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The radiative leptonic decay B, — u~ v,y is analyzed in its leading order in a relativistic independent
quark model based on a confining potential in an equally mixed scalar-vector harmonic form. The
branching ratio for this decay in the vanishing lepton mass limit is obtained as Br(B, — uv,y) =
6.83 X 107>, which includes the contributions of the internal bremsstrahlung and structure-dependent
diagrams at the level of the quark constituents. The contributions of the bremsstrahlung and the structure-
dependent diagrams, as well as their additive interference parts, are compared and found to be of the same
order of magnitude. Finally, the predicted photon energy spectrum is observed here to be almost

Be

symmetrical about the peak value of the photon energy at Ey = M4 , which may be quite accessible

experimentally at LHC in near future.
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I. INTRODUCTION

After the discovery of the B.-meson by the CDF-
Collaboration [1] in the Fermilab Tevatron experiment
of 1.8 TeV pp collision with its mass and lifetime
measured, respectively, as [2] Mp = 6.40 =
0.39(stat.) = 0.13(syst.)GeV and 75 = 0.4670 13(stat.) =
0.03(syst.) ps, a great deal of interest has been generated in
the study of its production and the decay modes. The
prospects for the realization of higher statistics B events
in the foreseeable future on the LHC with luminosity £ =
10** cm™2s7! and /s = 14 TeV [3] has further stimu-
lated such studies widely in the current literature. Since
the B,.-meson consists of two heavy quarks (h¢ or bc), its
decay channels are very rich unlike those of other
B,-mesons (bg or bq) with ¢ = (u, d, 5). Being a double
heavy quark-antiquark bound state like (7., 7,) and
(J/,Y) etc., QCD-inspired perturbative models are ex-
pected to describe well its properties and decay modes.
Again since B, is composed of heavy quarks of different
flavors, unlike the well-studied (c¢) and (bb) bound sys-
tems, it is stable against the strong and electromagnetic
decays. It can therefore decay only weakly for which it has
comparatively a very long lifetime. Thus, due to its unique
features as described above, the B.-meson is expected to
provide opportunities for testing various potential models
and understanding weak decay mechanisms for heavy
flavors [4].

The B.-meson decay channels, ignoring the Cabibbo-
suppressed and penguin-induced transitions, are thought to
be mediated by three mechanisms such as: (i) b-quark
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decay (b — cW™) with ¢ as spectator as in (B, —
J/ W, J/lv)), (ii) c-quark decay ¢— sW~ with
b-quark as spectator as in (B, — B,m, B,lv;), and
(iii) the annihilation modes (¢cb — W~, W™ y) as in (B, —
lv;, B, — lv;7y). The first two mechanisms provide domi-
nant contributions to B, total decay width, where as the
third one corresponding to pure leptonic and radiative
leptonic decay modes contribute a minor fraction only.
Nevertheless their study and analysis is of particular inter-
est from the theoretical and phenomenological point of
view and we would be particularly concerned, in our
present work, with the radiative leptonic decay mode of
B_-meson.

The radiative leptonic decay of B,-mesons in general are
of great interest both theoretically and experimentally. It is
believed to provide a better alternative to probe various
aspects of strong and weak interactions of heavy quark
systems. An additional photon emission characterizing the
decay B, — lv;’y makes it possible to overcome the well-
known helicity suppression inevitable in pure leptonic
decay B, — lv,. As a result the branching ratio for the
radiative leptonic decays finds a significant enhancement
over that of the pure leptonic decay mode. Thus the study
of radiative leptonic decay B, — [v;y can serve as an
independent and alternative way for extracting some fun-
damental parameters such as the Cabibbo-Kobayashi-
Maskawa (CKM)-matrix elements (Vbq) [5] and the lep-
tonic decay constant fp [6]. The B -annihilation mode
B. — lv;y in particular being governed by the CKM pa-
rameter V,, is Cabibbo-enhanced in comparison to the
corresponding B,-decay mode. Therefore, from a phe-
nomenological point of view, the B.-decay mode is of
particular interest since it may contribute significantly
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some background in the B, -decays with the same final
states [7].

