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Conformal totally symmetric arbitrary spin currents and shadow fields in flat space-time of dimension
greater than or equal to four are studied. A gauge invariant formulation for such currents and shadow fields
is developed. Gauge symmetries are realized by involving the Stueckelberg fields. A realization of global
conformal boost symmetries is obtained. Gauge invariant differential constraints for currents and shadow
fields are obtained. AdS/CFT correspondence for currents and shadow fields and the respective normal-
izable and non-normalizable solutions of massless totally symmetric arbitrary spin AdS fields are studied.
The bulk fields are considered in a modified de Donder gauge that leads to decoupled equations of motion.
We demonstrate that leftover on shell gauge symmetries of bulk fields correspond to gauge symmetries of
boundary currents and shadow fields, while the modified de Donder gauge conditions for bulk fields
correspond to differential constraints for boundary conformal currents and shadow fields. Breaking
conformal symmetries, we find interrelations between the gauge invariant formulation of the currents

and shadow fields, and the gauge invariant formulation of massive fields.
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L. INTRODUCTION

In view of the aesthetic features of conformal field
theory, an interest in this theory has been periodically
renewed (see [1] and references therein). Conjectured dual-
ity [2] of large N conformal N = 4 supersymmetric
Yang-Mills (SYM) theory and type IIB superstring theory
in AdSs X S has triggered intensive and in-depth study of
various aspects of conformal fields. In space-time of di-
mension d = 4, the conformal fields studied in this paper
can be separated into two groups: conformal currents and
shadow fields. That is to say that a field having Lorentz
algebra spin s and conformal dimension A = s + d — 2, is
referred to as a conformal current with canonical dimen-
sion,! while a field having Lorentz algebra spin s and dual
conformal dimension A = 2 — s is referred to as a shadow
field.” In the framework of AdS/CFT correspondence, the
conformal currents and shadow fields manifest themselves
in two related ways at least. First, the conformal currents
appear as boundary values of normalizable solutions of
equations of motion for bulk fields of IIB supergravity in
AdS;s X 83 background, while the shadow fields appear as
boundary values of non-normalizable solutions of equa-
tions of motion for bulk fields of IIB supergravity (see e.g.

*metsaev@Ipi.ru

"'We note that conformal currents with s = 1, A = d — 1 and
s =2, A =d, correspond to a conserved vector current and a
conserved traceless rank-2 tensor field (energy-momentum ten-
sor), respectively. Conserved conformal currents can be built
from massless scalar, spinor, and spin-1 fields (see e.g. [3]).
Discussion of higher-spin conformal conserved charges bilinear
in 4d massless fields of arbitrary spins may be found in [4].

It is the shadow fields that are used to discuss conformal
invariant equations of motion and Lagrangian formulations (see
e.g. [1,5-7]). Discussion of equations for mixed-symmetry con-
formal fields with discrete A may be found in [8].
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[9-1 3]3). Second, the conformal currents, which are dual to
string theory states, can be built in terms of fields of SYM
theory. In view of these relations to IIB supergravity/su-
perstring in AdSs X §° and SYM theory, we think that
various alternative formulations of conformal currents
and shadow fields will be useful to understand string/gauge
theory dualities better.

The purpose of this paper is to develop gauge invariant
formulation for conformal currents and shadow fields. In
this paper, we discuss bosonic arbitrary spin conformal
currents and shadow fields in space-time of dimension d =
4. Our approach to the conformal currents and shadow
fields can be summarized as follows.

(1) Starting with the field content of the standard for-

mulation of currents (and shadow fields), we intro-
duce additional field degrees of freedom (D.o.F), i.e.,
we extend the space of fields entering the standard
conformal field theory. We note that these additional
field D.o.F are similar to the ones used in the gauge
invariant formulation of massive fields. Sometimes,
such additional field D.o.F are referred to as
Stueckelberg fields.

(i) On the extended space of currents (and shadow
fields), we introduce new differential constraints,
gauge transformations, and conformal algebra
transformations.

(iii) The new differential constraints are invariant under
the gauge transformations and the conformal algebra
transformations.

(iv) The gauge symmetries and the new differential con-
straints make it possible to match our approach and
the standard one, i.e., by appropriate gauge fixing of

A discussion of shadow field dualities may be found in
Refs. [14,15].
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the Stueckelberg fields and by solving differential
constraints, we obtain standard formulation of con-
formal currents and shadow fields.

We apply our approach to the study of AdS/CFT corre-
spondence at the level of massless modes/currents, shadow
fields matching. We shall demonstrate that normalizable
modes of massless AdS fields are related to conformal
currents, while non-normalizable modes of massless AdS
fields are related to shadow fields. Such correspondence
was studied for scalar fields in [9,12], and for massless
arbitrary spin fields taken to be in light-cone gauge in
Ref. [11]. In the latter reference, we have also developed
light-cone formulation of conformal field theories (CFT).
Light-cone formulation of CFT breaks boundary Lorentz
symmetries and, therefore, is not commonly used. It is
desirable, therefore, to develop AdS/CFT correspondence
for arbitrary spin fields by maintaining boundary Lorentz
symmetries.* Our approach to the study of AdS/CFT cor-
respondence can be summarized as follows.

(1) We use a modified Lorentz gauge (for a spin-1 field)

found in Ref. [11] and a modified de Donder gauge
(for spin s = 2 fields) found in Ref. [16]. A remark-
able property of these gauges is that they lead to the
simple decoupled bulk equations of motion which
can be solved in terms of the Bessel function, and
this simplifies considerably the study of AdS/CFT
correspondence.’

(i) The number of boundary gauge conformal currents
(or shadow fields) involved in our gauge invariant
approach coincides with the number of bulk mass-
less gauge AdS fields involved in the approach of
Ref. [17]. Note however that, instead of using the
approach presented in Ref. [17], we use the CFT
adapted formulation of arbitrary spin AdS field the-
ory developed in [16].

(iii)) The number of gauge transformation parameters in-
volved in our gauge invariant approach to currents
(or shadow fields) coincides with the number of
gauge transformation parameters of bulk massless
gauge AdS fields involved in the standard approach
of Ref. [17].

(iv) Our modified Lorentz gauge (for a spin-1 field) and
modified de Donder gauge (for spin s = 2 fields)
turn out to be related to the new differential con-
straints we obtained in the framework of our gauge

*One of popular gauges that respects boundary Lorentz sym-
metries is the radial gauge. However, in contrast to our approach,
the radial gauge does not allow us to treat normalizable and non-
normalizable solutions of bulk equations of motion on an equal
footing.

>To our knowledge, our modified Lorenz gauge (for a spin-1
field) and modified de Donder gauge (for spin s = 2 fields) are
unique, first-derivative gauges that lead to decoupled bulk equa-
tions of motion. Another gauge that also leads to decoupled bulk
equations of motion is the light-cone gauge (see Ref. [11]). But,
light-cone gauge breaks boundary Lorentz symmetries.
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invariant approach to conformal currents (and
shadow fields).

(v) Leftover on shell gauge symmetries of massless bulk
AdS fields are related to the gauge symmetries of
boundary conformal currents (or shadow fields).

The rest of the paper is organized as follows. In Sec. I,
we summarize the notation used in this paper and briefly
review the standard approach to conformal currents and
shadow fields. In Secs. III and IV, we start with the re-
spective examples of spin-1 conformal currents and spin-1
shadow fields. We illustrate our gauge invariant approach
to describing conformal currents and shadow fields.

Sections V and VI are devoted to spin-2 conformal
currents and spin-2 shadow fields, respectively. We de-
velop our gauge invariant approach and demonstrate how
our spin-2 current is related with the standard energy-
momentum tensor of CFT. We also discuss how our spin-
2 shadow field is related to the one appearing in the
standard approach to CFT.

In Secs. VII and VIII, we develop a gauge invariant
approach to arbitrary spin-s conformal currents and
shadow fields, respectively. Fixing Stueckelberg gauge
symmetries and solving differential constraints for currents
and shadow fields, we prove equivalence of our gauge
invariant approach and the standard approach to CFT.

In Sec. IX, we discuss the two-point current-shadow
field interaction vertex. Section X is devoted to the study
of AdS/CFT correspondence for massless low spin, s = 1,
2, bulk AdS fields, and boundary low spin, s =1, 2,
currents and shadow fields. Section XI is devoted to the
study of AdS/CFT correspondence for massless arbitrary
spin bulk AdS fields and boundary arbitrary spin currents
and shadow fields.

In Sec. XII, we discuss interrelations between our gauge
invariant approach to currents (and shadow fields) and a
gauge invariant (Stueckelberg) approach to massive fields
in flat space. In due course, we discuss the de Donder-like
gauge condition for arbitrary spin-s, s = 2, massive field in
the framework of the Stueckelberg approach to massive
fields. The de Donder-like gauge we find leads to a surpris-
ingly simple gauge-fixed action for massive arbitrary spin
fields.

We collect various technical details in four appendices.
In Appendix A, we discuss restrictions imposed on the
two-point current-shadow field interaction vertex by gauge
symmetries and by dilatation symmetries. In Appendix B,
we discuss restrictions imposed on conformal boost trans-
formations by gauge symmetries. In Appendix C, we re-
view the modified Lorentz condition for spin-1 massless
AdS fields and the modified de Donder gauge for massless
spin-2 AdS fields, while Appendix D is devoted to the
modified de Donder gauge for fields propagating in con-
formal space. In Appendix E, we present some details of
matching of the leftover gauge symmetries of bulk AdS
fields and the gauge symmetries of boundary currents and
shadow fields.
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II. PRELIMINARIES
A. Notation

Our conventions are as follows. x¢ denotes coordinates
in d-dimensional flat space-time, while d, denotes deriva-
tives with respect to x“, 9, = 9/dx*. Vector indices of the
Lorentz algebra so(d — 1, 1) take the values a, b, ¢, e =
0,1,...,d — 1. We use the mostly positive flat metric
tensor n®. To simplify our expressions we drop 7, in
scalar products, i.e., we use X¢Y¢ = 7,,XY".

We use a set of the creation operators a?, a*, and the
respective set of annihilation operators a“, &%,

[a%, ab] = n, [a@% af] = 1, 2.1
a0y =0, a®|0y =0, (2.2)
a’t = a2, att = ac (2.3)

These operators will often be referred to as oscillators in
what follows.® The oscillators o, @“ and «?, &2, transform
in the respective vector and scalar representations of the
so(d — 1, 1) Lorentz algebra.

Throughout this paper we use operators constructed out
of the derivatives and the oscillators,

O = 94994, ad = a9, ad = a%9?, (2.4)
a? = a%al, a’ = a‘a’, 2.5)
N, = a“a, N, = atat. (2.6)

B. Global conformal symmetries

In d-dimensional flat space-time, the conformal algebra
so(d, 2) consists of translation generators P“, dilatation
generator D, conformal boost generators K¢, and genera-
tors of the so(d — 1, 1) Lorentz algebra J¢*. We assume the
following normalization for commutators of the conformal
algebra:

[D, P4l = — P, [pe, ch] — nach _ nach, 2.7)
[D, K] = K¢, (K, Jhc] — nuch _ nucKh’ (2.8)
[P?, Kb] = 5D — Jab, (2.9)

[Jab, Jee] = nbeJe¢ + 3 terms. (2.10)

Let |¢) denote the conformal current (or shadow field)
in flat space-time of dimension d = 4. Under conformal
algebra transformations the |¢) transforms as

SWe use oscillator formulation [18-20] to handle the many
indices appearing for tensor fields. It can also be reformulated as
an algebra acting on the symmetric-spinor bundle on the mani-
fold M [21].
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8sld) = Glo),

where a realization of the conformal algebra generators G
in terms of differential operators takes the form

@2.11)

P? = 94, (2.12)
J = xagb — xbga + pgab, (2.13)
D = xd + A, (2.14)
K® =K%, + R (2.15)
and we use the notation
K§ )y =— %xZaa + x°D + M®xP, (2.16)
X0 = x99, X2 = xx4. (2.17)

In (2.13), (2.14), and (2.15), A is the operator of conformal
dimension, M is the spin operator of the Lorentz algebra,

[Ma, M¢] = 5P M + 3 terms. (2.18)

The spin operator of the Lorentz algebra is well known for
arbitrary spin conformal currents and shadow fields. The
spin operator of currents and shadow fields studied in this
paper takes the form

M = aq%ab — aba“. (2.19)
R is operator depending, in general, on derivatives with
respect to space-time coordinates’ and not depending on
space-time coordinates x“,

[P¢, R"] = 0. (2.20)
In standard formulation of conformal currents and shadow
fields, the operator R is equal to zero, while in the gauge
invariant approach that we develop in this paper, the op-
erator R is nontrivial. This implies that, in the framework
of gauge invariant approach, a complete description of the
conformal currents and shadow fields requires, among
other things, finding the operator R“.

C. Standard approach to conformal currents and
shadow fields

We begin with a brief review of the standard approach to
conformal currents and shadow fields. To keep our presen-
tation as simple as possible we restrict our attention to the
case of arbitrary spin totally symmetric conformal currents
and shadow fields which have the appropriate canonical
conformal dimensions given below. In this section, we

"For the conformal currents and shadow fields studied in this
paper, the operator R“ does not depend on derivatives.
Dependence on derivatives of R* appears e.g. in the ordinary-
derivative approach to conformal fields [22].
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recall the main facts of conformal field theory about these
currents and shadow fields.

Conformal current with the canonical conformal dimen-
sion. Consider the totally symmetric rank-s tensor field
T4 of the Lorentz algebra so(d — 1, 1). The field is
referred to as spin-s conformal current with canonical
dimension if T%% satisfies the constraints

Taaas...a; — 0’ Q4T a0 = () (221)
and has the conformal dimension®
A=s+d-2 (2.22)

which is referred to as the canonical conformal dimension
of spin-s conformal current. Taking into account that the
operator R* of the conformal current 7¢% is equal to
zero, using the well-known spin operator M of the totally
symmetric traceless current 7% and A in (2.22), one can
make sure that constraints (2.21) are invariant under con-
formal algebra transformations (2.11).

Shadow field with the canonical conformal dimension.
Consider the totally symmetric rank-s tensor field @1
of the Lorentz algebra so(d — 1, 1). The field ®“1~% is
referred to as shadow field if it meets the following require-
ments:

(i) The field ®%14 is traceless,

(Daaa3...as f— 0 (223)

(ii) The field ®“-4 transforms under the conformal
algebra symmetries so that the following two-point
current-shadow field interaction vertex

L = %(I)al...ax T ---as (224)
is invariant (up to total derivative) under conformal
algebra transformations.

We now note that:

(i) Taking into account conformal dimension of current
(2.22) and requiring vertex L (2.24) to be invariant
under the dilatation transformation, we obtain con-
formal dimension of the spin-s shadow field,

A=2—y, (2.25)

which is referred to as the canonical conformal
dimension of spin-s shadow field. Taking into ac-
count that the operator R of the conformal current
T%-% is equal to zero and requiring vertex L (2.24)
to be invariant under the conformal boost transfor-
mations we find that the operator R* of the shadow
field @14 is also equal to zero.

8The fact that expression in the right-hand side of (2.22) is the
lowest energy value of the totally symmetric spin-s massless
fields propagating in AdS,;; space was demonstrated in
Ref. [23]. Generalization of relation (2.22) to mixed symmetric
fields in AdS may be found in Ref. [24].
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(i) The divergence-free constraint (2.21) and require-
ment for the vertex L to be invariant imply that the
shadow field is defined by a module of gauge trans-
formation

SPa-a = Htra(alfar"“s), (2.26)

where £%1-%-1 is the traceless parameter of gauge
transformation and the projector 11" is inserted to
respect the traceless constraint (2.23).

