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Gravitational radiation in d > 4 from effective field theory
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Some years ago, a new powerful technique, known as the classical effective field theory, was proposed
to describe classical phenomena in gravitational systems. Here we show how this approach can be useful
to investigate theoretically important issues, such as gravitational radiation in any spacetime dimension. In
particular, we derive for the first time the Einstein-Infeld-Hoffman Lagrangian and we compute Einstein’s
quadrupole formula for any number of flat spacetime dimensions.
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L. INTRODUCTION

One of the most conceptually simple and interesting
problems in any theory of gravitation concerns the dynam-
ics of two structureless particles, moving under their mu-
tual gravitational interaction. This is the two-body problem
[1], which has proven to be fairly simple in Newtonian
gravity but a formidable task in general relativity. A clear
understanding of its solution allows for tests of Einstein’s
and alternative theories of gravity [2,3], in the weak and
strong field regime. With the advent of high-sensitivity
gravitational wave experiments, such as LIGO and others
[4], the importance of the two-body problem has exponen-
tially increased. Indeed, one of the main targets for these
experiments is the inspiral and coalescence of neutron star
or black hole binaries. An accurate solution to this two-
body problem is necessary not only to compare theory with
experiment but also to improve the chances of detection:
the signals expected to impinge on the detectors will be
completely buried in noise, and the most powerful way to
dig them out, matched filtering [5], requires a very accurate
knowledge of theoretical templates. This curious interplay
between theoretical and experimental needs has boosted
the effort to find accurate solutions to the dynamics of
gravitationally interacting, but otherwise isolated bodies
in general relativity.

Only recently have long-term stable numerical evolu-
tions of black hole binaries been achieved [6], but these
still cover only a very restricted part of the evolution, since
they are extremely demanding from a computational point
of view. Even if the situation improves dramatically in the
near future, there is only a limited amount of computa-
tional power and therefore numerical waveforms always
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cover only a limited amount of time in the dynamics of the
two-body problem. Analytical solutions are required, and
they serve two very important purposes. First of all, ana-
lytical solutions are valuable on their own, as solutions
which in some regime are accurate enough and describe
well enough the problem at hand. They usually provide
physical insight that is absent on numerical calculations. A
second important purpose relates to the validation of nu-
merical codes, allowing simultaneously a extension of the
numerics by some kind of matching procedure. Analytical
solutions to the two-body problem have been studied for
many decades now, starting from Einstein himself. The
traditionally most powerful technique, the post-Newtonian
(PN) formalism [7-9], expands the problem as a series in
powers of v/c.

In an impressive tour de force, Goldberger and Rothstein
[10-12] and Porto and Rothstein [13—18] and later Kol and
Smolkin [19] have shown how to extend and simplify
considerably the PN calculations, using methods borrowed
from the effective field theory (EFT) approach to quantum
field theory. As discussed in [10,19], this EFT of gravity is
a classical theory, justifying the use of the acronym CIEFT
(classical effective field theory) [19]. Although the compu-
tations are carried out in terms of Feynman diagrams using
the quantum field theory language, no quantum effects are
considered. The objects whose physical properties one is
interested in are macroscopic, and hence the quantum
corrections to the classical observables are negligible.
This method is especially well suited to treat the early
stages of the binary inspiral problem when the two objects
are nonrelativistic. In this problem there are three widely
separated scales: the typical internal scale of the objects ry),
the orbital distance r between them, and the radiation
wavelength € ~ r/v, where v is the typical velocity of
the system. At the computational level, having an exact
description of the system does not seem to be practical nor
necessary. The reason is that in gravitational wave physics
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one is only interested in the radiation that reaches the
detector, and therefore it is sufficient to have an effective
description of the system that captures this information.
This is precisely what the CIEFT does: by systematically
integrating out short distance scales, one is left with an
effective description of the system in terms of the relevant
degrees of freedom at the scale we are interested in. For the
binary problem, these are radiation gravitons coupled to
point particles, and the relevant length scale is €. The main
advantage of this approach is that these degrees of freedom
are described by a Lagrangian and to obtain the observ-
ables one has to compute Feynman diagrams, as in stan-
dard quantum field theory. Therefore, the procedure is very
systematic.

Another advantage of the CIEFT approach is that it has
manifest power counting in the small parameter of the
theory, namely, v/c. Therefore, one can systematically
compute a given observable to any desired accuracy since
one can determine which terms in the Lagrangian and
which Feynman diagrams will contribute to that order.
This is important from a practical point of view because
highly accurate theoretical predictions are required to
compare to the putative gravitational wave signals to be
detected by the interferometers. The CIEFT approach to
gravitational radiation also provides a systematic way to
deal with the divergences that plague the PN calculations.
These divergences can be thought of UV divergences that
arise because one is treating extended objects, like black
holes or neutron stars, as being pointlike. In EFT these
divergences can be simply dealt with dimensional regu-
larization. Moreover, the finite-size effects can be easily
taken into account by including in the Lagrangian higher
order operators that are consistent with the symmetries of
the problem. The coefficients of these operators are then
determined by a matching calculation in the full theory, see
[10,12] for a more detailed discussion.

In most realistic situations one expects that the two
compact objects in the binary system are spinning.
Therefore, from both a theoretical and experimental point
of view it is important to incorporate rotation to the CIEFT.
This has been done in [13-20]. The resulting EFT of
gravity has manifest power counting and one can compute
observables using Feynman diagrams. Therefore, it retains
the computational power of the original CIEFT of gravity
of [10].

Finally, we should point out that the CIEFT approach has
also been successfully applied to other problems of interest
which involve widely separated length scales. In particular,
it has been shown that the CIEFT methods are particularly
useful to compute, in a perturbative expansion, the physical
parameters of caged black holes [19,21]. In this situation,
there are two length scales: the size of the black hole r and
the length of the compact circle L, and the small parameter
is a power of their ratio.

What we want to show here is that the CIEFT approach
can and should be used in other contexts as well, in
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particular, in calculations of gravitational wave emission
in higher dimensional scenarios. Gravitational radiation
properties (intensity, distribution, etc.) depend on the di-
mensionality, curvature, etc., of the model under consid-
eration. Thus, the study of gravitational waves in different
higher dimensional scenarios may provide a means to
constraint or distinguish different models. Wave propaga-
tion in higher dimensions is intrinsically different from the
four-dimensional case [22-28]: waves in flat even-
dimensional spacetimes propagate on the light cone, just
as in our usual four-dimensional world, but waves in odd-
dimensional spacetime do not. The extension of the notion
and properties of gravitational waves to any even-
dimensional spacetimes is almost straightforward. By iso-
lating the most important contribution to the Green’s func-
tion, we recently computed the field in the wave zone and
the quadrupole formula in general even-dimensional
spacetimes [27]. This formula provides the simplest,
lowest-order contribution to gravitational radiation emis-
sion in general situations of physical interest. It is relevant,
for instance, for string-motivated braneworld scenarios
where string-field gravity plays an important role [29].

Unfortunately, wave propagation in general odd-
dimensional spacetimes are much harder to deal with
[22,30,31]. In particular, some of the rules we are used to
are not valid in these spacetimes. For instance, in odd-
dimensional flat spacetimes a propagating wave leaves a
“tail” behind. This means that a pulse of gravitational
waves (or any other massless field) travels not only along
the light cone but also spreads out behind it, and slowly
dies off in tails. Progress in the study of gravitational waves
has been hampered by this fact.

We will show in this work that the CIEFT approach is
able to give us the correct quadrupole formula in flat, even-
dimensional spacetimes and in the same stroke extend that
formula to odd-dimensional spacetimes. The fundamental
reason for this, other than the simplicity of the CIEFT
approach is that it works in the momentum space, where
the Green’s function has the same functional behavior. At
the same time, we will also derive for the first time the

generalization of the FEinstein-Infeld-Hoffman [32]
Lagrangian to an arbitrary number of spacetime
dimensions.

The plan of the paper is the following. In Sec. II, we start
by describing the problem and review the CIEFT approach
[10] that we use. In Sec. III, we find the higher dimensional
Einstein-Infeld-Hoffman Lagrangian. Finally, in Sec. IV
we determine the quadrupole formula in a general flat
higher dimensional spacetime. In Appendix A, we derive
the Feynman rules for the graviton propagators, graviton
vertices and point-particle vertices needed in the main
body of the text. In Appendix B, we present some useful
relations needed to compute Feynman diagram contribu-
tions. We try to be self-contained in our presentation.

We take d to be the number of spacetime dimensions.
Newton’s constant in d dimensions is represented by G,
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and is related to the gravitational coupling «, through (3.4)
. We take the (+, —, - - -, —) signature for the Minkowski
spacetime. The speed of light is taken to be
c=1.

