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We consider energy deposition of high energy electrons and photons in the Universe. We carry out

detailed calculations of fractions of the initial energy of the injected electron or photon which are used to

heat, ionize, and excite background plasma in the early Universe for various ionization states (ionization

fraction ¼ 10�3 � 1) and redshifts (z ¼ 100–1000).
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I. INTRODUCTION

The energy deposition of fast electrons and high energy
photons in partly ionized plasma is an important issue in
the wide range of physics and astrophysics. In cosmology,
for example, the high energy photons and/or electrons are
injected from decay or annihilation of massive particles.
The recent observation of the Wilkinson Microwave
Anisotropy Probe (WMAP) on the cosmic microwave
background (CMB) has shown that dark matter constitutes
about 80% of the total matter in the Universe [1]. One of
the most promising candidates for dark matter is a super-
symmetric particle with mass Oð100Þ GeV. If such mas-
sive particles are annihilated and/or decay, the ejected
charged particles and photons interact with various back-
ground particles—the electron, atomic hydrogen, and the
CMB photon—and hence give the significant effects on the
thermal history of the Universe. In this case, to estimate the
cosmological effect of dark matter annihilation/decay pre-
cisely, we need to understand development of electromag-
netic cascade showers induced by primary particles, energy
loss of charged particles and photons, and so on. Besides
dark matter, there are many candidates for inducing elec-
tromagnetic showers and affecting the cosmic background
plasma in physics beyond the standard model.

When the high energy electrons and photons are emitted
before recombination, they may change abundances of
light elements produced in the big bang nucleosynthesis
and/or may distort the CMB spectrum, which has been
extensively studied (e.g., see references for big bang nu-
cleosynthesis in [2] and for the CMB in [3]). On the other
hand, if the high energy photons and electrons are injected
after recombination, they can cause ionization and excita-
tion of neutral hydrogens as well as scatterings off back-
ground photons and free electrons. Thus, the thermal
history of the Universe, in particular, ionization fraction
and electron temperature, may significantly change com-
pared with the standard case, and it gives the change of the
temperature and polarization angular power spectra mea-
sured precisely by theWMAP. To estimate the influence on
CMB anisotropies, detailed calculations for electron/pho-
ton energy deposition is necessary. The energetic electrons

lose their energy by inverse Compton scattering which is
very fast because of the huge number density of the CMB
photons. For high energy photons, their interaction rate
with the background electrons and hydrogen is not as fast
as photon-photon processes, and the typical rate of
Thomson scattering is given by tpe ’ 2� 1020ð1þ
zÞ�3 sec . Therefore, the interaction time of the high en-
ergy photons and electrons is much faster than the cosmic
expansion for z * 100. Since neglect of the cosmic expan-
sion largely simplifies the present analysis, we consider the
range of redshift between 100 and 1000.
Detailed calculations for electrons and photons slowing

down in partially ionized plasma of atomic hydrogen were
carried out by many authors (see references in [4]).
However, these authors mainly studied the case of injected
electron energy up to keV. On the other hand, when dark
matter annihilation/decay takes place, the high energy
photons and electrons with energy Oð1Þ are produced,
and the previous calculations are not enough at all for
studying its effect on the CMB angular power spectra.
Although some authors investigated this subject [5,6],
they extrapolated carelessly the result of energy deposition
of electrons/photons which is valid up to keV. In this paper,
therefore we extended the previous calculations which are
valid up to a much higher energy, i.e., 1 TeV. The injected
high energy particles produce the cascade showers and lose
their energy. We can categorize three types of energy loss:
heat, excitation, and ionization according to what the
energy of the particle is used for. It is the aim of this paper
to derive these quantities precisely. They depend on the
energy of primary particles as well as the redshift and state
of ionization. There are two reasons why it is difficult to
derive them. One is the large number of interactions in-
volved with the energy degradation. The other is the con-
nection between the energy degradation of charged
particles and that of photons. For example, high energy
electrons can produce photons as much the same energy
through inverse Compton scatterings with CMB photons.
In other words, we cannot calculate the evolution of the
energy of charged particles and photons separately but
simultaneously.
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In Sec. II, we show the numerical method to calculate
the energy degradation of the primary particles. In Sec. III,
the evolutions of the energy of the primary electron, pho-
ton, and positron are presented. The results of the energy
degradation of the primary particles is shown in Sec. IV. In
Sec. V, we summarize the results.

II. NUMERICAL METHOD

For incident electrons and photons, there are many
interactions which contribute to energy degradation. It is
convenient to divide these processes into two groups. One
is the group characterized by losing only a very small
portion of energy in one collision (continuous loss). The
other is the group characterized by being likely to lose a
significant portion of energy in one collision (‘‘cata-
strophic’’ loss [7]). In the case of the latter, it is necessary
to use an integro-differential equation to calculate the
electron energy spectrum.

