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Details of a recent calculation of Oð�2
s Þ corrections to the decay b ! c‘�l, taking into account the

c-quark mass, are described. Construction of the expansion in the mass ratio mc=mb as well as the

evaluation of new four-loop master integrals are presented. The same techniques are applicable to the

muon decay, � ! e�� ��e. Analytical results are presented, for the physical cases as well as for a model

with purely-vector couplings.
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I. INTRODUCTION

Because of the role that the semileptonic decay b !
c‘�l and the muon decay � ! e�� ��e play in the determi-

nation of the parameters of the standard model, it is war-
ranted to improve the theoretical description of their rates
and distributions. Recently, we have determined Oð�2

sÞ
corrections (�2 for the muon), including the effects of
the charm quark (electron) mass [1]. Since this was the
first analytical evaluation of such mass effects and required
an extension of known results, in this paper we describe
some technical details.

We made extensive use of earlier results obtained in the
massless case [2–4], in particular, of the master integrals
determined in those projects. It turned out, however, that
the massive case requires the knowledge of more terms of
the expansion of those integrals in the dimensional regu-
larization parameter � ¼ 4�D

2 . To find them, we took a

different approach to the evaluation of those master inte-
grals. That approach is described below, together with the
list of new terms that are now known. Since the decays
considered here are a model for other beta-decaylike pro-
cesses, those integrals will likely find other applications in
the future.

Before presenting that calculation, in the following sec-
tion we introduce the notation and in Sec. III we describe
how the expansion around the massless case is constructed.
Our results for the corrections to the b ! c decay and to a
decay in a model with pure vector couplings, as well as for
the new terms in master integrals, are collected in three
appendices.

II. DECAY RATE AND RADIATIVE CORRECTIONS

The tree-level decay rate and the one-loop corrections
are known exactly [5]. Their expansion in � � mc=mb �
1 and parametrization of two-loop corrections are

�ðb ! c‘ ��Þ

¼ �0

�
X0 þ CF

�sðmbÞ
�

X1 þ CF

�
�sðmbÞ

�

�
2
X2 þ . . .

�
;

(1)

X0 ¼ 1� 8�2 � 24�4 ln�þ 8�6 � �8; (2)

X1 ¼ 25

8
� �2

2
� ð34þ 24 ln�Þ�2 þ 16�2�3

�
�
273

2
� 36 ln�þ 72ln2�þ 8�2

�
�4 þ 16�2�5

�
�
526

9
� 152

3
ln�

�
�6 þ . . . ; (3)

X2 ¼ TRNLXL þ TRNHXH þ TRNCXC þ CFXA

þ CAXNA; (4)

where �0 ¼ G2
FjVcbj2m5

b=ð192�3Þ, GF is Fermi constant,

and color factors are CF ¼ 4
3 , TR ¼ 1

2 , CA ¼ 3. Here NL ¼
3 is the number of massless quarks, and NH;C ¼ 1 label,

respectively, the b-quark loop, and virtual and additional
real c-quark contributions; components XL, XH, XC, XA,
and XNA are separately gauge-invariant and finite. The
limit of these functions for mc ¼ 0 is known [3]. The
purpose of this paper is to obtain their mass dependence.
All calculations are performed in D ¼ 4� 2� dimensions,
and axial currents are treated according to the prescription
of [6]. General gluon gauge was used to ensure gauge
invariance of the results.
The presence of the logarithm of the mass ratio in the

lowest-order rate, Eq. (2), signals the presence of higher
powers of logarithms in the higher-order terms [indeed, we
see a quadratic logarithm in Eq. (3)]. It is for this reason
that the term �4 requires more terms of the expansion of
Feynman integrals in powers of � mentioned in Sec. I.
Using the optical theorem, we find X2 as the imaginary

part of 39 self-energy diagrams such as the examples
shown in Fig. 1. Each diagram is expanded in asymptotic
regions [7–9] to several orders in � and all contributions
are summed. Some details of that expansion are described
in the next section.

III. ASYMPTOTIC EXPANSION

As an example, we consider the rightmost diagram in
Fig. 1 which has the richest structure of asymptotic re-
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gions. Evaluating the traces and Wick rotating, we obtain a
number of terms proportional to integrals

Z dDkdDqdDrdDl

Da1
1 . . .D

a9
9

; D1 ¼ k2;

D2 ¼ ðq� rÞ2 þm2
c; D3 ¼ q2 þm2

c;

D4 ¼ ðqþ lÞ2 þm2
c; D5 ¼ ðqþ l� rÞ2 þm2

c;

D6 ¼ r2; D7 ¼ l2; D8 ¼ l2 þ 2pl;

D9 ¼ ðpþ k� qþ rÞ2;

(5)

(Fig. 2(a)), where the external momentum p is on shell
(p2 ¼ �m2

b), and exponents ai are some integers. To re-

duce the problem to single-scale integrals, we investigate
all possible assignments of the two relevant scales—mb

(‘‘hard’’) or mc (‘‘soft’’)—to the four-loop momenta, and
Taylor expand in every such ‘‘region’’ (Figs. 2(b)–2(l)).