II. DESCRIPTION OF THE PROBLEM:
EFFECTIVE FIELD THEORY APPROACH

A. Length scales in a binary system

We are interested on finding the first PN correction to the
gravitational interaction between two bodies, and the quad-
rupole formula expressing the gravitational energy emitted
by a system moving at low velocities. One of the simplest
backgrounds to address simultaneously, these issues are a
binary system. The interacting bodies can be black holes or
neutron stars with typical mass m. Such a system has three
length scales. To start with, we have the size r, = m of the
gravitational bodies. Then, we have the typical length
separation r between them. Finally, we have the wave-
length € of the emitted radiation. Alternatively, we can
make use of the typical velocity v of the system. Then, its
orbital period is T ~ r/v, and its evolution sources the
emission of gravitational waves with frequency 7~! and
wavelength € ~ r/v (here and henceforth we take unit
light velocity, ¢ = 1). If the system’s constituents move
slowly compared with the speed of light, v < 1, we clearly
have three widely separated length scales,

ro <L r <K {. 2.1

In this slow motion condition we can study some important
properties of the system using a PN expansion in powers of
v < 1. Alternatively, as we will do, we can follow the
CIEFT approach, specially tailored for these problems.
Both formalisms consist on systematically solving
Einstein’s equations with nonrelativistic (NR) sources by
taking a power series expansion in the small velocity
parameter. The three length scales are not independent.
Indeed the Virial theorem for a small motion system gov-
erned by an almost Newtonian interaction states that

2
_ Kym

rd—3 ’

v2

(2.2)
where «Z is the gravitational coupling proportional to
Newton’s constant G,; see (3.4). This relation between
the kinetic energy and the Newtonian potential will be
important later since it tells us that f,i,"; also contributes at
the same order as v? in a velocity expansion.

The gravitational field g',fw created by this system is a
solution of Einstein’s equations, which follow from ex-
tremization of the Einstein-Hilbert (EH) action

2
Seales) = > [ d'x JT7Rlg/) (2.3)
8

where /g7 is the determinant of the metric g{;,, and R[g ]
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the corresponding Ricci scalar. As is well-known, this
yields a nontrivial nonlinear system of differential equa-
tions and no exact solution g{“, is known for the two-body
problem.

B. Integrate out the internal structure or short length
scale physics

In the CIEFT framework we first decompose the full, or
exact gravitational field g{w into two components. Take
g..v to be the metric that describes the gravitational field in
the short length scale region of order ry, and g, the metric
encoding a similar information but this time in the region
with length scales of order r and larger. Then, within a
good approximation, we can decompose the full metric as

g'/];«V = giuz + gpu/- (24)

We can now do a first disentanglement of length scales,
namely, we separate the short length scale gj,, from the
long length scale g,,,. Within a traditional effective field
approach, this is achieved by integrating out gj,, through
the path integral

exp(iSeff[g,u.V]/h) = f Dg;.LV exp(iSEH[g‘,ZVr x:l/h)y
(2.5)

where 71 is Planck’s constant. In the classical limit, # — O,
this path integral reduces in the saddle point approximation
to the computation around the classical solution. This is the
regime of interest for us here, since we want to use EFT
techniques to compute purely classical (tree-level) results
(for a clear discussion of this issue see [19]). In this
classical limit we can then write

Seff[g’ xu] = SEH[g] + SM[g: xa]) (26)
where
Seule]l = jdde[g],
2
Llg] = —/gRlgl;
Ky 2.7)

SM[g’ xa] = Spp[g’ xa] +o >
S,ple x.] = —Zmadea.

This effective action describes the motion of the point-
particle ensemble in the g, background. It preserves the
symmetries of the original theory, namely, general coordi-
nate invariance, worldline reparametrization invariance
and, since we do not consider internal spin degrees of
freedom, SO(d — 1) invariance. The black hole or neutron
star effective action S, is to leading order given by the

point-particle ~effective action S§,,, where dr, =

1/5’ uv(Xo)dxg dx? is the proper time along the worldline
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x4 of the ath particle. The dots in S, represent higher
order terms that describe nonminimal couplings of the
point particles to the spacetime metric and are discussed
in detail in [12]. They account for finite-size effects.
Therefore they are not relevant to compute the Einstein-
Hoffmann-Infeld correction to the Newtonian interaction
neither to determine the quadrupole formula we are inter-
ested in. Indeed, these quantities are clearly independent of
the internal or finite-size structure of the gravitational
bodies. They would be essential to address dissipative or
absorption processes on the black hole horizon or star’s
surface [12,17].

Resuming, after the first disentanglement, where we
integrated out the internal structure of the gravitational
bodies, we have a low energy effective theory of point
particles coupled to gravity described by (2.6).

C. Potential and radiation gravitons
We can now proceed to further disentangle the two other
length scales of the problem. Since we are in the regime
(2.1), ie., r, € > ry we can treat the long length scale
metric g,, perturbatively. That is, for distances much
larger than ry we are in the weak field regime and we
can linearize g, around flat spacetime 7,

+ Kko(Hyy + hyy),
(2.8)

8uv = Muv T K308, = Myy
|Hyl Ry, < 1

We have decomposed the small perturbations &g, into
two components [10]. The so-called potential graviton H,,,
describes the gravitational field for length scales of order of
the orbital length r, while &, is often denoted as the
radiation graviton describing the gravitational field at
larger distances of the order of € ~ r/v. Therefore, the
potential graviton H,, is naturally the mediator of the
gravitational interaction between the point particles, i.e.,
it is responsible for the force that binds the two-body
system (or n body). On the other hand, the long wavelength
radiation gravitons describe the gravitational waves emit-
ted by the system during its time evolution. They are the
ones that can propagate to infinity and be detected by an
asymptotic observer.

In the regime of (2.8), a small v expansion of the point-
particle action S, yields

K . K
Spp = D.m, [dxg[— 7g5800 ~ Ky 880iVa — Zgagmvi
a

2
K, K, 1 1
- —2” 88 ViV + —8” 583, + Evg‘ + gv‘; + .- ]

2.9)

where we defined the velocity vector v, = %, and we kept

only the low order terms in the expansion. Higher order
terms not shown will not be used. This action describes the
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nonlinear interactions between the point particles and the
gravitational field.

Let us have a closer look at the properties of the two kind
of gravitons. The potential gravitons H,, have momentum
that scales as k* = (k°, k) ~ (2,1). Indeed, their energy is
given by the source’s frequency but, since they have length
scale r, their spatial momentum is considerably larger,
k| ~ % Therefore, they have spacelike momentum,
k*k, < 0. They are off shell and cannot contribute to
propagating degrees of freedom to infinity. As an important
consequence, derivatives of potential gravitons scale as
A H* = (9, H*", 9;H*") ~ (£, )H*"_ That is, in a small
velocity expansion the spatial derivative is one order lower
in v than the time derivative and gives the leading order
contribution. To emphasize this order distinction between
time and spatial derivatives it is useful to work with the

Fourier transform of H,,,
dd -1k
.szQﬂ“”

(2.10)

H) = [ 5ty (),

A time derivative acts as 9,H — [ 9,Hy with 9, ~ v/r, but
a spatial derivative gets now replaced by a spatial momen-
tum factor, 9;H — [k;H with |k;| ~ 1/r. The advantage
of working with the Fourier transform is that the counting
of powers of v is now much more explicit: a term with a
time derivative [ d,H) is immediately identified to be one
order higher in v than a spatial term [ k;Hy. This provides
a practical “visual” advantage when power counting a
long expression.

We now turn to the radiation gravitons. Their momen-
tum scales as k* = (k°, k) ~ (£,Y), i.e., since they have
length scale r/v their spatial momentum has the same
scale as their energy. So, these gravitons are on shell,
k*k, = 0, and propagate at the speed of light to infinity
where they can be detected. Derivatives acting on a radia-
tion graviton introduce a power of v/r, d,h wr ~Fh,
i.e., time and spatial derivatives contribute equally in the
power expansion of v, contrary to what happens with the
potential gravitons. Not less important, the CIEFT relies on
a small velocity expansion. So, when power counting
powers of v we must do a multipole expansion of the
radiation graviton & W(x),l

Ry (X,x) = hy,, (X% X) + 8x79;h,, |~ x)
+ %6Xi6Xjaiajh/.w|x=(x0,X) + @(U3),
(2.11)

where 6x = x — X and X = (3. m,x,)/ > m, is the cen-
ter of mass of the system (or any other reference point of
the particle ensemble). That is, we must do a Taylor
expansion of %, (x) around the center of mass to consis-

"Indices are lowered with the Minkowski metric 7 -
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tently identify the leading and subleading contributions in
the v expansion. Indeed note that x' scales as 5x' ~ r and
the derivatives scale as d;h,, ~ v /r. Therefore each new
term in the multipole expansion contributes with an extra
power of v relative to the previous Taylor term.
Summarizing, the ingredients to an EFT with a well-
defined power counting scheme in powers of v are the
decomposition of the gravitational field into the potential
and radiation contributions, the expansion of the particle
action, the Fourier transform of the potential graviton and
finally the multipole expansion of the radiation graviton.

D. Integrate out the intermediate orbital length scale

To derive an EFT that has manifest velocity power
counting rules, we now need to integrate out the orbital
scale, i.e., the potential modes H,,, by computing the
functional integral

v

expiSuall 3, )/1) = [ Dy, expiSale, 3}/

with h—0, (2.12)

where S.(g, x,] is defined in (2.6) and the computation is
done in the classical limit #— 0. In the process, the
radiation graviton is treated as a slowly varying back-
ground field. After this operation we are left with a new
effective action Syr[h, x,] that describes the NR or Post-
Newtonian approximation to general relativity, in an ex-
pansion in powers of v. It encodes the information con-
cerning the gravitational interaction between the point
particles, mediated by the potential gravitons, but also
the coupling between the emitting system and radiation
gravitons.