Let E1; E2; . . . ; EN be a discrete set of energies of par-
ticles (Ei < Ej for i < j) and NpðEsÞ�Es be the number of

particles with energy between Es ��Es=2 and Es þ
�Es=2. The accuracy of the numerical method is limited
by the bin size (�Ei). Since we consider very large energy
region ranges from 10 eV to 100 GeV, the bin sizes are
taken to increase as energy so that �Ei=Ei become con-
stant. The particle energy spectrum is given by

@NpðEsÞ
@t

¼ � 1

�Es

��dE

dt

�
NpðEsÞ � NpðEsÞ

X
i<s

PðEs; EiÞ

þX
i>s

NpðEiÞPðEi; EsÞ þQðEsÞ; (1)

where PðEi; EjÞdt is the probability that a particle with

energy Ei undergoes a collision, causing it to lose energy
and have energy Ej in time dt, and QðEiÞ represents

sources and sinks of particles corresponding to the possible
production, annihilation, or gradual leakage from the en-
ergy range that we consider [8]. The first term of the right-
hand side of Eq. (1) represents continuous loss, and the
second and third terms represent outflow and inflow, re-
spectively, caused by catastrophic loss.

In this paper, we are mainly interested in how much
initial particle energy converts to heat, excitation, and
ionization. For convenience, we define �hðEÞ, �eðEÞ, and
�iðEÞ as fractions of the initial energy E which go to heat,
excitation, and ionization, respectively. They are written as

�i ¼
E1f

E
hNii; (2)

�e ¼ 1

E

X
j

E1jhN1s!ji; (3)

�h ¼ 1� �i � �e; (4)

where E1f is ionization energy and E1j is the energy

difference between the ground state and the jth excited
state. The average numbers of ionization and excitations
through radiative processes are represented as hNii and
hN1s!ji, respectively. Note that �i þ �e þ �h ¼ 1.1

Here, for simplicity, we assume that all baryons in the
Universe are free protons and hydrogen atoms and neglect
helium, which causes at most a 10% error in our
calculation.
Suppose that we know already �hðEiÞ, �eðEiÞ, and

�iðEiÞ with energy less than Es, and consider a particle
with initial energy Es. Since there are no particles with
energy more than Es, the energy degradation is character-
ized by the first term of the right-hand side of Eq. (1)
(continuous loss), the second term (catastrophic loss),
and the last term (annihilation). Here we consider only
that annihilation of the primary particle contributes to
QðEsÞ. All of these terms are in proportion to NpðEsÞ, so
we define the following number loss function:

LðEsÞ ¼ 1

�Es

��dE

dt

�
þX

i

ntvp�iðEsÞ; (5)

where nt is the number density of target particle, vp is the

particle velocity, and �iðEsÞ is the catastrophic and anni-
hilation cross sections. From the number loss function, we
can obtain the probability that a particle undergoes a
particular collision ‘‘m’’ [9]. The collision frequency for
a particular continuous loss may be defined by

�mðEs; Es�1Þ ¼ 1

�Es

��dE

dt

�
m
; (6)

and the collision frequency for a particular catastrophic
loss ‘‘�’’ and annihilation ‘‘�’’ are given by

��ðEs; EiÞ ¼ ntvp��ðEs; EiÞ; (7)

and

��ðEsÞ ¼ ntvp��ðEsÞ; (8)

respectively. The total collision frequency for the cata-
strophic loss is given by

��ðEsÞ ¼
Z

dEntvp��ðEs; EÞ: (9)

Then the probability PðEs; EiÞ is written as

PðEs; EiÞ ¼
P

� ��ðEs; EiÞP
m �mðEs; Es�1Þ þP

�ð��ðEsÞ þ ��ðEsÞÞ
ði � s� 1Þ; (10)

1We frequently use ‘‘fraction of heat,’’ ‘‘fraction of excita-
tion,’’ and ‘‘fraction of ionization’’ to refer to �h, �e, and �i,
respectively. Please do not confuse �i with ‘‘ionization fraction’’
xe which is the fraction of ionized hydrogens.
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PðEs; Es�1Þ ¼
P

m �mðEs; Es�1Þ þ
P

� ��ðEs; Es�1ÞP
m �mðEs; Es�1Þ þ

P
�ð��ðEsÞ þ ��ðEsÞÞ :

(11)

Combining these probabilities with the data about �hðEÞ,
�eðEÞ, and �iðEÞ with energy less than Es, �hðEsÞ, �eðEsÞ,
and �iðEsÞ can be obtained. Please notice that the defini-
tion of the frequency for continuous loss depends on the
size of the energy bin but the final result is independent of
it. The reason is as follows. When all of the bins are divided
into halves, the probability PðEs; EiÞ decreases by 50% if
the bin size is small enough. This is because the collision
frequency for continuous loss is much larger than that for
catastrophic loss in this case. However, the effect of the
decrease of the probability is cancelled by the increase of
the bin numbers. We have checked that our results are
independent of the size of the energy bin.