As an example, consider q and l being soft, and k and r
hard. The denominators are Taylor expanded as

1

D8

¼ 1

l2 þ 2pl
¼ 1

2pl

X1
i¼0

�
� l2

2pl

�
i
;

and similarly
1

D2

! X
i

. . .

Di
6

;

1

D5

! X
i

. . .

Di
6

;
1

D9

! X
i

. . .

½ðpþ kþ rÞ2�i ;

(6)

producing, together with the remaining denominators,
case (i). Similar expansions in the other regions are sum-
marized in Table I.
As one can see, in most regions this topology factorizes

into known one- and two-loop integrals. Note the unusual
‘‘eikonal’’ denominators such as 1=ð2plþ i0Þ in cases (i)
and (l), which lead to odd powers of � in the end result.
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FIG. 2. Expansion of a double-scale topology (a) in all contributing asymptotic regions (b–l). Thick lines represent mass mb, thin
lines represent mass mc, dashed lines are massless, double lines correspond to eikonal (static) propagators. Different regions
correspond to expansions with different assignment of scales (hard, mb or soft, mc) to the four-loop momenta.

b c

g

FIG. 1. Examples of Oð�2
s Þ b-quark self-energy diagrams whose cuts describe the semileptonic decay. Dashed lines represent a

charged lepton and a neutrino, whose masses we neglect.

TABLE I. Scale assignments and expansions of denominator factors corresponding to the regions in Figs. 2(b)–2(l).

(b) k, q, l, r�mb D2 ! ðq� rÞ2, D3 ! q2, D4 ! ðqþ lÞ2, D5 ! ðqþ l� rÞ2
(c) q� r�mc, k, q, l�mb D3 ! q2, D4 ! ðqþ lÞ2, D5 ! l2, D6 ! q2, D9 ! ðpþ kÞ2
(d) q�mc, k, l, r�mb D2 ! r2, D4 ! l2, D5 ! ðl� rÞ2, D9 ! ðpþ kþ rÞ2
(e) qþ l�mc, k, l, r�mb D2 ! ðlþ rÞ2, D3 ! l2, D5 ! r2, D9 ! ðpþ kþ l� rÞ2
(f) lþ q� r�mc, k, q, l�mb D2 ! l2, D3 ! q2, D4 ! ðlþ qÞ2, D6 ! ðlþ qÞ2, D9 ! ðpþ lþ kÞ2
(g) r, q�mc, k, l�mb D4 ! l2, D5 ! l2, D9 ! ðpþ kÞ2
(h) q� r, qþ l�mc, k, l�mb D3 ! l2, D5 ! l2, D6 ! l2, D9 ! ðpþ kÞ2
(i) q, l�mc, k, r�mb D2 ! r2, D5 ! r2, D9 ! ðpþ kþ rÞ2, D8 ! ð2plþ i0Þ
( j) q; lþ q� r�mc, k, l�mb D2 ! l2, D4 ! l2, D6 ! l2, D9 ! ðpþ kþ lÞ2
(k) r, qþ l�mc, k, l�mb D2 ! l2, D3 ! l2, D9 ! ðpþ kþ lÞ2
(l) l, q, r�mc, k�mb D9 ! ðpþ kÞ2, D8 ! ð2plþ i0Þ
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One technical difficulty in this procedure is disentan-
gling the products of loop momenta in the numerator,
naturally appearing in the expansion. In the most difficult
cases, we employed the method of Ref. [10], leading to a
huge number of terms at higher orders in �. With inter-
mediate expression size reaching hundred gigabytes, some
tuning of the hardware and the computer algebra system
[11] was required.

The three-loop eikonal integrals in region (l) correspond
to topologies studied in Ref. [12]. Using the integration-by-
parts identities [13–15], we reduce the expressions to a few
‘‘master integrals’’ found in Refs. [12,16], and a previously
unpublished integral calculated by V.A. Smirnov, Eq. (C1)
.

The four-loop ‘‘all-hard’’ case (b) here is the most
challenging. To expand X2 to Oð�7Þ, an implementation
of algorithm [15] was running for several weeks. Finally,
all diagrams were reduced to the 33 master integrals. Their
evaluation was the biggest challenge of this work.