The explicit operation of integrating out the potential
gravitons will be done in the next two sections using the
appropriate Feynman diagrams and techniques. The action
SxrlA, x,], to the desired order in v, is given by a sum over
Feynman diagrams that must satisfy some rules.

(1) To start with, note that the worldline particles will be
represented by a solid line. The point particle’s
worldlines represent very short wavelengths and
thus ““infinitely” heavy fields that were integrated
out to get S.i[g, x,]. They thus have no associated
propagator (roughly, their propagator would be
yam— +m ~ # since they are heavy fields) and are

treated as background nondynamical fields. So in
the Feynman diagrams we have no sum over the
momentum of the point particles. This justifies why
loops that are closed by the particles are not quantum
loops but give instead a contribution to the tree-level
result. It also justifies that we should only consider
diagrams that keep connected when we remove the
particle worldlines.
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(i) Next, in the Feynman diagrams, potential graviton
propagators can appear only as internal lines but
never as external lines. The reason being that po-
tential gravitons have an interaction range of the
order of only the orbital distance r. Thus, they
mediate the gravitational interaction between the
particles but cannot propagate to the asymptotic
region.

(ii1) Finally, the Feynman diagrams can only contain
external radiation graviton lines that propagate to
infinity. These gravitons have a long wavelength
and do not contribute to the binding force between
particles. So, there are no internal radiation gravi-
ton lines.

Summarizing, integrating out the nondynamical poten-
tial gravitons generates the gravitational interactions be-
tween the NR particles. In the functional integral (2.12),
the effective action for these interactions arise from dia-
grams with no external radiation gravitons. This action will
be computed in Sec. III. To order O(v?) it is the Einstein-
Infeld-Hoffmann (EIH) Lagrangian, Lgpy. On the other
hand, the functional integral (2.12) also provides the cou-
pling of radiation gravitons to the particle ensemble
through the diagrams with external radiation gravitons.
This action L4 will be computed in Sec. IVA.

To compute the Feynman diagram contributions we need
the Feynman rules for the graviton propagators, graviton
vertices, and point-particle vertices. In Appendix A we give
these rules and the details of their computation. To find
these Feynman rules we have to introduce the standard
gauge fixing and ghost Lagrangian contributions. We will
follow the background field method [33,34] that fixes the
gauge in such a way that preserves the invariance under
diffeomorphisms of the background metric. This gauge
fixing scheme guarantees that the obtained action is gauge
invariant. So the gauge fixing action satisfying these prop-
erties, given in Eq. (A4), must be added to the action in the
right-hand side of Eq. (2.12). There is also a ghost field
contribution, Eq. (A4), but this only enters in quantum loop
corrections, not considered here. Thus, the ghost contribu-
tion will not be considered in the functional integral (2.12).

E. Integrate out the long wavelength radiation scale

Having obtained the Lagrangian L., describing the
interaction between radiation and NR particles from Syg,
we can finally integrate out the radiation gravitons &,
through the functional integral

expiSqelr,]/h = [ Dh,,, expiSralh, x,1/h,

with h— 0. (2.13)
Integrating out &, , means that we are left with an effective
action Sqg[x, ], that will be used to compute the quadrupole

formula (QF), that depends only on the particle coordi-
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nates. Therefore, this integration arises from Feynman
diagrams that have no external radiation graviton lines. It
yields the desired quadrupole formula. The explicit com-
putation will be done in Sec. IV B.

F. Power counting scheme

The graviton field was decomposed into the potential
and radiation components, (2.8). Furthermore, we did a
small velocity expansion of the particle action (2.9), we
took the Fourier transform (2.10) of the potential graviton,
and we did a multipole expansion (2.11) of the radiation
field. These operations are key steps in the CIEFT formal-
ism since they provide the arena for a clear identification of
power counting rules in the small velocity expansion.
Having it at hand we can uniquely assign powers of the
velocity parameter v to any Feynman diagram. We there-
fore can organize systematically the Feynman diagrams in
powers of v and compute their contribution to our observ-
able up to the order we wish. Before computing in the next
sections the observables we are interested on, it is useful to
list these power counting rules.

Let us start with the potential graviton. Its propagator,
here represented in short as (Hy  Hg, ), is given by (A13).

Time scales as x° ~ r/v and potential graviton momentum
goes as |k|~1/r. Since a delta function scales as
the inverse of its argument, (A13) tells us that the propa-
gator for Hy, goes as (Hy Hy, )~ [6(k)]k 2] x
[6(x°)] ~ r¢1r2v/r ~ rév. Therefore, this fixes the scale
of the potential graviton as Hy , ~ V12412,

TABLE 1. Power counting rules for time coordinate x°, space-
time derivatives d,, potential spatial momentum Kk, potential
graviton Hy . radiation graviton h,,, and the coupling kgm.
Note that after the Fourier transform treatment (2.10) of the
potential gravitons, derivatives of any graviton introduce for sure
a factor of v/r. When power counting we should have in mind
the useful relation, [x,] ~ [k,m]%.

x0 ad k Hy h K,m

uv nv g
v/r l/r Ul/zrd/z (U/r)(d—z)/z Ll/zvl/zr(d—4)/2

r/v
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Next, consider the radiation graviton whose propagator
(hoph,,) is written in (A8). Since the radiation graviton
momentum scales as |k#| ~ v/r, this propagator scales as
(hagh,,) ~[dUk 2]~ (v/r)¥(v/r)? ~ »~4v?"2 and
thus the radiation graviton has scale h,,,, ~ (v/r)@~2/),

Finally, to find the scale of Kom (where we recall that
Kf, x G,) we introduce the orbital angular momentum,

L = mur, (2.14)

and we use the virial relation (2.2) to get kim?* ~

Thus,  kgm ~ L1/291/24d=4/2).
These power counting rules are summarized in Table I.
Furthermore, in Table II we collect the power counting
rules for the graviton correlation functions and point-
particle vertices that are derived and presented in
Appendix A.

Summarizing, an inspection of these power counting
rules reveals that tree-level classical results always follow
from Feynman diagrams with a power in the angular
momentum of L' (for the diagrams contributing to the
gravitational interaction between bodies) and L2 (for
diagrams describing the interaction of the system with
radiation). Quantum loop corrections would correspond
to diagrams with extra powers of /L << 1. So, the orbital
angular momentum is the parameter that counts loops in
this classical EFT. Keeping attached to tree-level diagrams
we can get our classical observables up to the desired order
in the velocity v < 1, having always in mind that loops
closed by a “heavy” particle worldline are not quantum.

The unique power counting scheme providing a straight-
forward systematic analysis, and the clear representation of
the computation provided by the Feynman diagrams are
probably the strongest qualities of the gravitational classi-
cal EFT formalism. On the top of this, the concepts and
techniques of regularization and renormalization are natu-
rally incorporated and can be used to fix divergencies that
appear at the classical level. For example we will later used
dimensional regularization.

mv2rd=3 = Lyri4,

TABLE II.  Power counting rules for the radiation graviton propagator (h,gh,,), potential
graviton propagator (Hy Bqu), O(v?) correction to the potential graviton propagator

(HkaﬁHqW)g, three-potential graviton correlation function (HkaﬁH

quPw>’ three-radiation-

potential graviton correlation function (hH) ﬁqu), and for the several point-particle vertices

V,fj),, displayed in (A36). These graviton propagators or correlation functions and point-particle
vertices are derived and presented in Appendix A.

<hal8h/.uz> <HkaﬁHq#,,> <Hk“Bqu,>® <Hk,1ﬂHq#,,HpW> <th"Bqu'>
rZ*dUd*Z rdv rdv3 r3d/2L*1/2v7/2 rdel/Z.U(d+3)/2
1 v 2 v 3 v 4 v 5 o v
Vil v Vi Vi VS, HE
L1/2.U0 LI/Z.U L1/2.U2 L1/2v2 1J2
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III. EINSTEIN-INFELD-HOFFMANN
LAGRANGIAN IN HIGHER DIMENSIONS

In Newton’s gravity theory, perturbations propagate at
infinite velocity and only the mass sources the force be-
tween gravitational bodies. Einstein realized that not only
the rest energy but also kinetic and graviton energies
contribute to the gravitational interaction of a system,
and that gravitons propagate not instantaneously but at
the speed of light. Newton’s gravitational force has there-
fore general relativity corrections that can be organized
systematically in a power expansion in the velocity of the
interacting bodies. The leading v-dependent correction of
order O(v?) was first computed by Einstein, Infeld, and
Hoffmann in 1938 [32] (in four dimensions) using a PN
formalism and reproduced in [10] and later in [20] using
the classical EFT approach. In this section we compute, for
the first time, the Einstein-Infeld-Hoffmann correction to
the gravitational interaction between two bodies in any
dimension using the EFT approach introduced in [10].

As discussed previously, the potential gravitons govern
the intermediate length scale physics at distances of the
order of the orbital length r. Therefore they mediate the
gravitational interaction between the NR bodies. The ra-
diation gravitons, being long wavelength fields when com-
pared to the typical distance between the particles, do not
mediate this interaction. We thus have to compute the
functional integral (2.12) keeping only Feynman diagram
contributions with (internal) potential gravitons and no
radiation gravitons.

