

where we have defined a z-dependent effective mass

m2
HðzÞ ¼ k2½�ð�� 4Þ � 2��2z2�: (85)

The form of the potential is chosen to give a simple
solution for hðzÞ, but other forms are also possible.
According to the AdS/CFT dictionary, the particular con-
stant mass-squared in (85) corresponds to an operator with
dimension �H ¼ j�� 2j þ 2 in the dual theory. The
z-dependent mass term is assumed to arise from a coupling
to another scalar field which obtains a background VEV. In
fact, in our gravity model there are two candidates for these
scalar fields, the dilaton � and tachyon T. Interaction
terms like �jHj2 or T2jHj2 can provide the z2 part of the
mass term, although we do not need to specify the precise
origin of this term for the phenomenological analysis. Note
also that there is a tuning between the different terms in
(85).
Inserting the background (78), we find the following

equation of motion for hðzÞ:
@5ðe�ð3Aþ�Þ@5hÞ � e�ð5Aþ�Þm2

HðzÞh ¼ 0: (86)

The general solution to this equation is

hðzÞ ¼ z�ðc0 þ c1�ð2� �;��2z2ÞÞ; (87)

where c0, c1 are arbitrary constants. Demanding finiteness
of this solution in the soft-wall background implies c1 ¼ 0,
which leads to

hðzÞ ¼ c0z
�: (88)

We must add a UV boundary potential to ensure that the
solution (88) can nontrivially satisfy the boundary condi-
tion. An appropriate choice is

VUVðHÞ ¼ �0

k2
ðTrjHj2 � v2

0Þ2; (89)

which leads to the UV boundary condition
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�
@5h� 2�0

k2
hðh2 � v2

0Þ
���������z0

¼ 0: (90)

Substituting (88) into this boundary condition gives rise to
two possible solutions, a trivial solution c0 ¼ 0, as well as
a nontrivial solution

c20 ¼ k3þ2�

�
v2
0

k3
þ �

2�0

�
: (91)

It is not sufficient for a nontrivial solution to merely exist;
we must also determine if it is the vacuum state. This can
be done by computing the energy density per unit brane
volume, H , analogous to the calculation performed in
Ref. [29]. Consequently, the difference between the trivial
and nontrivial solution energy densities is found to be

H ðh ¼ 0Þ �H ðh ¼ c0z
�Þ ¼ 1

�0

k4e��2z20

�
�0v

2
0

k3
þ �

2

�
2
:

(92)

Therefore, the nontrivial Higgs background (91) will be the
ground state provided that this difference is positive, which
occurs when �0 > 0. Incidentally the energy density of the
nontrivial solution is of order k4 þ v2

0k, so provided v2
0 &

k3 and k & M the backreaction on the gravitational back-
ground can be neglected.

In order to accomplish electroweak symmetry breaking,
the Higgs profile should ‘‘turn on’’ in the IR near z� 1=�,

suggesting that c0 / k3=2��. We thus require that

v2
0

k3
þ �

2�0

�
�
�

k

�
2�
: (93)

This is clearly tuned, since the quantity on the left-hand
side is naturally of order one. The need for this tuning is
due to the fact that the stabilizing potential is located on the
UV brane. Equation (93) suggests two possible situations:
either v2

0 is small and �0 is large, or a partial cancellation

occurs between the two terms on the left-hand side of (93),
in which case both v2

0 and �0 can have perturbative values.

To determine which case can be realized we need to con-
sider the fluctuations of the Higgs background.