In the tree-level descriptions of such decay modes B, —
lv;y, generally two types of diagrams are considered
which contribute to the decay amplitudes. They are
(i) the structure-dependent (SD) diagrams where the pho-
ton line is attached to the charged quark lines and (ii) the
internal bremsstrahlung (IB) diagram where the photon
line is attached to the charged lepton line. It is usually
believed that from helicity arguments the contribution of
the bremsstrahlung part must be proportional to the lepton
mass m; for which it can be safely neglected, when [ = e,
M [8]. In the study of B, — [v,y by several models [9], it
has been shown that the IB contributions to the decay
amplitude are minimal compared to that of the dominant
SD part. Following this assumption, we analyzed the B, —
v,y process in the relativistic independent quark model
(RIQM) [10] to find our predictions for the branching ratio
along with the photon energy spectrum in reasonable
agreement with other model predictions. However, such
an assumption may not be quite justified in general terms
and particularly so in the case of B. — lv;y, where both
the structure-dependent and internal bremsstrahlung parts
are found to give comparable contributions to the decay
width. Moreover, the inclusion of the IB diagram is neces-
sary to satisfy the requirement of gauge invariance for the
decay amplitude in a more general way. There have been
several theoretical studies of B.— [v;y based on the
models such as the QCD-inspired potential models
[11,12], light cone QCD [8], effective field theoretic ap-
proach [13], and the light front model [14], etc. All of these
model studies predict the branching ratio Br(B, — uv,y)
in the range (1 — 6) X 107>, We would like to test our
RIQM approach used earlier in the study of B, — uv,y
[10] in analyzing the decay B. — uv, 7y, for which both
the IB diagram and the SD diagrams would be taken into
account at the level of the quark constituents. We would
also like to compare the contributions of the bremsstrah-
lung and structure-dependent part along with their inter-
ference parts to the predicted branching ratio
Br(B, — n~ 7,7y). We would extend this analysis to
reassess the dominance of the structure-dependent dia-
grams in case of B, — uv,y for which we had ignored
the IB diagram in our earlier calculation [10].

In the following section we briefly outline the model
frame work to be adopted here for the present study which
is based on a RIQM that has been found successful in
providing satisfactory description of a wide ranging had-
ronic phenomena in the light as well as the heavy flavor
sector [15,16]. Section III provides the calculation of the
transition amplitude for the decay process B, — u™ v,y
which includes the contributions of the structure-
dependent and bremsstrahlung diagrams at the level of
the quark constituents (b¢). In Sec. IV, we outline the
required kinematics and obtain the decay width as well
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as the branching ratio. Section V provides the discussion of
our prediction with those of other models. Finally, Sec. VI
deals with a brief summary and conclusion.

II. MODEL FRAMEWORK

The model framework based on the relativistic indepen-
dent quark model to analyze the decay process of the
B,-meson in the annihilation mode has already been de-
scribed in detail in our previous work [10]. However, for
the sake of completeness in the present context, we provide
only a brief outline of the same. In this model the decaying
meson B, is represented by a suitably constructed definite
momentum and spin state | B.(p)>g, in the form of a
momentum wave packet reflecting the momentum and
spin distribution of its constituent quark () and antiquark
(C) as

| B2 (B))s, = Mg, (B) | (B A)i (Bes ALY, (1)

where

| (Bo Ap): (Pes A)) = BE (B ABY (B AD10) ()

is a Fock-space representation of an unbound quark “5”
and antiquark ““¢” in a color-singlet configuration with
their respective momenta and spin as (pp, Ap,) and
(Per o). Here b*(pq, A,) and b 4(Pg» A,) are, respectively,
the quark and antiquark creation operators. AB(_(p, Sp)
stands here to represent an integral operator in the form

Ap. (5. Sg) = z B (Ap M) [ & Py, 6%

VN (p)

X (pp + Pe — P)Gp.(Pp Pe) 3)

where “+/3” is an effective color factor and ¢B<(A,, A,)
stands for the SU(6)-spin flavor coefficients for the meson
B (bc¢). The meson-state normalization factor N(p) is
realized from (B.(p) | B.(p")) = 8P (p — p’) in an inte-
gral form as

N(p) = [ By | G (Bo b — Po)P. @)

Finally, G (P, p.) represents the effective momentum
distribution function for the constituent quark » and anti-
quark ¢, which is taken in the form

GB,.(ﬁb’ 5L) = [Gh(isb)éc(ﬁc)]l/z’ (5)

where G,(p;,) and G,.(p,) are the momentum probability
amplitude of the bound quark b with momentum p, and
antiquark ¢ with momentum p,, respectively. The bound
quark and antiquark (b¢) inside the meson core are in fact
in a definite energy state with no definite momenta, which
are represented by the bound quark orbitals corresponding
to the ground state of the meson in the usual form
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VAT \ =

) 1 i(3.7)f4(r)
d’q (r: Aq) = \/T; @ /?(Aq):

I

(6)

where the spinors are
w0 =)=~z and x)=(7) =iz,

In the relativistic independent quark model that we refer
here, the meson is pictured as a color-singlet assembly of
quark-antiquark (b¢) independently confined by an effec-
tive and average flavor-independent potential of the form
[15,16] U(r) =1(1 + ¥°)(ar* + V,). The reduced radial
parts as the upper and lower components of the quark
orbitals in Eq. (6) can be realized in this potential model as

(r=N (L)ex (_,,_Z)
&q 4 Yog p Zr%q
Ny () r
fq(r) = 0y, (@) CXP( %)

where the quark binding energy E, in the meson ground
state is derivable from the bound-state condition (Eq +
m)E, —m, — Vo) = 9a. With E, = (E, = %), m, =
(m, +%), w, = (E, +m,), and ro, = (aw,)”V/?, the
normalization factor N, appearing in Eq. (7) is obtained
in the form