III. GAUGE INVARIANT FORMULATION OF SPIN-
1 CONFORMAL CURRENT

To discuss the gauge invariant formulation of the spin-1
conformal current in flat space of dimension d = 4 we use
one vector field ¢¢, and one scalar field ¢,:

¢gur’ ¢cur'

The fields ¢¢,. and ¢, transform in the respective vector
and scalar irreps of the Lorentz algebra so(d — 1, 1). We
note that fields ¢¢, and ¢, (3.1) have the conformal
dimensions

Ape, =d— 1,

(3.1)

Ay =d—2. (32)

We now introduce the following differential constraint’:
aa gur + Dd)cur = 0' (3’3)

It is easy to see that this constraint is invariant under gauge
transformations

6¢gur = aaé:Clll" (3‘4)

o ¢cur == fcurr

where &, is a gauge transformation parameter.

In order to obtain a realization of conformal algebra
symmetries we use the oscillators. We collect fields (3.1)
into a ket-vector |¢.,,) defined by

|¢CUI‘> = (¢gllraa + d’curaz) 0>' (3‘6)

A realization of the spin operator M’ on |¢.,,) is given in
(2.19), while a realization of the operator A,

A=d—-1-N,

(3.5)

(3.7)

can be read from (3.2). We then find that a realization of the
operator R* on |¢.,,) takes the form

R* = (2 — d)a“a*. (3.8)

Constraint (3.3) can simply be obtained by adapting the
standard procedure of introducing the Stueckelberg field for a
massive spin-1 field. Namely, representing the standard con-
served spin-1 current as 7%, = ¢%, + 9% ¢, and using conser-
vation law 9T, = 0, we obtain (3.3). For spin s > 2 fields,
such procedure involves complicated higher-derivative expres-
sions and turns out to be inconvenient for developing a gauge
invariant approach to both massive and conformal theories.
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Using this, we make sure that constraint (3.3) is invariant
under transformations of the conformal algebra (2.11). In
terms of the fields ¢%,, ¢ action of operator R* (3.8)
can be represented as

Ra¢§ur =(2- d)nab¢cur’

Rbewe = 0.

(3.9)

(3.10)

From (3.5), we see that the scalar field ¢, transforms as
the Stueckelberg field, i.e., this field can be gauged away
via Stueckelberg gauge fixing, ¢, = 0. If we gauge away
the scalar field, then the remaining vector field ¢¢, be-
comes, according to constraint (3.3), divergence-free. In
other words, our constraint (3.3) taken to be in the gauge
G = 0 leads to the well-known divergence-free con-
straint of the standard approach.lo

We note that our approach can be related with the
standard one without gauge fixing. Consider vector field

Tgur = d)gur + aa¢cur' (3'1 1)

It is easy to see that
(1) T&, is invariant under gauge transformations (3.4)
and (3.5).
(ii) Denoting the left hand side of (3.3) by C,, we get

Teur = Ceuns (3.12)
i.e., constraint C.,, = 0 (3.3) amounts to
aTd,, = 0. (3.13)

In our approach, the gauge invariant vector field 78, (3.11)
is counterpart of the conserved current in the standard
formulation of CFT.

IV. GAUGE INVARIANT FORMULATION OF SPIN-
1 SHADOW FIELD

To discuss the gauge invariant formulation of the spin-1
shadow field in space of dimension d = 4 we use one
vector field ¢§ and one scalar field ¢,:

Zh’ d)sh-

The fields ¢4 and ¢, transform in the respective vector
and scalar representations of the Lorentz algebra so(d —
1, 1). We note that these fields have the conformal dimen-
sions

“.1)

We now introduce the following differential constraint:

P4 + by = 0. 4.3)

'9As in the standard approach to CFT, our currents can be
considered either as fundamental field degrees of freedom or as
composite operators. At the group theoretical level that we study
in this paper, this distinction is immaterial.
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It is easy to see that this constraint is invariant under gauge
transformations

8¢gh = aafshr (44)

5¢sh = _Dfshr

where £, is a gauge transformation parameter.

As before, to obtain a realization of conformal algebra
symmetries we use the oscillators and introduce a ket-
vector |¢,) defined by

|¢sh> = (d)ghaa + ¢shaz)|0>'

A realization of the spin operator M’ on |¢g,) is given in
(2.19), while a realization of the operator A,

A=1+N,

(4.5)

(4.6)

4.7

can be read from (4.2). We then find that a realization of the
operator R* on |¢g,) takes the form

R* = (d — 2)a*a“. (4.8)

Using this, we check that constraint (4.3) is invariant under
transformations of the conformal algebra (2.11). In terms
of the fields ¢¢,, ¢, action of operator R* (4.8) can be
represented as

RipL =0, 4.9)

Répy, = (d = Db

Gauge transformation of the scalar field ¢g, (4.5) in-
volves d’Alembertian operator [, i.e., this transformation
is not realized as the standard Stueckelberg (Goldstone)
gauge symmetry. Therefore the scalar field appearing in the
gauge invariant formulation of the spin-1 shadow field
cannot be referred to as a Stueckelberg field. We note
that our field ¢¢, can be identified with the shadow field
@ of the standard approach to CFT.

As in the case of the conformal current, we can introduce
the gauge invariant field 7§,

Tg =Ugg + 0“dg

(4.10)

4.11)

One can check that
(i) T§, is invariant under gauge transformations (4.4)
and (4.5).
(i1) The differential constraint for gauge fields (4.3) leads
to a divergence-free constraint for the field 7§,

99Te = 0. (4.12)

However, constraint (4.3) is not equivalent to (4.12).
Namely, if we denote the left-hand side of (4.3) by Cg,,

then we get
0¢Tg, = UCy,. (4.13)

We see that constraint Cy, = 0 (4.3) leads to constraint
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(4.12), while constraint (4.12) does not imply the constraint
Cy, = 0, in general.

V. GAUGE INVARIANT FORMULATION OF SPIN-2
CONFORMAL CURRENT

To discuss the gauge invariant formulation of the spin-2
conformal current in flat space of dimension d = 4 we use
one rank-2 tensor field ¢¢%., one vector field ¢, and one
scalar field ¢,

ab ¢a ¢
curs curs cur*

The fields ¢%,., ¢&,., and ¢, transform in the respective
rank-2 tensor, vector, and scalar representations of the
Lorentz algebra so(d — 1, 1). Note that the field ¢%%, is
not traceless. We note that fields (5.1) have the conformal
dimensions

A e =d,

5.1

Aqggm =d - 1, A¢Cm =d-2 (52)

We now introduce the following differential constraints:

1
ab cur — -9 cur + Ij‘vzscur =0,

5 (5.3)

aa¢cur + ¢CUI' + uD¢cur = O’ (54)
_(d—1\1/2

U= \/§<ﬁ) . (5.5)

One can make sure that these constraints are invariant
under gauge transformations

2
cur + abé:o:ur +t-— abchurr

S ab — )
d)cur d—2 (5.6)
8¢cur - aaé:cur - cur’ (57)
5¢cur = _ufcurr (58)

where &4, &, are gauge transformation parameters.

In order to obtain a realization of conformal algebra
symmetries in an easy-to-use form we use oscillators
(2.1) and collect fields (5.1) into a ket-vector | ¢, defined
by

|¢cur> = ( d)cura ab + dlratat + \;—(ﬁcura a )|0>

(5.9)

A realization of the spin operator M’ on |¢.,,) is given in

(2.19), while a realization of the operator A,
A=d-N, (5.10)

can be read from (5.2). We then find that a realization of the
operator R* on |¢,,) takes the form

~ 2 -
RO =7 C"+-——"—a?C4), 5.11
r(C d(d—z)acl) (5.11)
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Ct=aqa’— atal, (5.12)

C4 =a"—-a"a (5.13)

E—‘/(d N,)(d — 2N,)&-. (5.14)

Using this, we check that constraints (5.3) and (5.4) are
invariant under transformations of the conformal algebra
(2.11).

From (5.7) and (5.8), we see that the vector and scalar
fields ¢¢,;, ¢, transform as Stueckelberg fields, i.e., these
fields can be gauged away via Stueckelberg gauge fixing,
d%: = 0, ¢ = 0. If we gauge away these fields, then the
remaining rank-2 tensor field ¢22 becomes, according to
constraints (5.3) and (5.4), divergence-free and traceless. In
other words, our constraints taken to be in the gauge
d%: =0, ¢ =0 lead to the well-known divergence-
free and tracelessness constraints of the standard approach.

Our approach can be related with the standard one
without gauge fixing, i.e., by maintaining gauge symme-
tries. We construct the following tensor field:

2
Tglﬁ' = d)gl}l)r + aad)gur + abd)gur + ;aaabd)cur

2
+ —»0O . 5.15
(d _ 2)1/[ T] ¢CUI‘ ( )
One can make sure that
(i) T¢ is invariant under gauge transformations (5.6),
(5.7), and (5.8).
(i1) Denoting the respective left-hand sides of (5.3) and
(5.4) by C¢,; and C,, we get
1
Y (")aTgf’r = Clclur’

bab aa —
d Tcur Tcur - 2Ccur’

2
(5.16)
i.e., the constraints C%,, = 0, C,,, = 0 amount to
abTab =, T84 = 0. (5.17)

In our approach, the gauge invariant tensor field 7% (5.15)
is counterpart of the energy-momentum tensor appearing
in standard formulation of CFT.

VI. GAUGE INVARIANT FORMULATION OF SPIN-
2 SHADOW FIELD

To discuss the gauge invariant formulation of the spin-2
shadow field in flat space of dimension d = 4 we use one
rank-2 tensor field ¢%”, one vector field ¢¢, and one scalar

field ¢,
i, & b (6.1)

The fields (f)sh, 4, and ¢, transform in the respective

106010-6



SHADOWS, CURRENTS, AND AdS FIELDS

rank-2 tensor, vector, and scalar representations of the
Lorentz algebra so(d — 1,1). We note that these fields

have the conformal dimensions
A¢§’f = O, Aqsgh = 1, A¢sh =2 (62)

We now introduce the following differential constraints:

1
AP pep — 5 0UBE + B, =0, (6.3)

1
G T HoG +udn = 6.4)

where u is given in (5.5). One can make sure that these
constraints are invariant under gauge transformations

2
+ 90, T USRS

Sy = — (6.5)
oG = 3% — LIEG, (6.6)
O = —ulléy, 6.7)

where £, &, are gauge transformation parameters.

In order to obtain a realization of conformal algebra
symmetries, we use the oscillators and introduce a ket-
vector |¢,) defined by

1 1
a) = (5 #ipata? + g ata” + = dyaca)o)
(6.8)

A realization of the spin operator M on |¢,) is given in

(2.19), while a realization of the operator A,
A=N, (6.9)

can be read from (6.2). We then find that a realization of the
operator R on |¢g,) takes the form

R = r(c‘v“ — la”ozz)
d

r= atyf(d = N)(d - 2N,).

(6.10)

(6.11)

Using this, we check that constraints (6.3) and (6.4) are
invariant under transformations of the conformal algebra
(2.11).

Gauge transformations of the scalar field ¢, (6.7) and
the vector field ¢¢ (6.6) involve d’Alembertian operator
L. Therefore these transformations are not realized as the
standard Stueckelberg gauge symmetries, i.e., the scalar
and vector fields cannot be referred to as Stueckelberg
fields. In contrast with the gauge invariant approach to
the spin-2 current, the scalar and the vector fields appearing
in the gauge invariant approach to spin-2 shadow field are
not Stueckelberg fields and they cannot be gauged away via
Stueckelberg gauge fixing. All that we can do is to express
these fields in terms of the rank-2 tensor field ¢4? by using
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constraints (6.3) and (6.4). On the other hand, from (6.5),
we see that the trace of the rank-2 tensor field ¢% trans-
forms as a Stueckelberg field, i.e., ¢’ can be gauged away
via Stueckelberg gauge fixing, ¢g' = 0. Imposing the
gauge ¢4¢ = 0, we obtain traceless field ¢4* which can
be identified with the shadow field ®** of the standard
approach to CFT.

As in the case of the conformal current, we can introduce
the gauge invariant field 797,

2
T3 = P4y + D9 ph, + 9P ¢8) + = aab¢h

L2
(d—2)u

One can check that
(i) T4 is invariant under gauge transformations (6.5)—
(6.7).
(ii) Differential constraints for gauge fields (6.3) and
(6.4) lead to divergence-free and tracelessness con-
straints for the field 747,

abTab =0,

Oy (6.12)

Taa = (), (6.13)

However, constraints (6.13) are not equivalent to (6.3) and
(6.4). Namely, if we denote the respective left-hand sides of
(6.3) and (6.4) by C¢, and Cy,, then we obtain

1
_aanhb = DQC?h»

abTab — 5 G4 =20Cy,. (6.14)
From (6.14), we see that the constraints C§ = 0, Cy, =

lead to constraints (6.13), while constraints (6.13) do not
imply the constraints C§ = 0, Cg, = 0, in general.

VII. GAUGE INVARIANT FORMULATION OF
ARBITRARY SPIN CONFORMAL CURRENT

Field content. To discuss the gauge invariant formula-
tion of an arbitrary spin-s conformal current in flat space of
dimension d = 4 we use the following fields:

ay.ay )
<;l>cum,‘, s =01 ...,
ay...ag

where the subscript s’ denotes that the field ¢~ is the

rank-s’ tensor field of the Lorentz algebra so(d - 1,1).
We note that
(1) In (7.1), the fields ¢, and ¢, | are the respective
scalar and vector fields of the Lorentz algebra, while
the fields ¢ """, s’ > 1, are the rank-s’ totally sym-

cur,s’
metric tensor fields of the Lorentz algebra so(d —
1, 1).
(ii) The tensor fields ¢“")" with s’ =4 satisfy the

cur, S
double-tracelessness constraint

(7.1)

aabbas..ay __ o
d)cur,s’ T =0, s'=4,5...,s. (7.2)
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a

(iii) The fields ¢Zl'1;'x,5' have the following conformal
dimensions:
A(po)y =s'+d — 2.

cur, s’

(7.3)

In order to obtain the gauge invariant description in an
easy-to-use form, we use the oscillators (2.1) and introduce
a ket-vector |¢.,,) defined by

|¢cur> = z ai_S/ld)cur,s’)’ (74)
s'=0

a® .. at
|¢cur,s’> =

s (s — s7)!
From (7.4) and (7.5), we see that the ket-vector |, is a
degree-s homogeneous polynomial in the oscillators a“,
a®, while the ket-vector |¢ ) is a degree-s’ homogeneous
polynomial in the oscillators a“, i.e., these ket-vectors
satisfy the relations

(Noz + Nz - S)ld)cur) =0,

B 10). (7.5)

(7.6)

(Na - ‘s‘/)l(i)cur,s’) = 0. (77)

In terms of the ket-vector |¢), double-tracelessness con-
straint (7.2) takes the form!!

(C_yz)z | ¢cur> = O‘

Differential constraint. We find the following differen-
tial constraint for the conformal current:

(7.8)

Courlbeur) =0, (7.9)
C_wcur = CJ. + CIC_Y2 + C2|:|H[1’2]y (7.10)
_ I S
Cl=a8—§a6a, (7.11)
M2 =1 - g (7.12)
22N, + d)
1 ~ ~ -
¢ = Eazel, cr = &af, (7.13)
25+d—4—N.\I/2
e = 7.14
“ <2S+d—4—2NZ) (.14

One can make sure that constraint (7.9) is invariant under

""In this paper, we adapt the formulation in terms of the double
traceless gauge fields [17]. An adaptation of the approach in
Ref. [17] to massive fields may be found in [25,26]. A discussion
of various formulations in terms of unconstrained gauge fields
may be found in [27-32]. For a recent review, see [33]. A
discussion of other formulations which seem to be most suitable
for the theory of interacting fields may be found e.g. in [34,35].
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gauge transformation and conformal algebra transforma-
tions which we discuss below. Details of the derivation of
constraint (7.9) may be found in Appendix A.

