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We develop the formalism for the evaluation of density-density correlators in lattice QCD that includes

techniques for the computation of the all-to-all propagators involved. A novel technique in this context is

the implementation of the one-end trick in the meson sector. Density-density correlators provide a gauge

invariant definition for the hadron wave function and yield information on hadron deformation. We

evaluate density-density correlators using two degenerate flavors of dynamical Wilson fermions for the

pion, the rho meson, the nucleon, and the �. Using the one-end trick we obtain results that clearly show

deformation of the rho meson.
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I. INTRODUCTION

Deformation in nuclei [1,2] and atoms [3,4] is an im-
portant phenomenon that has been extensively studied. In
this work we address the question of whether deformation
also arises in low-lying hadrons using the fundamental
theory of the strong interactions, quantum chromodynam-
ics defined on the lattice. In order to be able to answer this
question we develop techniques for the exact evaluation of
four-point correlators. These methods are also needed in a
range of other applications in lattice QCD.

In this work we study the shape of the pion, the rho
meson, the nucleon (N), and the�. The pion being a spin-0
particle is expected to have no deformation and it therefore
provides a check for our methodology. For particles with
spin larger than 1=2, the one-body quadrupole operator
provides a convenient characterization of deformation.
The spin 1=2 nucleon cannot have a spectroscopic quad-
rupole moment but can still have an intrinsic deformation.
The experiment of choice to reveal the presence of defor-
mation in the nucleon and its excited state the � is mea-
suring the N to � transition amplitude. Significant effort
has been devoted to photoproduction and electroproduc-
tion experiments on the nucleon at major experimental
facilities [5–8]. These experiments measure to high accu-
racy the ratios of the electric (E2) and Coulomb (C2)
quadrupole amplitudes to the magnetic dipole (M1) ampli-
tude. If both the nucleon and the � are spherical, then E2
and C2 are expected to be zero. There is mounting experi-
mental evidence over a range of momentum transfers that
E2 and C2 are nonzero [9,10]. These ratios have been
recently shown to be nonzero in lattice QCD [11] pointing
to deformation in the nucleon or/and �.

A different approach that sheds light on deformation is
to use density-density correlators to directly probe the
hadron wave function [12,13]. Density-density correlators
[14–24] provide a gauge invariant definition of the hadron
wave function. In a previous study [16] the density-density
correlators were evaluated approximately. This was due to
the fact that the all-to-all propagators needed for their exact

evaluation were not calculated. Furthermore they were
computed for pion masses larger than 600 MeV and on
lattices with a spatial volume of about 1.5 fm.
In this work we provide an exact evaluation of the four-

point functions involved in the computation of the density-
density correlators. The all-to-all propagators needed for
the exact evaluation are calculated using stochastic tech-
niques combined with dilution. In addition, we apply in the
meson sector for the first time in this context, the so-called
one-end trick originally devised to evaluate the pion zero-
momentum two-point function [25]. In the two-point func-
tion, the one-end trick amounts to a clever summation of
the spatial coordinates not only of the sink as routinely
done but also of the source and therefore all-to-all propa-
gators are involved. Implementation of this trick in the
evaluation of the meson density-density correlators leads
to a significant reduction of the statistical errors [24]. This
trick, in its present formulation, can only be applied to
meson density-density correlators.
Baryon density-density correlators have density inser-

tions on only two of the three quarks which gives rise to an
odd number of quark propagators that cannot be grouped in
pairs for the summation to work.
An alternative method applicable to both mesons and

baryons is to combine stochastic evaluation of one all-to-
all propagator with a sequential inversion to sum over the
other spatial coordinate. This method, apart from the re-
quirement of fixing the final hadronic state, needing new
sequential inversions for each of the nucleon and � states,
has been shown to yield results with similar errors as using
two sets of stochastic inversions [22]. We therefore do not
consider it here.
Further improvements as compared to the previous study

of density-density correlators [16] is that we use a spatial
lattice of 243 as compared to 163 used previously and
dynamical Wilson fermions corresponding to smaller
pion masses, the lowest being 380 MeV.
This paper is organized as follows: In Sec. II we define

the density-density correlators; in Sec. III we explain the
stochastic techniques used for the evaluation of the all-to-
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all propagators; in Sec. IV we give the interpolating fields
and parameters of the simulations; and in Sec. V we
describe our results on the density-density correlators for
the pion, the rho meson, the nucleon, and the � and show
how to correct for finite spatial volume effects. Finally in
Sec. VI we summarize and give our conclusions.