IV. EVALUATION OF FOUR-LOOP MASTER
INTEGRALS

The results for master integrals given in [3] are sufficient
to obtain Oð�0Þ and Oð�2Þ terms of X2. However, in order
to find the following Oð�4Þ contribution, many integrals
need to be expanded further. In [3], the initial terms of that
expansion were obtained in a series of steps. First, some of
the internal lines of the diagram, representing a given
master integral, were assigned a mass M much larger
than the mass of the external particle m. Next, the diagram
was expanded in m=M using a similar approach as de-
scribed in the previous section; several terms of that ex-
pansion were obtained in each order in �. Finally, and most
nontrivial, a pattern in that expansion was recognized and
the expansion was now summed analytically. The value of
the result at M ¼ m gave the desired value of the integral.

In higher orders in �, the recognition of the expansion
pattern may be very difficult. Instead, we evaluate these
integrals using the method of differential equations [17].
We start by choosing a few artificial double-scale topolo-
gies, related in some limit to the needed integrals. We
illustrate this approach with the topology shown in

Fig. 3. It involves an artificial mass
ffiffiffiffiffiffiffiffi
1=x

p
, and in the on

shell limit x ! 1 reproduces the topology needed for the
first diagram shown in Fig. 1 (where we also introduce the

loop factor F ¼ �ð1þ�Þ
ð4�ÞD=2 ).

This function is chosen due to several reasons. First, if
0< x � 1, the cuts are the same as in the on shell limit,
and we may discard the real part in all calculations.
Second, large mass expansion to a few orders in x and �
is relatively simple [3]. And third, the associated differen-
tial equations have a structure convenient for an iterative
solution; this property will be explained later.
This topology has 40 master integrals. Derivative of any

such integral can be recast in terms of integrals with shifted
indices,

@

@x
Iða1; . . . ; a9; xÞ ¼ a5

x2
Iða1; . . . ; a5 þ 1; . . .Þ

þ a6
x2

Iða1; . . . ; a6 þ 1; . . .Þ; (7)

generating a system of 40 differential equations. It can be
split into independent subsystems of at most four equa-
tions, where the solution of one system enters the right-
hand side of the following one.
For example, consider functions fðx; �Þ ¼

Ið0; 1; 1; 0; 1; 0; 0; 1; 0; xÞ, gðx; �Þ ¼ Ið�1; 1; 1; 0; 1; 0; 0;
1; 0; xÞ, and hðx; �Þ ¼ Ið0; 1; 1;�1; 1; 0; 0; 1; 0; xÞ, entering
a particularly simple system of relations

f0 ¼ 4x� 5þ �ð7� 6xÞ
2xð1� xÞ fþ 9� 11�

2ð1� xÞgþ 3�� 3

2ð1� xÞh;

g0 ¼ 1� �

2xð1� xÞ f� 8þ x� �ð10þ xÞ
2xð1� xÞ gþ 3� 3�

2ð1� xÞh;

h0 ¼ 1� �

2x2
fþ �� 1

2x
gþ 3�� 3

2x
h: (8)

We solve this system with respect to derivatives of f, and
expand fðx; �Þ ¼ 1

� f�1ðxÞ þ f0ðxÞ þ �f1ðxÞ þ . . . .

Finally, the differential equations for fi become

f000i þ 9� 6x

xð1� xÞ f
00
i þ

18� 6x

x2ð1� xÞ f
0
i þ

6

x3ð1� xÞ fi ¼ Ri;

R�1 ¼ 0;

R0 ¼ 6x� 9

xð1� xÞ f
00�1 þ

6x� 18

x2ð1� xÞ f
0�1 þ

31

x3ð1� xÞ f�1; . . . :

(9)

The three solutions of the homogeneous equation (with
Ri ¼ 0) can be guessed: 1=x, 1=x2, and ð1� x2ðxþ 6Þ þ
6xð1þ xÞ lnxÞ=x3. Euler’s formula allows then to solve the
inhomogeneous equations. To fix the three integration

FIG. 3. Auxiliary double-scale topology. Thick lines represent mass
ffiffiffiffiffiffiffiffi
1=x

p
, thin lines represent unit mass propagators, and � labels a

denominator raised to a noninteger power.
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constants, we use the large mass expansion

fðx; �Þ ¼ � 1

4x�
þ 1

24
� 15þ 4 lnx

8x

þ �

�
2�2 � 145� 60 lnx� 8ln2x

16x
þ 1

4
þ lnx

12

þ x

144
þ x2

1440
þ . . .