(7

8w, 1
J7ro, GE, +ml)

N3 = (8)

Then by taking suitable momentum space projections of
the bound quark orbitals in Egs. (6) and (7), the momentum
probability amplitudes G ,(p,) and G.(j,) can be obtained
in the form

L TN T € (Py) V2. b’
Gy(pp) = bl: b ’f” ] [Ey(pp) + Eh]exp<_pi>
2a,w0, LE,(Ps) 4ay,

5 > _iﬂwc ec(ﬁc) 1/2 > 1562)
G = E +E — .
(B0 =5 s ] 1 + e

9)
Here E,(p,) =[p; + m}, €,(p,) = (E,(p,) + m,) =
€, and a, = = Now referring back to Eq. (1) we can

@)
consider that /AXB((f), Sp) effectively transforms the free
quark-antiquark Fock state | (p,, Ap); (P, A.)) to a baglike
meson state | B, (p, Sp)) of definite momentum p and spin
Sg = 0. The dynamics responsible for the bound-state
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character of the color-singlet assembly (b¢) inside the
meson can thus be considered to have been factored out
in terms of this operator A 5.(P, Sg). We may point out that
the bound-state picture of the meson that we have adopted
here to construct a definite momentum state | B, (p, Sg)) of
the decaying meson, is not relativistically covariant in its
strict sense. This is in fact true with almost all the potential
models describing mesons as bound states of valence
quarks and antiquarks interacting via some instantaneous
potential. However, such models are often required to
derive at the mesonic level decay amplitudes starting
with the Feynmann amplitudes at the constituent quark
level. Here one encounters a problem where the 4-
momentum conservation at the meson level S-matrix
does not follow automatically. This is due to the fact that
although the 3-momentum conservation at the composite
level of the meson has been ensured through §®(p, +
P. — p) in the expression for the meson state | B, (p, Sp))
in Egs. (1)~(3), the energy conservation Eg = E,(p;) +
E.(P.) in such a definite momentum state cannot be speci-
fied so explicitly. This is indeed a pathological problem
common to all such models attempting to explain the
hadron decays in terms of constituent level dynamics in
zeroth order. However, it is quite reassuring to note here
that the effective momentum profile function G (s, p.).
defined through Egs. (5) and (9) in our model, somehow
ensures the energy conservation in an average sense sat-
isfying  Es = (Bo(p, SpIEL(B) + E(PNIB(B. Sp).
This has been shown in our earlier work [10] in the case
of the meson state | B,(p, Sg)). However, this point would
be illustrated further in the present context for | B.(p, Sp))
in the appropriate section hereafter.

Thus we can represent the decaying meson state in the
form of a momentum wave packet of the constituent quark-
antiquark (b¢), where the bound-state character has been
embedded in the momentum profile function G (s, p.)
appearing in the integral operator /A\BC (p, Sp) of Eq. (3).
Then any residual internal dynamics causing the ultimate
annihilation decay of the meson B_, can be studied at the
level of the otherwise free quark b and antiquark ¢ using
the relevant Feynmann diagrams. The total contributions of
these diagrams taken in momentum space is to be finally
operated upon by the baglike integral operator A 5.(D, Sp)
so as to obtain the effective transition amplitude for the
decay process B, — uv,y as

St = A, (B, Sp)S}; (10)

when Sj‘if is the S-matrix element at the constituent level
describing the annihilation process bc — W™y = u" v,y
and Sff;‘ is the effective meson level S-matrix element
describing the transition B — p~ v, 7y. Following this
prescription of the model framework, we obtain the tran-
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sition amplitude for the decay process B, — u~ v,y in
the following section.

III. TRANSITION AMPLITUDE FOR B; (p) —
(P17 (py, s)y(k, A)

The contribution to the transition amplitude for the
process B (p, Sp, = 0) = n™ (p1, 1)7,(pa, s)y(k A) s
usually calculated from four possible tree-level diagrams
shown in Figs. 1(a)-1(d). However, the contribution of the
diagram in Fig. 1(d), where the photon line is attached to

J
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the internal gauge boson W™ is quite negligible as it is
suppressed by a factor of Mj /Mj,. Therefore, for the
present analysis we take into account the contribution of
the other three possible diagrams corresponding to the
structure-dependent (SD) parts [Figs. 1(a) and 1(b)] and
the internal bremsstrahlung (IB) part [Fig. 1(c)].