II. DENSITY-DENSITY CORRELATORS

Throughout this work we consider the equal-time
density-density correlators defined by

~CHð ~x2; t1Þ ¼
Z

d3x1hHjju0ð ~x2 þ ~x1; t1Þjd0ð ~x1; t1ÞjHi

¼
Z

d3x1
Z

d3xh�jJHð ~x; tÞju0ð ~x2 þ ~x1; t1Þ
� jd0ð ~x1; t1ÞJyHð ~x0; t0Þj�i; (1)

where jq0 is the normal ordered density operator : �q�0q: and
JH is an interpolating field with the quantum numbers of
the lowest lying hadron H. The two integrals in Eq. (1)
ensure that the state is projected to zero momentum; one
integral sets the momentum of the sink equal to that of the
source while the other sets both to zero. This can be shown
explicitly by inserting three complete sets of states in
Eq. (1):

~CHð ~x2; t1Þ ¼
X

~p;n;ni;nf

h�jJHjnf; ~0i e
�Enf

ð~0Þðt�t1Þ

2Enf ð~0Þ

� hnf; ~0jju0jn; ~pi
ei ~p� ~x2

2Enð ~pÞ hn; ~pjj
d
0jni; ~0i

� e�Eni
ð~0Þðt1�t0Þ

2Enið~0Þ
hni; ~0jJyHj�i: (2)

In the large t1 � t0 and t� t1 limit we have

CHð ~x2Þ ¼ Limðt�t1Þ!1;ðt1�t0Þ!1 ~CHð ~x2; t1Þ

¼ X
~p;n

jh�jJHjHij2 e
�mHðt�t0Þ

4m2
H

hHjju0jn; ~pi
ei ~p� ~x2

2Enð ~pÞ
� hn; ~pjjd0jHi: (3)

If we divide by the zero-momentum hadron two-point

function GHð~0; t� t0Þ, then the exponential dependence
on t� t0 and overlaps cancel and we obtain the expecta-
tion value of the two-density insertions, hHjju0ð ~x2Þjd0jHi. In
the nonrelativistic limit, this expectation value gives the
charge distribution of the hadron. It can be written in terms
of the nonrelativistic form factors [14]

hHjju0ð ~x2Þjd0jHi ¼ X
~p;n

Fu
Hnð ~pÞ

ei ~p� ~x2

2Enð ~pÞF
d
nHð� ~pÞ; (4)

where

Fu
Hnð ~pÞ ¼ hHjju0jn; ~pi: (5)

The connected diagrams of the density-density correla-
tors for mesons and baryons are shown in Fig. 1. We note
here that the diagram depicted in Fig. 1 for baryons yields a
correlator that depends only on one relative distance in-
stead of two. To obtain, in the nonrelativistic limit, the
charge distribution that depends on the two relative dis-
tances, one must calculate the three-density correlator.
This requires the evaluation of two types of five-point
functions shown in Fig. 2. In Ref. [16] the three-density
correlator or five-point function was evaluated approxi-
mately for one of the diagrams shown in Fig. 2 for which
each quark line has only one density insertion. It was
shown that integrating over one relative distance one ob-
tains results that are consistent with the corresponding two-
density correlator. For the work presented here we there-

(a)

(b)

FIG. 1. Equal-time density-density correlators for mesons
(upper diagram) and for baryons (lower diagram).

(a)

(b)

FIG. 2. The three-density correlator for baryons.
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fore only consider correlators with two-density insertions,
which give the distribution of one quark relative to the
other irrespective of the position of the third. In other
words, in the nonrelativistic limit, it corresponds to the
one-body charge distribution.

What makes four-point functions harder to evaluate than
three-point functions is the fact that we need to compute
all-to-all propagators. Sequential inversions used in the
evaluation of three-point functions cannot be used here.
The reason is that we are interested in obtaining the de-
pendence in terms of a relative distance and therefore the
spatial positions where the density operators are inserted
involve the relative distance and cannot be summed inde-
pendently. Therefore the bulk of this work deals with the
evaluation of the all-to-all propagators to sufficient
accuracy.