In Subsec. Il A, we first compute the O(v°) Newton
interaction and fix our choice for Newton’s constant. Then,
in Subsec. III B, we find the Einstein-Infeld-Hoffmann
correction.

A. Newtonian Lagrangian

The Feynman diagrams that contribute to leading
O(Lv°) order are those of Fig. 1. The first diagram has a
nonvanishing contribution given by

=3
<
=3

PHYSICAL REVIEW D 78, 105010 (2008)

(1) <Hka[i (.X )Hq/“, (x(l))>v(lf)’/

0 d—3
= w '/'d)cﬂdx(z)é()cl —x9)

Fig.la=V

4
) Leﬂk.w
k k?
_ [d -3 I'(%d Kgmm,
d =2 1674 V2 | x(t) — x,(2) |97

(3.1)

where we used the Feynman rule (A36) for the point-
particle vertex V(’f)" and (A13) for the potential graviton
propagator (H JHq W). We also used relations (B1)—(B3).
In the end we did the identification t = x{. Note that
this diagram scales as Lv° since V(1)<Hqu)V(1) ~
(L'20%)% ~ L0 (see Table II).

The two last self-energy diagrams in Fig. 1 are pure
counterterm and have no physical effect. They renormalize
the particle masses and formally vanish after doing dimen-
sional regularization, as pointed out in [10]. For example,

diagram 1(b) gives
)K mlfdxodxzf =, (3.2

where k is the momentum circulating in the loop. The last
integral in the expression above is divergent and it gives
rise to a renormalization of the particle’s mass. However, in
dimensional regularization it can be formally set to zero by
noting that it arises as the x — 0 limit of the integral

1 1 INC=)

(K2) - (4m)d=D2 " T(a)

X2 a—(d—1)/2
X (_> .
4

Sending x — 0 before fixing d shows that this integral
vanishes. An obvious equivalent argument also makes
Fig.1lc = 0.

d—
Fig.1b = —1d<
ig (=1 =

d 1k

(277.)01—1 e*ik-x

(3.3)

y
< ———— <
>

y

—_
=)
~

FIG. 1.

(c)

Feynman diagrams that give the leading Newtonian interaction. They are of order Lv°. Actually, the self-energy diagrams (b)

and (c) give a vanishing contribution after doing dimensional regularization. Solid lines represent particle worldlines and dashed lines
the potential graviton propagator (A13). Dots are point-particle vertices. In these diagrams they are V,ELI,), in (A36). Note that loops
closed by a heavy particle worldline are not quantum and contribute to tree-level results (i.e., we have no integration over the particle
momentum). Quantum loop corrections would correspond to diagrams with extra powers of /L << 1, i.e., with graviton loops. (The
reader interested in quantum corrections to the gravitational interaction between two bodies can see [38—40] and references therein).
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v] vZ v2
1 la—f—k
| | AN
} } +(1<>2) // \ +(1<>2)
\
[ W — U N — z—-—+—\—/
v! v vo vo
(a) (b) (©
o po
|+?—F —_— >
| |
o +(1<>2) ®
PR [
’ v v vo

(d)

FIG. 2. Feynman diagrams for the Einstein-Infeld-Hoffmann correction to the Newton interaction. They are of order Lv?. Only
(internal) potential gravitons contribute as mediators of the interaction.

At this point we specify our normalization for the gravi-
tational coupling «, in terms of the d-dimensional
Newton’s constant G ;. We choose, as in d = 4, to work
with the normalization

Kﬁ, = 327Gy 3.4
Defining the gravitational coupling in this way (i.e., in a
d-independent form) has the advantage that the black hole
entropy in d dimensions is always the horizon area divided
by 4G,. For this reason this is the normalization most
commonly chosen (see, e.g.,, [27,35,36]).2 With this
choice, the O(v°) Newtonian potential energy reads

-3 2F(d 3) de]m2
N = d 2 ld- 3)/2 |X1(t) _ Xz(f)|d 3°

(3.5)

B. Einstein-Infeld-Hoffmann Lagrangian

The Feynman diagrams contributing to the next-to-
leading order O(Lv?) are those of Fig. 2. Their sum gives
the Einstein-Infeld-Hoffmann correction to the Newton
interaction.

Using Feynman rules (A13) and (A36), respectively, for
the point-particle vertices V(i (j = 1, - - -, 5) and potential
graviton propagator (Hy 5 qu), together with relations
(B1) and (B3) one gets the contributions from each of the
diagrams of Fig. 2.

Starting with the first diagram, one has

Fig.2a = V{3 <Hk (xg)H e WV

742 xy (1) = xp(0) 473

(v - V).

(3.6)

*Instead, if we prefer to have a Newtonian potential with a
d-independent prefactor, G ;m/r? 3, we should have chosen the

(- 1/7
normalization k3 = 9=% 16 = Ga-

For the second diagram, there are two point-particle verti-
ces, namely V{3 and V(," in (A36), scaling as L2912 (see
Table II). Also, there are two mirror contributions resulting
from interchanging the two particles, (1 < 2). Taking this

into account we get,

Fig.2b = VG5, (Hy , () H,, GOV + (1= 2)
[d -1 F(d 3) G mm,
d =2 72 x(0) = x,(0) 17
X (v} +3). (3.7)

To compute the third diagram we introduce a symmetriza-
tion factor of % to account for the symmetry under the
exchange of the two graviton lines, yielding

) 1
Fig 2c = S V) P(Hy, () Hq, (VLT

©)
X(Hq/ D H,, (EDVE + (1= 2)

[d 2( -3 I'(45) )2 Gaimymy(m; + my)
=i )
d =2 7 =I2) %, (1) = x,(1)]2979)

(3.8)

The fourth diagram requires the Feynman rule for the
three-point correlation function for the interaction between
three-potential gravitons, (Hy H,, Hp,). This is com-
puted in Appendix A 5 and given by (A34). The symmet-
rization factor of % is also needed. Using Egs. (B1) and (B3)

and the integrals (B5) we get

Fig.2d = S VT (H, , 6D H, , (D H,, (DHVITVEY
+ (1 —2)
_ —i[dt(d -3 2I‘(%))2 Gimymy(my + my)
d—2 7d=3/2 Ix; — x,[2@d=3)

(3.9

To get the contribution from the diagram of Fig. 2(e) we
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need the v3 correction to the potential graviton propagator,
(Hy,,Hg, ). given in (A15). We get

Fig.2e = V(Of’g<Hk (x(z))HqW(x(l)»@V(lf)V
[d -3 I'(45) Gymymy
=i

d =2 72 ]x, () — %,

x ("' v - -3 i;lzz(fzizxﬂ)),

(3.10)

where x|, = X; — X,. To evaluate the result of acting with
the d, operator (appearing in (Hy  Hy, )e) We used the
second relation of (B2) together with 9, x, = o3v,,.
Summing all contributions (3.6), (3.7), (3.8), (3.9), and
(3.10) and adding also the first relativistic correction to the
kinetic energy [which is also of order Lv?, as can be seen
from the last term in expansion (2.9)], we finally get

d—3 T'(EH) \2
Lgy = Zma Vo — 2<d 2 - 3)/2)
Gxmymy(my +my)  d—3 T'(53)
X, () — Xa(OP Y d =2 7P
delmz [d -1 b >
X +
|X1 - led_?) d—3 (Vl v )
3d-5 (v

“X12)(V2 - Xp0)
v — (d — 3y VX ]
d—3 vitv = ) Ix; — x,]?

(3.11)

Lgy is the Einstein-Infeld-Hoffmann correction to the
Newtonian potential in a d-dimensional background. For
d = 4, (3.11) reduces to the result originally derived in [32]
and latter reproduced with the CIEFT in [10,20].

A final comment is in order. An improved version of the
CIEFT introduced in [10] was recently proposed [19]. This
improved version [19] is probably the most economic
computational way to get the desired classical observables
when the geometry is stationary, by optimizing the original
EFT construction. Its key novelty is the observation that for
stationary geometries one can do a Kaluza-Klein dimen-
sional reduction along the time direction. Generically and
in short, this introduces scalar and vector fields that replace
the original tensorial graviton and whose propagators are
simpler. This technique also emphasizes the classical na-
ture of the CIEFT and eliminates unnecessary quantum
features (after all we only want tree-level results). This
method has been used [20] to recover the EIH correction in
four dimensions. Most of our computations were done
prior to publication of [19], which is the reason why we
did not follow this approach here.

PHYSICAL REVIEW D 78, 105010 (2008)

IV. QUADRUPOLE FORMULA IN HIGHER
DIMENSIONS

Our next step is to find the Lagrangian L,y describing
the coupling between the NR source and the radiation
gravitons, up to leading order in v. As we will soon
show, this occurs at order Lv'@*Y/2 and is done in
Sec. IVA. The quadrupole formula is then computed in
Sec. IVB.

A. Lagrangian for the interaction between particles and
radiation

To find L4 we take the small v expansion (2.9) of the
point-particle NR ensemble in the long wavelength regime,
i.e., with 6g,, = h,,. In this expansion we just consider
terms that couple to the graviton #,,,. These are the terms
that can potentially describe the emission of waves out to
infinity. Finally, we take the multipole expansion (2.11) of
the radiation gravitons to organize systematically the
Feynman diagrams in a ladder of powers of v.