To analyze the Higgs fluctuations let hðzÞ !
hðzÞ þ ~hðx; zÞ. The equation of motion for ~h is

e�ð3Aþ�Þh~hþ @5ðe�ð3Aþ�Þ@5 ~hÞ � e�ð5Aþ�Þm2
H
~h ¼ 0:

(94)

Because of the boundary quartic potential, the UV bound-
ary condition for the fluctuation is a nonlinear equation for
which an analytic solution is difficult to obtain. Instead an
approximate solution can be found by performing a line-
arized fluctuation analysis. In this case the boundary con-
dition for the fluctuation becomes�

@5 � 2�0

k2
ððh2 � v2

0Þ þ 2h2Þ
�
~h

��������z0

¼ 0: (95)

Expanding the fluctuation as

~hðx; zÞ ¼ X1
n¼1

~hnðxÞgn~hðzÞ; (96)

and defining gn~hðzÞ ¼ eð3Aþ�Þ=2ĝn~hðzÞ, the profiles ĝn~hðzÞ sat-
isfy a Schrödinger equation with the potential

V~hðzÞ ¼ �4z2 þ 2ð1� �Þ�2 þ ðð�� 2Þ2 � 1=4Þ 1
z2
:

(97)

The solutions for the (unhatted) profiles are then

gn~hðzÞ ¼ Nn
~h
z�U

�
� m2

n

4�2
; �� 1; �2z2

�
; (98)

where Nn
~h
is a normalization factor. Applying the boundary

conditions, the Higgs mass spectrum is determined by the
equation

m2
nz

2
0U

�
� m2

n

4�2
þ 1; �;�2z20

�

� 4�U

�
� m2

n

4�2
; �� 1; �2z20

�
¼ 0; (99)

where � ¼ �þ 2�0v
2
0=k

3 � 2�0ð�=kÞ2�. In the limit

j�j � 1 the Higgs (lowest lying mode) mass-squared is
m2

0 ’ 2�k2= logðk=�Þ. For � < 0 we find a tachyon mode

and a zero mode at � ¼ 0, so we restrict to � > 0. The
Higgs mass increases as we increase � . Note that these
results are at the linearized level and the nonlinear terms in
the UV boundary condition have been neglected.
Earlier we argued that �0 > 0 if the nontrivial Higgs

profile is to be the vacuum state of the theory. Now we see
that this condition also implies that there are no tachyon
modes provided v2

0=k
3 >��=ð2�0Þ. In particular, for

v2
0=k

3 ¼ ��=ð2�0Þ þ 
 then (93) can be satisfied with


� ð�=kÞ2�, implying that v2
0 and �0 can have perturba-

tive values. Thus, a perturbative solution describing elec-
troweak symmetry breaking with a light Higgs boson can
be found. However, for large enough � , corresponding to a
heavy Higgs or technicolor limit, the theory becomes
nonperturbative.

B. Electroweak constraints

With fermions localized on the UV brane and a bulk
custodial symmetry, the most important constraint on this
model comes from the S parameter [30]. Of course, one
would like to extend fermions into the bulk in a realistic
manner to understand the SM flavor structure. In this case,
there are other constraints that arise from loop level con-
tributions to the T parameter from KK mode fermions and
nonuniversal corrections to the Z �bb coupling [26,31], as
well as stringent constraints from flavor violation [32].
Mechanisms to weaken these constraints have been devel-
oped recently (e.g. using different custodial representations
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for third generation fermions [33]), and there is no reason
to expect that such mechanisms cannot be implemented in
the soft-wall warped framework. Nevertheless, the con-
straint from S is still fairly restrictive in hard-wall models,
forcing the KK scale to be around 3 TeV [26]. It is thus
interesting to see whether or not the constraint from S can
be weakened in a soft-wall background.

Recently, Ref. [13] found that the KK scale can indeed
be lowered depending on the assumptions regarding the
type of soft wall and Higgs condensate. In particular, they
considered an example with a ‘‘linear’’ soft wall (� ¼ 2 in
our notation) with a quadratic Higgs profile, finding that
the KK scale can be around 2 TeV.Wewill verify this result
and present another example for the linear soft wall in
which the constraints are even less severe.