III. STOCHASTIC TECHNIQUES

The technically challenging aspect of the calculation of
the density-density correlators is the fact that the summa-
tion over sink and insertion coordinates requires knowl-
edge of all-to-all propagators. A previous study has been
carried out in the quenched approximation and using two
dynamical degenerate Wilson fermions in which no sum-
mation was performed over the sink coordinates [16]. This
eliminated the need of calculating all-to-all propagators at
the cost of not explicitly projecting to zero-momentum
states, which instead were only obtained via the large
Euclidean time suppression of higher momenta. In this
work we use stochastic techniques to estimate the all-to-
all propagators [26,27] enabling us to sum over the sink
coordinate and thus explicitly project to zero-momentum
initial and final states.

In order to evaluate the all-to-all propagator, one begins
by defining an ensemble of Nr noise vectors �a

�ð ~x; tÞr
obeying to order ( 1ffiffiffiffi

Nr

p )

h�a
�ð ~x; tÞir ¼ 0 and

h�a
�ð ~x; tÞ�ya0

�0 ð ~x0; t0Þir ¼ �ð ~x� ~x0Þ�ðt� t0Þ���0�aa0 ; (6)

where � and a are spinor and color indices, respectively,
and r enumerates the vector in the stochastic ensemble.
In particular, we use Zð2Þ noise where �a

�ð ~x; tÞ 2
f1; i;�1;�ig with equal probability. By solving the Dirac
equation with each of these Nr noise vectors as the source,
one obtains an ensemble of solution vectors:

�a
�ðxÞr ¼

X
y

Gab
��ðx; yÞ�b

�ðyÞr; (7)

where � is a solution vector and G is the inverse of the
Dirac operator. If we now take the average over the product
between solution and noise vectors over the stochastic
ensemble, we obtain an estimate of the all-to-all propaga-
tor:

h�a
�ðxÞ�yb

� ðyÞir ¼
X
z

Gac
��ðx; zÞh�c

�ðzÞ�by
� ðyÞir

¼ X
z

Gac
��ðx; zÞ�ðz� yÞ����cb

¼ Gab
��ðx; yÞ: (8)

A well-known technique used to suppress stochastic noise
is dilution [28]. Within this technique, one distributes the
elements of a noise vector over certain color, spin, and
volume components of multiple noise vectors setting the
remaining components to zero. An example is spin dilution
where the first noise vector has nonzero entries only on the
first spin component, the second vector only on the second
spin component, and so on. In this example, in order for the
conditions in Eq. (6) to be satisfied, the total number of
noise vectors Nr in the ensemble is restricted to multiplets
of four. In Fig. 3 we show a schematic representation of
n-fold dilution.
The more one dilutes, the closer an estimate one gains of

the all-to-all propagator. This can be understood if one
considers the extreme case where a noise vector is diluted
over all color, spin, and volume components. In this case
one would have inverted for each color, spin, and volume
index thus obtaining the exact all-to-all propagator.
The straightforward way to carry out the computation of

the density-density correlator is to expand Eq. (1) on the
quark level and replace each all-to-all propagator with the
stochastic average over the product between solution and

noise vectors: Gab
��ðx; yÞ ¼ h�a

�ðxÞ�yb
� ðyÞir. Throughout

this paper we will refer to this as the direct method. As
demonstrated in Sec. IV, a reasonable estimate of the all-to-
all propagators can be computed through the direct method
if a large enough number of stochastic inversions is carried
out.
Significant improvement to the results obtained using

the direct method is achieved by applying the so-called
one-end trick. The one-end trick was originally devised to
compute pion two-point functions [25]. In its original form
it is based on the realization that by appropriately combin-
ing solution vectors one can derive the pion two-point
function summed over both ends (source and sink). To be
specific, let us consider the pion two-point function which,
at the propagator level, is just the trace of the absolute
square of the quark propagator:

FIG. 3. A schematic representation of n-fold dilution. Zi de-
notes a random complex number.
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X
~x

h�ð ~x; tÞj�ð ~x0; t0Þi ¼
X
~x

TrjG½ð ~x; t; ~x0; t0Þj2�: (9)

Let us consider the stochastic average over the product
between two solution vectors given byX

~x

h��ð ~x; t; t0Þ�ð ~x; t; t0Þir; (10)

where the t0 appearing in the argument of the solution
vector is to indicate that the noise vectors are localized

on this time slice, i.e.,

�a
�ð ~x; tÞr ¼ �a

�ð ~xÞr�ðt� t0Þ; (11)

and hence

�a
�ð ~x; t; t0Þr ¼

X
~y

Gab
��ð ~x; t; ð ~yÞ; t0Þ�b

�ð ~yÞr: (12)