III. INDIVIDUAL EVOLUTION

A. Electron

For incident high energy electrons, there are many in-
teractions which contribute to energy degradation: elastic
collision with atomic hydrogen, excitation and ionization
of atomic hydrogen, Coulomb loss with background elec-
trons, and inverse Compton scattering with background
photons (CMB photons). The cross sections and energy
loss rates of these interactions are described in the appen-
dix and shown in Figs. 1 and 2. Hereafter, we use electron
kinetic energy (Ke) instead of electron energy (Ee ¼ Ke þ
me) for convenience. In this paper, we have used a 4 level
(2s, 2p, n ¼ 3 and n > 3) approximation in considering
electron impact excitation. From Fig. 1, it is found that
energy loss is dominated by collisions with a background
electron (Coulomb loss) at low energy and inverse
Compton scattering off a CMB photon at high energy.
The reason is simple. At low energy, the average energy
loss of an electron is roughly �Ee / �2ECMB for one
inverse Compton scattering. So electrons lose a very small
fraction of their energy, and hence energy loss is dominated
by collisions with atomic hydrogen and background elec-
trons. On the other hand, at high energy, since the number
density of a CMB photon is much larger than that of a
background electron, energy loss is dominated by inverse
Compton scattering. Energy loss by Coulomb collisions is
so efficient that free electrons with ionization fraction xe
exceeding 10�4 have a substantial influence on the energy
degradation [4]. Thus, as the ionization fraction increases,
the fraction of the initial electron energy which is con-
verted to heat [�hðEÞ] increases as shown later.

We calculate the energy degradation of an electron
following the method described in the previous section.
There are two free parameters: ionization fraction xe and
redshift 1þ z. The ionization fraction is relevant for colli-
sions with atomic hydrogens and background electrons,
and the redshift is mostly relevant for inverse Compton

scattering. For simplicity, we regard the distribution of
CMB photons as monoenergetic [E� ¼ 6:34�
10�13ð1þ zÞ GeV], not blackbody. Free and bound proton
number densities can be parametrized by baryon-to-photon
ratio �: np ¼ �nCMB. We adopt � ¼ 6:1� 10�10 from the

result of the WMAP 3-year observation [1]. We take into
account properly secondary electrons which are produced
by electron impact ionization.
Energy degradation for several values of xe and 1þ z

is shown in Figs. 3–5. Here we plot �hðEÞ, �exðEÞ, and
�iðEÞ. In addition, we also plot the fraction of the initial
energy that goes to photons with energy larger than
Ryð¼ 13:6 eVÞ. This energy is the threshold energy for

FIG. 1 (color online). Continuous energy loss rates for elec-
trons with xe ¼ 10�2 and 1þ z ¼ 1000. The solid line repre-
sents an elastic collision with atomic hydrogen, the dashed line
represents Coulomb loss with a background electron, and the
dotted line represents inverse Compton scattering with a CMB
photon.

FIG. 2 (color online). Cross sections for electron impact exci-
tation and ionization of H.
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photoionization; it is granted that these photons also con-
tribute to heat, excitation, and ionization, and we will treat
them in Sec. IV. On the other hand, photons with energy
less than Ry heat only background electrons with Compton
scattering. An oscillating behavior below 50 eV in Figs. 3
and 5 reflects the nature of discrete energy loss. This
behavior is not seen in Fig. 4 since the effect of Coulomb
loss dominates over ionization and excitation. The com-
mon features in Figs. 3–5 are as follows: (i) The fractions
of heat, excitation, and ionization are the same order for
Ee < 104 eV, (ii) heat dominates at 104 < Ee < 106 eV,
and (iii) finally, the energy of photons dominates for Ee >
107 eV. At relatively low energy, inverse Compton scat-

tering is inefficient. Moreover, the cross sections and en-
ergy loss rates for momentum loss, excitation, and
ionization are almost the same order if the ionization
fraction is not large; i.e., Coulomb loss is not dominant.
As a consequence, �h, �ex, and �i are nearly the same
order, and our calculation corresponds to the result of
Ref. [4] up to Ee � keV. As electron energy increases,
inverse Compton scattering becomes significant. If the
energy of a scattered-up photon is less than the threshold
energy of photoionization, the energy loss due to inverse
Compton scattering converts to heat and the fraction of
heat approaches to unity. When electron energy further
increases and most of the scattered-up photons have
enough energy to ionize atomic hydrogen, the energy of
an incident electron exclusively converts to the photon
energy.
Next we will show how these fractions are dependent on

parameters. To see the effect of the ionization fraction, let
us compare Fig. 3 with Fig. 4. It can be seen that the
fraction of heat increases at low energy as the ionization
fraction increases. This is because Coulomb collision
which is proportional to electron density xe converts initial
electron energy into heat exclusively. On the other hand,
the collision frequencies for ionization and excitation do
not change for xe � 1 since they are proportional to the
number density of hydrogen atom ð1� xeÞ. As a result, the
fraction of heat increases while the ionization and excita-
tion fractions decrease. At high energy, the results are
irrelevant for the ionization fraction since inverse
Compton scattering dominates over all other processes.
Comparing Fig. 3 with Fig. 5, it can be seen that the rise
of heat and photon energy shifts to the high energy side as
the redshift decreases. This is because the effect of inverse
Compton increases in proportion to the energy of the CMB
photon and hence in inverse proportion to the redshift.

