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The parton distribution function for a b quark in the B meson (called the shape function) plays an
important role in the analysis of the B — X,y and B — X, {7 data, and gives one of the dominant
uncertainties in the determination of |V,,|. We introduce a new framework to treat the shape function,
which consistently incorporates its renormalization group evolution and all constraints on its shape and
moments in any short distance mass scheme. At the same time it allows a reliable treatment of the
uncertainties. We develop an expansion in a suitable complete set of orthonormal basis functions, which
provides a procedure for systematically controlling the uncertainties due to the unknown functional form
of the shape function. This is a significant improvement over fits to model functions. Given any model for
the shape function, our construction gives an orthonormal basis in which the model occurs as the first
term, and corrections to it can be studied. We introduce a new short distance scheme, the ‘“‘invisible
scheme,” for the kinetic energy matrix element A;. We obtain closed form results for the differential rates
that incorporate perturbative corrections and a summation of logarithms at any order in perturbation
theory, and present results using known next-to-next-to-leading order expressions. The experimental
implementation of our framework is straightforward.
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L. INTRODUCTION

The determination of the Cabibbo-Kobayashi-Maskawa
(CKM) matrix element |V,;| from inclusive semileptonic
B — X,{v decays suffers from large B — X .€¥ back-
grounds. In most regions of phase space where this back-
ground is kinematically forbidden, the hadronic physics
enters via unknown nonperturbative functions, so-called
shape functions. At leading order in Agcp/m,, there is
only one such function, which can be extracted from the
photon energy spectrum in B — X,y [l,2] and used to
predict various B — X, €7 spectra. In B — X,y it is the
main uncertainty in the effect of the cut on the photon
energy, which is near the border of the region where a local
operator product expansion (OPE) is applicable. Because
of experimental cuts, the shape function is also important
for B— X, 7€ [34].

The determination of |V,,| received renewed attention
recently, since the measurement of sin23 favors a some-
what smaller value of |V,,| than its determination from
inclusive decays. One of the most sensitive tests of the
standard model flavor sector comes from comparing the
sides and angles of the unitarity triangle, so it is important
to determine |V,;,| with minimal model dependence.
Refined calculations of the B — X,y rate [5] also provide
stringent constraints on new physics.

To obtain |V,;,| as precisely as possible, one should
combine all existing information on the shape function.
The shape function is constrained by the measurements of
the shape of the B — X,y photon energy spectrum [6—8]
and the my spectrum in B — X, €7 [9], and its moments are
related to the b quark mass, m;,, and nonperturbative matrix
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elements of local operators in the OPE, which are con-
strained by fits to B — X £v decay distributions [10-12].
In addition, the tail of the shape function as well as its
renormalization group evolution (RGE) can be calculated
perturbatively. A problem is that an arbitrarily small re-
normalization group running of the shape function devel-
ops a perturbative tail whose moments diverge [13].
Currently, there are several approaches to determine
|V,»|. Often a model for the shape function is chosen,
which has a fixed functional form roughly consistent
with the B — X,y spectrum, and a few adjustable parame-
ters that are fixed by imposing constraints on the first few
moments of the shape function. A proposal [14] used by
many experimental analyses involves defining moments of
the shape function with a cutoff, and a particular procedure
to attach a perturbative tail to the model. Unfortunately,
there is no clear way to disentangle the shape function and
my, dependencies in this approach, and experimental un-
certainties in the shape of the measured B — Xy spectrum
are not easily incorporated. The issues related to modeling
the shape function can be avoided using model indepen-
dent relations between B — X,{v partial rates and
weighted integrals of the B — X,y spectrum [15-18],
which use the measured B — X,y spectrum directly as
input to predict the B — X, € rates. Although this weight-
ing method allows one to take into account the experimen-
tal uncertainties from B — Xy straightforwardly, it is hard
to combine several measurements, and there is no way to
include the additional constraints on m,; and the heavy
quark effective theory (HQET) matrix elements. Phase
space cuts for which the rate has only subleading depen-
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dence on the shape function are also possible [19], at the
expense of increasing the size of the expansion parameter.

A fully consistent method to combine all experimental
constraints on both the shape and moments of the shape
function, while also incorporating its known perturbative
and nonperturbative behavior, has not yet been given. The
framework proposed in this paper provides such a method.
It also allows one to obtain reliable error estimates by
(i) taking into account all experimental and theoretical
uncertainties and correlations and (ii) estimating the un-
certainty related to the unknown functional form of the
shape function in a systematic fashion.

The shape function S(w, w) contains nonperturbative
physics and obeys the renormalization group equation

S(w, ;) = fdw’US(w — o', i, wA)S(@', mp), (1)

where the evolution kernel Ug(w, w;, m ) sums logarithms
between the two scales w; > w,. The question is how to
determine the function S(w, u) reliably, which can then be
used to extract |V,,;,| from B — X, €7, and to analyze B —
X,y or B— X £7€" in the low-g? region. In Ref. [3] we
used the construction

S(w, ry) = [ dkColw — k w)F(R), ()

where Cy(w, uy) is the b quark matrix element of the
shape function operator calculated in perturbation theory,
and F(k) is a nonperturbative function that can be extracted
from data. Equation (2) has many advantages compared to
earlier treatments of the shape function. It ensures that:
(1) S(w, py) has the correct u, dependence and RGE.
(2) S(w, py) has the correct perturbative tail at large w,
while for small w it is determined by F(k).
(3) The moments of F(k) exist without a cutoff and F (k)
falls off exponentially at large k.
(4) Information about matrix elements of local opera-
tors in any short distance scheme can be incorpo-
rated via constraints on moments of F(k).

A construction similar to Eq. (2) was also used to treat the
soft function that describes nonperturbative radiation in jet
production in Ref. [20].

The outline of this paper is as follows. In Sec. II we set
up our notation and discuss how the shape function enters
the decay rates. Our new treatment of the shape function
based on Eq. (2) is discussed in Sec. III, including the
procedure for incorporating moment constraints in any
short distance scheme and an analysis of perturbative
corrections in the shape function and decay rate up to
two-loop order with a resummation of large logarithms at
next-to-next-to-leading-logarithmic (NNLL) order. In
Sec. IV we introduce a systematic expansion of F(k) in
terms of a suitably chosen set of orthonormal basis func-
tions, which allows one to control the uncertainties arising
from its unknown functional form. In Sec. V, we summa-
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rize our proposal of how to use all the available data to
extract the function F(k) and determine the shape function
S(w, u) with reliable uncertainties, which can then be used
for the extraction of |V,,| from B — X, {7. Section VI
contains our conclusions. Details on perturbative correc-
tions and the invisible scheme for the kinetic energy matrix
element are summarized in three appendixes.

II. THE B — X,y AND B — X,{v RATES IN THE
SHAPE FUNCTION REGIONS

We use the kinematic variables py = Ex + |px|. We
also define the partonic variable p~ = py + m;, — mp. In
B_)Xs’y’ p}; = mp (p7 = mb) and P; = mp — ZEy’
while in B — X, €7 they are independent variables with
Py = px = mg. There are three cases where it is known
how to carry out a systematic expansion of the decay rate

1. Nonperturbative shape function: Aqgcp ~ py < px.
2. Shape function OPE:
3. Local OPE:

Agep < py < py,
3)
The region 2 was first studied in B— X, €7 in
Refs. [14,21], and for the B — X,+y rate in Refs. [22,23].
In the soft collinear effective theory (SCET) regions 1 and
2, where py < py, the decay rates I'; = I'(B — X,y) and
I', =T(B— X,€p) are given by the factorization theo-
rems [24,25]
dl’
dE

=20 H(py, m;)
Y

X fdwmbj(mbwr w)S(py — @, wy),

4)
dr, )
= FOuHu(E{’r Px> P;;: ,“i)

dE.dpxdpy
X fdwp‘J(p‘w, u)S(px — o, wy),
where
Gim;) a i Gim;
Ly, = 8F773b 43: Vi Vi 2, Lo, = 191;771; V2.

(&)

Corrections are suppressed by Aqcp/m;, and it is known
how to include them in Eq. (4). Here we focus on the
leading term since the procedure to incorporate the sub-
leading terms follows the same method. The integration
limits are implicit in the support of the S and J functions in
Eq. (4), which are nonzero when their first argument is
positive. Both the hard functions H,, and H, and the jet
function J in Eq. (4) are calculable in a perturbation series
in a;. We summarize results for them in Appendix A up to
two-loop order. Only H, and H; are process dependent,
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and they can sum logarithms between the hard scale and

2 4=
Mi =~ PxPx-

The shape function S(w, w;) in Eq. (4) sums logarithms
between u; and u, through Eq. (1), where in case 1 in
Eq. (3) ma ~ 1 GeV, while in case 2 up ~ py. In case 1
the shape function is nonperturbative, while in case 2 it can
be computed with an OPE to separate the scales Agcp <
Py . A key feature of Eq. (2) is that it makes the expressions
for the decay rates in Eq. (4) simultaneously valid both for
cases 1 and 2. For example, it allows an analysis of the
photon energy cut in B — Xy without having to rely on
the expansion in region 2 in Agcp/py, as was done in
Refs. [22,23]. This is important, since in practice, if the
momenta in region 2 are not well separated numerically,
the utility of expanding in Aqcp/ Py is unclear.

It is possible to make Eq. (4) valid for region 3 of Eq. (3),
by including appropriate power suppressed and perturba-
tive corrections. At tree level this was carried out in
Refs. [26,27], and all results presented below are valid in
region 3 at this order. At the level of perturbative correc-
tions these issues were studied in Ref. [28]. We do not
include the additional perturbative corrections needed in
region 3, since our primary interest is to study the SCET
regions 1 and 2. However, it is important that for the
perturbative corrections to be correct in region 3, it is
required to scale up the different w’s so that u, = w; =
M, ~ my, because there is only one scale u in the local
OPE. A procedure to carry out this scaling of the wu’s is
discussed around Eq. (36). A dedicated study of the tran-
sition to region 3 is left for future work.

Combining Egs. (1), (2), and (4), and switching the order
of convolutions we arrive at

dT,
dE

= 200 H,(px. )
Y

X f dkP(my, pi — k ) F(K),
(6)
dar
v =T, H E;, py, +, ;
dEgdp;Edp; Ou u( o Px> Px ,LL)

X ] dkP(p~, pi — K ju)F(K).

Here, the perturbatively calculable function P is process
independent,

P k) = [do [ do'p alp (k= o) ]
X Us(o — o', pj, pa)Col@', pp). (7
At lowest order in perturbation theory
P(p~, k ;) = 8(k) + O(ey), (8)

and the result for P up to @(a?) with NNLL resummation
is given in Appendix A.

Equation (6) can be used to determine the F function by
fitting to experimental B — X,y and B — X, {v data. We
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return to this in Sec. V. In the next two sections we explore
Eq. (2) in detail and construct a complete orthonormal
basis for F(k) that is suitable for carrying out these fits.

ITII. GENERAL TREATMENT OF THE SHAPE
FUNCTION

A. Master formula and OPE constraints

The shape function S(w, w) is the B meson matrix
element

S(w, u) = (BlOg(@, u)|B) = (Oy(w, u))g,  (9)
of the operator
Oo(@, 1) = b,8(iD+ — 8 + w)b,, (10)
where we defined
8 = mp — my,. (11)

Here, b, is the heavy quark effective theory (HQET) b
quark field and |B) is the full QCD B meson state, respec-
tively. (If we used the HQET |B,,) state, this would corre-
spond to absorbing time-ordered products of Oy(w) with
all power corrections in the HQET Lagrangian into the
definition of S(w, u).) Also, D, = n - D, v is a timelike
vector, and n is a lightlike vector with n - v = 1. For our
application, v = pp/my is the four-velocity of the B me-
son,and 71 = py/|pxl| is the direction of the light-quark jet.
The w dependencies of S(w, w) and Oy(w, w) are the
same. In Eq. (10), our use of 8 = my — m,, and the |B)
state ensures that S(w, u) has support for @ = 0 with any
mass scheme for m,, [27]. Note that & explicitly depends on
the mass scheme. We will use the pole mass scheme first,
and discuss converting to short distance schemes in the
next subsection.