By substituting for �a
� in Eq. (10) we obtain

X
~x

h��a
� ð ~x; t; t0Þ�a

�ð ~x; t; t0Þir ¼
X

~x; ~x0
0
; ~x00

0

G�ab
�� ðx; x00ÞGac

��ðx; x000 Þh��b
� ðx00Þ�c

�ðx000 Þir

¼ X
~x; ~x0

0
; ~x00

0

G�ab
�� ðx; x00ÞGac

��ðx; x000 Þ�bc����ð ~x00 � ~x000 Þ ¼
X
~x; ~x0

0

Tr½jGab
��ðx; x00Þj2�; (13)

where x00 ¼ ðt0; ~x00Þ and x000 ¼ ðt0; ~x000 Þ. This is the pion two-
point function given in Eq. (9) summed over all spatial
source and sink coordinates. This double summation in-
creases statistics by spatial volume as compared to the
standard way where one computes two-point functions
using a point-to-all propagator. The increase by spatial
volume in statistics far outweighs the stochastic noise
introduced by the stochastic inversion.

The pion two-point function is the simplest implemen-
tation of the one-end trick since the � structure of the
interpolating fields combined with the backward propaga-
tor of the antiquark yield a simple trace over a product of
two forward quark propagators. To apply the trick on an
arbitrary meson two-point function with interpolating op-
erators of the form �qf�qf0 , where f � f0 label two flavors

of quarks, not necessarily degenerate and � an arbitrary
combination of gamma matrices, one must use spin dilu-
tion. More explicitly, the noise vectors should be of the
form �a

�ðxÞðr;	Þ ¼ �aðxÞr��	. The r index counts sets of

noise vectors, each set containing four noise vectors carry-
ing an index 	. We note here that this form of dilution is
different than that described in the previous section. Here
the Zð2Þ random numbers involved in the spin dilution are
the same for each spin component entry. It can be easily
confirmed that this choice satisfies the conditions in
Eqs. (6); the sum over the stochastic ensemble now be-
comes a double sum (over r and 	) and h�aðxÞ�ya0ðx0Þir ¼
�ðx� x0Þ�aa0 . Within this notation the solution vectors are
denoted as �a

�ðxÞðr;	Þ ¼ P
x0
Gab

��ðx; x0Þ�bðx0Þr�	�. Now

one can appropriately combine the solution vectors to
incorporate the matrices involved and obtain the meson
two-point function summed over both ends:X
~x;r

�a
�ð ~x; t; t0Þðr;�Þ�0

�	�
�a
� ð ~x; t; t0Þðr;	Þ ��0

��

¼ X
~x; ~x0

0
; ~x00

0

Gab
��ðx; x00Þ�0

�	G
�ab0
�	 ðx; x000 Þ ��0

���ð ~x00 � ~x000 Þ�bb0

¼ X
~x; ~x0

0

Tr½Gðx; x0Þ�Gðx0; xÞ ���; (14)

where �0 ¼ ��5 and
�� ¼ �0�

y�0. Thus the one-end trick
can be generalized to an arbitrary meson interpolating
field. We would like to note here that the automatic sum-
mation over the source using the same set of solution
vectors selects a given momentum. Therefore the one-
end trick by construction computes only two-point func-
tions at a specific momentum. In the examples given above,
this momentum was set to zero. To compute meson two-
point functions at various momenta, one must invert for a
new set of solution vectors having previously transformed
the noise vectors with an appropriate phase. In other words,
one needs a new set of stochastic inversions for each
momentum vector.
The crucial point that makes the one-end trick applicable

to the evaluation of density-density correlators is the fact
that the initial and final states have zero momentum. To
show how to implement the one-end trick, we consider the
density-density correlator for an arbitrary meson with an
interpolating operator of the form �qf�qf0 , where f � f0:

Cð ~x2Þ ¼
X
~x1; ~x

Tr½�5�0Gðx1; x0Þ ��0Gyðx2þ1; x0Þ�5�0

�Gðx2þ1; xÞ�0Gyðx1; xÞ�; (15)

where x2þ1 ¼ ðt1; ~x2 þ ~x1Þ, x0 ¼ ðt0; ~x0Þ, x1 ¼ ðt1; ~x1Þ,
x ¼ ðt; ~xÞ, and �0 ¼ ��5. Let us define