Following the same approach as in Ref. [10], we can
find the contributions of the two SD diagrams [Figs. 1(a)
and 1(b)] to express the S-matrix element at the level of the
unbound quark and antiquark (b¢) in the form

Qm)*8W(py + pe — p1 — p2 — k)

_ .G
SBE(SD) = [_’eTg VL€ Ny e 0

, (D

V@M 2E,(5,) 2 2E () 2m) 2E, 27) 2B, (27) 2E,

where G is the Fermi-coupling constant, V, is the CKM-matrix element, ¢ = (p, + p,) = p — k is the 4-momentum
transfer, €(k, A) is the outgoing photon polarization vector. With T'* = y#(1 — °), we represent here the weak leptonic
current as

L¥ = U,(p1, TV, (py, 5) (12)
and the hadronic tensor part I',,,(p;, p., k) as
5 > (k_ljc)—i_mc (ﬁh_k)—i_mb >
Ty (py po k) = Vo(po A Oy, L T Me p oo, L2 T 10, (By, Ay 13
/.LV(pb p ) (P )[Q Y (k — Pc)2 — m% " Qb N (pb — k)z — m% Y ] b(pb b) ( )

Here eQ,. and eQ,, are the charm and beauty quark electric charges. Similarly we can obtain the contribution of the IB
diagram in Fig. 1(c) as

Wka ) v (kL)
b(pb,xb) wo (?’)/ b(pb’ )"b) /’J—’JJ\
U wo(p r) [ —
1
4% < W7 —
_ _ \\ (q) v ( s)
c(*pc,kc) IH-‘:V c (*pc’ }”c) N u p2’g
(b)
@ Tk, ) -
IR
- &, 1) _
Vu (P, ,8) bp_ .+ Ap) ! VP, )
( 5
V@ vk, A N .
w o (q)
CCRes M) [T

wo (Pl , r) (d)

FIG. 1. Feynmann diagrams for the decay B, — yl7,.
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Qm)*8W(p, + p. — p1r — p2 — k)

, (14)

) G
S?f(IB) = [—ie—FVcbf*V(k’ A)Lvuhu]

NGl

where in the vanishing lepton mass limit (m, = 0)

~ b+ K
LV/.L = [U#(pl? r)'}/er,uvvﬂ(pZ’ S)] (15)
h* = Vc(pcr /\C)l“,u Ub(pb’ Ab) (16)
We have taken the free particle spinors U(p, A) and V(p, A)
as
. = X
Up, A) = dp)(&('f’))x(/\))
-’ (17)
. —~f 2L %())
V(p,A) = \/6(17)( X )
X(A)
where

x=—x0=(o) xw=x0=(})

Then the meson level S-matrix elements corresponding
to the structure-dependent and bremsstrahlung parts can be
obtained effectively by operating the integral operator
/A\BC (p, Sg) respectively on S?E(SD) and S?f(IB). We
must point out here that, in the present model, the energy
conservation at the composite meson level is expected to be
satisfied in an average sense through the momentum dis-
tribution function G (P, p.). Therefore, we may assume
Ep = E,(p,) + E.(p.), which together with the 3-
momentum conservation p = p, + p. ensured by
&83(pp + p. — p) appearing in /A\Bc(fy, Sg), can enable us
to write p = (p, + p.). With this assumption we pull out
89 (p, + p. — q — k) appearing in S%¢(SD) and S%(IB)
from within the integral operator in the form 6 (p — g —
k) which ensures the desired 4-momentum conservation in
the decay process. Then we can write

S (SD) = @m)*8“(p — g — k)

) 1 1
X [—z.’Mf,-(SD)]l;KW \/Q——E—;) (18)

and
Sfi(1B) = 2m)*8W(p — g — W[—iM;(IB)]
1 1
X — 19
l;[<(277')3/2 ,/‘“2Ef) (1%
We may further point out that unlike the final-state

normalization factors the initial meson-state normalization
factor ——L=—— is not explicitly available in the kinematic
A/ (277)32E3L.

\/ Q@m)2E,(py) 21 2E (p.)27) 2E,27m) 2E,(2m) 2E,

|

expressions. We therefore incorporate this factor by ade-
quately compensating the same in the numerator. This
compensating factor /2Ep is then pushed inside the in-
tegral as [2E,(p;,) + 2E.(p.)]"/? under the assumption of
the energy conservation mentioned earlier. Thus realizing
the meson level S-matrix elements for the decay process in
the desired form, the corresponding invariant transition
amplitudes can be extracted as

Gr *v

—zeycbe (k, VL*I1,,, (20)

NG

M (IB) = %evcbe”(k, NH*HL,, (1)

where, with

X Py P k) =D LB (N AV (B A
Aps Ae
(K= p) +m,
X[ 2 "(k—=pJ)*— m%F“
By — K + m,y

+r, L BT
“lop— k2 —ml

]Ub@b, A)
(22)
and

Ey(py) + Ec(p.)

1/2
L el (B B — D)
2Eb<pb>EC<pc>] G Py P = P

(23)

G (o B — By) = [

the hadronic contribution of the SD part is obtained in the
form

1 -
m, =—fd3ﬁ G (o B — )
YoJameNg T

X XV,LL(pr pc’ k) (24)

Similarly the leptonic tensor L,,, and hadronic term H*
in Eq. (21) corresponding to the (IB) part are obtained in
the form

_ P+ K
Lyp, = U,u(p]’ r))’vmr,uvv#(pb S) (25)
and
V3 , - N
3_[,(1, = d3 (_) ’ - P )
NG f P6Gs Py D — P
X XH(Pp, P — Pp) (26)
when
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Xt (B B = Pp) = . LB (A AL
XA

X[VeBer ADTH U (B, Ap)] - (27)

In fact JH{* here can be identified as the hadronic matrix
element (0|cT"#b|B.(p)) which can be expressed in terms
of the B.-meson decay constant f as

FH # = (0leT#bIB.(p)) = f5 (P*)PH.