FIG. 3 (color online). Electron energy degradation with xe ¼ 0
and 1þ z ¼ 1000. The solid line represents �h, the dashed line
represents �ex, and the dotted line represents �i. The dotted-
dashed line represents the fraction of photon energy whose
energy is larger than Ry.

FIG. 4 (color online). Electron energy degradation with xe ¼
10�2 and 1þ z ¼ 1000. The solid line represents �h, the dashed
line represents �ex, and the dotted line represents �i. The dotted-
dashed line represents the fraction of photon energy whose
energy is larger than Ry.

FIG. 5 (color online). Electron energy degradation with xe ¼ 0
and 1þ z ¼ 100. The solid line represents �h, the dashed line
represents �ex, and the dotted line represents �i. The dotted-
dashed line represents the fraction of photon energy whose
energy is larger than Ry.
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B. Photon

As well as the electron, there are many interactions
which contribute to energy degradation for incident high
energy photons: photoionization, Compton scattering with
background electrons, pair production in matter, photon-
photon scattering, and double photon pair creation. Here
we neglect photoexcitation since the resultant excited state
immediately emits a photon and goes down to the ground
state. The cross sections and energy loss rates of these
interactions are found in the appendix and shown in Fig. 6.

Energy degradation is plotted for xe ¼ 0 and 1� xe ¼
10�2 in Figs. 7 and 8. Here we plot �h and �i. In addition,
we also plot the fraction of initial energy which goes to
electrons with energy larger than 0.75 Ry. This energy is
the threshold for electron impact excitation of atomic
hydrogen. Electrons with lower energy only heat back-
ground electrons through elastic collision with atomic
hydrogen and Coulomb loss. The sudden falls of �h re-
flects the nature of discrete energy loss. The energy for the
first fall (E� ¼ Ry) corresponds to the threshold energy of

photoionization, and the second one (E� ¼ 7=4Ry) corre-

sponds to the sum of the threshold energy of photoioniza-
tion and that of electron impact excitation. In that case, the
energy of the incident photon goes into ionization and the
electron produced in the ionization and is not used for
heating. (Of course, the electron further interacts with
background plasma and heats it. This will be taken account
in the next section.) The rise of �h around E� � 104 eV is

due to Compton scattering. Unlike the case of an incident
electron, the fraction of electron energy dominates even at
low energy. This is because energetic electrons are pro-
duced through photoionization at low energy and Compton
scattering at high energy.

The increase of the ionization fraction causes the in-
creases �h especially at low energy. This is because photo-
ionization and Compton scattering determine the

degradation of electron energy at low energy. The effect
of photoionization decreases as the ionization fraction
increases, and hence �h increases. Since the photoioniza-
tion rate is proportional to ð1� xeÞ, the effect of photo-
ionization becomes small as xe approaches 1, which leads
to relative enhancement of Compton scattering and in-
creases �h. Note that we use the baryon density instead
of the electron density when we calculate the energy losses
due to Compton scattering. This is because Compton scat-
tering becomes important only when E� is sufficiently

larger than Ry and the interaction is insensitive to whether
an electron is bound or not [5]. As the redshift increases,
photon-photon scattering and double photon pair creation
become important. These processes, however, become

FIG. 6 (color online). Photon collision frequencies with xe ¼
0 and 1þ z ¼ 1000.

FIG. 7 (color online). Photon energy degradation with xe ¼ 0
and 1þ z ¼ 1000. The solid line represents �h, the dashed line
represents �i, and the dotted line represents the fraction of
electron energy whose energy is larger than 0.75 Ry.

FIG. 8 (color online). Photon energy degradation with 1�
xe ¼ 10�2 and 1þ z ¼ 1000. The solid line represents �h, the
dashed line represents �i, and the dotted line represents the
fraction of electron energy whose energy is larger than 0.75 Ry.
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dominant at very high energy as seen in Fig. 6. This effect
does not appear until the energy deposition of the electron
and positron is taken into account.