Sab��ð�; x; y; t0Þ �
X
r

�a
�ðx; t0Þðr;	Þ�	��

�b
� ðy; t0Þðr;�Þ; (16)

where x ¼ ðtx; ~xÞ and y ¼ ðty; ~yÞ and the t0 appearing in the
argument of Sab�� is to indicate that the noise vectors are

localized on time slice t0. Summation over all repeated
indices is implied. Assuming that the noise vectors are spin
diluted in the manner described for arbitrary meson two-
point functions, we obtain
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Sab��ð�; x; y; t0Þ ¼
X
~x0; ~y0

Gaa0
�	ð ~x; tx; ~x0; t0Þ�	�

�G�bb0
�� ð ~y; ty; ~y0; t0Þ�a0b0�ð ~x0 � ~y0Þ

¼ X
~x0

Gð ~x; tx; ~x0; t0Þ�Gyð ~y; ty; ~x0; t0Þjab��:

(17)

Thus in terms of the propagator defined in Eq. (16), the
expression

X
~x1

Tr½�5�0Sð ��0; x1; x2þ1; t0Þ�5�0Sð�0; x2þ1; x1; tÞ� (18)

yields the density-density correlator of Eq. (15) with an
additional summation over the source coordinate ~x0. This
is the generalization of the one-end trick to meson four-
point correlators. It is apparent that one needs two sets of
stochastic inversions: one with the noise vectors localized
on the source time slice t0 and one with the noise vectors
localized on the sink time slice t.

At this point we would like to stress the importance of
the one-end trick in achieving this summation of the spatial
indices of the source. The increase by a factor of spatial
volume in statistics is actually enabled by the one-end
trick, rather than being simply a compact way of express-
ing the double sum, since this sum on both source and sink
is impractical to carry out explicitly. This is why for the
case of the direct method the quark propagator from the
source is a point-to-all propagator. In principle, we could
instead carry out a stochastic inversion from the source and
explicitly carry out the summation over source and sink
spatial indices. This would, however, demand volume
more iterations in the combination and thus render the
computation impractical. The one-end trick reduces the
sum over source and sink spatial coordinates to a sum
over the number of noise vectors, a number which is
typically several orders of magnitude smaller than the
volume of the lattice.

IV. INTERPOLATING FIELDS AND LATTICE
PARAMETERS

For the pion and the rho meson we compute the density-
density correlators using both the one-end trick and the
direct method. As already pointed out, for the nucleon and
the � two-density correlators it is not straightforward to
apply the one-end trick. The quark line propagating with-
out a density insertion complicates the generalization of
the trick since the propagators to be replaced by noise
vectors are odd in number and therefore, unlike for me-
sons, the noise vectors cannot be grouped into pairs to yield
� functions after summation. Thus in this work for the
nucleon and � density-density correlators, we only present
results using the direct method.
One of our main goals is to detect a possible asymmetry

in the charge distributions of these particles. For this
purpose we select interpolating operators that project to
physical spin states. For the mesons we use interpolating
operators of the form: JM ¼ �u�d with � ¼ �5 for the case

of the pion and � ¼ f�1�i�2

2 ; �3;
�1þi�2

2 g for the þ1, 0, and

�1 polarizations of the vector meson, respectively, where
we have taken the z axis along the spin axis. For the
nucleon we use JN	 ¼ 
abcua	ðub>C�5d

cÞ, where C ¼
�0�2. For the case of the � we opt to probe the spin � 3

2

components. Thus we use the interpolating operators:

J�þð3=2Þ ¼
1ffiffiffi
3

p 
abc½ua1ð2ub>C�þdcÞ þ da1ðub>C�þucÞ�

J��ð3=2Þ ¼
1ffiffiffi
3

p 
abc½ua2ð2ub>C��dcÞ þ da2ðub>C��ucÞ�;
(19)

where �� ¼ ð�1 � i�2Þ=2.
Given the large number of inversions needed to compute

the density-density correlators and the available computer
resources, using dynamical Wilson fermions that are fast to
invert is the only option at our disposal. We use two
dynamical degenerate flavors of Wilson fermions at three
pion masses. The exact parameters of the ensembles used
are listed in Table I. We convert dimensionless lattice
quantities to physical units by setting the lattice spacing
using the nucleon mass at the chiral limit [31]. The value of

TABLE I. The first column gives the number of configurations analyzed, the second the value
of the hopping parameter, the third the pion mass in GeV, the fourth the ratio of the pion mass to
the �mass, the fifth the nucleon mass in GeV, and the last column the size of the lattice. The first
two sets of configurations are from Ref. [29] while the third is from Ref. [30]. The lattice spacing
is determined from the nucleon mass at the chiral limit.