The information about the shape function that can be
obtained from perturbation theory arises from the fact that
when integrated over a large enough region, 0 =< w = A,
such that perturbation theory is reliable at the scale A, the
operator Oy(w) can be expanded in a sum of local opera-
tors,

2
00(0)1 /-L) = z Cn(w: Iu’)Qn +--
n=0

2
n=0

where we use either of the operator bases

0, = b,(iD;)"b,. (13)

The Wilson coefficients C,(w) for these two bases are
equivalent, because Oy(w) only depends on the combina-
tion iD, — 6 + w. The ellipses in Eq. (12) represent
operators of dimension six and higher (where four-quark
operators first appear). Taking the B meson matrix element
of Eq. (12),

Qn = bv(ZD+ - S)nbw
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2
S(w, ) = Y Cylw, Q) + -+, (14)
n=0

the moments of S(w, u) with an upper cutoff can be
computed

[ dwots(o.w) = 30 [ dowtCyiom) + -,
0 - 0
(15)

and are determined by the local matrix elements {Q,,)5 plus
the perturbative information in the C,, [14]. For the first few
matrix elements, we have

A
(Q)p = _?l + 67

(16)

where A, = (B|b,(iD)?b,|B), with the matrix element
defined in dimensional regularization. With this definition
and the pole mass, the matrix elements in Eq. (16) are w
independent.

The matching coefficients C,(w, u) in the OPE in
Eq. (12) can be determined at fixed order in perturbation
theory by taking a partonic matrix element of both sides of
Eq. (12). Consider [21]

<bv|00(w + 8! M)lbv> = ch(w’ M)<bv|Qn|bu>

<Q0>B =1, <Q1>B = -9,

= Colw, w), A7)

where the b, states have zero residual momentum, and we
used (b,]0,|b,) = 8,. The n = 1 matrix elements vanish
in MS because there is no dimensionful quantity they can
be proportional to. To determine C,,(w, u) for n = 1, con-
sider the matrix element between b, states with residual
momentum k* where v -k =0 but k, =n-k # 0. The
right-hand side of Eq. (12) gives [21]

by (k:)|Og(@ + 8, w)lb, (k)

ki d"Co(w, p)
= + =y £
Colw + ki, ) Z —— (18)
Comparing this with the left-hand side of Eq. (12),
(by(k:)[0g(@ + 8, wlb, (k+))
2
= Q. Culo, p)b, (k)]0 b, (k7)) + - - -
n=0
2
=Y Culo, W)k*)" + -, (19)
n=0
gives forn =0, 1,2
1 d"Cy(w, w)
Colw, p) = — =3 5L (20)
n! dw
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In Eq. (19), the matrix elements of O, for n = 2 in MS are
given by their tree-level values k., because loop graphs
have dimension = 1, but are scaleless and vanish.

The coefficients of Q and Q, are related by Eq. (20) to
the same perturbative coefficient function as Q, to all
orders in perturbation theory. This is no longer the case
at dimension six and higher, where the operator basis
includes four-quark operators, and more than one matrix
element must be computed.

Our key point is to write the renormalized shape func-
tion at the scale w as in Eq. (2),

S(w, ) = [ dkColw — k WFK), Q1)

where the function Cy(w, ) = (b,|0y(w + 8, u)|b,) has
an expansion in «, and contains perturbatively accessible
information about S(w, ). Equation (21) defines the func-
tion F(k), which is a nonperturbative object that can be
extracted from data. To see that Eq. (21) uniquely specifies
F(k), note that in Fourier space S(y, u) = Co(y, u)F(y), so
F(y) = S, p)/Coly, p)-

An important feature of Eq. (21) is that it is consistent
with the OPE result in Eq. (14). Expanding its right-hand
side in k gives

S(w, p) =

n

1 d"Colw, )
n! dw"

] A=k F(R),  (22)

and comparing with Egs. (14) and (20) one finds for n =
0,12

f KK E(K) = (—1Y(Q,). (23)

Thus, the first few moments of F(k) are determined by the
matrix elements of the local operators (Q,,)5, reproducing
the OPE for these terms. [The decomposition in Eq. (21)
can be extended such that it works for the OPE terms with
n = 3 as well, although we will not do so explicitly here.]
Unlike for S(w, w), for F(k) all moments without a cutoff
exist, so F(k) falls faster than any power of k at large k.
Furthermore, the characteristic width over which F(k) has
substantial support is of order Aqcp.

Equation (21) also ensures that S(w, w) has the correct
dependence on u in the MS scheme, since it is determined
by Co(w, u), which satisfies the shape function RGE in
Eq. (1). As shown in Eq. (A23) of Appendix A, a simple
formula valid to all orders in @, can be derived, which
combines S(w, u,) from Eq. (21) with the evolution from

M up to w; in Eq. (1),
S(w, u;) = Eg(w, w;, mp)

oo j+1 ; W
“3 3 ON PPN
X fo ' a2 L)1 - 2)] (24)
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Here, L] (z) = [In‘(z)/z' "], is defined in Eq. (BY), and
S;, Es, m = n(u;, wa), and V{(n) are given in Egs. (A12),
(A16), (A17), and (B17), respectively. The S; coefficients
are determined by partonic fixed-order calculations of
Co(w, p), and at O(a?) the sum is bounded by j = 3.
The RGE factors n and Eg are determined using the
anomalous dimensions at various orders. The RGE here
has Sudakov double logarithms, implying that the “cusp”
anomalous dimension I, must be included at one higher
order than the standard anomalous dimensions 7y,. There is
no large hierarchy between the scales w, > w; > ua, SO
the optimal procedure for combining fixed order and re-
summation is debatable. We adopt the following conven-
tions for our analysis:

LL: 1-loop Iy, tree-level matching;

NLL: 2-loop I'¢ygp, 1-loop matching, 1-loop v,;
NNLL: 3-loop I'¢ygp 2-loop matching, 2-loop v,.
(25)

Our construction ensures that S(w, w;) has the correct
perturbative tail for large w, specified by both the constant
and logarithmic terms in Cy(w, u;), while for small w it is
controlled by the nonperturbative function F(k). Thus
Egs. (21) and (24) build in all the information that can be
obtained from considering region 2 in Eq. (3) without
having to carry out an expansion of the decay rate in this
region in Agcp/py -

A common approach for modeling a parton distribution
function is to specify a model for S(w, u ) at a fixed scale
M and then run it up to a higher u;. In this case, w, must
be treated as a model parameter, and changing it can cause
significant changes in the model. Furthermore, for w >
Aqcp the perturbative tail of S(w, ;) obtained in this
approach will not be consistent with carrying out the
OPE at u;. The perturbative logarithms are reproduced,
but the constant terms are not (and the latter are sizable
contributions to the OPE for the scales considered here). In
Fig. 1 we compare this approach (dashed curves), with the
superior approach of describing the shape function via
Eq. (24) (solid curves) at NNLL. In each case we use a
model for F(k), F™*%(k) given below in Eq. (34), whose
first three moments correspond to m;, = 4.7 GeV and
Ay = —0.31 GeV?. The thin dashed curve with the highest
peak shows S(w, u;) = F™(w). The other three dashed
curves show the result of fixing S(w, u,) = F™%4(w) at
ma = 1.0, 1.3, 1.8 GeV (from bottom to top near the
peaks) and running up to w; = 2.5 GeV using Eq. (1).
The resulting tails at large w are clearly inconsistent with
each other. The solid curves show the result of our ap-
proach, using Eq. (24) to obtain S(w, wp) at u, =
1.0, 1.3, 1.8,2.5 GeV and running up to u; = 2.5 GeV.
In our approach, S(w, u;) is independent of the initial scale
M, up to subleading corrections in a (), and the tails at
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FIG. 1 (color online). Scale independence of our shape func-
tion construction. The thin dashed curve with the highest peak
shows the model function S(w, u;) = F™(w) given in Eq. (34).
The other dashed curves show the result of taking S(w, u,) =
F™9(w) at wy = 1.0, 1.3, 1.8 GeV (from bottom to top near the
peaks) and running up to u; = 2.5 GeV with NNLL accuracy.
The solid curves use Eq. (24) with u, = 1.0, 1.3, 1.8, 2.5 GeV
and running up to u; = 2.5 GeV at NNLL. Note the stable tails
of the solid curves. The dip at small w is discussed in the next
section.

large w are consistent with one another. The negative dip at
small w is an artifact of using the pole mass scheme, and
will be removed by switching to short distance schemes in
the next section. Another feature of the solid curves in
Fig. 1 is that their tails become negative for @ = 2.5 GeV.
It was noted in Ref. [14] that most of this negative tail is
canceled by the perturbative corrections from the jet func-
tion. We discuss in Sec. III C that this negative tail also
disappears if w, is increased as w increases.

To obtain the correct perturbative tail, the procedure
used in Ref. [28] for |V, | analyses is to take the perturba-
tive computation of Cy(w, u) for @ = w and a model for
S(w, u) for @ = wy, and these two pieces are glued to-
gether, choosing w, so that the result is continuous. The
advantage of our construction in Eq. (21) is that the tail
automatically turns on in a smooth manner when it domi-
nates over the nonperturbative function F(k) and provides
the proper w dependence for S(w, ) at any w.

Imposing the moment constraints on F(k) in Eq. (23)
provides a clean way to incorporate the information on the
local OPE matrix elements, m;, A, etc., from B — X €.
It is possible to use a shape function scheme in which
moments of S(w, w) with a cutoff define the nonperturba-
tive parameters [14]. Our approach has the advantage of
allowing one to use any desired short distance scheme, as
we discuss next.

B. Short distance schemes

The most precise information on the matrix elements in
Eq. (16) is provided by fitting OPE results to B — X {7
decay distributions. This directly constrains F(k) through
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Eq. (23). Ideally, we would like to incorporate these con-
straints on F' in a manner that is independent of the order in
perturbation theory used to calculate P in Eq. (7).
However, if we define the moment parameters 6 and A,
from Eq. (16) in an infrared sensitive manner such as the
pole mass scheme, then the dependence on the order in «
will not be small—infrared renormalon ambiguities in the
perturbation series will cancel against ambiguities in the
parameters 6 and A,. In practice, this means that the values
of 6 and A; may change substantially when the fit in B —
X € is done at different orders in perturbation theory. In B
physics, cancellations between perturbative corrections are
significant already at low orders in perturbation theory.
Thus, it is preferable to define F(k) and Cy(w, u) so that
they are individually free of renormalon ambiguities,
which should make the values of 6 and A; more stable to
the inclusion of perturbative corrections.

Consider shifting to a new perturbative kernel Co(w, )
and nonperturbative function F(k) that are free from re-
normalons. To implement this we let

F(k) + 8F(k),
(26)

Co(w) = Cylw) + 8Cy(w),  F(k) =

such that

S(w) = f dkCylw — K)F(k) = f dkColw — KB (k).
27

These shifts move a series of perturbative corrections
between F(k) and Cy(w, u). The shift 5 F (k) will be chosen
such that the moments of F'(k) are given by renormalon-
free parameters, and Eq. (27) then determines the corre-
sponding shift §Cy(w).

We switch from the pole mass m; and A; to short
distance parameters 7, and A,

my = iy, + Smy, A=A+ 8, (28)

where 8my, and 6\, consist of series in a,(u) with the
same renormalon as m,;, and A, respectively. The freedom
to choose these series corresponds to the freedom to choose
different schemes for 7, and A;. To obtain F(k) with
moments only depending on 71, and A, we pick 8F(k)
such that

S8F(k) = F(k) — F(k — émy,) — AF(k),

R 29

F(k) = F(k — 6my) + AF(k). 29)
Shifting the argument allows us to switch to ;. To imple-
ment A,, AF(k) has to satisfy

f AKAF (k) = f AKKAF(K) = 0, o

j dkk*AF (k) = 5’\1

PHYSICAL REVIEW D 78, 114014 (2008)

The most general solution to Eq. (30) is AF(k) =
(6A1/6)F{(k), where Fi(k) is an arbitrary function, nor-
malized as [ dkF,(k) = 1.
Using Eqgs. (29) and (30) with Eq. (23), one can easily
check that F(k) has renormalon-free moments, as desired,
[ dkF(k) = 1, f dkkE(k) = & + dmy, = 4,
h (31)
f dkK*F (k) = — ?1 + 8%

where § = m p — My. Thus the experimental values of the
b quark mass and A | extracted in any short distance scheme
can be used as inputs in our framework via the moment
constraints in Eq. (31).