Gauge symmetries. We now discuss the gauge symme-
tries of the conformal current. To this end, we introduce the
following gauge transformation parameters:

aj.ag
gcur,x’ ’

We note that
(i) In (7.15), the gauge transformation parameters &y,
and &, | are the respective scalar and vector fields

of the Lorentz algebra, while the gauge transforma-
tion parameters &7, s’ > 1, are the rank-s’ totally

s'=01,...,5s — 1 (7.15)

cur,s’
symmetric tensor fields of the Lorentz algebra
so(d — 1, 1).

(i1)) The gauge transformation parameters §Zl‘]r:f' with
s’ = 2 satisfy the tracelessness constraint
ENDY =0, §¥=23..,5-1 (7.16)
iii) The gauge transformation parameters &'~/ have
( ) g g p curs
the conformal dimensions
Al ) =s'+d =3 (7.17)

Now, as usual, we collect the gauge transformation
parameters in ket-vector |£,,) defined by

s—1
|y = D a7 Euny), (7.18)
s'=0

a® .. a% ay...ay
y=T T s,
|§cur,s> s/!mgcur,s’ | >
The ket-vectors |&cy), |€cury) satisfy the algebraic con-
straints

(7.19)

(Ny + N, — s+ Dl|ér) =0, (7.20)

(Na - sl)lgcur,s’> =0,

which tell us that |£,,) is a degree-(s — 1) homogeneous
polynomial in the oscillators a“, a*, while the ket-vector
|écurs) 18 a degree-s’ homogeneous polynomial in the
oscillators a“.

In terms of the ket-vector |£,,,), the tracelessness con-
straint (7.16) takes the form

C_Yzlé:cur> =0.

Gauge transformation can be written entirely in terms of
| oy and |E.,). That is to say that gauge transformation
takes the form

6|¢cur> = (aa + bl + bzazm)lfcur>;

(7.21)

(7.22)

(7.23)
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bl = —azél,

(7.24)

1
by = 5\ &, 7.25
2T 2s+d—-6-2N.1 (7.25)

where ¢, is given in (7.14). We note that constraint (7.9) is
invariant under gauge transformation (7.23). Details of the
derivation of gauge transformation (7.23) may be found in
Appendix A.

Realization of conformal algebra symmetries. To com-
plete the gauge invariant formulation of the spin-s confor-
mal current we provide a realization of the conformal
algebra symmetries on space of the ket-vector |¢.,). All
that is required is to fix the operators M“*, A, and R* and
then insert these operators into (2.12)—(2.15). A realization
of the spin operator M%” on ket-vector |¢.,,) (7.4) is given
in (2.19), while a realization of the operator A,

A=s+d—2-N, (7.26)

can be read from (7.3). In the gauge invariant formulation,
finding the operator R“ provides the real difficulty.
Representation of the operator R* we find is given by

- 2 _
R = + a2 ca) (727
r( CON, Td—2)(N, + d) l) (7.27)
Comai—gl ' ga (7.28)
B N, +d—2"" '
i I S
€4 =a"—>a'a, (7.29)

F=—(2s+d—-4—-N)@2s+d—4-2N,))"a
(7.30)

Details of the derivation of operator R? (7.27) may be
found in Appendix B.

Equivalence of the gauge invariant and standard ap-
proaches. We begin with comment on the structure of
gauge transformation (7.23). Making use of simplified
notation for conformal currents, gauge transformation pa-
rameters, derivatives, and flat metric tensor
d)cur,s/ -~ ¢;1];-55/, gcur,s’ ~ ‘f:lll;ﬁy; n~ 77“1’,

(7.31)

gauge transformation (7.23) can schematically be repre-
sented as

5¢cur,s’ ~ a‘fcur,s/*l + gcur,s/ + nljfcur,s’fb

a~ 99,

) (7.32)

s'=273...,5,
8¢cur,1 -~ afcur,O + fcur,lr (733)
8¢cur,0 -~ fcur,O’ (7.34)

where we assume &, = 0. From (7.32)—(7.34), we see
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that all gauge transformations are realized as Stueckelberg
(Goldstone) gauge transformations. We now find currents
that are realized as Stueckelberg fields. To this end, we note
that the currents ¢, ¢ with s’ = 2 can be decomposed into
traceless tensor fields as

4T T _
by = BT @ GTT, . § =235 (1395
where ¢, and ¢, , stand for the respective rank-s’

and rank-(s’ — 2) traceless tensors of the Lorentz algebra
so(d — 1, 1). From (7.32)—(7.34), we see that we can im-
pose the gauge conditions

¢cur,0 =0, ¢cur,l =0, ¢;Fur’s/ =0, s'= 2,3,..,s— 1.

(7.36)

Currents given in (7.36) are Stueckelberg fields in our
approach.

We now discuss restrictions imposed by differential
constraint (7.9). To this end, we note that our gauge con-
ditions (7.36) can be written in terms of the ket-vectors

|¢cur,s’> aS]2

2| o) =0, s'=01....,s—1,  (7.37)
which, in turn, can be represented as
1
|¢ urs’) = a27&2|¢ urs/>:
o 22N, +d) T (7.38)

ss=01...,5s — 1
Making use of gauge conditions (7.37) in differential con-
straint (7.9) leads to
_ 1 1 _
(Cla - 5 aaa2>|¢cur,s/> + Eel,S*s’*lazl(ﬁcur,s’H) =0,

/

s =01...,5 (7.39)

where &, , = &;|y.—,. Using (7.38), equations (7.39) can be
represented as

2N, +d—4 1
@l — o ———ad)a? /
2Na+d—2(a “oN, 1 a” )a | beu.)
1
+ Eéle—S’—lazl(ﬁcur,s/-%—l) =0, (740)

when s'=0,1,2,...,5s — 1, while for s’ =35, (7.39)
amounts to

(aa —~ %a&c‘ﬂ)lcﬁcum) =0. (7.41)

Taking into account (7.40) and gauge conditions |¢ o) =
0, |¢cur1) = 0 we obtain

% eus) =0, s'=01,...,5. (7.42)

21n terms of the ket-vector | > auge conditions (7.36) can
simply be represented as @11 1’ﬂrhﬁwr) =0
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Relations (7.38) and (7.42) imply
|¢cur,s’>=0y S/=0, 1,...,s — 1.

Thus, we are left with the one spin-s traceless current
| curs) Which turns out to be divergence-free because of
(7.41),

(7.43)

aa|¢cur,s> = 0'

This implies that our gauge invariant approach is equiva-
lent to the standard one.

(7.44)

VIII. GAUGE INVARIANT FORMULATION OF
ARBITRARY SPIN SHADOW FIELD

Field content. To discuss the gauge invariant formula-
tion of the arbitrary spin-s shadow field in flat space of
dimension d = 4 we use the following fields:

¢a1...ab\/
sh,s’
al...ay/ .

where the subscript s’ denotes that the field ¢ is a

s'=01..., s (8.1)

rank-s’ tensor field of the Lorentz algebra so(d — 1, 1).
We note that
(1) In (8.1), the fields ¢y, and ¢, | are the respective
scalar and vector fields of the Lorentz algebra, while
the fields qﬁz}i,;',a“, s’ > 1, are rank-s’ totally symmet-
ric tensor fields of the Lorentz algebra so(d — 1, 1).
(i1) The tensor fields ¢:ﬁ‘;‘,a“' with s/ = 4 satisfy the
double-tracelessness constraint
PN — 0§ =45 ..,

sh,s’

(8.2)

(iii) The fields d):}iyg}af/ have the following conformal

dimensions:

A(¢a]...t1\.l) —2

sh, s’

(8.3)

In order to obtain the gauge invariant description in an
easy-to-use form we use the oscillators and introduce a ket-
vector |¢g,) defined by

by = 3 @t b (8.4)
s'=0

a® ... a%
|¢sh,s’> =

s (s — 7)1

From (8.4) and (8.5), we see that the ket-vectors |pg,),
| ) satisfy the algebraic constraints

(Na + Nz - s)|¢sh> = 0;

(3 (8.5)

(8.6)

(Noz - sl)lqssh,s» = 0. (87)

These constraints tell us that |¢g,) is a degree-s homoge-
neous polynomial in the oscillators a?, «*, while the ket-
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vector |y, o) is a degree-s’ homogeneous polynomial in
the oscillators a“. In terms of the ket-vector | ¢, ), double-
tracelessness constraint (8.2) takes the form

(a2)2|¢sh> =0.

Differential constraint. We find the following differen-
tial constraint for the shadow field:

(8.8)

Caldgm) =0, (8.9)
Cy=Cj +c @0+ ¢, 11102 (8.10)
- ~ 1,
Ci=a8—§a8a, (8.11)
m-i-o_1 g (8.12)
202N, + d)
1 ~ ~ -
= Eazel, cy) = €,at, (8.13)
2s +d—4— N, \1/2
e, = ) 14
‘1 (2s+d—4—2NZ> (8.14)

One can make sure that constraint (8.9) is invariant under
gauge transformation and conformal algebra transforma-
tions which we discuss below. Details of the derivation of
constraint (8.9) may be found in Appendix A.

Gauge symmetries of shadow field. We now discuss
gauge symmetries of the shadow field. To this end, we
introduce the following gauge transformation parameters:

£,
We note that

(i) In (8.15), the gauge transformation parameters &y,

and & | are the respective scalar and vector fields of

the Lorentz algebra, while the gauge transformation

parameters f:l}l’";}af’, s/ > 1, are rank-s’ totally sym-

s'=0,1,...,s — L (8.15)

metric tensor fields of the Lorentz algebra so(d —
1, 1).

(i1)) The gauge transformation parameters 53;’,“"" with
s’ = 2 satisfy the tracelessness constraint
ELY =0, §=23..5-1 (816)

ses . aj...d,
(iii) The gauge transformation parameters £ ’ have
the conformal dimensions

ALY =1-+

sh, s’

(8.17)

Now, as usual, we collect gauge transformation parame-
ters in ket-vector |£g,) defined by
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s—1
|y = D a5 € e, (8.18)
s'=0

a® ... o a
/ 7 f:f]l,s’ai‘/ |0>
s (s —1—s")

The ket-vectors |&g), |&qny) satisfy the algebraic con-
straints

|€ghy) = (8.19)

(Na + Nz —s+ 1)|§5h> =0,

(Na - s/)lgsh,s’> =0,

which tell us that |£g,) is a degree-(s — 1) homogeneous
polynomial in the oscillators a“, ¢, while the ket-vector
|qns) is @ degree-s’ homogeneous polynomial in the os-
cillators . In terms of the ket-vector |£g,), tracelessness
constraint (8.16) takes the form

d2|§Sh> = 0.

Gauge transformation can entirely be written in terms of
|pg,) and |&g,). This is to say that gauge transformation
takes the form

(8.20)

(8.21)

(8.22)

6|¢sh> = (a/a + bID + b2a'2)|§sh>) (823)
bl = —azél, (824)

1 _
by 1@, (8.25)

T 25+d—6-2N.¢

where ¢€; is given in (8.14). We note that constraint (8.9) is
invariant under gauge transformation (8.23). Details of the
derivation of gauge transformation (8.23) may be found in
Appendix A.

Realization of conformal algebra symmetries. To com-
plete gauge invariant formulation of a spin-s shadow field
we should provide a realization of the conformal algebra
symmetries on the space of the ket-vector |dy,), i.e., we
should find operators M ab A, and R“ to insert them into
(2.12)—(2.15). A realization of the spin operator M’ on
ket-vector |g,) (8.4) is given in (2.19), while a realization
of the operator A,

A=2-5+N, (8.26)

can be read from (8.3). Representation of the operator R¢
we find is given by
O

1 2
R— 2
wra®) 6

r=a‘((2s+d—4—-N)2s+d—4—2N))"2
(8.28)
Details of the derivation of operator R* (8.27) may be
found in Appendix B.

Equivalence of the gauge invariant and standard ap-
proaches. We begin with comments on the structure of
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gauge transformation (8.23) and identification of
Stueckelberg shadow fields in the gauge invariant ap-
proach. Making use of simplified notation for shadow
fields, gauge transformation parameters, derivatives, and
flat metric tensor
Doy ~ b n~n®,

(8.29)

__ garay Y
gsh,s’ 'fsh,s’ " d~99,

gauge transformation (8.23) can schematically be repre-
sented as

6¢sh,s’ -~ aé:sh,x’fl + Dgsh,s’ + né:sh,s’fZ»

(8.30)

s'=273 ...,
01 ~ &0 + U1, (8.31)
0o ~ Uégo, (8.32)

where we assume &, ; = 0. We now find shadow fields that
are realized as Stueckelberg fields. To this end, we note that
the fields ¢, ¢ with s’ = 2 can be decomposed into trace-
less tensor fields as

— 4T TT I —
¢sh,s’ = Pshs’ ® sh,s’—2? s'=23...,5,

(8.33)
where ¢ ., and ¢}, , stand for the respective rank-s’

and rank-(s’ — 2) traceless tensors of the Lorentz algebra
so(d — 1, 1). From (8.30), (8.31), and (8.32), we see that, in
contrast to conformal currents, the following shadow fields

d)sh,O’ d)sh,]’ d)Zh,S” s = 2, 3, e S, (834)

cannot be gauged away via Stueckelberg gauge fixing.
From (8.30), it is easy to see that by using gauge symme-
tries related to the gauge transformation parameters

Enss s'=0,1...,5s =2 (8.35)
we can impose the following gauge conditions
ZhT,s'—z =0, s'=23...5, (8.36)

and we note that fields in (8.36) are the Stueckelberg fields
in the framework of the gauge invariant approach.

We now discuss restrictions imposed by differential
constraint (8.9). To this end, we note that our gauge con-
ditions (8.36) can be written in terms of the ket-vectors

|¢sh,s’> as
a{zl(l’)sh,s’> = 0’
Making use of gauge conditions (8.37) in (8.9) leads to

Cial¢sh,s’> + (S -5+ l)él,sfs’|¢sh,s’*l> =0,

s =2,3,...,5 (8.37)

s'=01,...,5s. (8.38)
Relations (8.38) imply that the fields |¢g, ), s =
0,1,..., s — 1, can be expressed in terms of the one field

| ) subject to the tracelessness constraint [see (8.37)
when s/ = s]. Thus, we are left with the one spin-s trace-
less shadow field | ¢y, ;) and one surviving gauge symme-
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try generated by the gauge transformation parameter
&gns—1- This implies that our gauge invariant approach is
equivalent to the standard one.

IX. TWO-POINT CURRENT-SHADOW FIELD
INTERACTION VERTEX

We now discuss the two-point current-shadow field in-
teraction vertex. In the gauge invariant approach, the in-
teraction vertex is determined by requiring the vertex to be
invariant under gauge transformations of both currents and
shadow fields. Also, the interaction vertex should be in-
variant under conformal algebra transformations.

Spin-1. We begin with spin-1 fields. Let us consider the
following vertex:

L = ¢gur¢gh + ¢cur¢sh-

Under gauge transformations of the current (3.4) and (3.5),
the variation of vertex (9.1) takes the form (up to total
derivative)

Ot L = ~Eeu(99G + Hun).

From this expression, we see that the vertex £ is invariant
under gauge transformations of the current provided the
shadow field satisfies differential constraint (4.3). We then
find that under gauge transformations of the shadow field
(4.4) and (4.5) the variation of the vertex L takes the form
(up to total derivative)

5gsh£ = _é‘:sh(aa(zﬁgur + Dd)cur)’

i.e., the vertex L is invariant under gauge transformations
of the shadow field provided the current satisfies differen-
tial constraint (3.3).

Making use of the representation for generators of the
conformal algebra obtained in Secs. III and IV, we check
that vertex £ (9.1) is also invariant under the conformal
algebra transformations.