� ¼ 5:6, a�1 ¼ 2:56ð10Þ GeV
Nconf � m� (GeV) m�=m� MN (GeV) L3 � T

185 0.1575 0.691(8) 0.701(9) 1.485(18) 243 � 40
150 0.1580 0.509(8) 0.566(12) 1.280(26) 243 � 40
200 0.158 25 0.384(8) 0.453(27) 1.083(18) 243 � 32

�c ¼ 0:1585 0 0.938(33)
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a extracted from the nucleon mass is given in Table I and it
is consistent with the value extracted using the Sommer
scale r0 [32]. The error quoted includes an estimate of the
systematic error obtained by varying the fit function used
to extrapolate to the chiral limit.

To suppress excited state contributions we use Gaussian
or Wuppertal smeared sources [33]. In addition we apply
hypercubic (HYP) smearing [34] on the gauge links that
enter the Gaussian smearing function. The parameters that
enter the Gaussian smearing function are taken from
Ref. [31] determined by optimizing ground state domi-
nance for the nucleon. In fact, in Ref. [31] it was demon-
strated that one can damp excited state contributions to the
nucleon two-point function as early as 0.3 fm from the
source time slice. The parameters for the HYP smearing
are taken from Ref. [34].

For the computation of the correlators we take the time
slice of the density insertions to be at midpoint of the time
separation between sink and source. For the direct method
we take the time separation between the sink and the
source to be t� t0 ¼ 10a or 0.77 fm. This is the minimum
time separation that is needed for the suppression of ex-
cited states. For the one-end trick the separation between
sink and source is set to t� t0 ¼ 14a. The reason for
taking a larger time separation when using the one-end
trick lies in the accuracy of the results that allows for a
larger time separation with a good signal. This allows us to
check that indeed excited state contributions are suffi-
ciently suppressed by comparing results at the two sink-
source time separations.

We first give the details of the computation in the case of
the direct method. We require two sets of stochastic propa-
gators per configuration, one with the noise vectors local-
ized on the insertion time slice and one with the noise
vectors localized on the sink. We also compute a point-to-
all propagator from the source time slice to all lattice sites.
The noise vectors are diluted in color, spin, and even-odd
spatial sites. Dilution in time is automatic here since we
invert with the noise vectors localized on a single time
slice. Thus each noise vector is diluted to 24 independent
noise vectors requiring 24 inversions. The number of noise
vectors used is determined through a tuning process. For
this tuning the �-baryon correlator at the lightest pion
mass is considered. By comparing the decrease of the
relative statistical error when increasing, on the one
hand, statistics and, on the other hand, the number of noise
vectors used, we determine the optimum number of sto-
chastic vectors. For this tuning we use 50 configurations
and compute the �-baryon correlator for three, six, and
nine such 24-fold diluted noise vectors. For Nr ¼ 3, 6, and
9 we find a relative statistical error of 50%, 20%, and 16%,
respectively. The fact that by doubling the number of noise
vectors from 3 to 6 the statistical error decreases by more
than a factor of 2 is an indication that Nr ¼ 3 is too small
yielding large stochastic noise. On the other hand, increas-

ing the number of noise vectors from 6 to 9 the relative

error decreases by
ffiffiffiffiffiffiffiffi
6=9

p
, which is what is expected from

scaling. This indicates that at this point increasingNr or the
number of configurations is equivalent. We thus fix the
number of noise vectors to six. This means that we need
288 stochastic inversions per configuration, since we carry
out two sets of stochastic inversions, one at the sink and
one at the insertion time slice with color, spin, and even-
odd dilution. This amounts to a total of 300 inversions per
density-density correlator if we additionally consider the
point-to-all propagator from the origin. To increase statis-
tics for the ensembles corresponding to the two lightest
pion masses needed for the baryons, we calculate density-
density correlators using the first and second half time
interval of each configuration. Furthermore, for the lightest
pion mass we improve statistics by using Nr ¼ 9 noise
vectors for the correlators. Thus for � ¼ 0:1580 we carry
out 600 inversions per configuration while for � ¼
0:158 25 we perform 888 inversions per configuration.
For the calculation of the charge distributions using the

one-end trick in the case of mesons additional inversions
are carried out since the dilution method is specific to the
one-end trick. Like for the direct method, two sets of
inversions are needed to extract the density-density corre-
lator using the one-end trick: one set with the noise vectors
at the source time t0 and one set with the noise vectors at
the sink time t. We use eight spin-diluted noise vectors
amounting to 32 inversions at the source and 32 at the sink
or a total of 64 per configuration.