To determine the corresponding shift in Cy(w), we note
that Eq. (27) implies [ dk[Co(w — k)8F(k) + 6Co(w —
k)E(k)] = 0. To solve for 8Cy(w), we take the Fourier

transform 8Cy(y) = —C,o(y)8F(y)/F(y) and thus

o
2 Y (y) )]Co()’) (32)

eiyﬁm;, —

8Cy(y) =1
O(Y) [ F(y

Here, any 6m,0A; cross terms only have higher-order
renormalon ambiguities and are dropped. Any choice of
F (k) is equally good for incorporating the 8, shift. We
adopt the simplest choice F, (k) = F(k), which is unique in
that it keeps Cy(w) independent of the precise form of

F(k)." In this case, in momentum space, we have
N SN, d?
Co(w) = Colw + om;,) — ?l ok Co(w)
(me)z 5A ]
1+ Smy——+
[ " d ( 2 6 )dw Colw)
+ee, (33)

where Cy(w) is determined by the perturbative calculation
of (b,|0y(w + 8, w)|b,), and the ellipsis denotes terms
that are either O(a?) or beyond the order we are working at
for the moments of F(k). The same strategy to determine
F (k) and derive the corresponding Cy(w) can be applied to
higher moments if in the future terms with n =3 in
Eq. (23) are included in the analysis.

In the remainder of this paper we use the convolution
formula for S(w, 1) in terms of Cy(w, u) and F(k) in
Eq. (27). We shall regard F(k) as the fundamental non-
perturbative object to be extracted from data. In particular,

'There are other possible choices. For example, taking F (k) o
kK2F(k) would ensure that the 8A; shift does not change the
small-k behavior of F “(k). However, if F,(k) # F(k), the shift
8Cy(w) depends on F(k), and must be recomputed each time
F (k) changes. Hence other choices are more difficult to imple-
ment when performing a fit to data to extract F(k).
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TABLE I. Central values of the input parameters. The last
three entries are computed from m}’ and A; at order a?.

Parameter Value
a,(my) [29] 0.1176
a,(4.7 GeV) 0.2155
mg 5.279 GeV
m})s [12] 4.70 GeV
A [12] —0.31 GeV?
/\il —0.32 GeV?
m‘,ji“(l GeV) 4.57 GeV
A¥n(1 GeV) —0.47 GeV?
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in Sec. IV we will build a complete basis of functions for
F(k).

C. Numerical results for S(w, u)

To illustrate the effect of using our method to include the
perturbative corrections to the shape function through C,
we choose a model for F(k),

Fmod() — %[iocf(;)]z (34)

Here A = 0.8 GeV, f,(x) is given below in Eq. (48), and
the three parameters cy, ¢, and ¢, are fixed to satisfy the
constraints in Eq. (31) for the appropriate short distance
scheme. For our numerical analysis we use the input values
collected in Table 1. With {m}5, A,} we have {co, ¢, c;} =
{0.949, —0.309, 0.064}, while for {m;5, A} we have
{co, c1, 2} ={0.949, —0.307,0.075}, and for {mi", A}
we have {c, ¢y, ¢} = {0.988, —0.120, —0.095}.

First, we switch from the pole mass to a short distance
mass. We use the 1S5 mass [30] and the kinetic mass [31]
schemes,

5=06"=my— m}S, 5= 6k =y, — mbin,
(35)

to fix the first moment in Eq. (31), and A to determine the
second moment. The choice of mass scheme enters C’O(a))
through the ém; and 6A; in Eq. (33), which must be
expanded in «; to avoid the renormalons. Details of the
implementation of short distance schemes and the expres-
sions for §m}® and m}" are discussed in Appendix A 3. In
Fig. 2 we show the result for S(w, w;) obtained from
Co(w, wp) with wpy = 1.3 GeV, run up to w; = 2.5 GeV
at next -to-leading logarithmic (NLL) order (dashed) and
NNLL order (solid). The dark, medium, and light curves
show the results in the pole 1S and kinetic mass schemes,
respectively. In both short distance mass schemes the
negative dip present in the pole scheme is removed, while
the perturbative tail at large @ remains unchanged. The
removal of the negative dip is similar to what was observed
for the soft function for jets in Ref. [20].

_l T T I LI I | I LI I | I T T I T T |_
. 1.5 - pole —
T C s ]
> - ' My ]
S i 3
— r dashed: NLL ]
= o5 L solid: NNLL
o T F B
10 C = ]
R 0 k ‘ \ N
3 N N
@ N ]
_0‘5 _I 1l I | I S I | I S I L1 1 1 I 11 1 I_
0 0.5 1 1.5 2 2.5
w [GeV]

FIG. 2 (color online). S(w, u;) obtained from Co(w, w ) with
ma = 1.3 GeV and run up to u; = 2.5 GeV at NLL (dashed)
and NNLL (solid) order. Shown are results using the pole mass
scheme and the 1S and kinetic short distance mass schemes.
Switching to the short distance schemes, the result becomes
more stable going from NLL to NNLL, the negative dip at small
o in the pole scheme is removed, while the perturbative tail at
large w remains unchanged.

1-4 _I T T TT .I_ T 1T 1T 1T I T TT I T I_
T2 S T LL -
5 - ; -—-NLL ]

© - ST AT i
§ 1t SN —— NNLL -
S 08F 7 2T TN E
) C R 4 1"-._” AN b
3 06 00 S =
l-{? - '.‘/’.'/,'/ ]
N 04fF v -
3 = <]
n 0.2 w, z SRR

0 {"—"’l’”l I L1 1 I L1 I L1 1 I L1 I L1 1 I L1 1 I L1 I:

0 02 04 06 08 1 12 1.4 1.6
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FIG. 3 (color online). u, dependence of S(w, 2.5 GeV) in the
peak region obtained from Cy(w, u,) at LL (dotted), NLL
(dashed), and NNLL (solid) order, using m}% and A;. The three
curves in each case are for w, = 1.0, 1.3, 1.8 GeV. The w,
dependence is significantly reduced at each higher order.

In Fig. 3 we illustrate the perturbative convergence and
residual p, scale dependence of the result of Eq. (24)
order by order, using the 1S mass scheme and A,;. We
show S(w, u; = 2.5 GeV) run up from w, at leading
logarithmic (LL) (dotted), NLL (dashed) and NNLL
(solid). For each order, the three curves correspond to
ma = 1.0, 1.3, 1.8 GeV. As expected, the w, dependence
is significantly reduced by going from LL to NLL to
NNLL. For the lowest scale, u, = 1.0 GeV, an oscillation
begins to build up at small w, which is clear at NNLL
where the curves for the two larger scales are quite stable.
Although we continue to explore w, as low as 1.0 GeV in
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this section, we take this as evidence that slightly larger
values of w, should be used to ensure a convergent ex-
pansion for C,. Therefore, we will use mu, =
1.2, 1.5, .9 GeV in Sec. III D for the decay rate.

Next, we switch to short distance schemes for A;. Note
that the NLL results in Fig. 2 with A; defined in dimen-
sional regularization are already quite stable. Unlike for the
pole mass, there is not much numerical evidence for the
importance of switching to a short distance scheme for A;,
and adding a sizable 51, ~ O(a,) correction may over-
subtract. The u = 1 renormalon in A; is related to the
large-order behavior of perturbation theory, and it is un-
clear how much numerical impact it has on the perturbative
coefficients computed at O(a,) and O(a?). In Appendix C
we show that schemes with §A; = O(a;) appear to over-
subtract, causing large oscillations in the shape function at
small w. This is shown explicitly for the kinetic scheme
Akin(= —p2). Therefore, in Appendix C we introduce a
new short distance scheme with §A; = O(a?), which we
call the invisible scheme and denote by Aj. The expression
for §Al is given in Eq. (A37). In this short distance scheme,
the NLL results are unchanged. In Fig. 4 we compare
results at NNLL for m}S and A, versus using m}5 and Aj.
One sees that the invisible scheme has only a small effect
on the NNLL shape function, which is entirely at small w.
It damps the oscillation that occurs when pw, = 1.0 GeV
and modifies the slope.

In Fig. 5 we show the w, scale dependence at NLL
(dashed) and NNLL (solid) order in the tail region. The
lower six curves use the same scale variation as in Fig. 3.
Here, as one uses the SCET expansion, but enters the local
OPE region, the scale dependence increases with w, and
the tail becomes negative. This is due to increasing
In(w/ ) terms, for which the above choices of w, are
inappropriate. To avoid potentially large logarithms, we

1 _| LI L 1T L L L I L I LI |_
— C —— A1 NNLL 7
L 08 Al NNLL
® C ]
@) L ]
— 0.6 N ]
> L ]
[ B ]
O 04 _
- B i
o C ]
3 0.2 i
w0 4

0

0 02 04 06 08 1 1.2 14 1.6
w [GeV]

FIG. 4 (color online). The effect of using the invisible scheme
for A; on S(w, 2.5 GeV) at NNLL order. The solid lines are the
same as those in Fig. 3, using m}S and A, while the dashed lines
use m}5 together with Aj. The three curves in each case are for
the same values of w, as in Fig. 3.
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FIG. 5 (color online). u, dependence of S(w, 2.5 GeV) in the
tail region (lower six curves) and of S(w, u}) (upper six curves)
at NLL (dashed) and NNLL (solid) order, using m}’ and A}. For
the lower six curves we vary u, = 1.0, 1.3, 1.8 GeV, while for
the upper ones we use the running scale parameters u'\ (w) in
Eq. (36) and uj(w) described in the text.

can increase w, as we increase w by taking, for example,
w (w) = a + barctan(w — 2.5 GeV). (36)

To vary the scales, we take three functions of this form,
with @ and b chosen such that for @ = 0 they give u/, =
1.0, 1.3, 1.8 GeV and for w = 4.7 GeV they give u/, =
2.35,4.7,9.4 GeV. In Fig. 5, the six upper curves show
S(w, w;) obtained with these u/, (w) choices, taking u; =
piw) = [p)(0)m}$]/?  with the central u/\ (o).
Comparing the upper and lower curves shows that increas-
ing u, with w significantly reduces the w, scale depen-
dence to a similar level as in the peak region shown in
Fig. 3. (We have checked that using the running u/, (w)
does not have an effect on the size of the scale uncertainty
in the peak region.) The upper curves in Fig. 5 also have a
much less negative tail, which is caused predominantly by
increasing w, with w, and only partially by increasing the
reference scale w;. This means that the dominant part of
the negative tail in the lower curves is caused by large
logarithms of w/w . Hence, increasing u , with w will be
important to obtain a positive rate in the tail region. The
importance of increasing p with a kinematic variable in the
tail region was also pointed out for jet production in
Ref. [32], where it was required to avoid a negative tail
for the cross section.

In the decay rate the w,; dependence of S(w, u;) cancels
against corrections from the jet function, so the intermedi-
ate scale w; should also run with increasing w. This is
accomplished by taking u; = ui(w) = [p) (@) u,]"/? for
each of the three running u/\(w)’s from Eq. (36). This
treatment of the tail has the advantage that we obtain pu, =
m; = py, for @ ~ my, and by construction the standard
factor of 2 scale variation, m,/2 < w, < 2m,. Hence it
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is consistent with the local OPE treatment for region 3 in
Eq. (3). The rate at which equality is approached can be
controlled by multiplying the argument of the arctan in
Eq. (36) by a scaling factor, and the center of the transition
region can be adjusted by modifying the 2.5 GeV value
shown there.

D. Perturbative results for the B — X,y spectrum

In this section we explore the scale dependence of the
perturbative corrections to the B — X,y spectrum in the
SCET regions 1 and 2 in Eq. (3). The rate depends on three

scale parameters u, = 1 GeV, u; ~ w/mbAQCD, and

M, ~ my. In a short distance scheme the decay rate in
Eq. (6) becomes

dr

—j_ = FOSHS(p;, /-'Lb)UH(mb’ Mp, /‘Ll)
dpy

X f dkP(my, k w)E(pi — k), (37)

where H; and Uy are given in Egs. (A1) and (A14), and the
notation P and F indicate that these are given in a short
distance scheme. From the analysis in Appendix A, all
perturbative corrections can be organized into a simple
series of plus distributions E;’(z), defined in Egs. (B9) and
(B10). The integral of the perturbative function P with the
F function is then

[dkP(pi k, wi)F(py — k)

< 1
= > Pip7.p ms MA)[O dz L] (2)Fpx (1 — 2)],
=1

(38)

where explicit results for the coefficients P; are given in
Eq. (A25). The additional terms generated by transforming
Eq. (38) into the integral over the short distance P and F
are described in detail in Appendix A 3.