C. Positron

Positrons are produced by pair production in the electric
field of nuclei and double photon pair creation. Therefore,
we should take the energy degradation of positrons into
account. Although the energy degradation of positrons is
almost the same as that of electrons, there are two differ-
ences between the electron and the positron. One is the sign
of its charge. The other is the indistinguishability between
a primary electron and a secondary electron in the pro-
cesses where the target is an electron or atomic hydrogen.
These differences become less important at high energy.
For simplicity, we assume positrons lose their energy just
like electrons in this paper. Besides, positrons finally anni-
hilate with background electrons through either free anni-
hilation or the formation and decay of positronium [10]. It
depends on the temperature, density, and state of ionization
of the background electron which process is dominant.
Roughly speaking, most of the positrons undergo annihi-
lation after the significant loss of their energy. Therefore,
we assume that a positron forms positronium with a back-
ground electron after losing almost all of its energy and
decay. The positronium annihilates to two photons (each
0.511 MeV) 25% of the time and to three photons (each
less than 0.511 MeV) 75% of the time. The energy spec-
trum from the three-photon annihilation is described in the
appendix.

IV. RESULTS

As previously mentioned, we should calculate the evo-
lution of the energy of charged particles and photons
simultaneously. In Figs. 3–5 (7 and 8), the fractions of
heat, ionization, and excitation are only due to primary and
secondary electrons (photons), and the contribution of the
secondary photons (electrons) produced in various radia-
tive processes is not included in them. Instead, in the
figures, we show the fraction of the initial energy that
goes to energetic photons (electrons). For a complete esti-
mation of �i, �e, and �h, we should calculate the contri-
butions of such photons (electrons) to the fraction of heat,
ionization, and excitation. In our method, it is easy to
calculate it since we already know the spectrum of the
secondary particles. In Figs. 9 and 10, we show the fraction
of heat, excitation, and ionization when the primary parti-
cle is an electron and a photon, respectively. Let us exam-
ine these figures.

First, we consider the electron case. When the energy of
the electron is small (Ke < 104 eV) and the ionization
fraction is not large, the fractions of heat, excitation, and
ionization are roughly the same order. This is because the
relative smallness of the ionization fraction makes the
effect of Coulomb loss comparable with that of excitation

and ionization of atomic hydrogen. The fraction of heat
increases as the ionization fraction increases and vice
versa. For larger electron energy (Ke > 104 eV), the domi-
nant energy loss mechanism is the inverse Compton scat-
tering. If the electron is nonrelativistic, the energy of
scattered-up photons is so small that these photons con-
tribute only to heating of the background particles. As a
consequence, the fraction of heat reaches near unity. When
an electron is relativistic, the energy of scattered-up pho-
tons exceeds the threshold energy of ionization of atomic
hydrogen. In this case, it is necessary to estimate the
contribution of these photons. It is seen that the fractions
of excitation and ionization are a little larger than that of
heat with low photon energy in Fig. 10. For this reason, all
of these fractions become almost the same amount. The

FIG. 9 (color online). Electron energy degradation with xe ¼
10�3 and 1þ z ¼ 1000. The solid line represents �h, the dashed
line represents �i, and the dotted line represents �ex.

FIG. 10 (color online). Photon energy degradation with xe ¼
10�3 and 1þ z ¼ 1000. The solid line represents �h, the dashed
line represents �i, and the dotted line represents �ex.
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oscillating structure of the �’s around Ke ’ 108–1010 eV
reflects that of scattered-up photon around E� ’
105–107 eV. When the energy of electron becomes ultra-
relativistic, the oscillating structure is averaged out and
vanishes.

Next, let us consider the photon case. When the energy
of the incident photon is small (E� < 103 eV), the frac-

tions of excitation and ionization are larger than that of
heat. This is because the dominant energy loss mechanism
is a photoelectron effect unless the ionization fraction is
very close to unity. In this case, a photon ionizes an atomic
hydrogen and emits a photoelectron whose energy is al-
most the same as the primary photon. Therefore, the be-
havior of photons is very similar to that of electrons at low
energy. As photon energy increases, Compton scattering
becomes the dominant energy loss. When the photon en-
ergy is larger than the electron mass, the forward scattering
becomes dominant and the energy of the recoil electron
approaches that of the photon. In other words, Compton
scattering produces a recoil electron with the same energy
as the incident photon. Therefore, the behavior of photons
traces that of electrons in this energy region.

When photon energy is larger than 108 eV, the effects of
pair production in matter, photon-photon scattering, and
double photon pair creation cannot be neglected. However,
it is hard to explain the influence of these processes be-
cause the most dominant process among the three depends
on the redshift and photon energy, and the shape of the
spectrum of secondary particles is very sensitive to primary
photon energy. At high energy, however, the fractions of
heat, excitation, and ionization become constant values just
like the electron. As high energy photons are closely
related with electrons, these constants will become almost
the same value in either case.