�
þ . . . : (10)

The general solution for fi is expanded and matched to
this series to find suitable constants. Finally, we obtain
x-dependent solutions:

f�1 ¼ � 1

4x
; f0 ¼ 1

24
� 15þ 4 lnx

8x
;

f1 ¼ 19

36
þ 1

12x2
þ 6�2 � 373

48x
þHð0; xÞðx� 45Þ

12x

þHð1; xÞðx3 þ 9x2 � 9x� 1Þ
12x3

�Hð0; 1; xÞ
2x2

�Hð0; 0; xÞ
x

; . . . : (11)

Because of the fact that the answers can be expressed in
terms of harmonic polylogarithms (HPLs) Hð. . . ; xÞ [18],
the expansion can be continued as long as CPU resources
allow. (More accurately, this procedure works as long as
the solutions of the homogeneous equation, as well as their
inverse Wronskian and minors of Wronski matrix depend
on x in the denominators only through factors x and 1� x,
and numerators contain HPLs and polynomials. This al-
lows to solve the inhomogeneous equation in terms of
HPLs.) Taking the limit x ! 1, we obtain the required on
shell integral.

One integral of the topology shown in Fig. 3, uðx; �Þ ¼
Ið0; 1; 1; 1; 1; 1; 1; 1; 0; xÞ, presents an additional difficulty.
Its x-dependent expression starts at Oð�Þ and logarithmi-
cally diverges at x ¼ 1. To find that integral, we evaluated
instead the infrared-safe function Ið1; 1; 1; 1; 1; 1;
1; 1;�1; xÞ, took the on shell limit and then reduced to
uð1; �Þ. This lead to finite Oð�0Þ and Oð�Þ expressions:

uð1; �Þ ¼ � 4�4

135 � �ð95�56 þ 13�2�3
18 þ 8�4

135Þ. As a trade off,

other integrals were needed to a higher order in �, involv-
ing harmonic polylogarithms up to weight six.
An important tool was the software package HPL [19]

and additional software for the series expansion of har-
monic polylogarithms was developed [20]. As an indepen-
dent check, we used numerical integration of the Mellin-
Barnes representation of some integrals [21].

V. RESULTS AND SUMMARY

The rather lengthy expressions for XL, XH, XC, XA, and
XNA calculated through Oð�7Þ are presented in
Appendix A. Their features, such as the logarithms and
even and odd powers of �, together with physics conse-
quences, have been discussed in [1]. Here we would like to
illustrate the convergence of the expansion. To this end,
Fig. 4 shows the plots of Xi as functions of �, in two
versions: solid lines show all known terms while dashed
lines are obtained by leaving out the last known power of
�. We see that the convergence is excellent up to at least
� ¼ 0:3 of interest in this study.
In addition to the integrated decay rate, precision fits to

experimental data are done for the moments of the lepton
energy El and the hadronic-system energy Eh distributions
in the rest frame of the b quark, with the goal of accurately
measuring several parameters including jVcbj, mb, and the
Wilson coefficient of nonperturbative operators. Thus,
QCD corrections to those moments are also of interest.
These corrections are defined by

Z �
El

mb

�
n
d� ¼ �0

�
LðnÞ
0 þ CF

�s

�
LðnÞ
1 þ CF

�
�s

�

�
2
LðnÞ
2

�
;

(12)

and similarly for the moments of Eh, described by coef-

ficients HðnÞ
j ; the average is taken over the whole phase

space of decay products. One-loop spectra are known

exactly [22], and Fig. 5 presents NNLO corrections Lð1;2Þ
2

and Hð1;2Þ
2 . In [1], we discussed how the experimental cuts
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FIG. 4. Mass-dependent corrections to X2 of Eq. (1).
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can be approximately modeled by the analytical calcula-
tion. Finally, we present the analytical results for UC [Eq.
(A6) and Fig. 6], an analogue of XC in Eq. (1), describing
charm quark loop contribution to the process with a mass-
less quark in the final state, b ! u‘ ��.

The same method can be used in the model in which

chiral weak coupling of quarks, igw
2
ffiffi
2

p ��ð1� �5Þ, are re-

placed with a pure vector vertex, igw
2 ��. This is a useful

toy model, e.g., for logarithmic resummation studies [23].
In parametrization similar to Eq. (1), the second-order
components Vi are defined in Eqs. (B1)–(B7). We eval-
uated terms to Oð�5Þ, and it is now easy to find more.