Spin-2. We proceed with spin-2 fields. One can make
sure that the following vertex

©.1)

9.2)

9.3)

1 1
L= E(bgll;r ?hb - Z¢ggr f}? + d)gur(bgh + ¢cur¢sh (94)

is invariant under gauge transformations of the spin-2
shadow field (6.5)—(6.7) provided the spin-2 current satis-
fies differential constraints (5.3) and (5.4). Vertex (9.4) is
also invariant under gauge transformations of the spin-2
current (5.6), (5.7), and (5.8) provided the spin-2 shadow
field satisfies differential constraints (6.3) and (6.4). Using
the representation for generators of the conformal algebra
obtained in Secs. V and VI we check that vertex £ (9.4) is
invariant under the conformal algebra transformations.

Arbitrary spin current and shadow field. For the case of
arbitrary spin current and shadow field, the gauge invariant
vertex takes the form

L= <¢>cur|(1 - ©.5)

a2a2)|¢sh>.

Bl
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This vertex is invariant under gauge transformation of the
shadow field (8.23) provided the current satisfies differen-
tial constraint (7.9). Vertex (9.5) is also invariant under
gauge transformation of the current (7.23) provided the
shadow field satisfies differential constraint (8.9). Using
the representation for generators of the conformal algebra
obtained in the Secs. VII and VIII, we check that £ (9.5) is
also invariant under the conformal algebra transformations.
Details of the derivation of the vertex £ may be found in
Appendix A.

X. ADS/CFT CORRESPONDENCE

We now apply our results to the study of AdS/CFT
correspondence for bulk massless fields and boundary
conformal currents and shadow fields. We demonstrate
that normalizable solutions of bulk equations of motion
are related to conformal currents, while non-normalizable
solutions of bulk equations of motion are related to shadow
fields. As is well known, investigation of AdS/CFT corre-
spondence for massless fields requires analysis of some
subtleties related to the fact that global transformations of
bulk massless fields are defined up to local gauge trans-
formations. In our approach, these complications are easily
controllable because of the following reasons:

(1) We use the modified Lorentz gauge for a spin-1 field
and the modified de Donder gauge for spin s = 2
fields. These gauges lead to the decoupled bulk
equations of motion for arbitrary spin AdS fields,
and this considerably simplifies the study of AdS/
CFT correspondence. We note that the most conve-
nient way to dial with the modified gauges is to use
the Poincaré parametrization of AdS,, space,

1
ds* = Z—z(dx”dx“ + dzdz). (10.1)

(i1)) The modified gauges are invariant under the leftover
on shell gauge symmetries of bulk AdS fields. Note
however that, in our approach, we have gauge sym-
metries not only at the AdS side, but also at the
boundary CFT."? It turns out that these gauge sym-
metries are also related via AdS/CFT correspon-
dence. Namely, the Ieftover on shell gauge
symmetries of bulk AdS fields are related with the
gauge symmetries of currents and shadow fields we
obtained in the framework of our gauge invariant
approach to CFT in Secs. 111, 1V, V, VI, VII, and VIIL

(ii1) In AdS space and at the boundary, we have the same
number of gauge fields and the same number of

Note that in the standard approach to CFT only the shadow
fields are transformed under gauge transformations, while in our
gauge invariant approach both the currents and shadow fields are
transformed under gauge transformations. Thus, our approach
allows us to study the currents and shadow fields on an equal
footing.
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gauge transformation parameters. Also, our AdS
fields, currents, and shadow fields satisfy the same
algebraic constraints.

A. AdS/CFT correspondence for spin-1 fields

As a warm-up let us consider the spin-1 Maxwell field.
In AdS,,, space, the massless spin-1 field is described by
fields ¢“(x, z) and ¢(x, z) which are the respective vector
and scalar fields of the so(d — 1, 1) algebra. In the modi-
fied Lorentz gauge,14 found in Ref. [11],

d—73
p* + (az - —)qﬁ =0, (10.2)
2z
we obtain the decoupled equations of motion (for details,
see Appendix C),

1 1
(D + 02 - Z—z(z/% ~ Z))d’a =0, (10.3)
2 1 2 1
O+ —5(n%—y))s =0 (10.4)
d—2 d—4
vy = T, Vg = T (105)

Gauge condition (10.2) and equations of motion (10.3),
(10.4) are invariant under the leftover on shell gauge trans-
formations

8¢ = 0%,

o = <8Z + dZ—_Z3>§

(10.6)

(10.7)

where the gauge transformation parameter & satisfies the
equation of motion

(ot Deo

It is easy to see that the normalizable solution of Egs. (10.3)
and (10.4) takes the form

(10.8)

Do (X, 2) = UV] D), (10.9)
¢norm(x’ Z) = UV‘](_ ¢cur(x))) (10.10)

while the non-normalizable solution is given by'>
Ghton-norm (¥, 2) = U, ¢ (%), (10.11)
¢non-norm(x! Z) =U- 12 ¢sh(x)’ (1012)

A discussion of AdS/CFT correspondence for the spin-1
Maxwell field by using radial gauge may be found in [36].

5To keep the discussion from becoming unwieldy here and
below, we restrict our attention to odd d. In this case, solutions
given in (10.9)—(10.12) are independent.
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where we introduce operator U, defined by

U, = JqzJ,(qz2)g "~ 1/?,

and J, stands for the Bessel function. Taking into account
the well-known properties of the Bessel function, we find
that the asymptotic behavior of the normalizable solution is
given by

#=0 (10.13)

7—0

Blom(x, 2) = 21172 g, (x), (10.14)
¢norm(x’ Z)Z:’OZVO+(1/2)¢cur(x)y (10.15)

while the asymptotic behavior of the non-normalizable
solution takes the form

b lon-nom (6 )= 71T 1/D ba (), (10.16)
Bronnom ()= 201D g (x), (10.17)

In (10.14)-(10.17), we drop overall factors that do not
depend on z and [J. From (10.14)—(10.17), we see that
d%.s Do are indeed boundary values of the normalizable
solution, while ¢§, ¢, are boundary values of the non-
normalizable solution.

In the right-hand side of (10.9)—(10.12), we use the
respective notation ¢gy, P, and @&, ¢, since we are
going to demonstrate that these boundary values are indeed
the conformal currents and shadow fields entering our
gauge invariant formulation in the Secs. III and IV.
Namely, one can prove the following statements:

(1) Leftover on shell gauge transformations (10.6) and
(10.7) of the normalizable solution (10.9) and (10.10)
lead to gauge transformations (3.4) and (3.5) of the
conformal currents ¢, ¢, While leftover on-shell
gauge transformations (10.6) and (10.7) of the non-
normalizable solution (10.11) and (10.12) lead to
gauge transformations (4.4) and (4.5) of the shadow
fields ¢, dgpn.

(i1) For the normalizable solution (10.9) and (10.10), the
modified Lorentz gauge condition (10.2) leads to the
differential constraint (3.3) of the conformal currents
@&y deur, While, for the non-normalizable solution
(10.11) and (10.12), the modified Lorentz gauge
condition (10.2) leads to the differential constraint
(4.3) of the shadow fields ¢, dg.

(iii) Global so(d,?2) symmetries of the normalizable
(non-normalizable) massless spin-1 modes in
AdS,,, become global so(d, 2) conformal symme-
tries of the conformal spin-1 current (shadow
field)."®

181n this section, to avoid repetition, we do not demonstrate
matching of the global so(d,2) symmetries. Matching of the
global so(d, 2) symmetries for arbitrary spin fields is studied in
the Sec. XI.
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These statements can easily be proved by using the
following relations for the operator U ,:

—1
(az +2 Z)UV -u, ., (10.18)
Z
+ L
(az - . 2>UV = UV+](_D)» (1019)
Z
—1
(az +Z Z)U—V =U_,(=0), (10.20)
Z
v +%
(aZ - z )U*I/ = U*]/f]’ (1021)

which, in turn, can be obtained by using the following well-
known identities for the Bessel function:

(5 + Y = 1102
. (10.22)

(@—9@@=—AH@.

As an illustration, we demonstrate how a constraint for the
conformal current (3.3) can be obtained from the modified
Lorentz gauge condition (10.2). To this end, adapting
relation (10.19) for v = v, (10.5), we obtain

d—73

(az - —)U,,o — v, (-0).

2 (10.23)

Plugging normalizable solutions ¢4, (10.9), énom
(10.10) in the modified Lorentz gauge condition (10.2)
and using (10.23) we obtain the relation

d—73
9 gorm + (az - 2—)¢n0rm = le(aa¢gur + Dd’cur),

Z
(10.24)

i.e., our modified Lorentz gauge condition (10.2) indeed
leads to a differential constraint for the conformal current
(3.3).

As second illustration, we demonstrate how gauge trans-
formations of the conformal current (3.4) and (3.5) can be
obtained from leftover on shell gauge transformations of
the massless AdS field (10.6) and (10.7). To this end, we
note that the respective normalizable and non-
normalizable solutions of equation for the gauge trans-
formation parameter (10.8) take the form

Enom (%, 2) = U, Eeurl(), (10.25)

gnon-norm(x’ Z) = U—Vl fsh(x)-

Plugging (10.9) and (10.25) in (10.6), we see that (10.6)
indeed leads to (3.4). To match the remaining gauge trans-
formations (3.5) and (10.7), we adapt relation (10.18) with
v = v, to obtain

(10.26)
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d—73
((?Z + 2—Z>UV1 = UVO'

Plugging (10.25) in (10.7) and using (10.27), we obtain
5¢norm = Uvo'fcur' (1028)

Taking into account (10.10), we see that the gauge trans-
formations (3.5) and (10.7) match.

In similar way, one can match: (i) the leftover on shell
gauge transformations of the non-normalizable massless
AdS modes and the gauge transformations of the shadow
field; (ii) the modified Lorentz gauge condition for the non-
normalizable solution and the differential constraint for the
shadow field.

Gauge invariant fields T¢,,, T§, givenin (3.11) and (4.11)
can also be obtained via AdS/CFT correspondence. We
consider a field strength W¢ constructed out of the massless
fields ¢, ¢,

(10.27)

we = (az + u)(ﬁ“ — 9%, (10.29)
2z
and note that
(1) W is invariant under gauge transformations (10.6)
and (10.7).
(i1) Plugging the normalizable and non-normalizable so-
lutions (10.9)—(10.12) in (10.29) and using (3.11) and
(4.11), we obtain the respective relations

Wgorm = UI/O Tgurr ( 1030)

=U_, (-T4), (10.31)

a
Wnon-norm

i.e., for the normalizable solution, bulk field W¢
(10.29) corresponds to the boundary gauge invariant
field T¢, (3.11), while, for the non-normalizable
solution, bulk field W* (10.29) corresponds to the
boundary gauge invariant field T (4.11).
(ii1) Denoting the left-hand side of (10.2) by C,,.q, We get
d—73

dIWe = (az + —)Cmod.

2 (10.32)

We then check that plugging the normalizable solution in
(10.32) and using (10.30) gives (3.12), while plugging the
non-normalizable solution in (10.32) and using (10.31)
gives (4.13).

B. AdS/CFT correspondence for spin-2 fields

We now proceed with the discussion of AdS/CFT cor-
respondence for a bulk massless spin-2 AdS field and a
boundary spin-2 conformal current and shadow field. To
this end, we use the modified de Donder gauge condition
for the massless spin-2 AdS field [16]."7 In Ref. [16], we

'7A discussion of AdS/CFT correspondence for a massless
spin-2 field taken to be in radial gauge may be found in [37,38].
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found that the suitable modification of the standard
de Donder gauge condition leads to the decoupled equa-
tions of motion for the massless spin-2 AdS field. We begin
therefore with a presentation of our results from Ref. [16].
Some useful details may be found in the Appendix C.

In AdS,+; space, a massless spin-2 field is described by
fields ¢ (x, z), p“(x, z), d(x, z). The field ¢ is the rank-
2 tensor field of the so(d — 1, 1) algebra, while ¢“ and ¢
are the respective vector and scalar fields of the so(d —
1, 1) algebra. The gauge condition, which we refer to as the
modified de Donder gauge condition, is defined to be

- d—_zl>q§“ —0, (10.33)

1
ab¢ab — Eaa(bbb + <az
1 d— d—3
S () PO (R P
2 2z
(10.34)

where u is given in (5.5). A remarkable property of this
gauge condition is that it leads to the decoupled equations
of motion for the fields ¢, ¢*, ¢,

1 1
(D + 92 - Z—2<V§ - Z))d)“b =0, (10.35)
1
(D + 9% — Z—2<I/% - Z))(ﬁ“ =0, (10.36)
2 1 2 1 —
D+az—z—2 g ¢ =0, (10.37)
d d—2 d—4
Vy = 5, vy = T, 140} T (1038)

These equations and the gauge condition (10.33) and
(10.34) are invariant under the leftover on shell gauge
transformations,

2 d—1
6¢ab:aaé‘:b+abé‘:a+d_2<az_ ) abé‘:

27
(10.39)
Spt = 99 + (az + —dZ_z ])ga, (10.40)
8¢ = u(a + dzz 3)5, (10.41)

where the gauge transformation parameters £ and ¢ sat-
isfy the respective equations of motion,

1 1
(+a-5(a-3)e -0

D

(10.42)

(D + 92 (10.43)
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Thus, we see that our modified de Donder gauge leads to
the decoupled equations of motion for both the gauge fields
and gauge transformation parameters. This streamlines the
investigation of AdS/CFT correspondence.

First of all, we note that the normalizable solution of
equations of motion (10.35), (10.36), and (10.37) is given
by

norm(x Z) UV2 d)gubr(x)’ (10.44)
QSgorm(x! Z) = U,,] (_ d)gur(x))’ (1045)
¢n0rm(x’ Z) = UVU ¢cur(x)’ (10'46)

while the non-normalizable solution takes the form
¢g(l))n-norm(X, 7)=U_ V2¢ (x) (10.47)
¢gon-norm(~xr 7) = U—yl d)?h(x)’ (10.48)
P rnon-norm (X, 2) = U vy Dan(x), (10.49)

where the operator U, is defined in (10.13). From these
relations, we find the asymptotic behavior of the normal-
izable solution

Bl (x, ) 72 12 b () (10.50)
blom(x, )= 7 12 g (), (10.51)
Brom(® )= 20D (), (10.52)

while the asymptotic behavior of the non-normalizable
solution takes the form

z—0

B enorm (X, 2) = 22T /2 b (x), (10.53)
¢n0n norm(-x Z)Z:'OZ V1+(1/2)¢gh(x)’ (1054)
Bronnorm (5, )= 270 12 b (). (10.55)
From (10.50)—(10.55), we see that the fields ¢2%, pd., deur

are 1ndeed boundary values of the normalizable solution,
while @b, ¢4, ¢y, are boundary values of the non-
normalizable solution.

In the right-hand side of (10.44)—(10.49), we use the
respective notation ¢, @&y, de and G, dL, b,
because these boundary values turn out to be the spin-2
conformal currents and shadow fields entering our gauge
invariant formulation in Secs. V and VI. Namely, one can
prove the following statements:

(1) Leftover on shell gauge transformations (10.39)—
(10.41) of the normalizable solution (10.44)—
(10.46) lead to the gauge transformations (5.6),
(5.7), and (5.8) of the conformal currents @2,
&> Geurs While leftover on shell gauge transforma-
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tions (10.39)—(10.41) of the non-normalizable solu-
tion (10.47)—(10.49) lead to the gauge transforma-
tions (6.5)—(6.7) of the shadow fields ¢, p2 . ¢,

(i) For the normalizable solution (10.44)—(10.46), the
modified de Donder gauge condition (10.33) and
(10.34) leads to the differential constraints (5.3) and
(5.4) of the conformal currents ¢Z2., ¢&.., by While,
for the non-normalizable solution (10.47)-(10.49),
modified the de Donder gauge condition (10.33) and
(10.34) leads to the differential constraints (6.3) and
(6.4) of the shadow fields ¢2°, ¢4, dg,.