V. RESULTS

A. Comparison between the direct method
and the one-end trick

We first compare results for the meson density-density
correlators obtained using the direct method and using the
one-end trick. Given that the time separation between sink
and source is larger in the latter case, this also provides a
check of ground state dominance.
The main source of error is due to the stochastic noise

when computing the all-to-all propagators. By implement-
ing the one-end trick, the four-point function is automati-
cally summed over sink and source coordinates and thus
this method is expected to suppress stochastic noise
considerably.
In Fig. 4 we show the pion correlator computed using the

one-end trick and the direct method as a function of the
distance from the origin. To avoid having to display all
lattice points in the graph, we replace points lying within a
cell of size 0:015 fm� 0:05 by their average. We normal-
ize the correlator by dividing by its value at the origin. The
errors in Fig. 4 are not shown for clarity. As can be seen, we
find that the two methods yield consistent results for the
correlators. This demonstrates that excited states are suffi-
ciently suppressed with a sink-source separation of 10 time
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slices. However, at a given distance r, the correlator com-
puted using the direct method shows more spread than the
one computed using the one-end trick. That this reflects
larger statistical noise is shown in Fig. 5, where we com-
pare the relative errors of the two correlators. As can be
seen, at large distances the maximum relative error exhib-
ited by the one-end trick method is around 4%while for the
direct method exceeds 10%. This is a direct consequence
of the double sum accomplished with the implementation
of the one-end trick. In addition, when using the one-end
trick the density-density correlator of a state of spin pro-
jectionmz ¼ 0 is symmetric under reflections of the spatial
coordinates; i.e. Cð ~rÞ ¼ Cð�~rÞ by construction, whereas in
the direct method it is symmetric only statistically. For the
mz ¼ �1 projections of the vector meson we instead have
Cmz¼þ1ð ~rÞ ¼ Cmz¼�1ð�~rÞ. Because of this symmetry we
average over the results for the mz ¼ þ1 and mz ¼ �1
spin projections and hereby denote this correlator by mz ¼
�1. The same is done for the spin projections mz ¼ �3=2
of the �. The reduction of the error by more than a factor
two when using the one-end trick comes at a reduced
computational cost. In the one-end trick the computation
of the correlator is done using 64 inversions while for the

direct method used in this comparison we carried out 300
inversions per configuration i.e. we need 4.7 times less
inversions for twice the accuracy. This, combined with
the fact that the computation using the one-end trick is
carried out for a source-sink separation of 14 time slices as
compared to 10 time slices for the direct method and given
that relative errors grow exponentially with the sink-source
separation, clearly demonstrates the superiority of the one-
end trick.
One of the main goals of this calculation is to detect a

possible asymmetry in the hadron charge distribution. For
this purpose we show in Fig. 6 results for the � correlator
projected along the three axes for themz ¼ 0 spin state. We
compare results obtained using the direct method and one-
end trick at the lowest pion mass available using the same
number of configurations. As can be seen, the correlator
when projected along the z axis is clearly larger than along
the x and y axes only when using the one-end trick. The
statistical error in the direct method is not small enough to
draw definite conclusions, since the projections of the
correlator on the three axes are within error bars. Using
the one-end trick the fluctuations are small enough to
conclude that the vector meson is indeed elongated along
the z axis. When discussing results on baryon deformation,
one has thus to keep in mind that statistical fluctuations are
larger than for mesons and that we can only apply the direct
method, which yields less accurate results. This explains
why reaching conclusions for baryons is more difficult.
Having demonstrated the effectiveness of the one-end

trick in suppressing stochastic noise, all meson observables

FIG. 4 (color online). The pion density-density correlator us-
ing the one-end trick (upper graph) and using the direct method
(lower graph). The mean value of C�ðrÞ is plotted as described in
the text and error bars are suppressed for clarity.

FIG. 5 (color online). Comparison between the relative error
of the correlator computed with the one-end trick (blue crosses)
and the direct method (red circles).
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that we present hereon are computed with the one-end
trick.

B. Results without volume corrections

In Fig. 7 we show the density-density correlators for the
pion and the spin projectionmz ¼ 0 of the rho meson using
the one-end trick as well as for the nucleon and spin
projection mz ¼ � 3

2 of the � using the direct method.