Consider the first such term in (2.9), describing the
coupling of &g, to the mass monopole Y m,,

- Zma fdxg%h()()(X)
= - Zm fdx (hoo(xo X) + 8x}9;h00l 0 x)

+ E 5X25X£6i8jh00|(xo‘x) + @(U3)> (41)
Using the power counting rules of Table I, this expression
scales as [dx"][k,m][hg] ~ VLvU4I2(1 + v + 02 +
- +). We are free to work in the center of mass (CM) frame
where one has X = 0. Then, the secondA term in (4.2)
Va}nishes, and in the last term one has 6x' = x' — X' =
x'. The first term in (4.2) gives the leading order contribu-
tion to the coupling between particles and radiation,
L(a)

K .
75’ D muhgo(x°, X) — Fig.3a, 4.2)

and corresponds to the contribution coming from the
Feynman diagram of Fig. 3(a), that is Fig.3a = i [ d¢L").
The third term in (4.2) is stored into the /Lyd*1/2
contribution.

The second coupling term in (2.9),

— Zma fdxgknghOi(x)
= - Zma fdnggVZ(hOi(xo, X) + 6X{lajh0i|(x0,x)
+ 0(v?)), 4.3)

scales as /Lv@~D/2(1 + v + - - ). By definition, the first
contribution is proportional to the CM momentum,
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(a) (b)
vf 1 v“ﬂf vo
} +(l<>2) l"\f\/\/\
. A S .
vo po
(© d) (e)

FIG. 3. Feynman diagrams for the coupling between the NR source and the radiation gravitons, up to leading order in v where
radiation emission occurs. Diagram (a) is of order vLv'¢=3/2, diagram (b) is O(v/Lv'@~Y/2), and (c)—(e) are order vLv*1/2. Only
external radiation gravitons, represented by wavy lines, describe the radiated waves.

> m,v, = Pi and vanishes in the CM frame, that we
choose to work on. Thus,

Lo —

rad

0 — Fig.3b, (4.4)

and the last term in (4.4) is stored into the /Ly@*+1D/2
contribution. The vanishing of the v/Lv?~D/2 contribution
reflects the absence of radiation emission of dipole nature
in gravity.

The third and fourth terms in (2.9) both scale to leading
order as +/Lv“*1/2_ This corresponds to taking only the
leading order term £ ,U,(xo, X) in the multipole expansion
of h1,,,(x). These two terms together with the two terms that
have been previously stored yield the following /Lv@*+1/2
contribution to the interaction Lagrangian between parti-
cles and radiation,

¢ K 1 o
L) = =55 3 (3 ¥ehooa, X0 + Vi (1. X)

+ Exlaxilaiajhool(xﬂyx) + 2X2Véa,‘h0j|(x0yx))

— Fig.3c. 4.5)

As we shall soon realize, the leading terms in L4 contrib-
uting to radiation emission are of order /Lv@*1/2,
Therefore we disregard the other terms in (2.9), all of order

higher than ~/Lv@*Y/2, However, other Feynman dia-
grams contribute at order ~/Lv“*V/2 namely, the dia-
grams drawn in Figs. 3(d) and 3(e). They contain both
internal potential gravitons and external radiation
gravitons.

The Feynman diagram 3(d) is formally the tensorial
product of diagram 1(a) with diagram 3(a) and yields the
contribution®

. a v Kg
Fig.3d = [V (Hy,, (D Hy, VT oo, X) |

rad rad

+(1e2)= i[dtL(d) — LY

d-3 TP Kymymy

S d— 21679 D2 %, (1) — x,(0)] 3

hoo(x°, X).

(4.6)

To find the contribution of the diagram shown in
Fig. 3(e) we need the three-point correlation function for
the interaction vertex between two potential gravitons and
a radiation graviton, (h(x°, X)Hy, (x))H,, (x3)). This is
computed in Appendix A 4 and given by (A30). Using
also the vertex rule for the coupling V(Oisg between a particle
and a potential graviton we find*

*Using the power counting rules of Tables I and II,
diagram 3(d) indeed contributes as Vi (HxHy)V(yKghoy ~
2,,0\2(7 1/2,,1/2 (d—4)/2 v d-2)/2 d+1)/2
(Li/ WO )22 Ty,
Diagram 3(e) indeed scales as V((hHgH )V ~
(L1/2v0/(rd/2U1/2))2(rdL71/2v(d+3)/2) — \/ZU(‘”I)/Z, where we
used the rules of Table II.
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(1) <h()€ X)Hk (x )Hq#,,(x )>V(1)

Kmlmzd 3
= dt————=
Jat

Fig.3e =

_ /d -3 F(d_3) Kgmlmz
d—21674=D/2 |x ()43
-3 31"(" 3)

K3m1m2

d 2 3276@=D/2 |x, (1) — x,(1)]473

where X = ‘é—" We used the momentum integrals (B3) and

(B4) and Newton’s laws, F, = m, X, and F = —VUy,,
with Uy being Newton’s potential energy (3.5). Indeed,
they allow us to write

d-32 T Kmmy xi,x],
d—2 327402 |x,(e)|43 |Xlz(f)|2
= —%(Xi = x5)(VIUy)h; = Z MaX, Xéht/
a=1.2
4.8)

Summing the contributions from all the Feynman diagrams
of Fig. 3, 1.e., adding (4.2), (4.3), (4.4), (4.5), (4.6), and (4.7)
we get the interaction Lagrangian between particles and
radiation up to order /Lv@+1/2,

Srad = [dtLradr

Loa =LY+ L%+ L+ LY+ 1LY + -

rad rad rad rad rad

4.9)

Integrating by parts Lim)i and the last term of LEZ&, we can
write (4.9) as

b = = 5[ (Sm(1+3%) - 5
delmZ ) 00
[x; (1) — x,(0)|473
+ 3 m (XEvh = x,vi) 9k,

-3 2I'(45)
d—2 7d=3/2

1 .
- EZmaXflxé(Goéihoj + aoajhol' - Géhu
a

. ,hoo)]. (4.10)
This Lagrangian can be written in a more suggestive form.
Introducing the orbital angular momentum,

L, = €;Xivl, (4.11)
one has ¥ m,(xivl — x}vi)o; ho; = €7FL9 kg, where
we used eke,,, = &' &) — 8168, To interpret the last
term in (4.11), use the deﬁnition of the quadrupole moment
of a gravitational source,

OG0, X) — 53 m xi %l (60, X),

PHYSICAL REVIEW D 78, 105010 (2008)

1 y
e’lk (1= X2)k I:;kzh00 <§k277ij+kik/>hu:|

3 d—3
( 700 4 X12X12 h,,) _ ljdl‘L(e)

L(e)

rad rad

2 Ixp@PF

4.7

2a12

(4.12)

- P
17 = Zmax’axa,
a

and the Riemann tensor Rf)liz) ; of the radiated gravitons [this
follows from ], taking Minkowski as the background met-
ric),
R, = 280010, + 000 ho; — 93y — 9,9 o).
(4.13)

The Lagrangian describing the coupling of radiation to NR
sources can then be written as,

Lyg = [Zm (1+ v) N]hoo

o

8 _ijk —
—= € Lk(')jho,»

Ke
2

%prgligj +oen
where Uy is defined in (3.5). The first term in L4 repre-
sents the coupling of h% to the rest mass plus Newtonian
energy of the system. It results from the fact that in general
relativity, not only the rest mass but also the kinetic and
gravitational potential energy contribute to the effective
mass of the system. This mass correction or monopole term
is conserved at order v/Lv“=3/2, Thus, it does not con-
tribute to radiation emission, which is a dissipative effect.
The dipole contribution also vanishes as observed in (4.4).

The second term in L,,q4, represents the coupling of the
orbital angular momentum of the system to the radiation
gravitons /;, and is of order ~/Lv'@~1/2_ At this order, the
orbital angular momentum is conserved and thus this term
does not contribute also to radiation emission.

The leading order term describing radiation emission is

the third term in L4, — II’/Rf)llz)j, which is of order

JLv'@tD/2 Note that this term relevant for the emission
process arises from diagram 3(e), which has three-point
graviton self-interaction. This clearly shows that the quad-
rupole gravitational emission is sourced by the nonlineari-
ties of general relativity. Ultimately, this is a consequence
of the fact that graviton energies also source the gravita-
tional field in general relativity. In the next subsection we
use this radiation term to find the emitted radiation power.
As in the d = 4 case [10], the Lagrangian (4.14) is man-
ifestly gauge invariant under infinitesimal gauge transfor-

(4.14)
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mations, showing the power counting scheme in its full
glory.