(iii) Global so(d, 2) bulk symmetries of the normalizable
(non-normalizable) massless spin-2 modes in
AdS, | become global so(d, 2) boundary conformal
symmetries of the spin-2 current (shadow field).

These statements can easily be proved in the same way
as in the case of the massless spin-1 field. To do that one
needs to use the relations for the operator U, given in
(10.18)—(10.21). Also, one needs to take into account the
following normalizable solution of equations of motion for
the gauge transformation parameters in(10.42) and (10.43):

&horm (%, 2) = U, £6ur(x), (10.56)

Enom (X, 2) = UV] (= &eur(x)),
and the appropriate non-normalizable solution given by

fgon—norm(x» 7) = UVZ f:h(x), (10.58)

(10.57)

&non-norm (X, 7) = UVI En(x).

We note that the gauge invariant fields 7%, T4 given in
(5.15) and (6.12) can also be obtained via AdS/CFT cor-
respondence. Thus, we consider a field strength W** con-
structed out of the massless fields ¢, ¢, ¢,

d—3 d—1
ab — +_ +_ ab
v (az 2z )(az 2z >¢

(10.59)

- <az - Q)(aw)b T abge) + 2 auab g
2z u

70, (10.60)

n 2
(d—2)u
where u is given in (5.5). We note that
(i) W is invariant under the on shell gauge transfor-
mations (10.39)—(10.41).
(i1) Plugging normalizable and non-normalizable solu-
tions (10.44)—(10.49) in (10.60) and using (5.15) and
(6.12), we obtain the respective relations

Witm = U, T, (10.61)

Wrtll(i)n-norm =U- v ( - T;’hh s (10.62)

i.e., we see that, for the normalizable solution, the
bulk tensor field W4 (10.60) corresponds to the
boundary gauge invariant field T¢. (5.15), while,
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for the non-normalizable solution, the bulk tensor
field W*? (10.60) corresponds to the boundary gauge
invariant field 74" (6.12).

(iii)) Denoting the respective left-hand sides of (10.33)
and (10.34) by Ci _, and C,,q, We get

9w — %auwb” = (az it 3)(az 441 1)C“

2Z ZZ mod’
(10.63)
d—73
Waa = —2<aZ + 2—)cm0d. (10.64)
74

We then check that plugging the normalizable solution in
(10.63) and (10.64) and using (10.61) gives (5.16), while
plugging the non-normalizable solution in (10.63) and
(10.64) and using (10.62) gives (6.14).

XI. ADS/CFT CORRESPONDENCE FOR
ARBITRARY SPIN FIELDS

We proceed with the discussion of AdS/CFT correspon-
dence for the bulk massless arbitrary spin-s AdS field and
the boundary spin-s conformal current and shadow field.
To discuss the correspondence, we use the modified
de Donder gauge condition for the bulk massless arbitrary
spin field.'® In Ref. [16], we found that some modification
of the standard de Donder gauge condition'® leads to the
decoupled equations of motion for the arbitrary spin AdS
field.*® We begin therefore with a presentation of our
results from Ref. [16]. In AdS,.; space, the massless
spin-s field is described by the following scalar, vector,
and totally symmetric tensor fields of the Lorentz algebra
so(d — 1, 1):

¢, =01, (11.1)
The fields d)j,‘"'a“’ with s’ > 3 are double-traceless,
aabbas..ay ;o
o T =0, s'=45,...,s. (11.2)

s

In order to obtain the gauge invariant description in an
easy-to-use form, we use the oscillators and introduce a
ket-vector |¢) defined by

gy =D ai Iy, (11.3)
s'=0

"®In light-cone gauge, AdS/CFT correspondence for arbitrary
spin massless fields was studied in Ref. [11]. In radial gauge,
AdS/CFT correspondence for arbitrary spin massless fields was
considered in Ref. [39].

"“Recent interesting applications of the standard de Donder
gauge to the various problems of higher-spin fields may be found
in Refs. [40,41].

20We believe that our modified de Donder gauge will also be
useful for a better understanding of various aspects of AdS/QCD
correspondence which are discussed e.g. in [42-45].
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a® .. at

s (s — s)!

From (11.3) and (11.4), we see that the ket-vector |¢) is a
degree-s homogeneous polynomial in the oscillators a“,
a®, while the ket-vector |¢ ) is a degree-s’ homogeneous
polynomial in the oscillators a“, i.e., these ket-vectors
satisfy the relations

(No + N, = 5)l$) =0,

lpy) = (V) (11.4)

(11.5)

(Ny = s"lpg) = 0.

In terms of the ket-vector |¢), the double-tracelessness
constraint (11.2) takes the form

(@)*¢) = 0.

The gauge condition, which we refer to as the modified
de Donder gauge condition, is defined as

(11.6)

11.7)

C noal ) =0, (11.8)
~ 5 1 ~2 1 =2 _ = 1701,2]
CmOdEaa—Eaaa +Eela — e I1tH4) (11.9)
mid=1-a_ 1 & (11.10)
22N, + d)
2s+d—5—2N
e = eu(az + 2 . ) (11.11)
Z
2s+d—5—2N
g, = (az - 5 Z)éu, (11.12)
e = —ace e = —éas, (11.13)
25 +d—4— N, \I/2
¢, = . 11.14
“ <2s+d—4—2Nz) (11.14)

In this gauge, we obtain the decoupled equations of motion
for the massless arbitrary spin-s AdS field | ),

(e b po

_ d
1/=s+—2 - N..

The gauge condition (11.8) and Eqs. (11.15) are invariant
under the leftover on shell gauge transformation

(11.15)

(11.16)

a2

" 25+d—6—2N,

o1) = (s — e &)l (117)
where e, ¢, are givenin (11.11) and (11.12) and the gauge
transformation ket-vector |£) satisfies the equations of
motion
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o+ -3

with v given (11.16). In terms of so(d — 1, 1) algebra
tensor fields, the ket-vector |£) is represented as

(11.18)

s—1
1) = a7 7€), (11.19)
s'=0
a®r . at aa
|€y) = —————=¢"""10), (11.20)
WG T
and satisfies the standard tracelessness constraint
azlg =o. (11.21)

We note that the gauge invariant description of the
conformal currents (or shadow fields) given in the
Secs. VII and VIII and the description of AdS fields given
in this section turn out to be very convenient for studying
AdS/CFT correspondence because of the following rea-
sons:

(1) The number of gauge fields involved in the gauge

invariant description of the spin-s conformal current
(or shadow field) in d-dimensional space is equal to
the number of gauge fields involved in the gauge
invariant description of the massless spin-s field in
AdS,. [see (7.1), (8.1), and (11.1)]. Note also that
the conformal current, shadow field, and AdS field
satisfy the same double-tracelessness constraint [see
(7.2), (8.2), and (11.2)].

(i1)) The number of gauge transformation parameters in-
volved in the gauge invariant description of the
spin-s conformal current (or shadow field) in
d-dimensional space is equal to the number of gauge
transformation parameters involved in the gauge
invariant description of the massless spin-s field in
AdS; 4 [see (7.15), (8.15), (11.9), and (11.20)].
Also, all these gauge transformation parameters sat-
isfy the same tracelessness constraint [see (7.22),
(8.22), and (11.21)].

(iii) In the Poincaré parametrization of AdS,,  space, the
d-dimensional Poincaré symmetries of AdS,.; field
theory are manifest. In the conformal current/
shadow field theory, the d-dimensional Poincaré
symmetries are also manifest, i.e. manifest
Poincaré symmetries of AdS field theory and CFT
match.

We now discuss solutions of equations of motion in
(11.15). It is easy to see that the respective normalizable
and non-normalizable solutions of Eqs. (11.15) take the
form

|¢n0rm(xy Z)) = UV(_)N‘Wl(»bcur(x»y
|¢non-norm(xr Z)> = U—vl(;bsh(x))’

where the operator U, is defined in (10.13). From these

(11.22)

(11.23)
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relations, we find the asymptotic behavior of our solutions

| hrorm (%, )= 271D (1), (11.24)
| B nomanorm (%, )= 2712 (x)). (11.25)

Now we are ready to formulate our statements:

(1) Leftover on shell gauge transformation (11.17) of the
normalizable solution (11.22) leads to the gauge
transformation (7.23) of the current |¢.,), while
leftover on shell gauge transformation (11.17) of
the non-normalizable solution (11.23) leads to the
gauge transformation (8.23) of the shadow field
|¢sh>-

(i) For the normalizable solution (11.22), the modified
de Donder gauge condition (11.8) leads to the dif-
ferential constraint (7.9) of the current |¢.,,), while,
for the non-normalizable solution (11.23), the modi-
fied de Donder gauge condition (11.8) leads to the
differgllltial constraint (8.9) of the shadow field
|¢sh>'

(iii) Global so(d, 2) bulk symmetries of the normalizable
(non-normalizable) massless spin-s modes in
AdS, | become global so(d, 2) boundary conformal
symmetries of the spin-s current (shadow field).

We note that all these statements can straightforwardly

be proved by using the following relations for the operator
U,

e U, = U,a, (11.26)
&,U, = U,(-0a), (11.27)

e U, =U_,(—0a), (11.28)

e U_, =U_,a, (11.29)

e (zU,41) = 2U, 4 05 (11.30)

& (U, ) = 2U,a& — 700U, . &, (11.31)

e, (zU_,1) =2U_,a* —OU_,,,a% (11.32)
e1(zU_p41) = 2U- 1105 (11.33)

where v is given in (11.16) and we use the notation

2'We expect that use of the standard de Donder gauge condition
leads to an isomorphic realization of conformal symmetries. At
present time, it is difficult to check this statement explicitly
because the standard de Donder gauge condition leads to coupled
equations. Analysis of these equations is complicated and their
solution is not known in closed form so far (see e.g. Ref. [41]).
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CIECYZ az+ s
Z

1
y—1
€ E(az— 2)5&
Z

Also, one needs to take into account the following
normalizable and non-normalizable solutions of equations
of motion for the gauge transformation parameters in
(11.18),

|§norm(-x’ Z)> = UV(_)Nzl‘fcur(x));

(11.34)

(11.35)

(11.36)

|§non—n0rm(xy Z)> = U,,,lfsh(x))

As an illustration, we demonstrate how the gauge trans-
formation of the shadow field can be obtained from the
leftover on shell gauge transformation of the massless non-
normalizable AdS modes. To this end, we note that, one the
one hand, gauge transformation of |¢,onnom, takes the
form [see (11.23)]

5|¢non—norm(xr Z)> = U7v6|¢sh(x)>~

On the other hand, plugging (11.37) in (11.17) and using
(11.28) and (11.29), we obtain the relations

(11.37)

(11.38)

5|¢non—norm(x; Z)> = (aa — e

a?

_ e |U_
s td—6— 2Nz 61) V|§Sh>
=U_,(ad + b0+ bya?)|éq),
(11.39)

where the b, b, operators entering gauge transformation
(8.23) of the shadow field are given in (8.24) and (8.25).
Comparing (11.38) and (11.39), we see that the leftover on
shell gauge transformation (11.17) of the massless non-
normalizable AdS modes (11.23) indeed leads to gauge
transformation (8.23) of the shadow field.

In a similar way, using (11.26) and (11.27), we learn that
the leftover on shell gauge transformation of the massless
normalizable AdS modes leads to the gauge transformation
of the current.

Matching of bulk and boundary global symmetries

We finish our study of AdS/CFT correspondence with
the comparison of bulk and boundary global symmetries.
On the one hand, global symmetries of conformal currents
and shadow fields are described by the conformal algebra
so(d, 2). On the other hand, relativistic symmetries of the
AdS,,, field dynamics are also described by the so(d, 2)
algebra. For application to the study of AdS/CFT corre-
spondence, it is convenient to realize the bulk so(d, 2)
algebra symmetries by using the nomenclature of the con-
formal algebra. This is to say that to discuss the bulk
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so(d, 2) symmetries we use the basis of the so(d, 2) algebra
which consists of translation generators P“, conformal
boost generators K¢, dilatation generator D, and generators
of the so(d — 1, 1) algebra, J°. In this basis, the so(d, 2)
algebra transformations of the massless spin-s AdS,.;
field | ¢) take the form 64|¢p) = G| ), where a realization
of the so(d, 2) algebra generators G in terms of differential
operators is given by

P = g4, (11.40)
Jb = x*9P — xbo* + M, (11.41)

d—1
D=xd+A A=z, (11.42)
K =K%, +RY, (11.43)
RY = RS+ RY,, (11.44)
ﬁ» = _Zéaél,l + Zel,]C_Ya, (1145)

1 2

R = — 290 (11.46)

m 2

and the operators M*” and C“ are givenin (2.19) and (7.28)
, respectively, while K ,, and e;; are given in (2.16) and
(11.13), respectively.

We note that the representation for generators given in
(11.40)—(11.43) is valid for the gauge invariant theory of
AdS fields. This to say that our modified Lorentz and
de Donder gauges respect the Poincaré and dilatation
symmetries, but break K¢ symmetries. In other words,
the expressions for generators P?, J%, and D given in
(11.40), (11.41), and (11.42) are still valid for the gauge-
fixed AdS fields, while the expression for the generator K¢
(11.43) should be modified to restore conformal boost
symmetries for the gauge-fixed AdS fields. Therefore, let
us first demonstrate matching of the Poincaré and dilata-
tion symmetries. What is required is to demonstrate match-
ing of the so(d, 2) algebra generators for bulk AdS fields
given in (11.40), (11.41), and (11.42) and ones for bound-
ary currents (or shadow fields) given in (2.12)—(2.14). As
for generators of the Poincaré algebra, P¢, Jab, they al-
ready coincide on both sides [see formulas (2.12) and
(2.13) and the respective formulas (11.40) and (11.41)].
Next, consider the dilatation generator D. Here we need the
explicit form of the solution to bulk theory equations of
motion given in (11.22) and (11.23). Using the notation
D aqs and Dcgr to indicate the respective realizations of the
dilatation generator D on the bulk fields (11.42) and the
conformal currents and shadow fields (2.14), we obtain the
relations

DAdS|¢norm> = UVDCFT|¢CU1”>’ (1147)
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DAdS|¢non-n0rm> = U*VDCFT|¢Sh>’ (1148)

where the expressions for D¢pp corresponding to |,
and |¢g,) can be obtained from (2.14) and the respective
conformal dimension operators A given in (7.26) and
(8.26). Thus, the generators D qg and Dcpr also match.

We now turn to matching the conformal boost K* sym-
metries. Technically, this is the most difficult point of the
analysis because matching the K¢ symmetries requires
analysis of some subtleties of our gauge fixing for the
AdS field. We now discuss these subtleties.

As we have already said, our modified Lorentz and
de Donder gauges break the K symmetries. This implies
that generator K¢ given in (11.43) should be modified to
restore the conformal boost symmetries of the gauge-fixed
AdS field theory. In order to restore these broken K¢
symmetries we should, following standard procedure, add
compensating gauge transformations to maintain the con-
formal boost K symmetries. Thus, in order to find im-
proved K¢ transformations of the gauge-fixed AdS field
|), we start with the generic global K¢ transformations
(11.43) supplemented by the appropriate compensating
gauge transformation

Kﬁnpr|¢> = Ka|¢> + 8§K" |¢>,

where the gauge transformation o £ ¢) is obtained from
(11.17) by substituting |&) — |£K"). The compensating
gauge transformation parameter |£X") can usually be found
by requiring improved transformation (11.49) to maintain
the gauge condition (11.8),

(11.49)

CmOdKﬁnprl ¢> = 01

where the operator Cy.q is given in (11.9). Plugging
(11.49) in (11.50), we find that Eq. (11.50) leads to the
equation

(11.50)

(D +92 — Ziz(;ﬂ — %>)|§K"> —2C% ¢y =0, (11.51)

where v is given in (11.16) and C_‘“l is defined in (7.29).
Thus, we obtain the nonhomogeneous second-order differ-
ential equation for the compensating gauge transformation
parameter |£X°). Plugging the normalizable solution
(11.22) and the non-normalizable solution (11.23) in
(11.51), we find the respective solutions to the compensat-
ing gauge transformation parameters,

[ERm (%, 2)) = 2U, 11 C4L ()Y [ eur), (11.52)

|§nK(:n-norm(x’ Z)> = ZU—V-HC_Vj_ld)sh)- (1153)

Making use of solutions (11.52) and (11.53) in (11.49), we
obtain the improved K“ transformations. We then make
sure that the improved K¢ transformations of the
normalizable/non-normalizable bulk AdS modes lead to
the conformal boost transformations for the current/
shadow fields obtained in Sec. VII/VIIL. This can easily
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be proved by using relations for the operator U, given in
(11.26)—(11.33). Details may be found in Appendix E.