Then using the result L, p#* = L*g,, in the limit m, —
0, Eq. (21) can be modified to the form as
G
M ;(IB) = T; Ve (k Mlefs L# ) (28)

Now combining Egs. (20) and (28) we obtain the total
invariant transition amplitude for the decay process
B:(p) - #7(pl: r)ljlu(pZ’ S)')’(k, )\) as

G
e—ZFVL.,,e*V(k, MM, (29)

NG

M uB, = pu p,y)=—

where
MV = LM[HV/.L - fBCg,lLV]' (30)

However, one must ensure here the gauge invariance of the
total transition amplitude by imposing conditions on which
k"M, = 0. For this we may expand the hadronic tensor
I1,,,(p, k) in terms of independent Lorentz-invariant struc-
ture as

I,, =ap,p, + Bk,k, + {p,k, + 6k,p, + &8,
+ine, 0P k%, (31

where (a, B, {, 6, &, and n) are the form factors. Since
(e.k) = 0; the form factors 8 and & would be inconse-
quential and hence can be omitted. Again the term propor-
tional to the form factor 7, which is in fact the vector part
of IT,,,, independently satisfies the gauge-invariance con-
dition. Hence the gauge-invariance condition k"M, = 0
effectively boils down to

kVL'LL[apr,u. + gpl/k/.l, + (é‘: - ch)g;Ly] = 0. (32)

But since in the zero mass limit of the leptons one can find
L*p, = L*k,, Eq. (32) becomes

L¥k,[(a + O)(p.k) + (& = fp)] = 0. (33)
This implies the condition
(a + O(p.k) + (£ = fz) =0. (34)

Then the gauge-invariant structure of the total transition
amplitude consisting of both the structure-dependent and
the bremsstrahlung parts can be written in the form

PHYSICAL REVIEW D 78, 114030 (2008)

P

i\

=

() - (b)

FIG. 2. Coordinate system for the radiative leptonic decay of a
heavy meson: (a) Meson (B,) rest frame and (b) uv,-CM
frame.

EGF
—= V. e (k A
\/i b ( )

X L'“[FA(qz){p,,kM - (pk)gV/,L}
+ iFy(q*)€ 00 P k7], (35)

Mfi(Bc - MV,LL'Y) =

where Fy(¢?) = n and F,(¢%) = (a + {) are the form
factors related to the vector and axial vector weak current
contributions, respectively, which can be evaluated from
Egs. (24) and (31) imposing the gauge-invariance condi-
tion (34).

It is convenient to evaluate Fy(g?) and F4(g?) in the
hadronic part of the transition amplitude using the kine-
matic relation in the decaying meson rest frame [Fig. 2(a)]
where the meson momentum p = (M B, 0, 0, 0), the photon

momentum k = (Ey, 0,0, Ey), and the photon energy

~ My (1- . . . .
E, = M . Here we introduce a dimensionless variable

2 . . .. ..
y = 11/(11_;’ which in the vanishing lepton mass limit has the

range, 0 =y = 1. Then, from Eq. (31) with gauge-
invariant condition (34), we can realize in B, -rest frame

1 - I
Fa(g?) = — (11, + Fu(g?) = —i—2L_.
4(q) MBCE)/( 11 fBC) v(g?) IMB[E)/
(36)

Finally, IT;,(¢?) and I1,;(¢?) can be obtained in the B,-rest
frame from the model expression for the hadronic tensor
1I,,(g%) in Eq. (24).

IV. THE DECAY WIDTH

The invariant transition amplitude in Eq. (35) can be
rewritten as

114030-6



RADIATIVE LEPTONIC B. DECAY IN THE ...

eG
j\/l fi = - TzF Vch’uH’u (37)
with
H, = € (k MFa(@*Hk,p, — (p)g s}
+ iFV(qz)SVp,pa'ppkUl (38)

Then the partial decay rate for B, — u~ v,y is written
in its generic form as
1

T =
d 2E,

D IM ;i 2d s, (39)

¢ 1S,A

where the three body phase-space factor d{}; is expressed
as

dSﬁl d31—52

dQs; = Qm)*éW(p —q—k
s = G —a = Gk, GaaE,

Bk
X — 40
(27T)32k() ( )

and

Z |~7Vlfi|2 =

r,s,A

ezG% V 2 ur ot t
5 |Vl (ZL L )(;HMHU).
(4D

We write LF7 =Y, (L*L°Y) representing the summa-
tions over the lepton spin indices r and s. Similarly we
write H,,, = > ,(H, H 1) representing the summation over
the photon polarization index A