B. Quadrupole formula

We now want to compute the quadrupole formula that
gives the total energy per unit time radiated through gravi-
tational waves by an NR source. The total number of
gravitons emitted by the slow motion system over the
period T is given by

a’r 2

Here, dI' is the differential graviton emission rate, and
Sqrlx,]is the effective action that follows from integrating
out the radiation gravitons through the functional integral
(2.13). The imaginary part of this action, ImSq, gives the
quantity we are interested in and is given by the imaginary
part of the self-energy Feynman diagram represented in
Fig. 4. Only the last term in (4.14) contributes to radiation
emission since this is the only term with an imaginary part,
to leading order. The self-energy diagram then gives

2
Fig.4 = — Kgg [dx?dxglij(x?)lkm(xg)

X (R (10, XORG,, (13, X)) (4.16)

To find the two-point function of the linearized Riemann
tensor we take the definition (4.13) of Réliz) y
tion graviton propagator (AS8), yielding

and the radia-

—

FIG. 4. Self-energy diagram whose imaginary contribution
gives the quadrupole formula for the radiated power in the
form of gravitational waves by an NR system. The double solid
lines represent the NR particles. In the low energy CIEFT
describing the coupling of the particles to the radiated gravitons,
length scales smaller than the orbital distance cannot be re-
solved. This is pictorially emphasized in this diagram by draw-
ing the particle lines close to each other. This diagram is to be
understood as a standard self-energy diagram: at a certain point
in the past the system radiates a graviton [described by (4.14)]
which is then absorbed back in the future. The amplitude for this
process is complex. Its imaginary part encodes the information
on the radiated energy through gravitational waves that prop-
agates to the asymptotic region. Again, this is a tree-level
diagram since the loop is closed by heavy particle worldlines
whose momenta are not integrated.

PHYSICAL REVIEW D 78, 105010 (2008)
ik d(d - 3)
K +ied(d+1)d—2)
1
<[5 @udm + 030

1
d—1

<R£)112)J( (1)’ X)R(()lk)()m(xg’ X)> =

o0 | @17
where we used that from the on shell condition for the
radiation gravitons, k3 —k? = O follows that kk;

26y and  kkjkk, = l(5 St + 858 +
8;m0 ). Note that the two-point function in (4.17) is
proportional to the projection operator onto symmetric
and traceless two-index spatial tensors. So when it acts
on the quadrupole moment in (4.16), only the traceless part

of the quadrupole moment /% will effectively contribute.
This traceless component is given by

iy - 1 .
ij = ixd — 251 4.18
0 gma(xax oY) (.18)
Introducing its Fourier transform,
0lky) = [ax0QiNe e, (@19)
and using (4.16) and (4.17), becomes
2 _ dk
Fig.4 = —is _dd—3) d
32(d+1)d—-2) ) 2m)
(ko)4
k2 |Q1J(k0)|2 (420)

with |Q;;]* = QY Q7. To find the imaginary part of (4.20),
that gives ImSqE, one uses the well-known relation for the
principal value of a function,

S(K%) f(ko)
/ dko yEp f dk® ———
Fim [ dkOf(K0)8(k3 — Kk2),
8(k§ — k?) = 20 S(k” — kDK + |K]),
4.21)

where P stands for the principle value. This relation ex-
tracts the imaginary contribution of diagram 4,

k3 d(d—3)
64 (d + 1)(d—2)
d 'k

% [ Gt KF 10 KD
Here, the integrand gives the differential graviton emission
rate along the evolution of the system. The differential
power radiated is then this emission rate times the energy
|k| of the graviton. And the total power radiated during the

Im SQF = -

(4.22)

105010-12



GRAVITATIONAL RADIATION IN d > 4 FROM ...

period T — oo is then

T 2E
F= dedQE d‘édﬂ T ImSqrlx,], (4.23)
that is
K2 d(d - 3) dd*lk
= @+ na-2 J gmer HeikDE
(4.24)

Exploring the spherical symmetry of the problem one has

[di 'k = Q,, [dklk|92, with Q,_, = 2;@; being

the area of the unit (d — 2) sphere. Moreover, the on shell
condition for the graviton momentum allows one to make
the replacement |k| = —k°. Using kK = w, and the nor-
malization (3.4) for the gravitational coupling, the energy
radiated per unit of frequency finally reads

dE 22*d7T7(d75)/2d(d _3)
do ¢ 44210, (w)|% (4.25
do Sl @@ ey ¢ 1@l @25

This is the celebrated quadrupole formula, valid for any
spacetime dimension d > 3. For d = 4 it was originally
computed by Einstein and reproduced using the EFT for-
malism in [10,20]. For even d, our formula agrees with the
expression first computed in [27] using a standard Green’s
function formalism. Using the CIEFT approach we have
shown, for the first time, that the formula is also valid for
odd d-dimensional spacetimes. This was an open problem
up to now [27] and this is thus one of our main results.

V. RELATION WITH PREVIOUS WORK

The reason for the difficulties to derive the quadrupole
formula in the traditional approach is the following
[27,28]. Wave propagation of massless fields is consider-
ably different depending on whether the number of space-
time dimensions d is even or odd. This follows from the
fact that Green’s function has support only on the light
cone in the former case, but also inside of it in the latter
background. Indeed, in even d the Green’s function is
roughly [27] G™ ~ 6(,d74)/2[r*15(t — r)] (where r stands
for radial distance and ¢ for time), while in odd d one has
Gret ~ 9=/ 2[5)%] [where O(x) is the step function]. As
a consequence, wave tails or wakes develop in odd dimen-
sions [28]. Now, traditional methods to compute the quad-
rupole formula require solving the linearized Einstein field
equations in the harmonic gauge, Ulh,, = 167G,;S,,,
where [ is the d-dimensional Laplacian, and S,, =
T,, — ﬁ NuyT encodes the information on the energy-
momentum tensor of the NR source. The general solution
of this inhomogeneous differential equation can be ex-
pressed with the help of the retarded Green’s function
G (r—t,x —x/), as
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(1, %) = 167G, f dr f 41X, (1) X')

X Gt — 1, x — x'), (4.26)
plus any solution to the homogeneous equation. For even d
dimensions, we have a trivial integral over a delta function.
However, in odd d, the structure of the Green’s function
displayed above makes the integral in (4.26) highly non-
trivial, and so far this integration has not performed.

In a forthcoming publication [37] we will show that the
quadrupole formula (4.25) can also be reproduced using a
more traditional Green’s function formalism. The key ob-
servation will be that the Green’s function in momentum
space has the same functional form for both even and odd
spacetimes. So, carrying the calculations in momentum
space instead of in the position space (as is standard)
allows to rederive (4.25). We will further discuss in detail
the differences in even and odd d spacetimes, and explore
(4.25).

APPENDIX A: FEYNMAN RULES FOR
PROPAGATORS AND VERTICES

To compute the Feynman diagram contributions of
Figs. 1-3 we need Feynman rules for the graviton propa-
gators, graviton vertices, and point-particle vertices. In this
appendix we give these rules and details of their computa-
tion. The derivation is self-contained. We adopt the back-
ground field method introduced by Dewitt [33] in 1967 and
fully developed by t” Hooft and Veltman [34].

We start by considering metric perturbations &g,

around the unperturbed background g(l%, up to the order
we will be interested,’

0
v = 80 T KB
gr = gloy — Ky OgM + Ky8gk .88 + O(8¢°),
Jg=
Kg Ke wp _ 152
= Bo| 1+ 5080808 — 508

4
+ 0(6g°),

g(o)el/Z Tr[In(8#,+x,6¢*,)]

(AD)

where we used g#7g,, = 8*,, 8¢ = g(o) 88, detM =
eTnM] " and the Taylor expansion for In(1 + x) and e*.

The metric perturbation (A1) naturally induces pertur-
bations on the affine connections, Riemann, and Ricci
tensors. The perturbations introduced in these tensors can
be found in [34] and a nice reference to find the details of
their computation is [38]. Here we present the first order
perturbation in the Riemann tensor, because we need this
quantity to get (4.13),

*We use the (+, —, - - -, —) signature so & = /* detg,,, for
odd and even d, respectively.
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(1) pH

K,
vaf = f(vavuagﬂﬁ - vﬁvvsg#a - vavﬂagvﬁ

+ V5VEGg,, + (O)R%B(‘Sgl + (O)Rzﬁaﬁg“y).
(A2)

It also induces perturbations on the Ricci scalar. Expanding
the Einstein-Hilbert Lagrangian (2.7) in powers of the
gravitational field 8g,, one finds that L[g]= LO +
LY +1L? + 0(8g%) with: LO =2RO /2, LW =0
(due to the unperturbed Einstein’s equations), and

L® = M[%(%Bgz - 58"»55;”#)1?“’)
+ (28gH 68" — 8gbgh")RY), — L(V,88)(V*8g)
+(V,88)(V,86g"") + 1(V,88,,)(V¥5gH")

- (V,0¢")(V,u08%,) | (A3)
after partial integrations (PI) and moduli total divergencies
(MTD) in the action integral.

At this point we have to choose the gauge. The back-
ground field method adopts the viewpoint in which the
background unperturbed metric g{ is left invariant under
diffeomorphism transformations, x* — x* — &#* (where
&M infinitesimal vector field), while the metric perturba-
tions transform as 8g,, — 6g,, + V,&, + V, &, (where
V,, is the covariant derivative with respect to gﬁ%), hence
its name. Choosing to work in the harmonic gauge,
V,8¢%, =1V, 8¢ =0, one then has the gauge fixing
Lagrangian and associated ghost Lagrangian [34],

LGF = \/g(0)<va5ga,u, - %Vﬂsg)(va‘sgaﬂ - %V’“&g),

* 0
Lghost = ﬁﬂ M(vavan,uv - RL?/)"?V,

where n* is the fermionic ghost field (GF). The ghost
contribution would be important only if we were interested
in computing quantum loop corrections. Since we only
want tree-level results we will make no further reference
to it.