The results presented here should have interesting gen-
eralizations to mixed-symmetry fields. In the case of
mixed-symmetry fields we could, in principle, redo our
analysis by using the equations of Ref. [24] given in
Lorentz/de Donder gauge conditions. However, as in the
case of totally symmetric fields, these gauge conditions
lead to coupled equations. Analysis of these coupled equa-
tions is complicated and their solution is not known in
closed form so far. On the other hand, a promising gauge
invariant approach to mixed-symmetry AdS fields was
recently developed in Ref. [34]. It would be interesting to
generalize our modified de Donder gauge to the mixed-
symmetry fields by using this approach. This will it make
possible to extend our analysis to the case of mixed-
symmetry fields.

XII. INTERRELATIONS BETWEEN GAUGE
INVARIANT APPROACHES TO CURRENTS,
SHADOW FIELDS AND MASSIVE FIELDS IN FLAT
SPACE

The gauge invariant description of conformal currents
and shadow fields involves Stueckelberg fields. As is well
known, the gauge invariant description of a massive field is
also formulated by using Stueckelberg fields. It is worth
mentioning that the number of Stueckelberg fields in the
gauge invariant approach to the spin-s current coincides
with the number of Stueckelberg fields in the gauge invari-
ant approach to the spin-s massive field. Moreover, there
are other interesting interrelations between the gauge in-
variant approaches to conformal currents, shadow fields,
and massive fields. These interrelations are realized by
breaking the conformal symmetries and can be summa-
rized as follows.

(i) The gauge transformations of the massive fields can

be obtained from the ones of the conformal currents
(or shadow fields) by making the replacement

0— m? (12.1)

in the gauge transformations of the conformal cur-
rents (or shadow fields) and by making the appro-
priate rescaling of the conformal currents (or shadow
fields).

(i) A Lorentz-like gauge for the massive spin-1 field and

a de Donder-like gauge for the massive spin s = 2
fields can be obtained by making replacement (12.1)
in the differential constraints of the conformal cur-
rents (or shadow fields) and by making the appro-
priate rescaling of the conformal currents (or shadow
fields).

We note that it is substitution (12.1) that breaks the
conformal symmetries. Substitution (12.1) is similar to
the one used in the procedure of the standard dimensional
reduction from the massless field in d + 1-dimensional flat
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space to the massive field in d-dimensional flat space. Note
however that, in our approach, we break the conformal
symmetries of d-dimensional space down to the
d-dimensional Poincaré symmetries, while the standard
procedure of dimensional reduction breaks the d +
1-dimensional Poincaré symmetries down to the
d-dimensional Poincaré symmetries.

We now demonstrate the interrelations for various spin
fields in turn. In due course we present our de Donder-like
gauge for massive spin-s, s > 2, fields. To our knowledge
this gauge has not been discussed in the earlier literature.

Interrelations for spin-1 fields. In the gauge invariant
approach, the massive spin-1 field is described by gauge
fields ¢, ¢,, with Lagrangian

L‘__lFabFab_l( a 4 ga 2

=72 3 meg, + 9°¢,,)7,

Fb = 99¢pb — 9P p%, which is invariant under the gauge
transformations

Oy =0y O, = —mé,,

It easy to see that gauge transformations (12.3) can be
obtained by substituting

(12.2)

(12.3)

1
d)cur - — d’m; (124)
m

¢gur - ;:1’ §Cl11‘ - gm
in gauge transformations of the spin-1 current (3.4) and
(3.5). Also, it is easy to see that gauge transformations

(12.3) can be obtained by substituting (12.1) and
?h - (bf'ln’ d)sh - m¢mr fsh - fm

in gauge transformations of the spin-1 shadow field (4.4)
and (4.5).

We now consider the interrelations between the gauge
condition for the massive field spin-1 field and the differ-
ential constraints for the current and shadow field. Let us
consider the following well-known Lorentz-like gauge
condition for the massive spin-1 gauge fields and the
corresponding gauge-fixed equations

by + me,, =0,

(12.5)

(12.6)

(O - m?) 2 =0, (12.7)

which are invariant under leftover on shell gauge trans-
formations (12.3), if the gauge transformation parameter
satisfies the equation

@O - md)é,, = 0. (12.8)

Note that gauge-fixed equations (12.7) can be obtained
from the appropriate gauge-fixed Lagrangian. Namely,
denoting the left-hand side of (12.6) by C,,, we obtain
the well-known gauge-fixed Lagrangian

1
Lo =L~ 5 CnCon (12.9)
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total ¢a (D - mZ)d)

which leads to Egs. (12.7).

We now note that the Lorentz-like gauge condition for
massive gauge fields (12.6) can be obtained from the
differential constraint for the conformal current (3.3) [or
shadow field (4.3)] by making substitutions (12.1), (12.4),
and (12.5).

Interrelations for spin-2 fields. In the gauge invariant
approach, the massive spin-2 field is described by gauge
fields ¢m , %, ¢,, with Lagrangian [25]

(12.10)

£ = 8 Eenb,) ™ + 5 B8 Ennd,) + 3 6,00,

uaa¢m) - m_ ¢ab ab

4
dm?
2(d —2)

+ mapi (0 Bl — 0

m2 um2
o bo P+
(12.11)

where the respective second-derivative Einstein-Hilbert
and Maxwell operators Egy, Epax are given by

(Egn)® = O¢ — 999°¢ — 6°9°pe? + 999" pe°
+ n®(9¢9¢ pee — pe), (12.12)
(EMax¢)a = D¢a - auab¢b: (12.13)

and u is defined in (5.5). Lagrangian (12.11) is invariant
under the gauge transformations

Sl = 09&h + abgs + jﬂabfm, (12.14)
Sy = 0“6, — méj, (12.15)
o¢,, = —umé,, (12.16)

It is easy to see that these transformations can be obtained
by making substitutions (12.1) and

1 1
cur - d) d)gur - E fnr d)cur - W d)m’
(12.17)
a a 1
‘fcur - gm’ fcur - E fmr (1218)
ub - d) gh - md)?n’ ¢sh - m2¢mr

(12.19)

o Em En— mép, (12.20)

in gauge transformations of the current (5.6), (5.7), and
(5.8) [or shadow field (6.5)—(6.7)].

Now let us consider interrelations between gauge con-
ditions for the massive gauge fields and the differential
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constraints for the current and shadow field. We find the
following de Donder-like gauge condition for the massive
gauge fields:

ab ¢ub

1
—an;gf + mg? =0, (12.21)

1
0% + —mdet + umde,, =

> (12.22)

The surprise is that the gauge condition (12.21) and (12.22)
leads to the decoupled equations of motion for the massive
gauge fields,

@O -m’)¢s =0, (O-m’)g5, =0,

(12.23)
(D - m2)¢m =0.

The gauge condition and equations of motion are invariant
under leftover on shell gauge transformations (12.14)—
(12.16), where the gauge transformation parameters satisfy

the equations
@O-mdés =0,  (O-m)éE, =0 (12.24)
Note that gauge-fixed equations (12.23) can be obtained
from the appropriate gauge-fixed Lagrangian. Namely, if
we denote the respective left-hand sides of (12.21) and
(12.22) by C4% and C,,, and define the gauge-fixed

Lagrangian as

1
-=-C,C,,

1
Liw = L =5CCh =5 (12.25)
then we get the surprisingly simple gauge-fixed
Lagrangian:
1
Liga = d) (mEs 2)¢Z1b - gd)%a(m - m2)¢lr7nb

42 08O=m) s+ 3 b, 0= D), (1226)
which leads to Egs. (12.23). To our knowledge, for d > 4,
the gauge condition (12.21) and (12.22) and Lagrangian
(12.26) have not been discussed in the earlier literature.

‘We now note that the de Donder-like gauge condition for
the massive gauge fields (12.21) and (12.22) can simply be
obtained by making substitutions (12.1), (12.17), and
(12.19) in differential constraints for the current (5.3) and
(5.4) [or shadow field (6.3) and (6.4)].

Also, we note that the gauge invariant field T4 (5.15)
[or Ts“h” (6.12)] can be related with the Pauli-Fierz field
entering spin-2 massive field theory. Thus, in the gauge
invariant approach, the Pauli-Fierz field has the following
representation in terms of the massive gauge fields**

22For d = 4, formula (12.27) was given in Ref. [46].
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1 2
g = it + —(0°¢), + 8" h) + —5 090",
m um
2

+ - ab
(d_2)un ¢m’

(12.27)

where u is given in (5.5). One can make sure that
(i) ®g is invariant under gauge transformations
(12.14)—(12.16);
(ii) inserting the field ®g into the Pauli-Fierz
Lagrangian for the massive spin-2 field

1 m?
L = Z(Dlg]lé(EEHq)PF)ab vy (Db gt

— D), (12.28)
gives gauge invariant Lagrangian (12.11);

(iii) P2 given in (12.27) can simply be obtained by
making substitutions (12.1) and (12.17) in field T4,
(5.15) [or by making substitutions (12.1) and (12.19)
in field 74" (6.12)].

Interrelations for arbitrary spin fields. We begin with a
presentation of the gauge invariant Lagrangian for the
massive spin-s field in d-dimensional flat space. Gauge
fields entering the gauge invariant Lagrangian can be col-
lected in a ket-vector

[bm) = Z @™ b, (12.29)
s'=0

| )= a’ . af @iy | )
¢m,s’ = ﬁ(ﬁm,s’ :

In terms of ket-vector (12.29), the Lagrangian of the
massive gauge fields takes the form*

(12.30)

1
L =5{onlElPn), (12.31)
where operator E is given by
E=Eqg + Eq) + E), (12.32)

1 1 1
Ep=0-adad + E(aa)zc‘y2 + Ea2(c‘ua)2 - Ecﬂmaz
1

— Zoﬂaa&aaﬂ, (12.33)

Eq=2,A+e,A, (12.34)

Eq =my + a*@my + mya® + mya?,  (12.35)
= 25 |

A =ad — atad + 19 ada’, (12.36)

aj...
m,s’

*In terms of the tensor fields ¢ """, the Lagrangian (12.31)

was found in [25].
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. 1
A =ad— ada’+ Zoﬂaaaz, (12.37)
Cim = mazél, élm = _n’Ié]C_YZ, (1238)
2s+d—2—-N
my = — S (N, — Dm?, (12.39)

~ 2s+d—2-2N,

_202s+d—-2)+Q2s+d—TN. - N?

g 425 +d—2 - 2N.) "
(12.40)
1 _ _
msy = Eelmelm, msy = Eelmelm. (1241)

The Lagrangian is invariant under the gauge transforma-
tion

a?

25 +d—6— 2N,

olby) = (i = e - )

(12.42)

where the ket-vector of the gauge transformation parame-
ter |£,,) is represented in terms of the so(d — 1, 1) algebra
tensor fields as

s—1
1€, =D as17E, ), (12.43)
s'=0

a .. a?
e (_le' s,af’ |0).
sS(s =1 =35
The ket-vectors |¢,) and |&,) satisfy the respective
double-tracelessness and tracelessness constraints

(@)Plp) =0,  &lé,) =0

Now let us consider the interrelations between the gauge
invariant approaches to the massive field, conformal cur-
rent, and shadow field. We begin with a comparison of the
gauge transformations.

It is easy to see that the gauge transformation (12.42) can
simply be obtained by making substitutions (12.1) and

|pour) = m ™Yl b), ) = m VA€,

| é‘:m,s’> = (1244)

(12.45)

(12.46)

|¢sh> - mNz|¢n1>’ |§sh> - mNZ|§m>’ (1247)

in gauge transformation of the conformal current (7.23) [or
shadow field (8.23)].

We now proceed with a comparison of the de Donder-
like gauge for the massive gauge fields and the differential
constraints for the currents and shadow fields. We find the
following de Donder-like gauge condition for the massive
arbitrary spin-s field

Cold. =0, (12.48)
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- 1 1
C,=aj— 5ozao'ﬂ + Eelmaz — 2,112,

(12.49)

We note that gauge condition (12.48) leads to the de-
coupled gauge-fixed equations of motion for the massive
gauge fields

(O —m?)¢,) = 0.

These gauge-fixed equations of motion and the gauge
condition (12.48) are invariant under leftover on shell
gauge transformations (12.42) if the gauge transformation
parameter satisfies the equation

O —m?)|é,) =0.

(12.50)

(12.51)

Note that gauge-fixed equations (12.50) can be obtained
from the appropriate gauge-fixed Lagrangian. Namely, if
we define the gauge-fixed Lagrangian as

1 ~
Ltotal = ‘E + §<¢mlcmcm|¢m>J (1252)
where C,, is given in (12.49), while C,, is defined by
1 1
C, = ad— Eoﬁc—va + Eé,moﬂ — e, 1102 (12.53)

then we get the
Lagrangian:

surprisingly simple gauge-fixed

1 1
L o = 5<¢>m|<1 - Za2a2)(m —m)|p,),  (12.54)

which leads to Egs. (12.50). To our knowledge, the
de Donder-like gauge condition (12.48) and gauge-fixed
Lagrangian (12.54) have not been discussed in the earlier
literature.

We now note that the de Donder-like gauge for the
massive gauge fields (12.48) can simply be obtained by
making substitutions (12.1), (12.46), and (12.47) in differ-
ential constraints for the currents (7.9) [or shadow fields
(8.9)].