To calculate the S parameter we will use the boundary
effective action approach [34] which is particularly conve-
nient when fermions are UV localized. Following [34,35],
the general expression for the vector and axial-vector self
energies is

�V ¼ � 1

g25
e�ðAþ�Þ @5v

v

��������z0

; (100)

�A ¼ � 1

g25
e�ðAþ�Þ @5a

a

��������z0

: (101)

The S parameter is defined as

S ¼ 8
ð�0
Vð0Þ � �0

Að0ÞÞ: (102)

From the exact expression for the vector profile given in
(40), the vector self-energy is

�Vðp2Þ ¼ e��2z2
0

2g25k
p2

U
�
1þ p2

4�2 ; 1; �
2z20

�
U
�
p2

4�2 ; 0; �
2z20

� : (103)

In the limit �z0 � 1 we find

�0
Vð0Þ �

1

2g25k
ð�	� 2 log�z0Þ: (104)

We now examine two explicit examples of profiles hðzÞ
which allow for an analytic determination of the axial-
vector profile aðp; zÞ and S, finding in each case that the
KK scale can be lowered.

1. Linear VEV

Assuming � ¼ 2 the first case we consider is when the
Higgs VEV is linear in z, so that

g25h
2ðzÞ ¼ �k2�2z2; (105)

where � is a dimensionless parameter. This requires choos-
ing � ¼ 1 or m2

HðzÞ ¼ �3k2 � 2�2z2. In the dual holo-
graphic theory this corresponds to electroweak symmetry
breaking with an operator of dimension �H ¼ 3. From the
equation of motion (80), we find the axial-vector profile

aðzÞ:

aðp; zÞ ¼ U

 
p2

4�2
þ �

4
; 0; �2z2

!
: (106)

By expanding the spectrum equations (81) and (82) in the
limit �z0 � 1, � � 1 we find two light modes that can be
identified with the W and Z bosons, with masses

m2
W � 1

2
��2; (107)

m2
Z � 1

2

g25 þ 2g025
g25 þ g025

��2: (108)

We can see the custodial symmetry at work in the relation-
ship between the W and Z masses [27]. The ratio
m2

W=m
2
Z � ðg25 þ g025 Þ=ðg25 þ 2g025 Þ ’ g2=ðg2 þ g02Þ, where

g, g0 are the SUð2ÞL, Uð1ÞY gauge couplings, respectively.
The closed form expression for the axial-vector self-

energy is

�Aðp2Þ ¼ e��2z2
0

2g25k
ðp2 þ ��2Þ

U
�
1þ p2

4�2 þ �
4 ; 1; �

2z20

�
U
�
p2

4�2 þ �
4 ; 0; �

2z20

� :

(109)

Taking the limit �z0 � 1, � � 1 the derivative becomes

�0
Að0Þ �

1

2g25k

�
�	� 2 log�z0 � 
2

12
�

�
: (110)

Combining (110) with (104), we find the S parameter for
the case of a linear Higgs VEV:

S � 
3�

3g25k
’ 2
3

3g2ðlogðk=�Þ � 	=2Þ
m2

W

�2
: (111)

Requiring S < 0:2 implies that when the UV scale is
1000 TeV, the IR scale � � 0:5 TeV. Thus, the first KK
gauge boson resonances have masses of order 1 TeV. If we
choose the UV scale to be of order MP then the constraint
is even weaker, and the first KK modes can be quite light,
of order 300–500 GeV. Also, since the spacing between
successive modes is 2�, in this scenario it may actually be
possible to observe the linear trajectory at the LHC,
although this requires a further detailed phenomenological
study.

2. Quadratic VEV

Next for � ¼ 2 we consider a quadratic profile for the
Higgs,

g25h
2ðzÞ ¼ �k2�4z4: (112)

This requires choosing � ¼ 2 or m2
HðzÞ ¼ �4k2 � 4�2z2.