In Figs. 6-8, we study the w, u;, and u, dependencies
of the py spectrum for B — X;y, namely
(dT/dp3)/[Tos|Cne1(0)|?]. Recall that this has a simple
relation to the photon energy spectrum py = mp — 2E,.
We show the py spectrum to facilitate easier comparison
with the results for the shape function in the previous
section. Since we are interested in studying the perturbative
corrections, we keep F™od(k) fixed to be our default model
in Eq. (34). In each of Figs. 68, we show results at LL
(dotted curves), NLL (dashed curves), and NNLL (solid
curves) order, for three different values of the scales, and
using the 1S mass and A} scheme. The central values are
ma = 1.5GeV, u; =25 GeV, and u, = 4.7 GeV, two
of which are held fixed in each plot. In Fig. 6 the three
curves at each order show w, = 1.2, 1.5,1.9 GeV, in
Fig. 7 they show u; =2.0,2.5,3.0 GeV, and in Fig. 8

PHYSICAL REVIEW D 78, 114014 (2008)
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FIG. 6 (color online). w, dependence of the B — X,y spec-
trum in terms of m}* and Aj, using F™*(k). Shown are the LL
(dotted), NLL (dashed), and NNLL (solid) spectra for u, =
1.2, 1.5, 1.9 GeV. The long dashed curves are the NNLL spectra
with m}’ and A;, showing less convergence at small .
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FIG. 7 (color online). pu; dependgnce of the B — X,y spec-
trum in terms of m}° and A}, using F™*4(k), at LL (dotted), NLL
(dashed), and NNLL (solid) order for w; = 2.0, 2.5, 3.0 GeV.
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FIG. 8 (color online). u,, dependf:nce of the B — X,y spec-
trum in terms of m}° and A}, using F™*(k), at LL (dotted), NLL
(dashed), and NNLL (solid) order for w, = 2.35,4.7, 9.4 GeV.
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they show u;, =2.35,4.7,9.4 GeV. Since the scales
should obey the hierarchy p, < w; < up,itis not possible
to vary each by a factor of 2. For illustration, we do vary u,,
by a factor of 2, but keep n, and u; in ranges suitable to
the physical shape function and jet function regions, re-
spectively. The largest effect going from LL to NLL to
NNLL is the change in the normalization. Although it is
not captured by our range of scale variation, the normal-
ization still exhibits reasonable convergence. Rescaled to a
common normalization, the shape of the spectrum shows
very nice convergence, and the range of scales used is
clearly suitable here. We find a reduction in the scale
dependence order by order for most values of py.

In Fig. 6 we show three additional NNLL curves (long
dashed) that use m}S and A instead of A}. Comparing these
curves to the solid curves (m}® and A}), we see that the
overall effect of using A} instead of A; is small. However,
one can clearly observe that the invisible scheme improves
the perturbative convergence of the spectrum at small p5.

Although we do not show results here for the spectrum
in the local OPE region 3 in Eq. (3), we checked that the
same effects as in the tail of S(w, w;) in Fig. 5 appear in the
tail of the spectrum. To avoid a large u , dependence in the
tail, the scales must be increased with w as discussed
below Eq. (36), and this also helps to obtain a positive
tail for the spectrum in region 3.

It is important to emphasize that in the common ap-
proach to model distribution functions corresponding to
the dashed curves in Fig. 1, where a fixed model for
S(w, py) is specified at the scale u, and then run up to
M, the spectrum will have a large dependence on w,,
which must be considered a model parameter. Thus, there
is no analog to the w , independence of the rate obtained in
our construction, and illustrated in Fig. 6. Note that the
dependence of the B — X,y rate for py = (py)™ on the
soft and intermediate scales w, and w; has so far been
studied only by performing an expansion in Agcp/(pyx)™
in region 2 of Eq. (3) [22,23], as in Eqgs. (12) and (14). In
this case, one can combine the same perturbative ingre-
dients as in our approach, depending on the three scales
Ma, mi, and wp. As mentioned before, the advantage of our
framework is that it does not rely on performing an expan-
sion in region 2.

IV. EXPANSION OF THE F FUNCTION

A. Complete orthonormal basis

So far in the literature the uncertainty related to the
unknown functional form of the shape function has been
either neglected or estimated by using a few model func-
tions for S(w, u), and varying their parameters or distort-
ing them [3,28,33,34], subject to constraints on their first
few moments. To obtain a systematic estimate of the
uncertainty related to the unknown functional form of the
shape function, we construct a suitable set of complete
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orthonormal basis functions for the function F(k) defined
by Eq. (27). The uncertainty in the functional form is then
determined by the uncertainty in the coefficients of this
basis. This expansion will also be convenient to extract
F(k) from experimental data, including experimental and
theoretical uncertainties and correlations.

Since F(k) has mass dimension —1, it is convenient to
introduce a dimension-one parameter A and use the dimen-
sionless variable x = k/A. By power counting, A ~ Aqcp.
We expect on physical grounds that £(k) is positive, so we
can expand its square root,

. 1T e 2
P =3[ 3 cufutn [ (39)
n=0
where f,(x) are a complete set of orthonormal functions,

]0 " A fn ) fn(6) = By (40)

Since F(k) is normalized to unity, the coefficients c,, satisfy

1= /dkﬁ(k) = [dx[Zc”fn(x)]z =k @D

Although F(k) is independent of the choice of basis func-
tions f,(x) when summing over all n, in practice only a
finite number of terms can be kept. Therefore, we want to
choose basis functions f,(x) such that the first few terms in
Eq. (39) provide a good approximation to F(k).
Unfortunately, most of the well-known orthonormal func-
tions on [0, ) become broader with increasing n, and
hence have moments whose values increase with n [35].
By dimensional analysis, the n-th moment of F'(k) scales as
Adcp- and we would like the basis functions to satisfy this
constraint, at least for the low-n moments.

To construct a suitable orthonormal basis f,(x) on
[0,0), we consider orthonormal functions ¢(y) on
[—1,1] and a variable transformation y(x), which maps
x €[0,0) to y €[—1, 1]. We choose y(x) to be increas-
ing, y'(x) > 0. Then, for any orthonormal basis ¢,(y) on

[_ 1) 1]’
Fn(¥) =4y () p,ly(x)] (42)

provides an orthonormal basis on x € [0, 00). Choosing
different ¢,’s and different y(x)’s allows us to change
the basis functions. It is natural to choose ¢,(y) to be
polynomials of degree n, and we find it convenient to use
the normalized Legendre polynomials

2n + 1 1 d

P P,(y) =
3 2 (), 2 () 2l dy

O =

(43)

b, (y) =
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To determine y(x), note that for a positive definite func-
tion Y(x), such that [ dxY(x) = 1, the function

y) = —1+2 fo T axY (), (44)

satisfies y(0) = —1 and y(o0) = +1. Since y'(x) = 2Y(x),
the first basis function is simply

[fo)P = y()gly(x)] = Y(x). (45)

To obtain a good approximation to £(k) with the first few
terms in Eq. (39), one should choose Y(x) to be “‘similar”
to AF(Ax). This gives an intuition about suitable choices,
and once Y(x) and A are fixed, the full basis is specified. A
convenient choice for Y(x) is

— (p + 1)p+1 p,—(p+1)x

Y(x, p) T+ 1) xPe (46)
for any p > 0 real parameter. Constructing a basis from
Y(x, p) yields basis functions for which the first and second
moments of f,,(x)f,(x) are order one or smaller.
Therefore, the terms in the expansion in Eq. (39) have
n-th moments of order A” or smaller. Choosing the scaling
parameter A ~ Aqcp, the first few terms in the expansion
in the resulting basis gives a good approximation to the
shape function.

The function in Eq. (46) is similar to those used to model
S(w, w) in the literature. In fact, by choosing Y(x) to be a
specific model shape function, our construction allows one
to expand about it, and systematically study corrections to
an assumed functional form. We emphasize, however, that
in our approach the only role of ¢,(y) and Y(x) is to
specify the basis functions f,(x). The functional form for
Y(x) affects how quickly the expansion in Eq. (39) con-
verges, but not the fact that it is a convergent expansion.
The completeness of the basis ¢,(y) on [—1, 1] implies
that any square integrable function on [0, o0) can be ex-
panded in terms of the bases f,(x) resulting from the above
construction.

Using Eq. (46) gives basis functions that behave as
f2(x) ~ xP as x — 0. Because of the short distance sub-
tractions in Eq. (33), to ensure that S(w, u) goes to zero at
w = 0, we need F(k) to go to zero at least as k> for k — 0.
Thus, we find it convenient to use Y(x, 3) as our default
choice, with

32

which gives the orthonormal functions

.x3 n
fulx) = 8,/2(23+”e2%[y(x, I @8

For numerical calculations we use A = 0.8 GeV as default.
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FIG. 9 (color online).
tions in Eq. (48).

The first five orthonormal basis func-

These functions are also convenient because they allow
analytic calculations of the decay spectra. The first five
basis functions in Eq. (48) are shown in Fig. 9. In Fig. 10
we use these to illustrate the uncertainty remaining in F'(k)
if its first three moments are fixed. We fix ¢3 and ¢, to nine
different combinations, and choose the first three coeffi-
cients ¢, to satisfy the moment constraints in Eq. (31).
All the nine functions shown have 0.92 < ¢, <0.95,
—0.35 < ¢y <—=0.28, and 0.01 <¢, <0.14. Even this
plot makes the uncertainties look smaller than they are,
since at small k the k* behavior of these models appears to
imply a small uncertainty. Including the short distance
subtractions from Eq. (33), these models yield a signifi-
cantly wider variation in S(w, u) for small w. Figure 10
shows that even with small errors of the B — X €7 mo-
ments, more information on the shape function can be
extracted from the B — X,y or B — X, {7 data.
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FIG. 10 (color online). Nine functions with identical first three
moments. For each curve, we fix ¢3 and ¢4 and then choose ¢,
c1, ¢, to satisfy the moment constraints in Eq. (31) with m}5 and
/\il. The thick solid curve (¢3 = ¢4 = 0) corresponds to the
default model used in Sec. III.

114014-11



ZOLTAN LIGETI, TIAIN W. STEWART, AND FRANK J. TACKMANN

B. Truncation uncertainties

Equation (39) provides a model independent description
of F(k) for any choice of the basis. Since the basis is
complete for any value of A, we will regard A along with
the function Y(x) as part of the convention that defines the
basis. In practical applications one has to truncate the
series in Eq. (39) after the first N + 1 terms,

F(k) = —[fW)( )] ——[chf"< )]

SR eenlel)

>v

and use F™ (k) in the actual calculations.

Figure 11 illustrates how the expansion converges. Both
plots show a toy Gaussian model function (thick solid
curve), which we expand in terms of the first n basis
functions in Eq. (48) for n =< 4. In the top panel, we use
the default value A = 0.8 GeV to define the basis. The
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FIG. 11 (color online). Top: expansion of a Gaussian model
function FOS(k) = (2/a)(k/a)? exp[—(k/a)?] with a =
0.639 GeV, corresponding to m;, = 4.7 GeV, using the first
five basis functions f,(x) in Eq. (48). Bottom: same as on the
top, except that in the definition of the basis A is changed from
0.8 GeV to 0.6 GeV.
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truncated series in Eq. (49) quickly approaches the model
function, even for small values of N. In the bottom panel,
we show the same expansion using A = 0.6 GeV to define
the basis, which illustrates how the value of A affects the
convergence of the expansion.

To quantify the uncertainties, we would like to have a
systematic way to estimate the error due to the neglected
terms in the truncated sum in Eq. (49). The truncation error
is affected by the choice of N, Y(x), and A, providing
several handles on this uncertainty. A virtue of adding
one more term from our orthonormal basis, compared to
adding one more parameter to a generic model, is that due
to the orthogonality of the basis functions the additional
parameter provides independent information and should
avoid large parameter correlations. By varying N, one
can change the number of coefficients, and study how
sensitive the results are to the truncation. As a consistency
check, one can use a different basis, or change Y(x) or A,
and check that the difference is within the previous trun-
cation error estimate.