To summarize, we have obtained the gauge transforma-
tions and de Donder-like gauges of the massive fields from
the gauge transformations and the differential constraints
of the conformal currents (or shadow fields). It is clear that
we can formally inverse our substitutions, i.e., we can
obtain the gauge transformations and the differential con-
straints of the conformal currents (or shadow fields) from
the gauge transformations and the de Donder-like gauge of
the massive gauge fields by using formally the inverse
substitution; i.e., first, by making the appropriate rescaling
of the massive gauge fields and then making the substitu-
tion m? — . By now, in the literature, there are various
approaches to gauge invariant formulations of massive
fields. Obviously, use of the just mentioned interrelations
between conformal currents (shadow fields) and massive
fields might be helpful for a straightforward generalization
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of those approaches to the case of conformal currents and
shadow fields.
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APPENDIX A: RESTRICTIONS IMPOSED BY
GAUGE INVARIANCE AND BY DILATATION
SYMMETRY

Under the dilatation transformations, the currents and
shadows transform as &p|d.y) = Doyl Pewr)> Opldgn) =
Dy | dq.), where D, Dy, are given by

Dcur =xdJ + Acur’ Acur = AOcur - Nz: (Al)

Dsh =xd + Ash’ Ash = A()sh + Nz’ (AZ)

and where A, Agg, are constants. We now demonstrate
that the two-point current-shadow field interaction vertex

L = (pculmlpn) (A3)

is invariant under the dilatation transformations provided
p takes the following form:

p =1+ g a?a’>+ g,00a? (A4)

8y = afatg,, (A5)

where g, §, depend only on N_. To this end, we start with
the general expression for u:

p=1+ga*a’>+ g’2&2 + ggaz, (A6)

g = afaigy, gy = giacdr (A7)
where gy, g4, g4 depend only on N, and [J. Requiring
vertex L (A3) to be invariant under the dilatation trans-
formation, 6L = 0 (up to total derivative), gives the

equation

Dluwp + pDy, =0, (A8)

which amounts to the following equations:
[xd + N, u] =0, (A9)
AOCur + AOSh =d. (AIO)

It is easily seen that solution to Eq. (A9) is given by
g =02, 85 =0, (AL1)

where g, depends only on N,. Plugging this solution in
(A6), we see that u takes the form given in (A4) and (AS).
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We now find the restrictions imposed on the gauge
transformations of |¢.,.) and |¢,) by the dilatation sym-
metry. We are going to demonstrate that the dilatation
symmetry leads to the following gauge transformations
of the currents and shadows:

8lbeur) = Geurlécur), (A12)

Sldgn) = Ganlém) (A13)

Geyr = @0 + byoyr + byera®0], (A14)

Gy, = ad + b g0 + byy,a?, (A15)

Drewr = by, bcur = boou @, (A16)
bigh = @by, bagh = by @, (A17)

where by cyrs bocurs Pighs Pagy depend only on N, .. To this end,
we note that under the dilatation transformations the gauge
transformation parameters |&.,) and |&g,) transform as
8D|§cur> = churlé:cur>’ 6D|§sh> = Dfshlfsh>v where chur’
Dy, are given by

D¢, = Dewr — L, Dg, = Dy — 1, (A18)

and D, Dg, are defined in (Al) and (A2). To avoid
repetition, we restrict our attention to the gauge transfor-
mation of the current. We note that the general form of the
gauge transformation operator G, (A12) is given by

Gewr = @d + b} + bha?, (A19)
where b/, b, depend on a*, @, and [J. Requiring the gauge
symmetry to respect the dilatation transformation, gives
the equation

Dcuchur = GCUI'chm' (A20)

Plugging G, (A19) in (A20) and using (A1) and (A18),
we see that Eq. (A20) leads to the following solution for b/,
bh:

by = aibioy by = Obyey, @, (A21)
where bj.yrs byeyr depend only on N_,i.e., we arrive at G,
given in (A14) and (A16).

In a quite similar way, one can obtain the representation
for G, given in (A15) and (A17).

We now demonstrate that requiring the vertex L to be
invariant under gauge transformations (A12) and (A13)
leads to the following results:

(i) The operators C.,,, Cy, take form:

= 1
Ccur —ad- 5&8&2 + Clcurc_¥2 + C2cur|:|H[1’2];

(A22)
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= 1
Cqp=a@d — Eaaaﬂ + i@ + cpq 1121

(A23)
(i1)) The c operators and b operators are related as
1
Clewr = — 5 blcur’ (A24)
2
Cosh — (ZS +d—6-— 2Nz)b20ur: (AZS)
1
Cloar = Eb;fsh(zs +d—6—2N,), (A26)
Cocur = _birsh; (A27)
1
Cish = — Ehlsh’ (A28)
Cosh = (2S +d—6— 2Nz)b25h' (A29)
1
Cion = 5 b2 +d =6 =2N)),  (A30)
o = ~Dlys (A31)

i.e., the ¢ operators are represented similarly to the b
operators [see (A16) and (A17)]

Cleur = azglcuw Cocur = 52curc_vzx (A32)
Cish = A Cigh Cosh = Cosn @5, (A33)
where ¢-operators depend only on N,.
(iii)) The ¢ operators satisfy the relations:
5~ x 1., P 1.,
CicurC2cur — 5€17 C1shC2sh = 5 €17 (A34)
2 2
where ¢é; is defined in (7.14).
(iv) g; and g, are determined to be
1
81 =" 8 =0. (A35)

Before proving these results, we note that the methods
for finding the operators C,,, and Cg, are quite similar.
Therefore to avoid repetition we present details of the
derivations of the operator Cg,.

To find the restrictions imposed on Cg, by requiring that
L be invariant under the gauge transformation of | ¢,.) we
note the relation (up to total derivative)
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~(GewleulplP) = (€eurl(@d +2g a0 @?
+ go0@da@ = b, — (blea + bl
+2b3.812N, +d)0a?) ¢,),
(A36)

which implies that the requirement of invariance of L
under the gauge transformation of |¢,.),

<chr§curlﬂ'|¢sh> =0,

leads to the constraint
Csh|¢sh> = Or

with the following Cg,:

(A37)

(A38)

Cq = mi2(@o + 2g @da’?) + g,0aoa’ — (b;rcurgz

212N, + d))da? — bt 112,
(A39)

+ 2bt

2cu

+ bl

2cur

We now find the restrictions on Cy, which are obtained by
requiring that the constraint (A38) be invariant under the
gauge transformation of |¢g,), i.e. we consider the equa-
tion

C ShGSh|§Sh> =0,

where G, and Cg, are given in (A15) and (A39), respec-
tively. Before studying all restrictions on Cg, which are
obtainable from (A40) we note that the requirement for
cancellation of @d@d and (@d)? terms in (A40) leads to g,
g» given in (A35). Plugging g, g, in (A39), we obtain
(A23) with ¢y, Cog, given in (A30) and (A31). Now we are
ready to find all restrictions on Cg, which are obtainable
from (A40). Thus, using (A23) we represent the left-hand
side of (A40) as

(A40)

CawGaléaw) = ([OX, + DaoX, + CX3)léq),  (A4])
(A42)

Xl =1+ CZshblsh + 2(2S +d—2-— 2Nz)clshb23h’

(A43)
X2 = blsh + 2Clsh’ (A44)
X3 = Cosh — (2S +d—6-— 2Nz)b25h' (A45)

From (A41), we see that Eq. (A40) amounts to the equa-
tions X;|&gq) =0, i = 1, 2, 3. The solution to equations
Xoléq) = 0, X3]€g) = 0 is given by (A28) and (A29).
Making use of (A28) and (A29) in Eq. X,|&g,) = 0 gives
the equation
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2s +d—2—2N,
C2shCish — ds+d—4—2N CishC2sh —
Z

1
E)lfsh> = 0
(A46)

Using a representation for the ¢ operators given in (A33),
we find that Eq. (A46) allows us to determine the quantity
C14nCogn uniquely. The result is given in (A34).

We finish the discussion in this appendix by remarking
on the similarity transformation of the currents and shad-
ows. As we have demonstrated, requiring the differential
constraints for the currents and shadows to be invariant
under the gauge transformations gives a unique solution for
the products ¢;.urCocur> C1snCosh (A34). From (A24), (A27),
(A28), and (A31), it is seen that the ¢ operators are related
as

I
Cish = ECZc:ur'

¢ 1,cur EZ,shJ (A47)

N =

It turns out that there are no additional restrictions on the ¢
operators. This implies that there is an arbitrariness in the
choice of the ¢ operators. We note that this arbitrariness is
related with the similarity transformation of the currents
and shadows,

|¢cur> - U|¢cur>’ |¢sh> - U™! |¢sh>’

where U is an arbitrary function of N, with the restriction
that U is not equal to zero for the allowed eigenvalues of N,
equal to O, 1,...,s. It is seen that transformation (A48)
leaves the vertex L invariant, but changes the ¢ operators.
Using this transformation one of the ¢ operators can be
made the arbitrary function of N, with the restriction that
this function is not equal to zero for allowed eigenvalues of
N, equalto 0, 1,...,s. The remaining ¢ operators are then
determined uniquely by relations (A34) and (A47). In this
paper, we use the following choice of ¢ operators:

(A48)

e Cocur = €1 (A49)

NS

C 1cur

| =

Cish =5 €1 Cosh = €. (A50)
This choice turns out to be convenient for the study of AdS/

CFT correspondence.

APPENDIX B: RESTRICTIONS IMPOSED BY
CONFORMAL BOOST SYMMETRIES

In this appendix, we use the notation R{, and R to
indicate the respective realizations of operator R* on the
current |¢.,,) and the shadow field |¢g,). Because the
methods for finding the operators R, and R¢ are quite
similar we present details of the derivation of the operator
R, and outline a procedure for the derivation of the
operator RY,,.

We find the operator R, by requiring that
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(i) the differential constraint for | ¢¢,) be invariant under
conformal boost transformations;

(ii) the operator R¢, be independent of the derivatives 9¢.

Before analyzing restrictions imposed on R§ by the
conformal boost symmetries we find the general expression
for the operator R, that respects the dilatation symmetry
and algebraic constraint (8.6). Requiring that the operator
R? respects algebraic constraint (8.6) and the commutation
relation [D, K¢] = K¢ gives

[N, + N,R4]=0 (BD)

[Ag, RE]= RS, (B2)

To derive (B2) we take into account that the operator RS is
independent of the space coordinates x* because of com-
mutator (2.9). Also, we use our assumption that R is
independent of the derivatives 9¢. Taking into account
the expression for Ay, in (A2), it is easy to see that (B1) and
(B2) amount to the commutators

[Na/, nglh] = _Rgh) [NZ’ th] = R(glh (B3)

The general solution to (B3) is obvious:

_ . =2 22072
Ry = roim@® + roggat@” + rozgaa‘as,  (B4)

Toksh = @ Tk shy k=123, (B5)

where the operators 7 s, depend only on N,. Note that to
derive (B4) we take into account constraint (8.8) which
tells us that the contribution of (&?)” terms to R§, is
irrelevant when n = 2.

We now consider restrictions imposed on R¢ by the
conformal boost symmetries. Consider the differential con-
straint for the shadow filed |¢,),

Csh|¢sh> =0,

where Cy, is given in (A23). Requiring this constraint to be
invariant under the conformal boost transformations gives
the equations

(B6)

CshKa|¢sh> = 0; (B7)

where the conformal boost operator K¢ takes the form
given in (2.15), K¢ = KZWM + R§,. To analyze Eqs. (B7)
we note the following helpful formulas:

[Cqp K{ y1= x?Cqy, + th(m + Cgh(l), (B8)

_ 1
Clo=qu—Ny—d+1)Cq —§(2NQ +d—4)Ca?,

(B9)
C;lh(l) = (2Ay — d)c,@?9* + 2¢; M@, (B10)
Cl=gi—a? e (B11)

B 2N, +d
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CaRbg) = Y bg), (B12)
Y=Y, Ca* + Y,Oaa* + Y;C% + Y,0°a>
+ YsMoba? + YoCa‘a?, (B13)
Y, = 5 €2sh70,1sh t Cosnr0,2,5h
ON. +d—4
a (B14)

- m 70,1,sh € 2shs

Yy = [cian Fo1sn] T 2C1h702,sh T 22N + d)CishT03,5n

(B15)

Y3 = [cagm 7o,1.5n) (B16)

Y, = 5 70.1sh + rooshs (B17)

Ys = oo (B18)

Yo = —ro3sn(2N, +d — 4). (B19)

Also, we note that to derive (B12) we use constraint (B6).
Using (B6), (B8), and (B12) it is easy to see that Egs. (B7)

lead to the equations,
(Y® + Cgh(o) + th(l))|¢sh> =0. (B20)

Taking into account (B9)—(B13), we see that Egs. (B20)
amount to the following equations:

(Yl - %(2Na +d- 4))Cua2|¢sh> =0, (B21)
Y,a’a@*| g,y = 0, (B22)

(Y3 + Ay, — Ny —d + 1)C%|g) = 0, (B23)
(Ys + Ay, — d)e))@dy,) =0, (B24)

(Ys + 2c))M* &| gy = 0, (B25)
YeCa'a?|pg,) = 0. (B26)

Analysis of Eqgs. (B21)—(B26) is straightforward. From
(B25) and (B26), we obtain

ro2sh = ~2Cish (B27)
r0’3,sh = O (B28)

From (B24) and (B27), we find
rorsh = 2(d + 2 — 2Ag)c (B29)

Using (B27)-(B29), we find that Eq. (B22) is satisfied
automatically. Using (B29), we represent Eq. (B23) as
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(2(d = 2Aq)canCish — 2(d + 2 — 2A ) i5nCosh

+ Ay + N, —s—d+2)C4|pg) =0 (B30)

Using the solution for the ¢ operators given in (A33) and
(A34), we find that Eq. (B30) is solved by

App =2 — s (B31)

Finally, using (B27), (B29), and (B31) and the solution for
the ¢ operators given in (A33) and (A34), we check that
Eq. (B21) is satisfied automatically.

To summarize, taking into account the solution for the r
operators given in (B27)—(B29) and (B31) and using (8.6),
we cast the operator R into the following form:

a 1
Rgh=r0’1’sh(a —a 2N +d 2) (B32)

Fo,1sh = (B33)

Inserting ¢y, (AS50) in (B32) and (B33) gives RY, (8.27).
In a similar way, we can find the operator RY,,. Requlrmg

that the operator R, respects algebraic constraints (7.6)

and (7.8) and the commutation relation [D, K] = K gives

, (B34)

21325 +d — 4 — 2N)).

a 2
Rcur rOlcurC +r02cura C +r030ur c a

rO,k,cur = FO,k,curdz: k= 1) 2: 3: (B35)

where the operators 7 ., depend only on N,. The opera-
tors C¢, C“y C? are defined in (7.28), (7.29), and (B11),
respectively. Requiring the constraint Cyy|¢cy) = 0 to be
invariant under the conformal boost symmetries leads to
the following solution for the r operators:

ro1,cur = —(2S +d—4- 2N1)02curr (B36)
2 (B37)
T = — c
0,2,cur s+ d—6— ZNZ 2cur
ro,3,cur — 0. (B38)

Inserting these r operators in (B34) and using (7.6), we cast
the operator R¢,, into the following form:

~ 2 _
Ry = C* + a? 1)
cur rU,l,cur( a (2Na +d— 2)(2Na 4 d) J_)

(B39)

With the choice of the &, operator made in (A49), the
operator R%, (B39) takes the form given in (7.27).
Alternatively, the operator R¢, can be evaluated by
using R4 (B32) and requiring the vertex L,
1
p=1- 1 a’a?,

£ = <¢cur|”’|¢sh>x (B40)

to be invariant under the conformal boost transformations.
To this end, let us use the notation K¢, and K, to indicate
the respective realizations of the operator K¢ on the current
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|peury and the shadow field |¢g,). Requiring vertex L
(B40) to be invariant under the conformal boost trans-
formations gives the relation (up to total derivative)

<¢curlﬂK h|¢§h> <Kgur¢cur|”'|¢sh>'

Taking into account that the operators Ki ., Kj M
satisfy the relation (up to total derivative)

<¢cur|I~LKZSh,M| ¢sh> = _<KZCWM¢cur|I~L|¢sh>:

we conclude that the operators R, and R should satisfy
the relation

<¢cur | ”’R?h | ¢sh> = - <Rgur (bcur | M | ¢sh>'

Using (A47) and (B32), we make sure that relation (B43)
leads to R¢, given in (B39). This provides an additional
check to our calculations.

(B41)
(B42)

(B43)

APPENDIX C: MODIFIED LORENTZ AND
DE DONDER GAUGE CONDITIONS

In this appendix, we explain some details of the deriva-
tion of the modified Lorentz and de Donder gauge
conditions.