In the dual holographic theory this corresponds to electro-
weak symmetry breaking with an operator of dimension
�H ¼ 2. The axial-vector profile is then
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aðp; zÞ ¼ e�
2z2ð1�

ffiffiffiffiffiffiffi
1þ�

p
Þ=2U

�
p2

4�2
ffiffiffiffiffiffiffiffiffiffiffiffi
1þ �

p ; 0;
ffiffiffiffiffiffiffiffiffiffiffiffi
1þ �

p
�2z2

�
:

(113)

Expanding (81) and (82) in the limit �z0 � 1, � � 1, the
masses of the W and Z bosons are found to be

m2
W � 1

4

1

logðk=�Þ � 	=2
��2; (114)

m2
Z � 1

4

g25 þ 2g025
g25 þ g025

1

logðk=�Þ � 	=2
��2: (115)

The axial-vector self-energy can then be computed and is
given by

�Aðp2Þ ¼ e��2z2
0

2g25k

�
p2

U
�
1þ p2

4�2
ffiffiffiffiffiffiffi
1þ�

p ; 1;
ffiffiffiffiffiffiffiffiffiffiffiffi
1þ �

p
�2z20

�
U
�

p2

4�2
ffiffiffiffiffiffiffi
1þ�

p ; 0;
ffiffiffiffiffiffiffiffiffiffiffiffi
1þ �

p
�2z20

�
� 2�2ð1� ffiffiffiffiffiffiffiffiffiffiffiffi

1þ �
p Þ

�
; (116)

which leads to the expression for �0ð0Þ in the limit �z0�
1:

�0
Að0Þ �

1

2g25k
ð�	� 2 log�z0 � log

ffiffiffiffiffiffiffiffiffiffiffiffi
1þ �

p Þ: (117)

The S parameter is therefore given by

S � 2


g25k
logð1þ �Þ ’ 8


g2
m2

W

�2
: (118)

In the case when the Higgs VEV is quadratic in z, the
constraint S < 0:2 translates into a lower bound of � �
1:3 TeV, which is very similar to the result obtained in
Ref. [13] for the same mass term (using their 
 ¼ 1). There
is some weak dependence on the ratio k=� in S, and taking
k�Mp, the lower bound on � becomes approximately

1.2 TeV.

V. DISCUSSION AND CONCLUSIONS

The soft-wall warped dimension generalizes the usual
hard-wall framework used to model electroweak physics.
A power-law dilaton is responsible for providing a smooth
spacetime cutoff and corresponds to breaking conformal
symmetry with an operator of finite dimension in the holo-
graphic dual theory. While the dilaton plays a similar role
to that encountered in string theory and D-brane configu-
rations, we presented a bottom-up dynamical solution with
gravity and two scalar fields. This solution provides a
backdrop for electroweak model building and lays the
groundwork for investigations into important issues related
to the gravitational sector.

For instance, it is still an open question whether the
hierarchy problem can be solved in the soft-wall warped
dimension with � > 1. Within our 5D gravity model, a

particular set of UV boundary conditions fixes the IR scale
�, but we were able to show that a large hierarchy between
the curvature scale k and the IR scale � could not be
obtained naturally. An alternative choice in UV boundary
conditions leaves the scale� undetermined, corresponding
to a modulus field, and therefore allows for the possibility
of turning on an additional Goldberger-Wise type scalar
field [22]. It would be interesting to perform a detailed
scalar fluctuation analysis of our solution and check
whether introducing a Goldberger-Wise field could lead
to a naturally large hierarchy between k and �.
Leaving aside the gravitational issues we then consid-

ered the properties of bulk fields in the soft-wall back-
ground. Both the zero-mode graviton and gauge fields have
constant profiles and therefore become UV localized with
respect to a flat metric. Even though the warped dimension
is infinite we showed that there exists a normalizable and
discrete KK spectrum. This is qualitatively distinct from
the original Randall-Sundrum model with the IR brane
removed. Moreover the KK spacing between resonances
depends on the dilaton power-law exponent and allows for
a variety of possible behaviors. In particular, for bulk
gravitons and gauge fields a linear Regge-like spectrum
(as in QCD) can be obtained.
On the other hand the phenomenology of bulk fermions