Defining L, = L + Ly one then has

Lsg = J8ol3(38g> — 8g*,8¢" )RV
+ (25g", 88" — 588" )RL)
+ 3V 88,,) (Ve 8gH") — (V,68*")(V,,68%,)
-1V, 88)(V*8g) + (V,8¢%,)(V,68")] (A5)

(A4)

where the covariant derivatives V , are taken with respect
to the background unperturbed metric gf

At this point, as motivated in the discussion before (2.8),
we take the unperturbed background to be Minkowski

spacetime, gﬁ% = Nur- After PI and MTD we then have

PHYSICAL REVIEW D 78, 105010 (2008)

Lg = 5(0,6g,,)0%88"" — 1(0,88)0°6g.  (A6)

8

1. Radiation graviton propagator

So far, our discussion is independent on the length scale
of the gravitational perturbation. We now take the graviton
perturbation to be a long wavelength radiation graviton,
i.e., we make the replacement 6g,, — h,,. Then, again
after PI and MTD, (A6) reads

Lip = —3hapD}"" 1y, with
DyPe = Lparnhr + nergbe — nebnrr)g, o,

(A7)

and the associated action is Sj2 = [ d?xL,.

To find the graviton propagator we have to get the
symmetric inverse of the bilinear operator D ?*”. This
amounts to find the inverse tensor P, g that multiplied by

the tensorial part of DIP*" gives the symmetric identity
1,,*" defined in (A20), and to find the inverse of the
differential operator 9,0*. This is simply the Feynman
propagator for a massless boson, Dg(x —y). The
Feynman rule for the radiation graviton propagator is then

of ~n~e w = (hag(@)hu(y))
(A8)
= DF(I*y)Paﬁ;w,
with
dk i .
— — —ik-(x—
DI = [
1 2
PaB,uV - 5 na,u,n,BV + navnﬁ,u. - ﬁnaﬂnyﬂl .
(A9)

This propagator has the power counting scale (,zh,,,) ~
r2=dyd=2 a5 shown in Sec. IIF.

2. Potential graviton propagator: Correction to the
potential propagator
To find the potential graviton propagator we go back to
(A6). This time we take the graviton perturbation to be a

potential graviton, i.e., we do the replacement og,, —
H

us

Lyp = 5(0aH,,)0"H"" = 0,H)9H. (A10)

Introducing the Fourier transform (2.10) of H,,,, and using
the integral representation of the delta function (B1) one
gets

1 , k2 1
LHZ - _E /k[szk,,lefk - ijka] - 5

[\§27234 1 0
X ) (= a0Hu,, 9°HE + 5 00H 0O H )
(A11)
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where Hy = HJ x> and the associated action is Sy =
Jdx"L.. The terms in the last curved brackets are sup-
pressed relative to the square brackets terms by a power of
v2. They are treated perturbatively, as operator insertions,
in correlation functions (see discussion below). So, taking
by now only the leading contribution of (Al1), it can be
written as
— 1 aBuv .
LHZ = — E ’/;(H_ka,BDH Hk/“" with
(A12)
Dy = %(n‘”‘n"” + P — nfnh)k?,
To find the potential graviton propagator we have to get the
symmetric inverse of the bilinear operator D§**”. The
inverse of its tensorial part is P,g,,, and the inverse of
its momentum part is simply k ~2. The Feynman rule for
the potential graviton propagator is then

CYB _____ MY = <Hka,3(x0)Hq,u,V(x/0)>
=—Q7V*Mk+®ﬁ5

X 8(x° — xOp (A13)

afuv:

with P,p,, defined in (A9). As shown in Sec. IIF, the
power counting scale for this propagator is (Hy o qw>
riu.

To compute diagram 2(e) in the main body of the text we
need the next-to-leading order correction to the potential
graviton propagator. This accounts for the contribution of
the curved brackets terms in (A11) that we neglected to get
the leading propagator (A13). The quickest way to get this

PHYSICAL REVIEW D 78, 105010 (2008)

1 1 k%
7]((2) e 1+ 2+ 00wY) (Al4)
Since k% < 9, the potential graviton propagator correction
contributing as rfv* corresponds to insert the operator 93
(which we denote with the subscript ®) in the correlation

function (A13), yielding

af——®— —pur= <Hkoz,8(x0)HqMV(xl0)>®
— —Qmi ek + V%

X 8(x0 — x0)P (A15)

aBuv:

3. Three-radiation graviton vertex

To get the three-radiation graviton vertex using the
background field method we have to go back to (AS) and
expand the background field g(O) up to first order,

0 _

guv = Muy + thw,, (A16)

where the background metric 7,, is taken to be
Minkowski spacetime and /& wv Tepresents the new small
perturbations around it. Of course, (A16) also induces
perturbations on the metric determinant ,/g(g), affine con-
nections, Ricci tensor RE?,, and Ricci scalar R that appear
in (A16).

The result of this expansion is the Lagrangian for the
three-graviton interaction,

propagator CQHection ils to note that the graviton propaga- S = / dIxLj,, Ljp(x) = — 7g ()T, > (%),
tor is proportional to 5 = k2 For a potential graviton,

Al7
and in the small v limit, one has F = v? « | which allows ( )
the Taylor expansion, with

|
T0,(x) = —h%Fd,0,hap + 3hd 0 ,h + [30,,0, — 31,,0°1(h* = 2h%Ph,g) — 8*(heyh®, — hh,,)
—[0,0,(hh,*) + 0,9,(hh,*)] + 23,0 g(h* ,hP, — h*Ph,, —in,, h*hP  + In,, hh*P)
+20,[h*P(3 hg, + 0,hg, )] — h® 0% hgy, — W07 hey + b0k + 37, (R*B02h, g — $h3%R).  (A18)
The Feynman rule for the three-radiation graviton vertex follows from its definition in momentum space,
, o o oL 2()6)
Vi )P = i(27)¢ fddxfddx d%x,dx el(kxl+px2+qX3) —hh ,
Vg = 127 s ShP(xr) 577 (53) lry ()
S8h,5(x)
. af _ _
with (Sh/"’—’/(xl) = 3d(x - xi)la'g#v, k + P + q = 0, (A19)
and /,,,, being the symmetric identity tensor,
Iaﬁ,uv = %(nap,nﬁu + navnﬁ,u,)' (A2O)

We assumed that all momenta k, p, g are incoming and thus conservation of momentum in this convention reads as
displayed in the end of (A19). After a long but straightforward computation that also makes use of the integral
representation (B1) for the delta function we arrive at the desired Feynman rule for the three-radiation graviton vertex,
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iK 3 1

(Vindagye = ~ Tg{[k"k” tk+ gkt a7 +qq" —5 n"”qz](laﬂw ) 77a,87770)
+ ZQAqS[IAéaﬁIMV’YU + I/\awfﬂwaﬁ a I#éaﬁlyl\’yﬂ - IVAQBI#SYU] + CI/\q#(naBI)WYU + T]wrll\yaﬁ)
+ ('I/\qy(naBI/\MyO' + 7770'1/\“&'3) - qz(naBIMVyO' - nyal'uyaﬂ) - nﬂyq/\qa(naﬁl'ya'é)\ + 77}/0'[0(,86/\)
- zq/\[laﬁ)tﬁ(lay’yo'(k + Q)'M + Is'uya'(k + Q)V) - I'yo’)té(lsvalgkﬂ + ISlLa'BkV)]

+ qz(lé'ualglyg—ﬁy + Ialgﬁyla'uya') + nﬂyq/\qé(laﬁ)\plpéyo + I'yo‘x\plpéaﬁ)

1 1
O Gt @ 1% s + 17l =5 1 (Larr = 5 M) |

- (kzna,BIMV)/o' + (k + Q)znyal'uvaﬂ)}- (A21)
This Feynman rule is independent of the dimensionality of the spacetime (contrary to the rule for the graviton propagator
and potential graviton vertices). In particular, (A21) is the same as the Feynman rule first obtained in four dimensions by
[39,40] (for the details see [38]). The three-point correlation function for the three-radiation graviton interaction,
(hyyhagh,s), can be obtained trivially from the tensorial product of this vertex rule with the radiation graviton propagators

(A8),

ap
o =

pv

(Pap (1) hs (22) o (23))

(A22)

= (has(@)hep(@))) (Vi) P87 (s (22)his (@) o (23) s ()

We do not need (A21) or (A22) (we just quote them for
completeness), but we will make use of (A18) in the next
subsections.

4. Three-radiation-potential graviton vertex and
correlation function

The action describing the three-radiation-potential
graviton interaction is

T (x) — [k [ Pk (40
q

N f d/xLjp, Lip(x) = —%ﬁ“”(X)TZ’i(X),

(A23)

where T} *(x) is obtained from T,’fv (x) by doing the re-
placement 7 — H in (A18).