A feature of our construction is that the truncation error
can be estimated using ¥ ¢2 = 1. We define

VAFO) = f(x) = fN(x) + ¢,f,(x), (50)

where
N 12
=(1— ch) , (51)
n=0
and the remainder function f,(x) is orthogonal to f__y(x),
fr(x) = Z ran+n(x)1 (52)
n=1

and normalized

(o]

[fatrwr=1 Th-1

In terms of f,(x), the truncation error from approximating
E(k) by FM(k) is

FN L,k = 1E(K) — FV (k)]

() o]
(54)

Although Eq. (53) implies |r,,| = 1, it provides no bound
on Y ,|r,|. Therefore, one cannot derive a rigorous bound
on |f,.(x)| from Eq. (52) for all x > 0, and it is not possible
to obtain a rigorous bound on the truncation error F Eﬁﬂlc
either. However, for practical purposes, it is sufficient to

estimate I:“Eﬁzw Its size is controlled by ¢, in Eq. (51),
which is determined by the first N + 1 coefficients, and
can be minimized by choosing a good basis. Thus, as long
as enough coefficients are included in the basis so that the
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estimated truncation uncertainty is small compared to
other uncertainties, any reasonable estimate of f,.(x) pro-
vides a useful estimate of the truncation uncertainty.

For suitable choices of the basis, we expect the series to
converge fairly quickly, since the higher basis functions
oscillate more and more rapidly, and we do not expect
significant structure in the momentum distribution of the b
quark in the B meson over momentum scales << Agcp.
Hence, one way to estimate f,.(x) is to assume that one term
in Eq. (52) saturates the sum. It is natural to take that to be
the first (possibly the second) term, which corresponds to

fr(x) = ifN+1(x)- (55)

Another possibility is to assume that |f,(x)| =< f,(x) and
take

[r(x) = = fo(x). (56)

This is motivated by the fact that, except for small and
large values of x, f((x) gives roughly an envelope for the
higher basis functions, as can be seen from Fig. 9. In each
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FIG. 12 (color online). Truncation error estimates. The thick
solid curves show F9%S(k) — F™)(k) corresponding to the bot-
tom plot in Fig. 11, for N =2 (top) and N = 4 (bottom). The
dashed curves show = max{l:"mlm[ fn+1]}, and the thin solid
curves show =+ max{meC[+ fol}, i.e., the error estimates using
Egs. (55) and (56), respectively.
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case, the sign of f,(x) is undetermined. For small c,, the
second term in Eq. (54) can be neglected and the sign of
f+(x) is irrelevant.

To illustrate these methods for estimating the truncation
error we consider again the toy model used in Fig. 11, with
A = 0.6 in our basis as in the bottom panel. In Fig. 12, the
thick solid curve shows F(k) — F™ (k) for N =2 (top
panel) and N =4 (bottom panel). The dashed curves
show the estimate using Eq. (55), taking the point-by-point
maximum of ZN) [+ £y, 1(k), while the thin solid curves
use Eq. (56) instead. As expected, the former correlates
more with the absolute value of the point-by-point devia-
tions, while the latter roughly envelopes the difference. As
can be seen, we obtain reasonable estimates of the devia-
tion of £ (k) from F(k). The overall sizes of the trunca-
tion errors are well estimated in both plots, because they
are proportional to c,. For the top plot ¢, = 0.088 and for
the bottom plot ¢, = 0.025. If the expansion of F(k) con-
verges reasonably fast, then f,(x) will be an oscillatory
function, as shown in Fig. 12. Ultimately we are interested
in how the shape function impacts the uncertainty in the
extraction of |V,,| or that in determining the B — X,y
event fraction above a certain photon energy cut. These
depend on weighted integrals of F(k), so their uncertainties
will be much smaller than the point-by-point errors in
approximating F(x) by #™(x) shown in Fig. 12.

C. Subleading shape functions

Any precision analysis of differential spectra in B —
X,y or B— X, {7 must incorporate power corrections that
go beyond Eq. (4). At order Agcp/my, six subleading
shape functions enter the description of the most general
inclusive spectra in B — X,y and B — X, €7 [36-39]. We
refer to these as the primary subleading shape functions. In
addition there are terms in B — X,y that enter from op-
erators other than O; and are related to the photon’s
hadronic structure, whose contribution to the total rate is
not calculable in the OPE [40,41]. Considering only the
primary subleading shape functions and using suitably
weighted integrals of the B — X, € differential rate to-
gether with B — Xy, the O(Aqcp/m),) shape functions
can be canceled in the determination of |V,,| [42].
However the same drawbacks apply to the weighting
method at subleading order as those mentioned already in
the introduction, so it is interesting to consider how our
analysis can be extended to include these subleading shape
functions.

The appropriate factorization theorem for the primary
subleading shape functions, analogous to Eq. (4), is known
from Ref. [39]. Thus, when one-loop partonic calculations
of these functions and their corresponding jet functions are
available, a construction analogous to Eq. (21) can be
carried out to build in the proper large-w tail, w, depen-
dence, etc. However, it should be cautioned that a large
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number of additional shape functions enter in the matching
at O(a;Agcep/my,) [39,43,44], so the utility of extending
our full analysis to this level is unclear.

Here, we simply discuss how a complete basis can be
constructed for the primary subleading shape functions.
We know less about these shape functions than about the
leading order one. Their moments are still related to HQET
matrix elements. In particular, the zeroth moment of the
O(Aqcp/my) shape functions vanishes, which means they
must be negative for some values of k, and their first
moments either vanish or are given by linear combinations
of A; and A,. The zeroth moments no longer vanish for the
O(Agcp/m3) shape functions and beyond [26,27,37].

For simplicity, we define the sign of each O(Aqcp/m;)
shape function such that its first nonzero moment is posi-
tive. A convenient expansion for the functions with vanish-
ing first moment is given by

HOW = ¢ [gd,,fnu)]

2
, (537

while the four-quark operator shape functions, whose ze-
roth and first moments vanish, can be expanded as
4 d? 2
(0 = 5[ S ], (58)
dx“ L%
With this form, [ dkH“? (k) = [ dkkH*(k) = 0. The
first nonzero moments provide constraints on the coeffi-
cients, similar to Eq. (41), for example

f " dikH(k) = Y 2, (59)
0 n

which can be set to the appropriate linear combinations of
A; and A,. Note that a different set of coefficients d,, occurs
for each subleading shape function.

V. EXTRACTING THE F FUNCTION AND
PREDICTING DECAY RATES

For a given basis for the leading and subleading shape
functions we want to extract the basis coefficients ¢; and d;,
including their uncertainties and correlations. This extrac-
tion will use data on the B — X,y and B — X, {7 spectra
and data that determines moments of the shape functions
from B — X {v. To simplify our discussion, we adopt a
notation that is suitable for the coefficients {cy, ..., cy} of
the function F(k) appearing in the leading shape function.
The generalization to incorporate subleading shape func-
tions is straightforward. All results in this section are exact
for N — oo and for finite N one has to take into account the
truncation error discussed in Sec. IV B.

Since the function F(k) enters the decay spectra linearly,
we can independently compute the contributions of the
product of any two basis functions f,,(x)f,(x) in the ex-
pansion of F(k), which we denote by dI’,,,. The differen-
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tial spectra dI'y = dI';/dE,, or dI', = dU',/dE,dpyx dpy
are then given by

N
dl =Y c,c,dl,, (60)
m,n=0

where from combining Eq. (6) and (39), the dT’,,,, are
drmn = FOH(p_)

" Op; dkﬁ(pA,k)fm<p§ - k)fn(f - k)‘

X
A A
(61)
For simplicity, we suppress the scale u in the arguments of
H and P, and the u or s subscripts on H. The dI’,,, in
Eq. (61) act as a basis for the physically measurable dis-
tributions, and the result in Eq. (60) is a quadratic poly-
nomial in each of the fit parameters c;.
In practice, experimental spectra are binned. Integrating
Eq. (60) the rate in the i-th bin is

N
M=% c,c,lhn (62)
m,n=0
where I',, is the integral of dI',,,, in Eq. (61) over the phase
space region of the i-th bin. In addition, we can impose
constraints on the moments of F(k),

00 ~ N .
M= f dkKE(k) = > ¢,uCMin. (63)
0 m,n=0
Here, M/ are given in terms of experimental measurements
of 6 and A, from B — X €, while Mj,, is

) [ ()

One can determine the coefficients {c, ..., cy} by fitting
Egs. (62) and (63) to the experimental data. It is straight-
forward to combine several different spectra and measure-
ments by different experiments. Doing a simultaneous fit to
Egs. (62) and (63) allows one to combine the B — X,y
shape information [6-8] and information on the my spec-
trum in B — X, €7 [9] with the information on m, and
matrix elements of local operators known from B — X .{v
[10-12]. Given the theoretical input I‘f,m and M},, com-
puted in this paper, one needs to simply fit quadratic
polynomials in the fit parameters ¢, to the data. The
experimental uncertainties and correlations in I'" and M/
and the theoretical uncertainties and correlations in I',,
and M?,, will translate to uncertainties of the coefficients
¢,,. In this approach, the uncertainty in the functional form
of the F function is automatically and straightforwardly
determined by the uncertainties of the coefficients
{co, ..., cy}, and the truncation error from approximating
F(k) by F™(k) discussed in Sec. IV B.

Finally, in Fig. 13 we combine our results to show the
B — X,y spectrum (dI';/dE.)/[T,|C(0)[*] in the B
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FIG. 13 (color online). The B — X7 photon spectrum in the B
restframe using the nine shape function models shown in Fig. 10.

meson restframe. The results are shown using the short
distance parameters m)° and Al, and the nine shape func-
tion models plotted in Fig. 10, which have fixed zeroth,
first, and second moments. The thick solid curve is our
default model, F™°4(k) in Eq. (34). In the current and future
experimental analyses mp — 2E, <2 GeV. Our formal-
ism has the virtue that we do not need to distinguish
regions 1 and 2 in Eq. (3), i.e., it is simultaneously valid
for both myz — 2ES" ~ Aqcp and > Aqcp. The variation
of the curves near maximal E,, indicates that in the peak
region the first few moments of the shape function are not
sufficient to predict the spectrum. However, for E, <
2.1 GeV, the uncertainty in the prediction becomes sig-
nificantly smaller, and the leading order shape function
model uncertainty diminishes. The spectrum in this region
is also affected by subleading shape functions and addi-
tional perturbative corrections not studied here. (Note that
the measured spectrum is somewhat broadened by experi-
mental effects.) We found the same conclusion using many
other shape function models, constructed from different
bases, and expect that this will also be substantiated by an
actual experimental analysis in which the space of shape
functions is explored by allowing for more components in
our orthonormal basis and a simultaneous fit to all relevant
data. This will have important implications for the B —
X,y rate in the presence of an experimental cut, the ex-
traction of |V, | from inclusive semileptonic B decays, and
the analysis of the inclusive B — X £ €~ rate in the small
g region.

VI. CONCLUSIONS

In this paper, we introduced new methods for calcula-
tions relevant for inclusive B decays which involve the
parton distribution function of the b quark in a B meson,
called the shape function. On the theoretical side, our
results allow for an improved description of the decay rates
and a more reliable assessment of the uncertainties than
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earlier studies. On the experimental side, they are straight-
forward to implement and provide a transparent way to
combine constraints on the shape and moments of the
shape function, with controllable uncertainties.

The shape function is constrained by the measurements
of the shape of the B — X,y photon energy spectrum [6—8]
and the my spectrum in B — X, €7 [9], and its moments are
related to the b quark mass m,;, and nonperturbative matrix
elements of local operators in the OPE, which are con-
strained by fits to B — X €7 decay distributions [10-12].

The first key ingredient in our analysis is the new
description of the shape function, given in Eq. (2) and
discussed in detail in Sec. IIl, which is by construction
consistent with the renormalization group evolution and
the perturbative result for the tail of the shape function. It
allows combining all experimental information from the
shape of B— X,y and B — X, {7 spectra, and m,;, and A,
constrained by B — X ¢ v distributions. Any short distance
scheme for the b quark mass and the kinetic energy matrix
element can be implemented. We presented a simple for-
mula for the differential rates which incorporates re-
summed perturbative corrections, with details of the
derivation given in Appendixes A and B.

The second key ingredient in our analysis is the expan-
sion of the F function, describing the nonperturbative part
of the shape function, in a complete set of orthonormal
functions in Sec. IV. This gives a new way to quantify
uncertainties in the functional form of the shape function,
which was previously not explored fully systematically.
Choosing Y(x) in Eq. (44) to coincide with any of the
models used in the literature [28,33,34,45,46] gives an
orthonormal basis for the shape function in which the first
function is the model and corrections can be studied.