To summarize, in the process of this calculation, we
checked and confirmed the massless limit of the Oð�2

sÞ
corrections [2–4]. We extended those results to several
orders in the mass ratio of the final and initial quarks. To
complete this task, additional terms of master integrals
were required, and the differential-equation method was
applied to compute them. Our results agree excellently
with the numerical calculation [24]. An ultimate test of

the convergence of the mass expansion will be a corre-
sponding expansion around the opposite mass limit, mc ’
mb. Work on this is in progress.
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APPENDIX A: ANALYTICAL RESULTS

Here we present the components of the total decay rate
evaluated to Oð�7Þ. In the case of the b-quark loop con-
tribution, XH, Fig. 4 shows an extremum point around � ¼
0:2. This contrasts with the other contributions, that seem
to be monotonous functions of �. In order to double check
the convergence, also the Oð�8Þ term has been computed.
The final results are

XL ¼ � 1009
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þ 8�3

3
þ 77�2
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3
� 4�2
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3
ln�� 8ln2�
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XH ¼ 16 987
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FIG. 5. First two moments of lepton and hadron energy dis-
tributions.
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FIG. 6. Charm quark contribution to semileptonic b ! u de-
cays.
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XA ¼ 11047
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ln�þ 4ln2�
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�
2044

9
� 1136 ln2
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3
ln�

�
�2�3 þ

�
8947

32
� 103�2
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þ 2�4

45
þ 200�5 � 705�3

2
þ 100�2�3

3
þ

�
84�3 � 1049

2
� 161�2

6
þ 10�4

3

�
ln�

þ
�
7�2 � 271

2

�
ln2�þ 16ln3�

�
�4 þ

�
58 024

225
� 1136 ln2

3
� 292

15
ln�

�
�5�2 þ

�
269 297

1296
þ 2303�2

216
� �4

2
� 24�3

þ
�
12�3 � 2441

72
� 17�2

3

�
ln�þ

�
229

9
þ �2

�
ln2�

�
�6 �

�
242 554

33 075
þ 256

315
ln�

�
�2�7: (A5)

The charm quark contribution to b ! u‘ �� decays through Oð�7Þ is:

UC ¼ � 1009

288
þ 8�3

3
þ 77�2

216
� 5

4
�2�þ

�
21þ 8�2

3

�
�2 þ

�
64 ln2

3
� 95

36
þ 32

3
ln�

�
�2�3 þ

�
48�3 � 4375

36
� 25�2

6

þ
�
365

6
þ 6�2

�
ln�� 8ln2�

�
�4 � 112

15
�2�5 þ

�
7804

675
þ 64�2

27
þ 8

5
ln�� 64

9
ln2�

�
�6 � 24

7
�2�7: (A6)

APPENDIX B: AVECTOR MODEL

As a by-product of this project, for the purpose of
comparisons with [23], we have determinedOð�2

sÞ correc-
tions to the decay rate in a model where the W boson has
only a vector, and no axial vector, coupling to fermions.
That is, its interaction vertex is obtained from the standard

(V � A) one by the substitution igw
2
ffiffi
2

p ��ð1� �5Þ ! igw
2 ��.

The results for this model are parametrized in analogy with
Eqs. (1)–(4), with replacements Xi ! Vi. Results for the
tree-level and first-order corrections, expanded through
Oð�5Þ, are

V0 ¼ 1� 2�� 8�2 � f18þ 24 ln�g�3 � 24�4 ln�

þ f18� 24 ln�g�5; (B1)

V1 ¼ 25

8
� �2

2
þ f�2 � 10� 3 ln�g�� f34þ 24 ln�g�2

þ f13�2 � 90� 81 ln�� 36ln2�g�3

þ
�
24�2 � 273

2
þ 36 ln�� 72ln2�

�
�4

þ
�
13�2 � 369

2
þ 135 ln�� 72ln2�

�
�5: (B2)

The difference with the standard decay is seen already at
the tree level: odd powers of � are present in V0, while in
the V � A decay they appeared only in the first-order
corrections. The reason for this is a contribution of a
four-quark operator, as discussed in [1,23]. In the V � A
decay, a similar operator contributes only through its
Oð�sÞ matrix element. As a result, the second-order cor-
rections in the vector case are even more complicated than
in the V � A decay. They read
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VA ¼ 11 047