We proceed using the Fourier transform (2.10) and keep-
ing only the leading order terms in the velocity. This yields

2 1 a 1 o a
TH,(x%) = (quqv + ) ﬂ#uqz)(Hkﬁqu,B - —Hqu) - qz(Hk#qu + H{ Hy, — Hk,qu)

2

2

1 3 @
+ _(kukv + q.9v + 2'k(uqv) + En,uu(kz + q2 + 2k - q)>(Hkﬁanﬁ

1
- 5Hqu)

+ (k;k, + q;q, + 2kq,)HH + (kk, + q,q, + 2k(iqv))HkH(i1# —2(k;k; + q,q; + 2k(q;)

x (1, Hy, — H{H,,

- (k*>+q*+2k - q)(HkWH(‘fy — HquW) + higher order v terms.

1 o B . .
— > N (HHy, — Hqu’)) —2(q,q, + kiq)H(H,,, — 2(q,q, + k;q,)HZHy,,

(A24)

Notice that in this expression we use the Latin letters «, v when only spatial x, » make a leading order contribution, and we
use parenthesis () around the indices to denote symmetrization, k;q;) = (k;q; + q;k;) /2.

Proceeding, we do the multipole expansion (2.11) of /,,,(x) around the system’s center of mass X, and keep only the
leading order term in the velocity v, i (2%, X). So, to leading order h »(x) only depends on x° but not on x. This allows to

write (A23) in lowest order as
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Sie = / dxh,,, (x°, X) f / ] ddflxe“k*q)*(—%Tﬁj(xo)) (A25)
k Jq

The spatial integral can be done using the integral representation of the delta function [, e'kT0x = §(k + q). This
operation results in ¢ — —k in (A24) and only the first line survives to the procedure. We can finally write the leading
order action for the three-graviton interaction between potential and radiation gravitons as

Sip = fdeL,;Hz(xo, X), with

_ 1 | . 1
Lipp(x%, X) = k h™ L kz[H{(‘OH_kMO — 5 i Hox — ZH{(* Hoy,, + gHkH_k]

- | ] 1
+ Kk A" [k K*[2Hy H_y,, — Hy, H ]+ K h" [ I:—Ekikj(H{f H g, — EHkak) + szk,.”H'l_ij

k

1 K> , 1
— EkZHki./'H_k - Z T]IJ(H{;L H_k/,LV - EHkH_k>i|, (A26)

where 1%, h%, hi/ are functions of (x°, X) and Hf" = Hy" (x0).
The Feynman rule for the three-radiation-potential graviton vertex follows from the definition,

6 SL; z(xo X)
i — 0 0 7.0 a2 X
Vit apur l[dx fdxldxz 5Hlfﬁ(x?) 5Hfzy(xg) , (A27)

and use of the functional derivative,

8Hk (xo)

ap = 0 _ ,0

W - 8(k + Q)a(x X )Io(,B,u,w (A28)
with 1,g,, defined in (A20). Finally, the three-point correlation function for the interaction between two potential

gravitons and radiation graviton is (dropping the bars over the graviton)

af
AN
AN
/
/

pv 7

s = (W2, X)Hi,5(2])Hy,, (29))

= (Hic 5 (29) Hio (1)) (Vi2) ™" (Hg,,, (23)H ,, (25°)
1

1 2
x {hOOk2 {75 Poguw + Papuo Mov + Pogow Moy — =3 (Pagoo Muv + Map Poo;w)}

+h0iK? [2 (Pagui Mov + Pagiv Mop) + % (Mo Poipw — Papoi Uuu)]
+h' [— (kikj + %%‘ k2> Papuw + K2 <Ia5uj Niv + Logju iy — % Lagij 77#!/)} } (A29)
In the main text we need only the «, 8, @, v = 0 components which reads
(O, X)Hy, () Hy, () = —ike, 2150 — x)(k + q)k%12 %Bk%% - (%k%;,., ik j)hif]. (A30)

Using the power counting rules of Table I we find that (hH Hy, ) ~ L™1/2qd+3/2d,

5. Three-potential graviton vertex and correlation function

To obtain the Lagrangian for the three-potential graviton interaction we begin by making the replacement h#*” — HM” in
(A23). We then take the Fourier transform (2.10) of the potential graviton H#*” and use the integral representation of the
delta function (B1) to get
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:[dXOLHHz,
—ﬁj:[[Qﬂ*@&+q+MHyu%
2 Jx qJp

2
X T, (0,

where T#,(x%) is defined in (A24).
The Feynman rule for the three-potential graviton vertex
follows from the definition,

SHHZ

Ly (XO)

(A31)

of-

AN

PHYSICAL REVIEW D 78, 105010 (2008)
o
Vaw) aguvve = ijdxofdxodxodxoi
HH*)aBuvy 1442 35H]L:1’3(x?)
> 1) 5L1:1H2(x0)
SHy (x9) 8HY(x3)

(A32)

and the use of (A28). The three-point correlation function
for the interaction between three potential gravitons is
finally

E 0 0 0
/\.___ YG = <Hka/3(ml)Hun(mQ)Hp'ya(m3)>

#
v’

= (Hic, , (@) Hic , ,(21)) (Vi) P99 (Hy, (a3 Hy 5, (230)) (B, (23) He, (237))

Kg

= —-2(2m)*15(2f — 29)5(29 — 29)8 (k + q + p)

2

X {2Paﬁ;wp o (kikj + qiq; + k(a )

k2 g2 p?

1 3
- [213 M <P wpn(n T + 7~ Paag 77;“/) + o= Pap %a] (k* +q* +2k-q)

1
+ |:P’yaa(u77u),6 + P’yoﬂ(p,nu)a + m (2Pa,@’ya N — Pa,@;w "7“/0):| (k2 + q2)

—4 (kik; + qiq; + 2k(q;5))

; 2 ; ; ; -
- [PM R (ﬂ Plyag v + Payas P an) + P, (P P lnag = PrnapP Z]uy)

1 1
+d—2<d—2P

where we used (again) the rule that a sum over Latin
indices means that only spatial indices contribute (to lead-
ing order), and the parenthesis () around the indices denote
symmetrization. In the main text we need only the «, 3, u,
v, v, 0 = 0 components which reads

<Hkoo(x(l))H%o (x(Q))HPoo (xg»

= Kk, 2m)*18(x) — xDS(x) — xSk + q + p)
(d—3)? k*>+q*> +p?
(d _ 2)2 k2q2p2

(A34)

Using the power counting rules of Table I we find that

<Hka/3HqWpr> ~ L71/2,7/2,3d/2

6. Point-particle vertices

The Feynman rules for the nonlinear vertex interactions
of particles with potential gravitons are obtained by taking

g o 1 g
Uaﬁ Nuv Mo + Iaﬁ(uj 771 ,,)777a - mna,@ o IUW/) :| }=

(A33)

I
the small velocity expansion (2.9) of the point-particle
action §,,, with dg,, — H,,. In the expansion (2.9) we
only display the lowest-order terms that contribute to the
leading order observables of interest. We also take the
Fourier transform (2.10) of the potential graviton to keep
a well-defined track of the velocity power counting.

The Feynman rules for the interaction vertex between
the particle and a potential graviton vertex then follows
from the definition of vertex interaction factor,

.762&,,, (A35)
uvaB = l ” aB’
SHI 5HSP

. SSPP

=] —=

v v
SH!

and the use of (A28). The point-particle vertex Feynman
rules are then [following the order of appearance in

(291
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iK,m .
Vilfl’)/ == % ]dXS f e[k.x 770;1, M0ws
k

5 iK,m S
V) = -5 deBLelkxvé(WOMUiv + M0y M),
IKgmy,

2

4 IK,m .
V;(u)/ = _% deBLelk XVZnO/LnOV’

)
5 IK,m . )
V,Eu)/aﬁ :—i . fdxgjk[ el(k+q)x770,u7701/770a7703-
q

(A306)

3 S
Vl(“)/ = deBLelk szvé(ni,unjv + 771'1/77/'#),

The power counting rules for the vertices are shown in
Table II [the kinetic contributions in (2.9), i.e., the two last
terms, have power counting rules of L'/20° and L'/2v2,
respectively].

APPENDIX B: USEFUL RELATIONS FOR
FEYNMAN DIAGRAM COMPUTATIONS

In this appendix we present some standard formulas that
are useful to compute Feynman diagram contributions.

We start with the integral representation of the delta
function

(k) = 8471 (k) =

8(X)=/;e"k"‘,

and the well-known integrals,

dd_;XI elkx = f eik-x’
(2m) x B1)

PHYSICAL REVIEW D 78, 105010 (2008)

[ F1(2)8( — a) = —f'(a),
(B2)

[ F@8( — a) = fla),

where f/(z) = %.
The integrals over the momentum are computed using
the following relations,

'k 1 1 T(n/2—-a) (x2)a—n/2
—_— —e == — ,
Q)" (k?)* @m? T(a) 4
(B3)
d~'k kikj —ik'x F(d_?) | |7(d73)
Qmd T K € §7d—1/2 X
x| 6, —@-3320] B4
J |X|2
and
d*"k 1 -
;= Te—nIln - DF
" @mmTen-2)
d*k kK, 1 -
Pt K2k —pp 2P (BS)

2 k. .
4>k kk; _ 0jj Iy(p2)7~!
(2m)*" k*(k — p)? 42n -1

n 2yn-2
+pp—1 7 n-2
plpj 2(277 _ 1) 0(p )

The integral (B3) is needed to evaluate all Feynman dia-
grams. Relation (B4) is needed to compute (4.7), and
relations (B5) are needed to compute (3.9).
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