One should use renormalon-free short distance defini-
tions for input parameters, such as the b quark mass, m,,, or
the kinetic energy matrix element A;. We found that in our
framework the kinetic scheme definition of A¥™ seems to
oversubtract from the HQET definition of A; in dimen-
sional regularization, numerically similar to using the MS
mass for inclusive spectra. To solve this problem, in
Appendix C we introduced a new short distance invisible
scheme A!, which is renormalon-free and only differs from
the usual definition starting at order a. While it does not
improve the behavior of the perturbation series decisively,
being almost invisible, at least it does not make it worse.

It should be emphasized that all developments presented
in this paper are consistent with and incorporate all pre-
dictions that follow from QCD, without recourse to models
or relying on any ad hoc assumptions. In fact, any method
consistent with the factorization theorem and the OPE
discussed in Sec. II can be cast in our framework.

Our results lead to the following strategy to determine
|V,»| with optimal and reliable uncertainties:

(1) Fix a basis for the expansion of the F' function by

choosing a suitable Y (x) and a value for A.
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(2) Do a combined fit to the binned B — X,y and/or
B — X, {7 spectra, and to the information on m,,
and A; from B — X €7 (and possibly higher mo-
ments) to extract the basis coefficients {c, ..., cy}.

(3) Verify that the truncation error is small compared to
other uncertainties.

(4) Use the values and covariance matrix of the ex-
tracted basis coefficients to make predictions with
reliable uncertainties.

More details on the shape function fitting procedure, on
extracting |V,;| from various B — X, €7 differential decay
distributions, and predictions for the B — Xy rate will be
presented elsewhere.
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APPENDIX A: PERTURBATIVE RESULTS

In this appendix we collect the known results for the
hard functions H, (py, ;) in Eq. (4), and derive an
analytic result for the function P(p~, py, u;) in Eq. (7),
which includes perturbative corrections from the jet and
soft functions as well as the shape function RGE. In
Ref. [32] it was shown in the context of dijet production
that the convolution form for the soft function analogous to
Eq. (21) allows all factors associated with perturbative
corrections and RGE to be evaluated analytically. Here
we show that this is also true for inclusive B decays. Our
calculation differs from Ref. [32] in that we develop a
method that avoids using an imaginary part at intermediate
steps. (An alternative analytic method that avoids the plus
distributions by using moments was developed in
Ref. [47].) Furthermore, with our basis for £(k), we show
that the integrals over the basis function can be written in
terms of hypergeometric functions.

We discuss fixed order results in Sec. A 1, the RGE in
Sec. A 2, and the rate in short distance schemes in Sec. A 3.
The definitions of the required plus distributions and many
useful relations are collected in Appendix B.

1. Fixed order results

In Egs. (4) and (6) the leading order hard function
Hs(p;;y Ml) for B — va is

PHYSICAL REVIEW D 78, 114014 (2008)

(mp — P+)3
H(py, p) = ——=2—
ny,

X hy(my, pp)Up(my, wp, @),

| Ci7ncl (0) | 2

(AD)

where the evolution factor Uy (m,, w,, u;) is given below
in Eq. (Al4), and has the boundary condition
Uy(my, wp, ) = 1. The Wilson coefficient C™ in H
contains the weak scale matching of the full theory onto the
effective Hamiltonian from which the W and ¢ are inte-
grated out, and resums perturbative corrections between
the weak scale and the scale u ~ m,. It does not depend on
mp and is defined by the split matching procedure in
Ref. [4], which separates the perturbation series above
and below the scale m,,. It can be written as [48]

Ci7ncl(0) = Cy + F5(0) + G4(0), (A2)

with the central values C¢!(0) = —0.341 — 0.015i and
C; = —0.261. The Wilson coefficient C; and the functions
F4(g%) and G;(g?) are defined to be separately u indepen-
dent. Here, C; contains the dependence on the MS b quark
mass and the Wilson coefficient C;(w) from the operator
07 in the weak Hamiltonian,

C; = Cy(u) me:L) + Ci(u)K
ay(pm), wnl8 n,(u) 32
T an lnm_b I:g Cr(u) my, ?CS(M)

WOk + 79 |+ o) (A3)

The Wilson coefficients C;(w), k;7, and the anomalous

(0)

dimensions y;;’ are with respect to the operator basis of

Ref. [49] and are given explicitly in Ref. [48]. The function
F5(g?) contains perturbative corrections from other opera-
tors in the weak Hamiltonian, while G,(¢?) contains non-
perturbative corrections from intermediate c¢ states. They
are given in Egs. (AS) and (A12) in Ref. [48].

The coefficient i (my, wp,) in Eq. (Al) corresponds to
the matching coefficient for the tensor current in SCET. At
O(«,) it was computed in Ref. [50]. To determine the hard
matching coefficient at O(a?) we take the two-loop com-
putation of the |C;|* terms in the b — sy rate and spectrum
from Refs. [51] and subtract the terms in the partonic two-
loop spectrum in SCET coming from the jet and shape
functions [given by P(my, k, u,) in Eq. (A30) below].
Because of the split matching, the u; dependence in
hy(my, up) cancels entirely against the u, dependence in
Uy (my, up, i) in Eq. (A1), and does not depend on the u
dependence of the coefficients in the electroweak
Hamiltonian. We obtain
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hy(my, py) = 1 —@Q(hﬂ”;’; %1 ;L;—Z-i- 3+ 2:) + 27(7“”)CF{2CF1 4“’; GCF —éﬁo)ln3:;—2
+ [(% + ;TDCF + (717; %)CA ;Bo]lnzf;—z
+ [(% + 11;72 3§3)Cp (71T22 > “f*)CA - (% + T—;)Bo]an—Z + 3.88611C; + 5.89413C,
(s )P Tos 10w~ o) &

Our expressions here agree with the corresponding numerical results in Eq. (99) of Ref. [52]. Note that the inverse powers
of my, in Egs. (A1), (A3), and (AS5) below cancel the m,S, factors in Iy, , in Eq. (5), and any mass scheme can be used. The
my, appearing in i (my, wp,) and Uy (my, wp, ;) is defined in the pole scheme. Here, the pole mass renormalon ambiguity
is less relevant, because m,; only appears as a reference scale for u,, so the effect of changing m,, is included in the

variation of w,. For numerical calculations, we use m,;, = 4.7 GeV.
The hard function H,(Eq, py, py, u;) for B— X, €7 in Egs. (4) and (6) is given by

_ 24
Hu(E€’ Px p;’ /‘Ll) = _S(mB
y,

+ (mp — px — 2E€)[hu2(mb, P, pp) t

pi)QE, + py — mB>{<2mB — i -

Px — 2EQ)h, (my, p~, mp)

mp — ¥ _ _
%%3(”%]? ’Mh)]}UH(p s My 1), (AS)
Px — Px

where the h,;(m;, p~, up) correspond to the matching coefficients of the V — A current in SCET. To order «; [14,21,50]

_ a(mp)
hyy(my, p=, pp) =1 — :b CF[I 2Mb

@)

hyo(my, p~, pwp) = 27 Fm,—p

glﬁu <1 p—)+3pi n

my,

_( P _1np—+1),
m, — p mp

hu3(mb’ p_’ Iu‘b) =

27 Fmb—p_ my, — p

The corresponding two-loop results for H, will be easy to
implement once they become available. Finally, the evo-
lution factor Uy (p~, mp, p;) in Eq. (A1) is identical for H,
and H,, and is given below in Eq. (A14).

We now turn to the function P(p~, k, u;) in Eq. (7).
Changing variables @ — ' + k — w, we have

P(p™ k p) = /dwUs(k — @, My )

x [ do'p~ITp~ (@ — @), m]Coe', ).

(A7)

To incorporate the fixed order « corrections to the jet
function J(p? m;), and the shape function kernel
Colw, myp), we will first carry out the w’ convolution
integral. The evolution factor Ug(py, i, sa), Which

my

(A6)

as(ub)c P (mb—21f 1n£—1).
my,

sums logarithms between the scales u; and @ ,, and the
integral over w are discussed later.

To all orders in perturbation theory the jet function and
shape function kernel can be written as

J(pz’ /‘Ll) 72 Z S'(Iu’l)]'ﬁn(pz//'l’lz)’
Ki n==1 (A8)

CO(w’ /'LA) = /-L_ Z Sn[as(lu’A)]£n(w/:U’A),

A p=-—1

where the L, (x) are plus distributions defined in Eq. (B6)
for n = 0 and in Eq. (B10) for n = —1, and the coeffi-
cients J,(a,) and S,(a,) have expansions in «,. The jet
function coefficients are known at one [21] and two loops
[53], and are given by
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(7 205 677 Tmt 9 1417 772 177t 9
J_l(as)=1+ﬂ<——4)CF [( 7T+l_ﬁ)qzr+< L Vi s“a)CFCA

1728 144 2880 8

7 \4 28 9 120 8
4
+ (as5 181 - 1—3)%]’
Jolay) = — % %CF - ﬁ[(g 16 %)CF + (% - %)CFCA + (% - ;:)CFBO]:
ha)=%cp+ i—i[(% - ilz)cg +(5- T—;)CFCA 22 Cek | (A9)
Jr(ay) a—g gc%’ + éCFBO)’
Jy(a,) = i—i e

The shape function coefficients to one [21] and two loops [54] are

2 r(m* 37 29 317 67
l(a):1_ﬂlcF_ﬂ[(l+i_2§3)C%+<_9+ = 677 9§3)chA

™ 24 12 640 108 144 2880 8
2
(316 5% )]
s = =2, + B (T s ag)c + (54 T - ")erc - kcm |
Sy (a,) = —%2@ + i—z[(l - 717; )C2 (—% + %Z)CFCA - %cpﬁo], (A10)

a? , 1
$:a) = 25 (363 +5Cobo)

2
Sy(a,) = 22202,
T

All other coefficients in J and C, start at higher orders in «.

To convolute £,[p~ (0 — w')/p?] with L, (w/ ) we first rescale them to have the same dimensionless arguments.
Using Eq. (B13), J and Cj, satisfy the rescaling identities

Jp o, pn) =— g [a (w), Pﬂf]ﬁn(g),

Colw, p) = i n[as(u), E]En(g),

n=-—1

(A11)

""f\c'—"ﬁ

where ¢ is an arbitrary dimension-one parameter that we will choose at our convenience later on, and the rescaled
coefficients are

(a‘,x) =J_ (a ) + Z.fn(a ) n+1x
k)!
Jn(asr X) = %%Jnﬂ(as)lnkx,

(A12)

n+1x

l(as’x)_Sl(a)JrZS(a +1

(n+ k)!
Sylay, x) = Z Tk,swrk(as)lnkx-
= -k

Using Eq. (A11), the convolution of J and Cj in Eq. (A7) becomes
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(J ® Co)(w, p;, p)

m,n=-—1

=—1 mn=-1
€ 1 mtn+1=¢{

In the last step we used Eq. (B16) to perform the x integral,
yielding a sum of plus distributions, whose coefficients
V" are given in Eq. (B17).

2. Renormalization group evolution

Next, we summarize results for the renormalization
group evolution, and then carry out the w integral in
Eq. (A7). The factor Uy (p~, wp, ;) which describes the
evolution of the hard functions in Egs. (Al) and (AS5)
between the hard scale w,,, and the jet scale u;, is [50]

p )n(ul )
Hp

where definitions of 7(w;, up) and Ky (w;, pp) are given in
Eq. (A17) below. The soft evolution factor Ug(w, @i, mp)
in Eq. (A7) sums logarithms between the jet scale u;, and
soft scale w . To all orders in perturbation theory it can be
written as

Umvumm—JWM( . (Ald)

e 7" 1 [ O(w/my) TRef [32]
Us(, pj, py) = eXstrin) [( ]

Sy Vi e ”Mf] ,,[asw),%]éze(?).