Spin-1 field. We use field ®4 carrying flat Lorentz
algebra so(d, 1) vector indices A,B=0,1,...,d — 1,d.
The field ®4 is related with the field carrying the base
manifold indices ®#, u =0, 1,...,d, in a standard way
D4 = ¢ D, where e} 1s the vierbein of AdS,,, space.
For the Pomca.re parametrlzatlon of AdS,+; space (10.1),
the vierbein e* = ¢/t dx* and Lorentz connection de® +
w8 A ef = 0 are given by

1
A — Z 5A AB —
ey 1) Wy

1
2(5?5ﬁ - 555ﬁ),

(ChH

where 8’; is the Kronecker delta symbol. We use a cova-
riant derivative with the flat indices D4,

DAEeXD , DA=T]ABDB,

AM_(SA

(C2)

where ey is inverse of the AdS vielbein, e and
748 is the flat metric tensor. With the ch01ce made in (C1),
the covariant derivative takes the form

DAPE = ADE + ABCPDC, (C3)

54 = 704, WABC — nAc5§ _ nABSZC,

(C4)
where we adapt the following conventions for the deriva-
tives and coordinates: 94 = 948, 9, = 9/axA, x4 =
Shxt, xt = x4, x4, x1 =z,

With these conventions, the equations of motion of the
massless spin-1 AdS field ®* = ®4, O3,

DAFAB =0,  FAB = DAQE — DEQA,  (C5)

can be represented as
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(0> —dd, +d — 1)®P* — JA(DD + 2d7)

+284DD + (d + 1)84D = 0, (C6)

where §%2 = §444, DD = DAPA. Our modified Lorentz
gauge condition is defined by the relation [11]

DAPA + 2P = (), (ChH
which, in the Poincaré coordinates, can be represented as
JAPA+ (2 — d)D* = 0. (C8)

Using (C7) in gauge invariant equations of motion (C6)
leads to the decoupled gauge-fixed equations of motion

(0> —di, +d— 1D+ (d —3)82d* =0, (C9)
which can be represented as
O+ )+ (1 —dzo, +d—1)®* =0, (Cl0)
O+ )+ (1 —dzd, +2d —4)d* = 0.
(C11)
Introducing the canonically normalized field ¢4,
P = D2 A, (C12)

and using the identification ¢* = ¢, we make sure that
Egs. (C10) and (C11) amount to the respective Egs. (10.3)
and (10.4), while the modified Lorentz gauge condition
(C7) takes the form given in (10.2).

Equations of motion (C5) are invariant under the gauge
transformations

SPA = )4 E. (C13)

Making the rescaling

B =432, (C14)

we check that the gauge transformations (C13) lead to the
ones given in (10.6) and (10.7).

Spin-2 field. Einstein equations of motion for the mass-
less spin-2 field in AdS,,; can be represented as

DB — DADCRCE — DEDCRCA + DADE),

+ 2148 — 29ABp = 0, (C15)

h = h*A (C16)

where the field with the flat indices, h42, is related with the
field carrying the base manifold indices in a standard way
h*B = ¢4 eBh*”. Gauge transformations of h*% take the
form

Sh'B = DAEB + DBEA, (C17)

In terms of A48 = h9® h2@ h# our modified de Donder
gauge condition is defined to be
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1
DEpAB — 5D‘h +2h*# — n*h = 0. (C18)

In the Poincaré coordinates, this gauge condition can be
represented as

1
z0BpAB — EzaAh + (1 —d)h* =0. (C19)
Introducing the canonically normalized fields $*Z,
hAB — Z(d_l)/2$AB, (CZO)
and using (C19) we represent Egs. (C15) as
d? — 1)\ - 2 ~
(D +02 - —— ))M —SnPd= =0, (C21)
4z Z
d—1)d-3)\ -
<D + 92 — #)qﬁw =0, (C22)
4z
d—3)d-—5\-
(D + 92 — (4)#)(#2 = 0. (C23)
74

From these equations, we see that the modified de Donder
gauge itself does not lead automatically to decoupled
equations. In order to get the decoupled equations, we
introduce our fields ¢“°, ¢, ¢ defined by

d’ab — J)ab + i nabd;zz, (C24)
P =+, (C25)

1 -
b= Eucbzz, (C26)

where u is defined in (5.5). In terms of our fields (C24)—
(C26), the gauge-fixed equations of motion (C21)—(C23)
take the decoupled form given in (10.35), (10.36), and
(10.37).

The gauge transformations we use in Sec. X are obtained
from (C17) by introducing

EA — Z(d*S)/Zé':A’ (C27)
and making the identification for the so(d — 1, 1) algebra
scalar mode & = &°.

Arbitrary spin field. For the massless arbitrary spin-s
field in AdS,; , we define our modified de Donder gauge
condition as follows. Consider the totally symmetric
double-traceless so(d, 1) algebra tensor field ®A1-4s,
AABBAs-A; — (). The modified de Donder gauge condi-
tion, found in Ref. [16], is defined as

DEPA-AB 5 ; 1 DA PAAs-A BB 4 ) pAi-As-iz
_ (S _ l)nZ(Al(I)A2~~Ax—1)BB =0, (C28)

where the symmetrization of the indices A;...A ;| is
normalized as (A;...A,)=1%(A;...A, + (n! — Dterms).
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Note however that gauge condition (C28) itself does not
lead automatically to decoupled equations. One needs to
make a transformation similar to the one in (C24)—(C26).
A discussion of the transformation and the field variables
which lead to the decoupled equations of motion in Sec. XI
may be found in Ref. [16].

APPENDIX D: MODIFIED LORENTZ AND
DE DONDER GAUGE CONDITIONS IN
CONFORMAL FLAT SPACE

We now generalize from the modified Lorentz and
de Donder gauge conditions to the case of massless arbi-
trary spin fields propagating in conformal flat space.

The line element of conformal flat space takes the form

1
ds* = ?dxAdxA, (D1)
where the conformal factor Z = Z(x) depends on coordi-
nates x*. For parametrization of conformal space (D1), the

vierbein e* = e/ dx* and Lorentz connection w¢ are
given by
1 1
eh=-8h Wi =_(8028 - 8520, (D2)
7 = 9A7. (D3)

We note that AdS,;, space is obtained by requiring the
conformal factor Z to satisfy the equation
Zo4oBzZ = d>1,

1
5 nAB(zCzC _ 1)’ (D4)

7oAz = 7474 — 1, d=1. (DS)

With the choice made in (D2), the covariant derivative
takes the form

DAPE = JADE + wABCDC, (D6)

(';A — ZaA, wABC = T]ACZB _ ﬂABZC.

(D7)

We note that various conformal flat geometries are
specialized by appropriate choice of the conformal factor
Z. This is to say that the Poincaré parametrization of

AdS,,; space with coordinates A=x1 7z a=
0,1,...,d — 1, is specialized by

Z(x) =z (D8)

Also we note that the stereographic parametrization of

AdS, . space with coordinates XA A=01,...,d,is spe-

cialized by

1

Z(x)=1— ZxAxA. (D9)

Famous AdS,,, X S9! space is also conformal flat. Thus,
the AdS,.; X S?*! space can be described by coordinates
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A=xt, M a=0,1....,d—1, M=d, ...,2d + 1,

with the conformal factor given by

Z(x) = VxMxM

Now let us describe modified gauge conditions for mass-
less fields in conformal flat space. For the massless spin-1
field, our modified Lorentz gauge condition takes the form

DAPA + 2744 = 0, (D11)

(D10)

while for the massless spin-2 field the modified de Donder
gauge is defined to be
1
D BpAB — 3 DAh + 27848 — 740 = 0. (D12)
For the massless arbitrary spin-s field propagating in

conformal flat space, the modified de Donder gauge con-
dition takes the form

DEPA-AB _ 5 1 DA PArAs.-A,-1)BB
2

+2ZB@A-AB — (5 — 1)ZW pA2-A-DBE = 0, (D13)

It is easy to see that by choosing Z corresponding to
Poincaré parametrization (D8) gauge conditions (D11)—
(D13) reduce to the respective gauge conditions given in
(C7), (C18), and (C28).

APPENDIX E: MATCHING OF CONFORMAL
BOOST SYMMETRIES

We now demonstrate matching of the improved K¢
transformations of the non-normalizable bulk AdS modes
and the conformal boost transformations of the boundary
shadow fields. Matching of conformal boost symmetries of
bulk normalizable AdS modes and boundary currents can
be demonstrated in a quite similar way.

Improved K transformations of AdS field take the form

I<iampr|¢> = des|¢> + GAdSnga>: (El)

where the compensating gauge transformation parameter
|£K°) corresponding to the non-normalizable solution is
given in (11.53). The generic generator of K¢ symmetries,
denoted by K{ ¢ in this appendix, is given in (11.43), while
the gauge transformation operator G4 can be read from
(11.17),

a?

T 2s+d—6-2N,°"

GAdS = ad — e (E2)

Now we are going to demonstrate that the improved K¢
transformations of the non-normalizable massless spin-s
AdS,.; modes become K“ transformations of the shadow
field. Thus, we are going to prove the following relation

Kﬁnprl ¢n0n-n0rm> = U*]/KgFT | ¢sh>) (E3)

where K¢pp stands for representation of the conformal
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boost generator on space of the shadow field given in (2.15)

To prove relation (E3) we represent the operator K{ ;4 as

Kias = KZAdS + R(al) + MRt + R?O)’ (E4)

1
K4 = — zxza" + XaDAds, (ES)

AAdS

where D4 takes the form given in (11.42), while opera-

tors RE’O), Rfl) are given in (11.45),(11.46). Then, we note

the relations

(KZMS + R?]))|¢non-norm> = U*VKZShl(ﬁSh)’ (E6)

(Mahxh + R?o))|¢non—norm> + GAdSlé:nK(;‘n-norm>

= U_,(M®x" + R%)| s, (E7)
where
1
K§, = —3¥0" + 2Dy, (E8)

and Dy, takes the form given in (2.14) with A in (8.26),
while R{ takes the form given in (8.27). Using (E6) and
(E7), we see that relation (E3) holds.

‘We now comment on the derivation of relations (E6) and
(E7). These relations are obtained by using the following
general formulas

(KS,,  RG)U-, = U—,(KS, +x20,)
—¢""%990,Z_,(q2))z0., (E9)
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(Mx" + R{)U -, + Gadgs(2U—,+1CY)

~ U_,(M%xb + R%), (E10)

where ¢ is defined in (10.13) and we use the notation
Z,(z) = \JzJ,(z). In (E10) and in some relations given
below, the signs =~ indicate that these relations are valid
by applying to the ket-vector |¢g,) subject to differential
constraint (8.9). We now see that by applying relations (E9)
and (E10) to |¢,) we obtain the respective relations (E6)
and (E7).

Finally, we note the helpful formulas for deriving rela-
tion (E10),

M@xbU_, =~ U_ ,M*®xb — zU_,.,

X (GqC4 + c,C* +2c,a@°0),  (E11)

R U-, = —zU_ 18, C* + U_,_je;a°,  (E12)

GAdS(ZUmelé‘JI_) =~ ZU*V%»IGShC_'ﬁ_ - Ufyzel,lé(i-
(E13)

These formulas can be obtained by using differential con-
straint (8.9) and relations for the operator U, given in
(11.26)—(11.33). Also, to derive RS, term in (E10) we use
the formula zU_,_; + zOOU_ 1, = —2vU_,,.

[1] E.S. Fradkin and A.A. Tseytlin, Phys. Rep. 119, 233
(1985).
[2] J.M. Maldacena, Adv. Theor. Math. Phys. 2, 231 (1998);
Int. J. Theor. Phys. 38, 1113 (1999).
[3] S.E. Konstein, M. A. Vasiliev, and V.N. Zaikin, J. High
Energy Phys. 12 (2000) 018.
[4] O.A. Gelfond, E. D. Skvortsov, and M. A. Vasiliev, Theor.
Math. Phys. 154, 294 (2008).
[5] A.Y. Segal, Nucl. Phys. B664, 59 (2003).
[6] J. Erdmenger, Classical Quantum Gravity 14, 2061
(1997).
[7] N. Boulanger and M. Henneaux, Ann. Phys. (Leipzig) 10,
935 (2001).
[8] O.V. Shaynkman, I. Y. Tipunin, and M. A. Vasiliev, Rev.
Math. Phys. 18, 823 (2006).
[9] V. Balasubramanian, P. Kraus, and A. E. Lawrence, Phys.
Rev. D 59, 046003 (1999).
[10] V.K. Dobrev, Nucl. Phys. B553, 559 (1999).
[11] R.R. Metsaev, Nucl. Phys. B563, 295 (1999).
[12] V. Balasubramanian, E.G. Gimon, D. Minic, and J.
Rahmfeld, Phys. Rev. D 63, 104009 (2001).

[13] R.R. Metsaev, Phys. Lett. B 636, 227 (2006).

[14] A. Petkou, Ann. Phys. (N.Y.) 249, 180 (1996).

[15] A.C. Petkou, Phys. Lett. B 389, 18 (1996).

[16] R.R. Metsaev, arXiv:0808.3945.

[17] C. Fronsdal, Phys. Rev. D 20, 848 (1979).

[18] V.E. Lopatin and M. A. Vasiliev, Mod. Phys. Lett. A 3,
257 (1988).

[19] M. A. Vasiliev, Nucl. Phys. B301, 26 (1988).

[20] J.M.F. Labastida, Nucl. Phys. B322, 185 (1989).

[21] K. Hallowell and A. Waldron, Nucl. Phys. B724, 453
(2005).

[22] R.R. Metsaev, arXiv:0707.4437; arXiv:0709.4392.

[23] R.R. Metsaev, Classical Quantum Gravity 11, L141
(1994).

[24] R.R. Metsaev, Phys. Lett. B 354, 78 (1995); arXiv:hep-th/
9810231.

[25] Yu.M. Zinoviev, arXiv:hep-th/0108192.

[26] R.R. Metsaev, Phys. Lett. B 643, 205 (2006).

[27] D. Francia and A. Sagnotti, Phys. Lett. B 543, 303 (2002).

[28] A. Sagnotti and M. Tsulaia, Nucl. Phys. B682, 83 (2004).

[29] I.L. Buchbinder and V.A. Krykhtin, Nucl. Phys. B727,

106010-30



SHADOWS, CURRENTS, AND AdS FIELDS

(30]
(31]
(32]

[33]
[34]

[35]
(36]
(37]
(38]

537 (2005).

I.L. Buchbinder, V. A. Krykhtin, and P. M. Lavrov, Nucl.
Phys. B762, 344 (2007).

J. Engquist and O. Hohm, Nucl. Phys. B786, 1 (2007); J.
High Energy Phys. 04 (2008) 101.

I.L. Buchbinder, A.V. Galajinsky, and V.A. Krykhtin,
Nucl. Phys. B779, 155 (2007).

A. Fotopoulos and M. Tsulaia, arXiv:0805.1346.

K.B. Alkalaev, O.V. Shaynkman, and M.A. Vasiliev,
Nucl. Phys. B692, 363 (2004); arXiv:hep-th/0601225.
E.D. Skvortsov, J. High Energy Phys. 07 (2008) 004.

E. Witten, Adv. Theor. Math. Phys. 2, 253 (1998).

H. Liu and A. A. Tseytlin, Nucl. Phys. B533, 88 (1998).
G.E. Arutyunov and S. A. Frolov, Nucl. Phys. B544, 576
(1999).

[39]
[40]
[41]
[42]
[43]
[44]
[45]

[46]

106010-31

PHYSICAL REVIEW D 78, 106010 (2008)

C. Germani and A. Kehagias, Nucl. Phys. B725, 15
(2005).

S. Guttenberg and G. Savvidy, SIGMAP bulletin 4, 061
(2008).

R. Manvelyan, K. Mkrtchyan, and W. Ruhl, Nucl. Phys.
B803, 405 (2008).

O. Andreev, Phys. Rev. D 67, 046001 (2003).

S.J. Brodsky and G.F. de Teramond, arXiv:0802.0514.
H.R. Grigoryan and A.V. Radyushkin, Phys. Lett. B 650,
421 (2007).

Z. Abidin and C.E. Carlson, Phys. Rev. D 77, 095007
(2008).

J. Schwinger, Particles, Sources, and Fields (Addison-
Wesley, Reading, MA, 1970), Vol. 1, p. 425.