To see how ionization fraction xe and redshift z have
influence on the energy degradation, we plot the fractions
of heat, ionization, and excitation as a function of 1� xe
and 1þ z in Figs. 11 and 12, respectively. Here we have
taken 1012 eV for the initial energy of electrons or photons.
This is because all of the fractions become constant values
at this energy. Unless the ionization fraction is very small,
�h and �i are almost independent of it. This is because �i

is mainly determined by photoionization due to low energy
secondary photons in this case and the collision frequency
of photoionization is much larger than that of Compton
scattering at low energy [Fig. 6]. Therefore the effect of the
change of ionization fraction is almost irrelevant. However,
the fraction of excitation �e is very sensitive to the ioniza-
tion fraction since the collision frequency of electron im-
pact excitation is in proportion to 1� xe while the
competing processes (inverse Compton and Coulomb
loss) are independent of 1� xe. The fraction of heat �h

does not depend on 1� xe since �i is independent of 1�
xe and �ex is a very small quantity. (Please notice that �i þ
�ex þ �h ¼ 1.) When the ionization fraction is very small,
the effect of Coulomb scattering is weakened, and these
fractions become the same order. Unlike the ionization
fraction, the change of redshift seems to have no influence
on the energy degradation. This is because the change of
redshift affects which process is dominant at high energy
but is almost irrelevant at low energy. �i and �e are
determined by secondary low energy particles, and these
fractions are nearly independent of the redshift.

V. CONCLUSIONS

We have carried out detailed calculations of the fractions
of the initial energy of the injected electron or photon
which are used to heat, ionize, and excite background
plasma in the early Universe. In the high energy limit

FIG. 11 (color online). Electron and photon energy degrada-
tion with 1þ z ¼ 1000. The solid line represents �h, the dashed
line represents �i, and the dotted line represents �ex.

FIG. 12 (color online). Electron and photon energy degrada-
tion with xe ¼ 10�3. The solid line represents �h, the dashed
line represents �i, and the dotted line represents �ex.
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(E> 1011 eV ¼ 100 GeV), we have shown that the frac-
tions are almost independent of the initial energy. In the
energy range between 10 keVand 10MeV, the fractions are
sensitive to the initial energy, which shows that the simple
extrapolation of the previous result is not appropriate.

Our calculations are valid up to TeV and can be applied
to various cosmological and astrophysical situations. Once
we know the fractions of ionization and heat, it is easy to
estimate the ionization and heating rates caused by high
energy photons (electrons) [see Eqs. (2)–(4)], and then we
obtain the evolutions of ionization and electron tempera-
ture. As mentioned in the introduction, one of most inter-
esting applications is to study the effect of TeV mass dark
matter decay/annihilation on CMB angular spectra. We
will investigate this subject in a separate paper.
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APPENDIX: RELEVANT CROSS SECTIONS

In this appendix, we show the cross sections and energy
loss rates adopted in this paper.

1. Electron

a. Excitation of H.—We have adopted almost the same
cross sections for atomic hydrogen and Coulomb losses as
Ref. [4]. For the cross sections for the electron impact
excitation of atomic hydrogen, we have adopted
Ref. [11]. At high energy, we have used the Bethe approxi-
mation reviewed in Refs. [12–15].
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where a0 is the Bohr radius, Ry is the Rydberg energy, and
T ¼ mv2=2 represents the kinetic energy. The numerical
coefficients are lnC2p ¼ �0:897 04, �2p ¼ 0:207 985, and

M2
2p ¼ 0:554 93. ‘‘NR’’ and ‘‘R’’ mean nonrelativistic and

relativistic, respectively.
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where b2s ¼ 0:119 86 and �2s ¼ �0:3125.
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where M2
3 ¼ 8:8989� 10�2 and lnC3 ¼ �0:2724.

For the excitation to n > 3, we subtract Eqs. (A1)–(A6)
from the total excitation cross section.
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where lnCex ¼ �0:5780, �ex ¼ �0:120 575, and M2
ex ¼

0:7166.
b. Ionization of H.—For the ionization cross section, we

have adopted the following differential cross section:

d�iðE; 	Þ
d	

¼ AðEÞ
1þ ð	= �	Þ2 for 0 � 	 � 1

2
ðE� IÞ; (A9)

where E is the incident electron energy and 	 is the energy
of the ejected electron. We choose �	 ¼ 8 eV. In Eq. (A9), a
value of 2 is different from that of 2.1 originally suggested
by [16]. This is why Eq. (A9) can be analytically inte-
grated. Two parameters AðEÞ and �	 are related to the total
ionization cross section �iðEÞ:

AðEÞ ¼ �iðEÞ
�	

½tan�1XðEÞ��1; (A10)

XðEÞ ¼ E� I

2 �	
; (A11)

where I is the ionization potential. The total ionization
cross section for atomic hydrogen had been measured by
Ref. [17] in the range 14.6–4000 eV. Above 4000 eV, we
used Bethe approximation [12,14].
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where M2
i ¼ 0:2834, lnCi ¼ 3:048, and �i ¼ �1:6294þ

lnðRy=TÞ.
c. e�-H collision.—For electron-hydrogen momentum

transfer cross sections at low energies, we have adopted the
results of [18,19]. The momentum loss cross section is
described by

�mt ¼ �a20
T=Ry

X
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½3sin2ð��
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l Þ�;

(A14)

where �þ
l and ��

l are the phase shift computed in [20,21].