PHYSICAL REVIEW D 78, 114014 (2008)

fdw’p_J[p‘(w — o), p]Co(@' py)

$ o Jofoim £ 11 e

)L,

(A13)

[
Egs. (B8) and (B12). An expression for Ug(w, u;, e p) was
first found in Ref. [13] and extended to all orders in
Ref. [22]. The form with the plus distribution derived in
Ref. [32] makes the formula valid without having to re-
quire p; > fp-

In Egs. (A14) to (A16), n(u, pg) and K, (u, wg) for x =
H or S are given to all orders by

a,(w) Cousplary)
(e, o) = 2 day—————,
° a,(o) Blay)
a(p) Foo(ay) fas  dal
Kx(,u'x M ) = _2 das[pi s
’ ) Blay)  Jaywy Blal)
x(as)
)

Here, I, is the universal cusp anomalous dimension. The
only difference between Ky and K are the hard and soft
anomalous dimensions y, = yg or yg. Expanding the S8
function and anomalous dimensions as usual,

L(n) pal(ow/mpy)' 714 .
Bt ) or(©) + £ (2)], Blay) = mzZﬁn- :
e n0r(2)+ £.(2)] (&)
(A15) Teugplay) = Z ( ) (A18)
where n = n(w;, n ), and we defined n=0
oo £\ e volay) Z
4 = Ks(upp)( >} — Al
Bl ) = 5 () Ll (al6) ()
To go from the first to the second line in Eq. (A15) weused  the integrals in Eq. (A17) to NNLL are
|
Lo a,(uo) (T'1 B ai(po) (T, BTy ,3% B\ — 1
o) = = 22|11 r—1 = - -2 :
(K po) ,30[ M (Fo ,30)( )+ 167 <F0 Bol'o ! B3 .30) 2 ]
Ty 4 1 ry B Bi 2 2Byvo
K. (u, =_— | —— =1 - 1 In Inr
a0 =3 Gy (=7 7 107) (5~ o)t = im0+ g 500 "
(o) ,3% Ba\(1— 1 Bl ,32 L, gIr)\a-r?
rFL_ P2 1 1 - 1 -
i 4w [(,3% ,30>( 2 i nr) i <Boro ,30)( rrinn) - <F0 ,Boro> 2

2]

with r = a(w)/a,(wy). When using n(u,

o) and K, (u, pg) at LL, NLL, and NNLL according to our conventions in

Eq. (25), we do not reexpand the results in Eqgs. (A14) and (A16), but keep their full expressions everywhere. For the

running coupling we always use the three-loop expression
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P _ X B nx
a(n)  a(ug)  4mBy
2
e [F - R (% )

(A20)

where X =1 + a,(uy)BoIn(w/ )/ (277), and we evolve
to lower scales using the reference value a,(uy =
4.7 GeV) = 0.2155 as in Table I with n; =4. Up to
three-loop order, the coefficients of the 8 functlon in the
MS scheme are

11 2
Bo = ?CA - §”f:
34 10
ﬁl ?CA 3 CAnf 2Can,
(A21)
2857 , 205 1415
B =G (CF 18 rG T 5 CA)

The cusp [55,56], soft [57,58], and hard anomalous dimen-
sion coefficients are

FO = 4CF,
268 47 40
= (7 B T)CFCA ~g Gy
490 5367% 44t L 884
r,= (2 — 2
2 ( 3 27 45 3 )CFC
(80772 836 112§3)C c
27 271 3 )l

110 16
(32{g )Can CFn

Yo = —2Cr,
i (12170 717_; s g3)chA ( - %z)cpnf,
Y = 5Ch,
yH = G -2 + 24§3>C2p - <¥ + %Z)Can
+ (% + 7% - 22§3>CFCA (A22)
To determine y4 we used y¥ = —vy{ — 7}, which follows

from the w independence of dI',/ dE,. We use the two-
loop computation of y{ in Ref. [53].

The evolution of the shape function kernel Cy(w, u)
from wu , to u; can be written as the sum of a finite number
of terms,

PHYSICAL REVIEW D 78, 114014 (2008)

Colw, ujy = fdw’Us(w — o', u, wp)Co(w', py)
_ < £
- ES(g’ M IU’A) Z Sn as(Iu’A);
n=—1 MA

Ao fae(s-Jeor o]

0 n+1

= Eg(& pip o) z Z Vi(n)

n=—1¢=—1

sfam£1112)

In the last step, we used Eq. (B16) to perform the x integral.
The coefficients of the resulting plus distributions V' (7)
are defined in Eq. (B17). If Cy(w, w) is known to O(a*)
accuracy, then the terms contributing in Eq. (A23) are
bounded by n = 2k — 1. To obtain the shape function
evolved up to wu;, S(w, u;), we combine Eq. (21) with
(A23) taking for convenience £ = w and changing the
integration variable to z via k = w(1 — z). This gives the
result for S(w, u;) that is quoted in Eq. (24) in the text.

Returning to P(p~, k, ;) in Eq. (A7), to perform the w
integral we can now apply the same steps as in Eq. (A23) to
compute the convolution of Ug(w, w;, m ) with the result
of Eq. (A13). This yields

(A23)

N R L
P(p~ bk w) = > Pi(p~, & MA)g-ﬁj (5) (A24)

j=1
where 7 = n(u,, wa), and the coefficients are

Pi(p~, & mis mo)
00 {m+n+l

= Eg(é o en) D1 D Vimvim)

mn=—1 (=—1
mtn+2=j  (=j-1

A Mf] ,,[asm),ﬂ—i]},

with Vf(n) and V" given in Egs. (B17) and (B18). The jet
and shape function coefficients J,, and S, have perturba-
tive expansions in a(u;) and a (), respectively, given
by Egs. (A9) and (A10) together with Eq. (A11). To O(«;)
we have m, n =< 1, so dropping cross terms of @(a?) and
higher, we need —1 = ¢ =l and —1 = j = 2. To O(a?),
we have m, n = 3, and we need cross terms between J,,
and S,upto —1 =€ =3and -1 =;=4

The final step now is to compute the convolution of
P(p~, k, w;) with some function F(k),

(A25)

f dkP(p~, k, w)F(p§ — K)

=S Pi(pm pi o 1) fol dz L QFLp} (1 = 2]

j=—1
(A26)
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In both Egs. (24) and (A26) the remaining integral that
needs to be performed is £;-7(z) with Flw(1 — z)]. For

Jj = 0 it is convenient to simplify this integral to
[ 4z L (F(1 - 2)]
/ dzln—z{F[w(l ~ 9]~ Flw)}
- [0 dtnit{Fw(1 — /7] — F(o)),  (A27)

where the second line is valid for n > —1, but the last line
only for n > 0. For j = —1 the integral is trivial since
L7,(z) = 8(z). Our basis for F(k) involves a series of
terms of the form

F(k) = %C” (;)r exp(—s ;)

where r and s are integers. For each term in the series the
integral in Eq. (A27) can be performed analytically using

1
f dz[(1 = 2)eh* — 1]z~
0
I Tt nlQ+0
a+n TQ+a+n+4
X, Flla+tn1+a+n+4b).

(A28)

(A29)

By taking derivatives of this result with respect to a
one can obtain the integral with (Inz)/ on the left-hand
side. In practice, we find that the numerical integration of
Eq. (A27) is sufficiently fast that using Eq. (A29) is
unnecessary.

Finally, we comment on a special case of the above
results that was used to carry out the B — X,y matching
computation to derive Eq. (A4). Here we used the SCET
computation of the decay rate with p, = w; = uxr = my,
and n = 0, which depends on P(my, py, m;). For this
special case, the choice & = m,; is convenient and
Eqgs. (A24) and (A25) then reduce to

)
my, ’

P (my, my, my, my) = Z vt Lag(my)]S,[a,(m,)]

mn=—1
m+n+2=j

P(my, px, my) = Z Pj(my, my, my, mb)_

j=-1

(A30)

Thus P;(m,, m;, my,, my,) is the coefficient of the plus
distribution or & distribution L; in the fixed-order compu-
tation evaluated at w = my,.

3. Changing to short distance schemes

To change the scheme from the pole scheme to a short
distance scheme, we define a perturbative function P as in

PHYSICAL REVIEW D 78, 114014 (2008)

Eq. (7), but with C, replaced by C‘O, and in the differential
spectrum P and F are replaced by P and F'. Displaying only
the integration variables,

dl, = Ty,H, f dkP(k)F(px — k), (A31)
with
Pk) = [dwUS(k — w)fdw’](w — w")Cylw")

[(am,,)2 SA, ] &

2 6 ldik?

}P(k)
(A32)

and ém; and 6A; defined in Eq. (28). This result has
exactly the same form as Eq. (33), which relates Co(w)
and Cy(w), so the analysis we carry out below also holds
for determining P(k) and Cy(w). To be definite, we use
P(k) below. The results for Co(w) are obtained by substi-
tuting P(k) — Co(w).

To ensure the proper cancellation of renormalon ambi-
guities, the perturbative series in 6m,, 84, and P(k) have
to be reexpanded to the desired order. Denoting

P(k) = ﬁ €"P"(k),
n=0

dmy =Y € omy’ (uy), (A33)

S =Y. €A (1),

n=1

where the dummy variable € = 1 counts the order in the
perturbative expansion. As indicated, the scale for «; in
omy, and 6 A1 must be set to w to ensure that renormalons
cancel. To illustrate this, the w, variation in Fig. 3
yields the numbers 0.74,0.76,0.72 GeV™! for S(w =
0.5 GeV, u) at NNLL. However, holding w » in dm,, fixed
at the central value the result becomes 0.81,0.76,
0.68 GeV ™!, with a much larger scale dependence.

For P(k), we count both a((1;) ~ € and a () ~ € in
S, and J,,, i.e., we expand the cross terms between J,, and
S,. Note that we do not expand the cross terms in the
product of H, and P in Eq. (A31). Then, to O(€?)|

P(k) = €2PO(k) + €' PV (k) + €2P?) (k)

d sAV 2
(1) _ 1 (0) 2 p(1)
+ — — +
[8mb T s de][eP (k) + 2PV (k)]
d (5m(]))2 SAP7 &2
+ e{om? +[ L ] }P(O)
6{ Mok 2 6 ldk? (&)

(A34)

and integrating by parts we can move the derivatives to act
on F'(k),
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[ dkP(k)E(ps; — k) = f dk[PO (k) + ePD (k) +

PHYSICAL REVIEW D 78, 114014 (2008)

PO (]F(px — k)

+[(esm) + 26mP)PO(k) + €26m ) PUK)IE (pi — k)

AL

5/\(1)

=

For m,,, we mostly use the 1S scheme [30], in which

6

2
2 30my))? = 5] >]
6

PO(k) — 62TIP<1>(k)}F”(p; — k).  (A35)

1S,1) _ as(u)CF (182 _ a%(M)CF M 11 4
5m§7 = Rlsi, 5mb = RIST lnﬁ + F BO - gCA s (A36)
where R'S = mSa(u)Cr. For A;, we use our invisible scheme, in which
. . 2(w) CpCy (7
sAMD =0, sAl? = Il Zra (— - 1). A37
1 1 2 2 \3 (A37)
By default we take R = 1 GeV. ‘
We also list the corresponding expressions in the kinetic scheme [31], defining A% = —u2 and using R for the
momentum cutoff,
. . 2(u) C w13 13 72
6/\(km,1) _ R2 aS(ILL) Cr, 5)\(](1“'2) _ R2 as(u _F[(l Ladrs _) + (_ _ _)C :I’
1 x 1 2 2 |\"g*g)Pt e~ 3)

: 4 sk 1) : a?(p) 2 w 8 13 a2 5 kin2)
mtind) — g () 4 O, , smlin? — g 2 o [(1 —+_) +(———)C ]+ 1
" 3P Tom, " 2 3 \mg*3)Pt e~ 3)% " o,

(A38)
. . . |
By default in the kinetic scheme R = 1 GeV. [ﬁ(x)q(x)][f’] _ [e(x)q(x)][j:l] +8(x)0(x}, x). (B4

APPENDIX B: PLUS DISTRIBUTIONS AND
CONVOLUTIONS

We define a general plus distribution for some function
g(x), which is less singular than 1/x? as x — 0, as

[qC ! = [0g@T) = tim £ [0 ~ 05 x0)]
— lim{0(x — g(x) + 5 — O 1)} (BI)
with

O(x, xp) = /X dx'q(x"). (B2)
Xo

Since Q(xy, xo) = 0, the point x, should be thought of as a

boundary condition for the plus distribution. Integrating

against a test function f(x), we have

[ atoaetl = [ dxawir - o)

0
+ f(O)Q(xmax: X()).