was not so straightforward. In the soft-wall framework a
bulk Higgs condensate leads to z-dependent fermion
masses, which grow in the IR. Thus, the bulk Yukawa
interaction cannot be treated as a perturbation and the
full backreaction must be taken into account. The general
case for three fermion generations will likely require a
numerical analysis. However, we were able to analytically
solve a special single-generation case, obtaining hierar-
chies in fermion masses as well as universal KK mode
gauge couplings depending on fermion localization. These
results warrant the continued investigation of a complete
soft-wall analog of the usual hard-wall flavor models.
Our simple soft-wall background setup also allowed the

Higgs dynamics to be analyzed. We were able to show that
the specific bulk Higgs condensate leading to fermion
localization is a vacuum state of the theory and a linearized
fluctuation analysis confirmed that there are no tachyonic
modes. Interestingly the form of the bulk Higgs mass
required to obtained the specific z-dependent fermion
mass term follows from a coupling T2jHj2, suggesting
that the tachyon scalar field T plays a crucial role in
generating fermion masses. The specific form of the bulk
Higgs condensate was then used to analyze an electroweak
model with custodial symmetry and UV-localized fermi-
ons. The S parameter was computed analytically, and it
was shown that for various background Higgs VEVs,
electroweak constraints are not as stringent compared to
hard-wall models, with KK masses of order the TeV scale.
The analysis presented in this paper can be used to study

other qualitatively different possibilities. Most of the re-
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sults obtained concerning bulk fields and electroweak
physics focused on the case where the dilaton exponent
� ¼ 2, corresponding to linear trajectories for the KK
states. This case is analytically tractable, but we see no
issue with numerically analyzing other values of �. For
example, when � < 1 the ratio �=k can be made naturally
small and this would be an interesting case to explore.

As mentioned in Sec. II, there is a strong coupling issue
because the effective 5D coupling grows in the IR. The
effective description therefore remains valid up to some
large z cutoff which can be made arbitrarily large for Nc !
1 in the dual theory. In fact, the extra dimension could be
truncated at some large z, i.e. have both a hard and soft
wall. As long as the hard wall is located sufficiently far into
the extra dimension many of the phenomenological fea-
tures of the soft wall will be preserved. For example, the
lowest lying resonances can still have exotic power-law
mass trajectories that would eventually transition to the
usual hard-wall spectrum. It would therefore be worth
studying such a setup with both a running dilaton and an
IR brane.

Finally, the detailed collider phenomenology of the soft-
wall standard model relevant for the LHC remains to be
done. In particular, with the KK scale being somewhat
lower than in hard-wall models as well as the couplings
between SM fermions and the resonances being somewhat
weaker, the phenomenology could be qualitatively distinct
from that in hard-wall models. Furthermore it would be
worthwhile to generalize the electroweak models con-
structed in Sec. IV by placing fermions in the bulk, ac-
counting for the nonconstant bulk mass terms generated
from Yukawa interactions. A fully realistic model of flavor,
incorporating all electroweak constraints, will provide an
interesting alternative to the usual hard-wall setups and
deserves further study.
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APPENDIX A: FERMION CONVENTIONS

In this appendix we present our conventions for fermions
[36]. The 5D Clifford algebra is

f	M; 	Ng ¼ 2�MN ¼ 2 diagð�;þ;þ;þ;þÞ: (A1)

We take as a basis the following gamma matrices:

	� ¼ �i
0 ��

��� 0

� �
; 	5 ¼ 1 0

0 �1

� �
; (A2)

where �� ¼ ð1; �iÞ and �i are the usual Pauli matrices.