Now for the sake of convenience we adopt the uv,—
center-of-mass (CM) frame [Fig. 2(b)] to account for the
leptonic contribution, whereas the hadronic part is ac-
counted for in the B, -rest frame [Fig. 2(a)]. In the uv,—
CM frame we have the respective energies of the outgoing
particles u, v s and vy as

_ MBC(I - )
2.y '

In this reference frame it is easy to check that the timelike
part of L#“, which is obtained as

1
El = EMB‘\/y = E2, E,y (42)

LKT = 8[ghPg? + g7Pgh? — gPOgh? + i€tP7%]p, ps,

(43)
vanishes. Thus with the nonvanishing spacelike terms L%,
the product (L#“H, ;) in Eq. (41) reduces to the form
(LY H;;). Then integrating the L part over the lepton phase
space in the uv,~CM frame, we obtain

d3]_51 d3]_52 .. 477' ..
“Z2LSW(p — py — py — k) = — g2
/]2}51 T (p=p1—p2—k K
(44)

As a result the photon polarization sum is further reduced

PHYSICAL REVIEW D 78, 114030 (2008)

to Y )LH,-H;r . Using now the completeness relation of the
photon  polarization in transverse gauge, 1i.e.,
da€xlk, Neglk, A) = (8,5 — lgalgﬂ), we can obtain in
the (u7,)-CM frame

S HH] = 2pkPUFA () + IFy(@)P) (45)
A

Then the partial decay rate can be obtained in an invariant
form

GH V% , Bk
= _ £ "l 7 .k2 F D12 + |F AYP .
oy ) TPV + P

(46)

dr

Now it is convenient to simplify the differential decay rate
by integrating over the photon phase-space solid angle in
the B_-rest frame, such that

dar G>
= VPl + Ry (@)P)
Y
X M} (Mg, — 2E,)E3, 47

Finally, we integrate Eq. (47) over the kinematically al-
lowed range of photon energy 0 = Ey = Mp /2 and use
Eq. (36) to obtain the decay width I'(B, — uv,y) in the
vanishing lepton mass limit (m, =~ 0) as

aG%l ‘Vcb |2 Mp,
67 0

X [II, + fp* + 115,121, (43)

/2 . . -
I'(B.— puv,y) = dEE,(Mp —2E,)

Hence the study of the B, — uv,y process essentially
reduces to the evaluation of the hadronic tensor compo-
nents I1,,(¢%) and I1,;(¢?) as well as the decay constant
fs, within the model framework. Equation (24) providing
the model expression for the hadronic tensor components

IT,, can be reduced in the B -rest frame to the form
MT(42) = ——=— [ d(cos0
wuq®) = —— cos
g JorN(©) J -1

|]7l7|max N - ~ > >
x L dlpoll 512G (5 — )
X X,,,(q% | By, cosh). (49)

Using free quark-antiquark spinors U,(p,, A,) and
Ve(Pe, Ac) and the necessary spin algebra, we can extract
the relevant components of X, , in the B, -rest frame from

Eq. (22) for calculating IT;(¢%) and TT,;(¢?). We obtain
5(c) 5(b)
2 [2253 A ]
€ €} DL. Db
5(c) 5(b)
2 I:ZZZC1 B ZA:I
e.€,L D. D,J

X“(qz, 13b) =
(50)

Xoi(q% By) = i
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where,
D, =[2My — E){My — E,(p,) + | Pyl cosé}
— (M3 — mj + mZ + 2Mp | p,| cos6)], (51)

Z(|C1) =[(Mp, — E, — E},)(e.€, — |p,I*)
—m.(e.€, + |py|*) — E, (e, — €.)| | cost
— (€, — €.)|pyl*cos?d], (52)

7 =[E(ecep — 1Ppl?) + {(E, — My + E,)(e, — €,)
— m(e, + €) + (ece, — |yl cosb]. (53)

Similar expressions for D, Z(lbl), and ZN(ﬁ) are found to be

related to D,, Z\¢), and Z) respectively through the inter-
change of m,. < my, €. €, E.(—p,) < E,(p,), and
Py < (—pp). Next we obtain the decay constant fp
from Egs. (26) and (27) in the B.-meson rest frame in
the form

26

|Pb|mux

fp, = —F—— dIp,\1py1 Gy (B — D)
B, My JEIN) Jo p1Dp1" G (P b
> 12
% eceh[l—lpbl ] (54)
€ €}

Thus with the model expressions for II 11 and fIQ] obtain-
able from Eq. (49) using Egs. (50)—(53) and that of the
decay constant fg in Eq. (54), we can evaluate numeri-
cally the decay width I'(B, — uv,, ) from Eq. (48). Here
I1,,(¢%) and II,,(¢?) decide the contribution of the SD
diagrams, while the fp -term provides the bremsstrahlung
contribution.