The cross sections at 100, 200, and 300 eV were calculated
in [22]. Cross sections at other energies were derived by
interpolation and extrapolation. The energy loss due to
electron-hydrogen momentum transfer is described by��dE

dt

�
mt

¼ 2meE

mp

nHve�mtðEÞ; (A15)

where mp is the proton mass.

d. Coulomb collision.—Incident electrons lose their en-
ergies due to elastic collisions with background electrons
and photons. Energy loss is dominated by electrons at low
energy since Coulomb cross sections are much larger than
Compton cross sections. However, energy loss is domi-
nated by photons at high energy since the number density
of photons is much larger than that of electrons.

For the energy loss due to Coulomb collisions with
background electrons, we have adopted the following ana-
lytical formula [23]:��dE

dt
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(A16)

where E is the incident electron energy in eV, Ee is the
background electron energy in eV, and ne is the electron
number density in cm�3.

e. Inverse Compton scattering.—An important quantity
which characterizes the behavior of inverse Compton scat-
tering is �ECMB (photon energy in the electron’s rest
frame), where ECMB is the energy of the CMB photon. If
�ECMB is much less than me, a Thomson scattering ap-
proximation is valid. Otherwise, a Klein-Nishina cross
section should be used.

For inverse Compton scattering with �ECMB � me, the
energy spectrum of scattered photon is obtained by Ref. [8]
in the limit � ! 1. However, we should keep� so as not to
spoil the validity of the Thomson approximation. After
some tedious calculations, the number of collisions per
unit time and unit scattered photon energy (E�) is given by

d2N

dtdx
¼ �TcnðECMBÞdECMBfðxÞ; (A17)

where �T is the Thomson cross section and nðECMBÞ is the
differential number density of CMB photons and x ¼
E�=ECMB. The expressions for fðxÞ is given by
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The coefficient is determined so that
R
fðxÞdx is equal to

unity. In the limit � ! 1, Eq. (A19) corresponds to the
result of [8]. The number of collisions per unit time and the
energy loss rate can be easily obtained:

Z d2N

dtdx
dx ¼ �TcnðECMBÞdECMB ¼ �TcnCMB; (A20)
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where nCMB and UCMB are the number and energy density
of CMB photons, respectively.
For inverse Compton scattering with �ECMB � me, we

should use a Klein-Nishina cross section instead of a
Thomson cross section. The number of collisions per unit
time and unit scattered photon energy is given by [24]

d2N

dtd�0 ¼
2�r2ec

��2
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where � ¼ ECMB=me, �0 ¼ E�=me, and q ¼
�0=4��2ð1� �0=�Þ. The number of collisions per unit
time can be obtained by integrating Eq. (A22). We shall
assume that Eq. (A22) is valid for 0< q< 1, even though
Eq. (A22) is quite invalid for 0< q< 1=4�2. The contri-
bution from the region 0< q< 1=4�2 is Oð1=�2Þ and is
negligible since ECMB is much less than me [24]. The
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number of collisions per unit time is given by [25]

Z d2N

dtd�0 d�
0 ’

Z 1

0
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(A23)

where
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and s ¼ 4��. The function Li2ðxÞ is the dilogarithm
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: (A25)

The energy loss rate is given by [24]
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where
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2. Photon

a. Photoionization.—The absorption of x rays and � rays
is studied in detail in [26]. Incident photons are mainly
absorbed by hydrogen atoms and eject photoelectrons at
low energies. The photoionization cross section for atomic
hydrogen was reviewed in [27,28].
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where h� is the incident photon energy, � is the fine-

structure constant, I is the ionization energy, � ¼
1=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
h�=I � 1

p
, and � ¼ ðh�þmeÞ=me. The cross sections

above are just halves of [27,28]. This is because there is
only one electron in the K shell in the case of hydrogen.

b. Compton scattering.—Incident photons interact with
background electrons through Compton scattering. If pho-
ton energy is sufficient small, the energy of recoil electron
is below the threshold energy of excitation and ionization

of atomic hydrogen. Therefore the energy transferred to the
recoil electron can be regarded as heating. Besides, a
photon loses only a small fraction of its energy per scat-
tering. The energy loss due to Compton scattering is de-
scribed by [26]��dE

dt

�
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¼ menec�Tx
2gðxÞ; (A30)
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If the photon energy is as large as the electron mass, a
photon loses a sizable fraction of its energy per scattering.
In this case, it is necessary to calculate the energy distri-
bution of the recoil electrons. The cross section is given by
the following Klein-Nishina formula:
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h� � 	 � h�; (A34)

where 	 is the scattered photon energy.
c. Pair creation.—If the photon energy is larger than