2592
� 223�3

36
� 515�2

81
þ 53�2 ln2

6
þ 67�4

720
þ

�
1997�2

648
� 81 149

1944
þ 317�3

18
� �2 ln2

3
� 211�4

1080
� 9

4
ln2�

þ
�
3�2

2
� 123

8

�
ln�

�
�þ

�
497�2

108
� 2089

8
þ 86�3 � 8�2 ln2þ 121�4

540
� 105 ln�� 36ln2�

�
�2

þ
�
4667�2

72
� 16 943

36
þ 561�5 � 37�3

2
� 48Li4

1

2
� 2ln42þ 83�2�3 � 17�2 ln2þ

�
8�4 þ 328�3 þ 125�2

6

� 50 969

72
� 64�2 ln2

�
ln�� 112�3

3
� 8�2ln22þ 449�4
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þ

�
12�2 � 747

4

�
ln2�� 63ln3�

�
�3

þ
�
16 586

27
þ 13 223�2

72
� 96Li4

1

2
þ 13�2 ln2� 795�3

2
þ 415�2�3

3
þ 935�5 � 4ln42� 8�2ln22� 304�3

3

� 349�4

72
� 144ln3�þ ð99þ 4�2Þln2�þ

�
40�4

3
� 19 459

18
þ 246�3 þ 361�2

3
� 60�2 ln2

�
ln�

�
�4

þ
�
14 036

27
þ 561�5 þ 109�3

2
� 24Li4

1

2
� ln42þ 264 109�2

5400
þ 83�2�3 þ 41�2 ln2þ

�
81�3 � 8456

9
þ 401�2

2

� 66�2 ln2þ 8�4

�
ln�þ

�
1395

4
� 8�2

�
ln2�� 141ln3�� 8�2ln22� 776�3

15
� 1093�4

90

�
�5; (B3)

VNA ¼ �VA

2
þ 19 669

1152
� 70�2

27
þ 7�4

60
� 101�3

12
þ

�
337�2

54
� 8707
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þ 107�3

6
� 7�4

30
þ

�
3�2

4
� 739

48

�
ln�þ 13ln2�

8

�
�

þ
�
11�4

18
� 1813

8
� 19�2

6
� 685

6
ln�þ 4ln2�

�
�2 þ

�
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36
� 8039

16
þ 47�4

30
� 1136�2 ln2

3
� 333�3

2
þ 20�2�3

þ 120�5 þ
�
36�3 � 6867

16
� 541�2

12
þ 2�4

�
ln�þ

�
3�2 � 893

8

�
ln2�þ 47

2
ln3�

�
�3 þ

�
8947

32
þ 5977�2

12
þ 2�4

45

� 2272�2 ln2

3
� 705�3

2
þ 100�2�3

3
þ 200�5 þ

�
84�3 � 1049

2
� 171�2

2
þ 10�4

3

�
ln�þ

�
7�2 � 271

2

�
ln2�

þ 16ln3�

�
�4 þ

�
8313

16
þ 518 717�2
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� 83�4

30
� 1136�2 ln2

3
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2
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þ
�
72�3 � 4737

16
� 2293�2

60
þ 2�4

�
ln�þ

�
6�2 � 871

8

�
ln2�þ 33

2
ln3�

�
�5 (B4)

VL ¼ � 1009

288
þ 8�3

3
þ 77�2

216
þ

�
215

18
� 16�3

3
� 43�2

54
þ 13

6
ln�� ln2�

�
�þ

�
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3
� 4�2

3
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3
ln�� 8ln2�

�
�2

þ
�
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2
þ 48�3 � 293�2

18
þ

�
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2
þ 20�2

3

�
ln�� ln2�� 20ln3�þ 64�2 ln2

3

�
�3 þ

�
76�3 � 33� 133�2

3

þ ð39þ 16�2Þ ln�þ 52ln2�� 32ln3�þ 128�2 ln2

3

�
�4 þ

�
1

2
þ 36�3 � 2417�2

90
þ 64�2 ln2

3

þ
�
14�2

3
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2

�
ln�þ 109ln2�� 36ln3�

�
�5; (B5)

VH ¼ 16 987

576
� 64�3

3
� 85�2

216
þ

�
35�2

54
� 4109

216
þ 32�3

3

�
�þ

�
8�2

3
� 1198

45

�
�2 þ

�
9�2

2
� 16�3 � 30 043

1080

þ
�
20�2

3
� 1193

18

�
ln�

�
�3 þ

�
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2 116 800
� 11�2
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� 64�3 þ

�
20�2

3
� 186 689

2520

�
ln�

�
�4 þ

�
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352 800

� 24�3 � 9�2

2
þ

�
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�
ln�

�
�5; (B6)
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VC ¼ � 1009
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216
�2 þ
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� 167�2
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ln�� ln2�
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3
þ 22�2

3
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3
ln�� 8ln2�
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þ
�
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þ
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2
þ 106�2

3
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ln�� ln2�
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�
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36
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þ

�
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6

þ 158�2

3

�
ln�þ 44ln2�� 32ln3�

�
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6
þ
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3

�
ln�� 36ln2�� 12ln3�

�
�5:

(B7)

APPENDIX C: MASTER INTEGRALS

In this appendix, we collect new results for master
integrals that were obtained in this project.