Taking f(x) = 1 in Eq. (B3) one sees that the integral of

the plus distribution vanishes only when integrated over a

range with x,, = xo. Plus distributions with different

boundary conditions are related to each other by

(B3)

We will almost exclusively use the boundary condition
xo = 1, and will drop the superscript [xy] on the plus
distributions when this default choice is used.
Taking the special case g(x) = 1/x'"¢ witha > —1, we
define
I

£ow=|
With our boundary condition, £%(x) for a = 0 reduces to
the standard definition of [#(x)/x],. For g(x) = In"x/x
with integer n = 0 we define

0(x)1n”x] _
X +
(B6)

Since both L%(x) and L,(x) are defined with the same
boundary condition x, = 1, they are related by

dVl
da"
This makes it easy to derive identities involving L, (x)
from identities involving L%(x) by taking derivatives
with respect to a.

The definitions in Eqgs. (B5) and (B6) can be contrasted
with those in Ref. [32], where the same boundary condition

0(x) x4 —1

xl—a

= lim d
e—0dx

[H(x —€) ] (B5)

n+lx

+1

d In

[G(X —€) p;

£n<x>=[

L,(x)=

LX) 4=o- (B7)
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xo = lisusedfor[0(x)In"x/x], = L,(x),butx, = co and r B
xo = 0 are used for [6(x)/x'"“], with a <0 and a > 0, men(X) = d
respectively. This is the form appearing in the soft evolu-

7 (x)

a=0

tion factor Eq. (A16), where it comes multiplied by a factor £, ,,+1(x) = (m + 1) d— Liw) = £,&) (BI1)
of a, so the limit for a — 0 exists. Using Eq. (B4) to a a=0
convert to our definitions, we have dm Lot (x) — L%x)
Lo, (x)=m+1)—— .
db b h=0
[Gl(x) :IREf' B _ L9(x) + 1 8(x). (BS) The L¢(x) satisfies the rescaling identity (for A > 0)
x ¢ a
d Ax)* —1
AL(Ax) = 1im—[0(x - e)L]
Finally, we define the “mixed” distribution e=0dx a
A —1
. = 2\ L9(x) + 8(x), (B12)
arn  [0X)In"x d" ..
L = [ xl—a ] db" L2 0o, (BS) from which we can obtain the rescaling identity for £, (x),
1 n+l/\
which satisfies £9(x) = £,(x) and L&(x) = L%(x). For AL, (Ax) = L%(x) _0"‘ 5( )

convenience we also define "y
1 n

= Z( Z )mkun,k(x) + 5(x) (B13)
L_1(x) = L% (x) = 6(x). (B10) k=0
This agrees with the result in Eq. (C3) of Ref. [32]. We will
The following identities are useful also need convolutions of two plus distributions,

fdyﬁa(x—y>£b<y>=gg%%{0<x—6>[ - 5V h+ a_lx , 1]}

(£a+b()+ ())v( b)+(1 )£a+b(x) 1 “(x)—éﬁh(x). (B14)

In the second step we used the definition in Eq. (B5). Here V(a, b) is defined by

rarm 1 1
Vg, b)==——=————, BI15
(a b) I'@+b) a b (BL5)
which satisfies V(0,0) = 0. Taking derivatives with respect to a and b we can get the corresponding formulas for
convolutions involving £,

) La L4x)— L
fdyﬁa(x — )L, (y) = Yo (£a+b( )+ (x) )V( b) b:0+ ,::_I(IX) I a(x) - a2 (x)
n+1
=3 Vi@ Lie) — - £,
dfl;__ln 5( ) 1 1 (B16)
[t =32, = 4 (e + 2 an| (o ) e
m+n+1

= > VL.

k=1

The result in the second line of Eq. (B16) reproduces a result given in Eq. (B6) of Ref. [59]. The coefficients V}'(a) and V"
are related to the Taylor series expansion of V(a, b) around a = 0 and @ = b = 0. The nonzero terms for n = 0 are

[ a4 V(ab)
44" avb |,y k=-1,
n — n n—k
Vk (a) = 4 a %V(a’ b) | +6kn’ 0<k< n, (B17)
k Jdb b=0
a —
L1 k=n+1.
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The term &, in V}(a) and the last coefficient V', (a) arise from the boundary terms in the convolution integral. The V;*"
are symmetric in m and n, and the nonzero terms for m, n = 0 are

(" d V(ab)

m n 5 k= _1,
da™ db" a+b =0
V,Z””=-ii5+k (" meippdnT:qu(a,b) L 0<k=m+n, (B18)
p=04g=0 PR\ p J\ g ) da" " db a=b=0
1 1 _
¥m+m, k=m+n+ 1.

The last coefficient V't .| again contains the boundary
term. Using Eq. (B10) we can extend the results in
Eq. (B16) to include the cases n = —1 or m = —1. The
relevant coefficients are

Via) =1, Vola) = a, Vidi(a) =0,

N B (B19)
Vk M= VZ’ = 5nk‘

APPENDIX C: THE INVISIBLE SCHEME FOR A,

In this appendix we define a new scheme for A, which
we call the invisible scheme. It is a short distance scheme,
free of the u = 1 renormalon ambiguity, and it only de-
viates from the standard HQET definition of A, at O(a?2).
Since the renormalon in A; depends on the regularization
scheme and, in particular, its symmetries [60,61], it is
desirable to define A; using a scheme which has the same
symmetries as the multiloop dimensional regularization
calculations of its coefficient function.

For a general ultraviolet (UV) regulator Ayy, the bare
kinetic energy operator is

[b_v(iDJ_)zbv]ba.re = le;ubv + Zkinb_v(iDL)zbv +oy
(CD)

where Z; o A%, and the ellipses denote higher dimension
operators whose coefficients vanish as Ay — oo. Usually
the kinetic energy matrix element in HQET is defined by

Ay = (Blb,(iD1)*b,|B), (€2

where UV divergences are regulated in dimensional regu-
larization (we follow our convention of using full B states
even if this is not always the practice in HQET). In that
case, power divergences do not appear, so in Eq. (C1) Z; =
0. Furthermore, since this scheme respects reparametriza-
tion invariance [62], Zy;, = 1 and A; is u independent.
Nonperturbatively A; can still be sensitive to the quadratic
UV divergence of Z; through a u = 1 renormalon. The
presence of this renormalon implies that there is an

|
@(AéCD) ambiguity in the definition in Eq. (C2). In ob-
servables like a decay rate this A; ambiguity cancels
against a corresponding infrared renormalon ambiguity in
the large-order behavior of the perturbation series in the
leading order Wilson coefficients [63].

We use the notation A, for a generic short distance
definition, which does not suffer from the renormalon
ambiguity. Any A; can be related to A; by a perturbative
series SA, ~ a, + a? + -+, where A; = A; — 8A,. For
the kinetic scheme the u = 1 renormalon ambiguity is
avoided by defining AX" using the second moment of a
time-ordered product of currents with an explicit hard
cutoff regulator u [64]. Here Z; and 51 = ,u%as. Since
the kinetic energy operator mixes into b,,b,, it modifies the
perturbation series multiplying b,b,, and it is believed that
this removes the corresponding # = 1 infrared renormalon
in the Wilson coefficients. In Ref. [14], a “‘shape function™
scheme for A; was introduced based on the second moment
of S(w, u) with a cutoff, which also has §; ,u%as. A
potential problem with these schemes is that they resolve
an issue with the large-order behavior of perturbation
theory by introducing a series that starts with a term 6A; ~
a,. While the inclusion of an O(a,) term is known to
provide good numerical stability when removing the

1.2 __I T 1 T T 1 LA L I B B B B |__
—I"_' 1 E --- 21 NLL =
> - — A NNLL
v 0.8 [ i =
<] 2 — - Akt NLL 3
S 0.6 —— Al NNLL
] —]
3 0.4 .
0.2 F 3
[a\l ~— E
3 0F / —
n _0.2 §/ 3
v v v v v v v b v v b by 0 g
0 0.5 1 1.5 2 2.5

w [GeV]

FIG. 14 (color online). Effect of the short distance subtractions
1) /\]1““ for the kinetic scheme at NLL (dashed) and NNLL (solid)
on S(w, 2.5 GeV) for w, = 1.0 GeV. The dark lines correspond
to using m" together with AP, while light lines use both ki
and Akin.
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u = 1/2 renormalon from the pole mass, far less numerical
analysis has been done on the low-order impact of the u =
1 renormalon in A;. If the low-order series is not yet
influenced by the u = 1 renormalon, then schemes with
an O(a,) correction may oversubtract, and not improve the
perturbation series. In Fig. 14 we show that in our shape
function analysis there is evidence that this is the case.’
The dashed and solid curves are the NLL and NNLL
results, respectively. The curves show S(w, u; =
2.5 GeV) with the kinetic mass scheme, but use either
ANn - (lighter solid and dashed curves) or A, from
Eq. (C2) (darker solid and dashed curves). In the AXn
scheme the oscillatory behavior near the origin at both
NLL and NNLL order is indicative of an oversubtraction.

Some understanding of the weakness of the u = 1 re-
normalon can be obtained from analytic computations. For
Lorentz invariant regulators the # = 1 renormalon for A, is
invisible [60,61], namely, the ambiguity for A, is smaller
than dimensional analysis indicates. In perturbation theory
renormalon ambiguities appear as a divergent series with
terms ~n!a_’§+'. However, the leading renormalon series
~n!Baat™! is absent, hence the renormalon ambiguity at
lowest order in A; is invisible [60]. Correspondingly, at
one-loop order Z; = 0 for Lorentz invariant regulators
(even for a hard cutoff), and generically Z, « C,a? [61].
In the kinetic scheme the regulator is not Lorentz invariant,
and hence not suppressed by invisibility. The same holds
for definitions of A; involving a lattice spacing regulator
[60].

To avoid oversubtractions from A; at low orders in
perturbation theory, we would like to define a short dis-
tance scheme with A, ~ a2. This can be achieved by
finding a scheme that is consistent with the suppression
indicated by the invisible renormalon. To construct an
invisible scheme for A; we define

A(R) = A} — 8AL(R), (C3)
where the series in « is obtained by evaluating the matrix
element

SA(R) = (by|b,(iD 1)*by|by)lg- (C4)
Here, R is a Lorentz invariant hard cutoff UV regulator,
ensuring that A (R) ~ R?a?2. The definition in Eq. (C3)

>This observation relies on our use of F;(w)= F(w) in
Eq. (33) to determine 6Cy(w). It would be interesting to explore
if a different choice would change the conclusions drawn from
Fig. 14.

PHYSICAL REVIEW D 78, 114014 (2008)

states that the invisible scheme A} (R) is the kinetic energy
of the b quark in the B meson minus the free kinetic energy
of the b quark. Since the (Q(AéCD) ambiguity in A; isa UV
effect caused by the mixing of the kinetic operator into
b,b,, it is the same for the B meson and b quark states, and
cancels out in the difference. This can be seen explicitly by
using Eq. (C1) and noting that our states are normalized so
that (B,|b,b,|B,) = (b,|b,b,|b,) = 1. The (O(A(%CD)
ambiguity is universal to the definition of A; and indepen-
dent of R. Although a precise definition of R is needed to
define the scheme, the u = 1 renormalon ambiguity can-
cels out in A; — 6/\i1 for any such regulator. We adopt a
definition that allows us to use the computation in
Ref. [61], where it was shown that Z, # 0 at O(a?) in a
Lorentz invariant cutoff scheme. We define

B} = 1im A,,/(0, 0)l

R dwd
= lim/ / sz Disc,, Disc, /A, (w, w),
V= Q2mi)*ww'

(C5)
where

3<bv/(k/)|5v’v,u,v;/igGMva|bv(k)>
v-v)? -1 ’
(Co)

Ayy(v- kv k)=

and as usual the discontinuity of a function is given by
Disc,,f(w) = lim_o[f(w + i€) — f(w — i€)]. Note that it
is sufficient to consider the b,,igG*"b,, operator due to the
virial theorem in HQET, which relates lim,,_,,A,,,/(0, 0) to
the corresponding matrix element of the kinetic energy
operator in Eq. (C4). The result for the cutoff matrix
element from Ref. [61] implies

a?(u)

P 0.232R*a?(uw).

2
SAN(R) = RZCFCA<% - 1)
(CT)

Equation (C7) gives the relation of the invisible Ail to the
HQET A, in Eq. (C2), which was used in the text. We use
R =1 GeV as our default value. Equations (C3) and (C5)
provide a w independent definition for A{(R), so the u
dependence in a?(u) will cancel against a higher order
R%*a3(w) In(p/R) term in SA(R).
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