2me, it is possible to create an electron-positron pair. The
energy and momentum conservation, however, are possible
only if another particle is present. The differential cross
section for pair creation in nuclei is given by the Bethe-
Heitler formula [27,29]:
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where
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p
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e
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l
 ¼ ln
E
 þ p

E
 � p


; (A38)

and E
 is the energy of the positron (electron). The ana-
lytical expression for the cross section is given by [29,30]
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where k ¼ E�=me. Convenient approximate formulas are

given by Ref. [31] which are valid for k � 20:

d�

dx
¼ �r2e�0z½1þ 0:135ð�0 � 0:52Þzð1� z2Þ�; (A40)

where

x ¼ Eþ �me

E� � 2me

; (A41)

z ¼ 2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
xð1� xÞp

; (A42)

and�0 is the differential cross section for equal partition of
energy Eþ ¼ E� ¼ E�=2. The second term in the square

brackets should be dropped when it becomes negative
(below k ¼ 4:2). �0 is given by

�0 ¼ ð1� �1Þ½13ð4� �2
1ÞðL1 � 1Þ � �2

1�1ð�1 � 1Þ
� �4
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We get from Eq. (A40) for the total cross section

� ¼ �

4
�r2e�0 for k < 4:2 (A47)

¼ �r2eð0:776�0 þ 0:018�2
0Þ for k > 4:2: (A48)

d. Photon-photon scattering.—If the photon energy is
below the effective threshold energy of the double photon
pair creation, the photon-photon scattering (�� ! ��)
process becomes significant. The photon-photon scattering
rate for E�ECMB � m2

e is given by [32]

PðE�Þ ¼ 3:33� 1011
�
TCMB

me

�
6
�
E�

me

�
3
s�1: (A49)

The normalized distribution of secondary photons of en-
ergy E0

� is given by

pðE0
�; E�Þ ¼ 20
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The distribution pðE0
�; E�Þ satisfies

1

2

Z E�

0
pðE0

�; E�ÞdE0
� ¼ 1; (A51)

Z E�

0
pðE0

�; E�ÞE0
�dE

0
� ¼ E�: (A52)

The above formulas are not valid for a larger value of E�.

However, photon-photon scattering is not significant for
high energy photons since double photon pair creation is
the dominant process. Therefore, instead of using exact
formulas, we simply neglect photon-photon scattering for
E�ECMB >m2

e.

e. Double photon pair creation.—For high energy pho-
ton, double photon pair creation (�� ! eþe�) is the
dominant process. The total cross section for double pho-
ton pair creation is given by [33]

� ¼ 1

2
�r2eð1� �2Þ

�
ð3� �4Þ ln1þ �

1� �
� 2�ð2� �2Þ

�
;

(A53)

where � is the electron (positron) velocity in the center-of-
mass system. The relationship between � and E�, ECMB,

and � which is the angle between the momenta of the
colliding photons is easily obtained:

� ¼
ffiffiffiffiffiffiffiffiffiffiffiffi
1� 1

s

s
; (A54)

s ¼ E�ECMB

2m2
e

ð1� cos�Þ: (A55)

Clearly, the threshold energy for double photon pair pro-
duction is E� ¼ m2

e=ECMB, head-on photon collision (� ¼
�, s ¼ 1). For calculation of the absorption probability, we
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should average the above cross section over the distribu-
tions for isotropically distributed photons [25,33]:

�ave ¼ 1
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8
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where

v ¼ E�ECMB

m2
e

� 1> 0; (A57)
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Differential spectra of electrons and positrons are given by
[34]
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2
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(A59)

whereEe (Ep) is the energy of the electron (positron) and E

is the total energy, E ¼ Ee þ Ep ¼ E� þ ECMB. The lim-

its of the variation of Ee (Ep) are given by

E

2

�
1�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� m2

e

ECMBE

s �
� Ee � E

2

�
1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� m2

e

ECMBE

s �
:

(A60)

3. Positronium

Here we show the energy spectrum from three-photon
annihilation of positronium. The energy spectrum is con-
tinuous, as allowed by conservation of momentum. It has
been calculated in Ref. [35] with photon energy � normal-
ized by the electron mass:

Fð�Þ ¼ 2

�2 � 9

�
�ð1��Þ
ð2��Þ2 �

2ð1��Þ2
ð2��Þ3 lnð1��Þ

þ 2��

�
þ 2ð1��Þ

�2
lnð1��Þ

�
: for 0� �� 1

(A61)

The function Fð�Þ is normalized so that

Z 1

0
d�Fð�Þ ¼ 1: (A62)
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