V. NUMERICAL RESULTS AND DISCUSSION

For numerical calculation, we take the quark masses
(m,, m;), the potential parameters (a, V,)) and the resulting
quark binding energies (E,, E;,) as in Refs. [10,15,16]

(a, Vo) = (0.017 166 GeV?, —0.1375 GeV)
(m,, my) = (1.49276 GeV, 4.77659 GeV) (55)
(E., E,) = (1.57951 GeV, 4.766 33 GeV).

The CKM parameter V., B.-meson life time 7p,, and the
decaying meson mass Mp_are taken from the Particle Data
Group [17] as

V,, =00416, 75 =046ps, My =6.286 GeV.

(56)

At the outset we must point out that the energy conserva-
tion constraint E,(p,) + E.(—p,) = My_assumed in our
model framework corresponding to the B .-rest frame, may
present spurious kinematic singularities. This can be dealt
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with in the same manner as in [10] by assigning a running
mass m,(|p,|) instead of the model value m, which sat-
isfies the energy conservation constraint in the form

m2(1Byl) = M3+ m2 = 2Mp [ |pyl2 + m2. (57)

As a result, there w01211d be an upper bound on the quark
M2 —m?
2075,
m2(|p,|) positive definite.

Now it may be quite interesting to find the radial quark
momentum distribution amplitude | ,|Gp (pj, — Pp) in the
B.-meson rest frame and its behavior in the allowed range
of momenta 0 < |p,| < |Pplmax. The radial quark momen-
tum distribution for b-quark within the meson B, (as well
as B,) has been depicted in Fig. 3. From the expectation
value (B.(0)|p3|B.(0)) = (p3), we find the rms-value of

(ﬁb2> = 0.66 GeV, which is
much less than |p,lnax. Similarly we find (E,(p,)) =
4.657 GeV and (E.(—p,)) = 1.629 GeV, which are very
close to the respective model solutions for the quark bind-
ing energies £, = 4.76633 GeV and E, = 1.57951 GeV,
respectively. We also obtain (E,(p,) + E.(—pp)) =
6.286 GeV which is equal to My . Thus we see from these
results that our ansatz for the energy conservation is some-
how justified since it is satisfied in an average sense.

Now using Eq. (49), we evaluate the relevant hadronic
tensor components I1;,(¢?) and I1,;(¢?) representing the
contributions of the SD diagrams in Figs. 1(a) and 1(b)
separately at any particular g>-value. We find the relative
magnitudes of the contribution due to these two diagrams
as

momentum |p,| < = |Pplmax in order to retain

the b-quark momentum

IB1G, (B, -By) (Gevy™”

P T E U B N =S P bl

0 05 1 15 2 25

1P, 1(GeV)

FIG. 3. Radial quark momentum distribution amplitude
|pp1Gs(Py, — D) for B,-decay (dashed line) and for B -decay
(solid line).
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which indicates that the contribution of the structure-
dependent process where the photon couples to the lighter
quark ¢ is dominant. This is expected since the electro-
magnetic coupling of the photon to the quark corresponds
to the magnetic transition for which it is inversely propor-
tional to the quark mass. This trend has been shown in our
earlier work [10] rather more predominantly, as expected,
in the decay process, B, — pv,y, as the mass of the
antiquark “i” is much more smaller than the ““b”’-quark
mass.

Numerical values of II;,(¢?), II;(¢?), and fp, ob-
tained from Eqs. (49)—(54) can enable one to find the
photon energy dependence of the invariant form factors
F,(g%) and F\(g?) through Eq. (36). It is noticed that at
low enough photon energy E y = 41 MeV < Agcp, uncon-
trollable divergences occur, which are usually accounted
for by appropriate radiative corrections. But in the tree-
level discussion such as this, where we have not taken into
account any possible radiative corrections, we prefer in-
stead a lower cutoff for the photon energy at |E. |y, =
41 MeV. Thus F4(¢?) and Fy(g?) are considered here

reliable only at the photon energy range 41 MeV < Ey =

Mg,

<, which has been depicted in Fig. 4. The asymptotic
behavior of the form factors obtained here is consistent
with the prediction of Ref. [14] showing approximate
equality F,(¢%) = F,(g?) at large photon energy corre-
sponding to g*> — 0.
Now using Eq. (48), we obtain the partial decay width
for B, — u~ v,y as

Y 2
r'(B, — =9.77 X 10—17(761’) GeV,
(Be = uryy) 416x102) °°
(59)
which leads to the branching ratio as
Br(B. — uv,y) = 6.83 X 1073, (60)

025F

I
¥}

015 E}

1
F,, F, (GeV)

e
=

005

ot

0 1 2 3
Ey(GeV)

FIG. 4. Form factor F4(¢%) and Fy(g?) versus E..
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TABLE I. Results for Br(B, — uv,y) by different formal-
isms.