For the three-loop integrals needed for the factorized
diagrams of the type shown in Fig. 2(l), the Oð�Þ term of
the integral J3 of Ref. [12] was needed. It was privately
communicated to us by V.A. Smirnov,

J3
�2F 3 ¼ � 32

3
þ

�
256 ln2

3
� 448

3
� 64�

3

�
�;

F � �ð1þ �Þ
ð4�ÞD=2

:

(C1)

For the unfactorized four-loop diagrams in Fig. 2(b), the
master integrals have already been classified and largely
evaluated in Ref. [3]. Using the approach described in

TABLE II. Additional terms for master integrals of Ref. [3], as defined in Eq. (C2).

�Að1; 1; 1; 1; 0; 1; 1; 1; 1; 1; 0Þ 55�5 � 2�4

9 � 13�2�3
2 þ �ð143�6

3240 � 2�4

3 � 26�2�3 � 51�23 þ 220�5Þ
�Að1; 1; 1; 0; 1; 0; 1; 1; 1; 0; 0Þ �2ð7945�2

48 � 119 727
32 þ 269�4

72 þ 3185�3
4 � 49�2�3

3 þ 279�5Þ
�Að1; 0; 1; 1; 0; 1; 0; 1; 0; 1; 0Þ �3ð2 515 2311944 � 101 531�2

2592 � 1309�4

180 � 35 951�3
72 � 7�2�3

3 � 779�5
2 Þ

�Að1; 1; 1; 1; 0; 1; 0; 1; 0; 1; 0Þ �2ð14 43716 þ 169�2

16 þ 37�4

90 þ 5�3
4 � 41�5Þ

�Að1; 0; 1; 0; 1; 1; 1; 0; 1; 0; 0Þ �3ð51 175 10515 552 � 238 819�2

2592 � 3149�4

360 � 54 895�3
72 þ 43�2�3

3 � 1243�5
2 Þ

�Að1; 1; 1; 0; 1; 1; 1; 0; 1; 0; 0Þ �2ð3587�2

48 � 64177
32 þ 367�4

180 þ 1245�3
4 � 4�2�3

3 þ 59�5Þ
�Að1; 0; 1; 1; 1; 1; 0; 0; 1; 1; 0Þ �2ð493�2

8 � 119 727
32 þ 161�4

15 þ 600�3 � 20�2�3
3 þ 1092�5Þ

�Að1; 0; 1; 1; 0; 1; 1; 1; 1; 0; 0Þ �2ð3331�4

360 � 147 441
64 � 149�2

16 þ 1123�3
4 þ 19�2�3

3 þ 759�5Þ
�Að1; 1; 1; 0; 0; 1; 1; 1; 1; 0; 0Þ �2ð4763�2

48 � 38 519
16 þ 125�4

24 þ 2145�3
4 � 101�2�3

3 þ 563�5Þ
�Bð1; 1; 1; 1; 1; 1; 1; 1; 1; 1; 1Þ 1045�5

32 � 17�4

360 � 77�2�3
32

�Bð1; 1; 1; 1; 1; 1; 0; 1; 1; 1; 0Þ � 17�4

60 � 79�2�3
48 � 355�5

16

�Bð1; 0; 1; 0; 1; 1; 1; 0; 1; 1; 0Þ �3ð72�2 � 124 763
32 þ 793�4

60 þ 1961�3
2 � 43�2�3

3 þ 814�5Þ
�Bð1; 0; 1; 0; 1; 1; 1; 0; 1; 1; 0Þ �ð13912 � 58�2

3 � 9�4

20 � 68�3 þ �2�3 � 27�5Þ
�Bð1; 1; 1; 0; 1; 0; 1; 1; 1; 1; 0Þ �2ð2172� 317�2

6 � 401�4

90 � 472�3 þ 25�2�3
3 � 232�5Þ

�Bð1; 1; 1; 0; 1; 1; 1; 0; 1; 0; 0Þ �ð24A4 þ 6A5 � ln52
20 � 6�2 ln2þ ln42� 49�4

180 þ 19�4 ln2
80 þ 15�3 � 51�2�3

16 þ 299�5
32 Þ

�Bð1; 0; 1; 1; 1; 1; 0; 0; 2; 2; 0Þ �2ðln5220 � 12A4 � 6A5 � ln42
2 � 33�2

2 � �2 ln2� 11�4

60 � 19�4 ln2
80 � 199�3

2 þ 173�2�3
16 þ 5057�5

32 Þ
þ�3ð12A4 � 12A5 � 6A6 � 159H6

2 þ ln42
2 þ ln52

10 � ln62
120 � 131�2

2 þ 99A4�
2

2 � 17�2 ln2þ 33�2ln42
16 � 31�4

4� 975�3
2 þ 47�2�3

3 � 19�4 ln2
40 � 311�4ln22

160 þ 51�2�3 ln2
2 þ 7213�6