Note that with this basis the proper Dirac conjugate is

defined as �� ¼ �yi	0.
To deal with fermions in curved spacetime, we must

introduce the vielbein eAM, defined through the relation

gMN ¼ eAMe
B
N�AB: (A3)

The covariant derivative is defined as DM ¼ @M þ!M,
where !M is the spin connection

!M ¼ i

2
J AB!

AB
M : (A4)

The Lorentz generators J AB are given by

J AB ¼ � i

4
½	A; 	B�; (A5)

and so the spin connection can be written as

!M ¼ 1
8!MAB½	A; 	B�: (A6)

The coefficients !A
MB are determined by

!M
A
B ¼ eARe

S
B�

R
MS � eRB@Me

A
S; (A7)

where �R
MS is the Christoffel symbol.

Specializing to the case of a conformal metric gMN ¼
e�2AðzÞ�MN , the vielbein is given by

eAM ¼ e�AðzÞ�A
M; (A8)

and the spin connection is found to be

!M ¼
�
�A0

2
	�	

5; 0

�
: (A9)

APPENDIX B: ZERO-MODE APPROXIMATION

In this appendix we will discuss problems with the zero-
mode approximation for bulk fermions in the soft-wall
background. We focus on fermions with a constant bulk
massM ¼ ck, neglecting Yukawa interactions, and discuss
the potential issues with strong coupling and zero-mode
normalizability. These issues depend on how one chooses
to model the soft wall, either with the z2 asymptotics in the
dilaton or instead in the metric.
The problems discussed below are ultimately related to

the fact that the fifth dimension extends to z ! 1. If we
consider Yukawa interactions with a bulk Higgs, the IR-
peaked Higgs profile can considerably alter the dynamics
of bulk fermions, avoiding the problems discussed in this
appendix.

1. Dilaton soft wall

First, we can imagine the dilaton providing the soft wall,
with �ðzÞ ¼ �2z2 and a pure AdS metric AðzÞ ¼ logkz.
The fermion profiles obey an equation of motion analogous
to (57) with mðzÞ ¼ 0:

½@5 � e�AM�gn�ðzÞ ¼ �mng
n
ðzÞ: (B1)

BRIAN BATELL, TONY GHERGHETTA, AND DANIEL SWORD PHYSICAL REVIEW D 78, 116011 (2008)

116011-14



The zero modes have a power-law profile

g0�ðzÞ / z
c: (B2)

These modes are normalizable if 1
 2c < 0, meaning
only UV-localized zero modes are allowed.

Let us examine the gauge coupling between two (þ )
zero-mode fermions and a KK gauge boson, given in Eq.
(75):

gn / g5
Z 1

z0

dz z�2cU

�
� m2

n

4�2
; 0; �2z2

�
;

’ g5
Z 1

z0

dz z�2czm
2
n=2�

2
; (B3)

where we have used the asymptotic large z behavior of the
hypergeometric function,

Uða; b; yÞ � y�a; (B4)

in the final step. Noting the mass spectrum (41), this
coupling becomes

gn /
Z 1

z0

dz z2n�2c; (B5)

which diverges for n > c� 1=2. Therefore, once a par-

ticular c value is chosen, the coupling gn diverges for the
sufficiently large gauge boson KK mode number n.

2. Metric soft wall

It is also possible to model the soft wall with an ex-

ponentially decaying metric, with ~AðzÞ ¼ 2�2z2=3þ
logkz. Again, we can follow the analysis in Sec. III B 1,

this time setting � ¼ mðzÞ ¼ 0, and replacing AðzÞ !
~AðzÞ. We then obtain the equation of motion for the fermion
profiles:

½@5 � e� ~AM�gn�ðzÞ ¼ �mng
n
ðzÞ: (B6)

The massless mode solutions can be obtained straightfor-
wardly by integrating Eq. (B6), leading to

g0�ðzÞ / e
c Eið�2�2z2=3Þ=2: (B7)

However, this solution is not normalizable. The exponen-
tial integral function vanishes as z ! 1, and thus the
profile g0�ðzÞ approaches a constant at large z. Noting the
normalization condition (59), we see that the zero mode is
not normalizable, and is therefore absent from the theory.
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