Formalism Reference Br(B. — uv,y) Ty
RIQM This paper 6.83 X 107 0.025
NRQCD [13] 6.0 X 107 cee
NRQM [11] 6.0 X 1073 0.06-0.1
Rel. QM [12] 3.0 X 1073 0.03
LFQM [14] 2.3 X107
LCSR [8] 2.0 X 1073 0.1

Here we have noticed that by varying the photon energy
cutoff over a small range of values around IEylmin =
41 MeV chosen earlier in the evaluation of the form fac-
tors, the branching ratio remains unaltered, which indicates
that there is practically no uncertainty related to the choice
of the lower cutoff |E, |, = 41 MeV. We now compare
our prediction on Br(B, — uv,y) with those of other
model calculations as shown in Table I. We find that our
result, although quite comparable with those of
Refs. [11,13], is certainly higher than other model predic-
tions [8,12,14]. This is because the interference of the
bremsstrahlung part with the structure-dependent part is
found to be large and constructive.

In fact, the contribution of the interference term is found
to be significant, being of the same order of magnitude as
that due to the pure SD part and pure IB part. This result
(Table II) is quite contrary to the observations of Ref. [14],
where the SD contribution was dominant with the brems-
strahlung and interference term contributing one to two
orders less, respectively. If we extend this analysis to B, —
mv,y, which was studied earlier [10] with the SD dia-
grams only, the contribution of the bremsstrahlung part is
found to be lesser by 1 order of magnitude compared to that
of the pure SD part. This brings in a marginal change in the
predicted branching ratio Br(B, — wv,y) from its earlier
value 1.70 X 107® [10] to 2.17 X 107® as shown in
Table II. Therefore, we find that neglecting the bremsstrah-
lung diagram in the case of B, — uv,y decay may be a
reasonable approximation. But such an assumption is not
justified in the analysis of B, — wv,y where the brems-
strahlung contribution is quite significant.

The decay width of the purely leptonic decay mode
B. — pv, had been estimated earlier in the present model
[18] as

I'(B.— wv,) =341 X107 GeV
with
Br(B.— pv,) =238 X107°. (61)

Then the radiative leptonic decay B.— uv,7y corre-
sponds to an enhancement factor Rﬁf") as
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TABLE II. Branching ratios for B.- and B,-meson radiative leptonic decay modes:
Decay mode Br(SD) Br(IB) Br(IN) ‘Br(Total)
Br(B, — uv,y) 3.08 X 107 0.97 X 107> 2.78 X 1073 6.83 X 1073
Br(B, — uv,y) 1.70 X 107° 0.07 X 107 0.40 X 107° 2.17 X107

0.5

o o I
o w S

[(dI/dE, _)/F](Gev“)

o

=]

© [T A

E(GeV)
FIG. 5. Predicted photon energy spectrum.
Br(B, — pv
g = BBz wv,y) (62)

Br(B, — uv,)

Thus we find that the decay width for the radiative
leptonic B,.-meson decay is of the same order of magnitude
as that for the pure leptonic mode. On the other hand, it is
1 order of magnitude higher in the context of B,-meson

decays as is evident from the calculated value of the
D _ BrB,—uv,y)
Br(B,—uv,)

11.5. We can also estimate here the relative fraction of the
same final state (uv,7y) coming from different sources
such as B, and B, in a decay process by the ratio r,,, which
is obtained here as

corresponding enhancement factor Rif?

_ NB“ _ Br(Bu - MﬁMY)

ry == -
® Ny Br(B.— uv,y)

= 0.025. (63)

This indicates that a large number of wv,y final states
should be expected from B_.-decays compared to what is
expected from B,-decays.

Finally, using Eqgs. (47) and (48) we evaluate ({ <4-) for

ey

different photon energies in the allowed range |E, |, =
Ey = Mp /2 to obtain the photon energy spectrum as
shown in Fig. 5. We find that the shape of the photon
energy spectrum is almost symmetrical about the peak at

Ey = % which is in good agreement with other model

observations [11,13].

VI. SUMMARY AND CONCLUSION

We have calculated the decay width and branching ratio
for the radiative leptonic decay B, — v, in the relativ-
istic independent quark model taking into account both the
inner bremsstrahlung and structure-dependent diagrams.
The contribution of the IB diagram is found to be of the
same order of magnitude as that of the SD diagrams. Our
predicted branching ratio for this decay Br(B,—
wv,y) =6.83 X 1077 is in agreement with some other
model predictions [11,13]. The photon energy spectrum for
this decay is also found to be symmetric about the peak
value around Ey = Mf" as in other model predictions,
which should render it quite accessible to the experimental
observation at the LHC in the near future.

Thus we conclude that the present model (RIQM),
which has already successfully been tested earlier in ex-
plaining wide ranging hadronic phenomena as cited in
Refs. [15,16] and the references therein, predicts the ra-
diative leptonic B, decay in agreement with other model
predictions. Since we do not use any free parameter in the
present study based on the RIQM model, we do not so
much claim any fine-tuning for quantitative precision in
our predictions. Neither do we emphasize any improve-
ment whatsoever due to the inclusion of relativistic effects
which in any case are expected to be not so significant in
the case of the B. meson consisting of two heavy flavored
quark-antiquark (b¢).
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