5040 þ 2177�2
3

16 � 1749�5
16 Þ

�Cð1; 0; 1; 1; 1; 0; 0; 1; 1; 1; 0Þ �ð167�2

12 � 10 325
32 � 4�2 ln2þ 149�4

360 þ 105�3Þ
�Cð1; 0; 1; 1; 1; 1; 0; 1; 1; 1; 0Þ �ð113� 48A4 � 2ln42þ 151�2

6 þ 4�2 ln2� 13�4

60 þ 14�3Þ þ �2ð934� 576A4 � 480A5 � 24ln42

þ4ln52þ 356�2

3 þ 42�2 ln2� 8�2ln22þ 8�2ln32
3 þ 5�4

72 � 3�4 ln2
2 þ 24�3 � 59�2�3

6 þ 913�5
4 Þ

�Cð1; 0; 1; 1; 1; 1; 0; 1; 1; 1; 0Þ �2ð131 89964 � 92�2 ln2þ 192A4 þ 8ln42þ 543�2

16 þ 16�2ln22� 99�4

40 þ 831�3
4 þ �2�3 � 45�5Þ

�Eð1; 1; 1; 0; 1; 1; 1; 1; 1; 1; 0Þ 13�2�3
3 � 4�4

15 � 94�5 þ �ð52�2�3
3 � 4�4

5 � 217�6

1620 þ 6�23 � 376�5Þ
�Fð1; 1; 1; 1; 1; 1; 1; 1; 1; 1; 1Þ �4

30 þ 221�2�3
48 � 799�5

16

�Fð1; 1; 1; 1; 1; 1; 1; 0; 1; 1; 0Þ 61�2�3
48 � 37�4

180 � 1019�5
16

�Fð1; 0; 1; 1; 1; 1; 1; 0; 1; 2; 0Þ ��ð3�4

20 þ 107�2�3
48 þ 547�5

16 Þ
�Fð1; 1; 1; 1; 0; 1; 1; 0; 1; 1; 0Þ �ð1031� 199�2

6 � 209�4

180 � 163�3 þ 7�2�3
3 � 64�5Þ

�Fð1; 1; 1; 1; 0; 0; 1; 1; 1; 1; 0Þ �2ð253�2

2 � 2172þ 407�4

90 þ 899�3 � 98�2�3
3 þ 403�5Þ þ �3ð2007�2

2 þ 547�4

18 � 17037

þ 487�6

1134 þ 5869�3 � 396�23 þ 4433�5 � 1078�2�3
3 Þ

�Fð1; 1; 1; 1; 1; 1; 0; 0; 1; 1; 0Þ 46A4 � 30þ 23ln42
12 þ 7�2

6 � 2�2 ln2� 5�2ln22
3 � �4

9 þ 24�3 þ �ð184A4 � 272þ 46A5 þ 23ln42
3

� 23ln52
60 þ 67�2

6 � 3�2 ln2� 73�4

360 � 20�2ln22
3 þ 5�2ln32

9 � 547�4 ln2
360 þ 209�3

2 � 99�2�3
8 þ 3921�5

16 Þ
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Sec. IV, we obtained additional terms of their expansion in
�. To save space, we present here only those additional
terms, using the notation of Ref. [3], in particular,
Eqs. (5.7–11) of that paper. Instead of repeating here the
long expressions already known, we define �N , N ¼ A::F,
to denote the new terms. For any affected master integral,
its improved value can be found as follows,

Im½INða1; . . . ; a11Þ� � �sjðN�Þ4½terms already known

þ�Nða1; . . . ; a11Þ�; (C2)

where, as defined in Ref. [3], N� ¼ �2

ð�sÞ�
�2ð1��Þ�ð1þ�Þ

�ð1�2�Þ and s

denotes the square of the momentum flowing into the
diagram. Its power j depends on the integral considered
and, for each one, can be found in Ref. [3]. Table II shows
the extra terms �N .
We use the following notation for transcendental con-

stants, An ¼ Lin
1
2 , n ¼ 4::6, and s6 ¼ 0:987 441 4 . . . .

Here Lin denotes polylogarithms [25], Linx ¼ P1
i¼1

xi

in ,

and s6 � S�5;�1ð1Þ is certain harmonic sum [19,26].
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