All correlators are projected along the three axes to display
a possible asymmetry. This is done for the heaviest pion
mass, namelym� ¼ 0:691ð8Þ GeV. As can be seen, a clear
elongation of the vector meson along the z axis is observed
confirming our previous results [16]. The asymmetry is
clearly smaller than for the lightest pion mass shown in
Fig. 6, showing that the deformation increases as the pion
mass decreases. On the other hand, the nucleon shows no
asymmetry within this method. For the�, although there is
a tendency for results projected along the z axis to lie

lower, all projections are well within error bars and there-
fore no asymmetry can be claimed. As pointed out when
discussing results on the � using the direct method, statis-
tical errors can hide possible deformation and one may
have to improve on the errors to detect a small asymmetry.

FIG. 6 (color online). Comparison between the vector meson
mz ¼ 0 correlator projected along the three axes computed with
the direct method (upper graph) and with the one-end trick
(lower graph) using 200 configurations.

FIG. 7 (color online). Projections of the two-density correla-
tors along the three axes for the heaviest pion mass. From top to
bottom: For the pion and the rho meson using the one-end trick
with 64 inversions per configuration, for the nucleon and the �
using the direct method with 300 inversions per configuration.
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Another way to visualize the asymmetry is to construct
two-dimensional contour plots. Figure 8 shows a contour
plot of the mz ¼ 0 state of the rho meson on the x-z plane.
For all three pion masses the contours are elongated along
the z axis as compared to a circle of radius equal to the
distance along the x axis revealing a clear asymmetry. This
leads to the conclusion that the vector meson in the spin
projection zero state has a prolate shape. On the other hand,
the mz ¼ �1 rho meson state, shown in Fig. 9 shows the
opposite behavior. Namely, the correlator is found to be
larger along the x axis, as compared to a circle, leading to
the conclusion that in this spin state the � is in fact an
oblate. This is in agreement with what is derived in
Ref. [16] where it is shown that if the spin mz ¼ 0 state
is a prolate the mz � 1 channels have an oblate shape with
about half the amount of deformation. The fact that the rho
meson in its maximal spin projection state is an oblate is in
agreement with a recent calculation of a negative electric

quadrupole form factor evaluated in quenched lattice QCD
[35].

C. Results after finite volume corrections

Density-density correlators computed in a finite box
with periodic boundary conditions are susceptible to finite
volume effects. Finite volume effects mostly affect the tail
of the distributions and need to be corrected. To perform
these corrections we follow the analysis developed in
Ref. [14]. The density-density correlation function com-
puted on a lattice of spatial dimension L can be written as
an infinite sum over the Brillouin zones

Cð ~rÞ ¼ X1
~n¼0

C0ð~rþ ~nLÞ; (20)

where Cð~rÞ is the density-density correlator computed on
the periodic lattice and C0ð~rÞ is the ‘‘correct’’ correlator

ρ Z

FIG. 8 (color online). The correlator of the mz ¼ 0 state of the rho meson, projected on the x-z plane for decreasing pion mass from
left to right. The dashed circles are to guide the eye.

ρ z

FIG. 9 (color online). The correlator of the mz ¼ 0 state of the rho meson, projected on the x-z plane for decreasing pion mass from
left to right. The dashed circles are to guide the eye.
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that one would compute if the lattice were of infinite size.
Thus the correlation function computed in a finite box with
periodic boundary conditions is in fact a sum of all images
arising from the surrounding boxes. Since C0ð ~rÞ is a fast
decaying function, approximated by exponential or
Gaussian dependence on the radius, it means that the
leading contributions to the sum come from the nearest
neighboring Brillouin zones. A two-dimensional sketch
drawn in Fig. 10 demonstrates the images that contribute
to the correlator. In this figure, the asterisk shows the origin
of the fundamental cell (white box) while the triangles
show the origins of the neighboring cells (gray boxes).
To first order, the correlator computed in the white box is
a superposition of the correlator with origin the asterisk
and the eight correlators with origins the filled triangles, in
accord with the expression given in Eq. (20). Thus the
correlator that we compute on a periodic lattice is over-
estimated. This is particularly severe close to the bounda-
ries of the lattice where contributions from the images are
largest. For example, the correlator at the distances indi-
cated by the filled circles in Fig. 10 is approximately twice
as large as the correct correlator since besides the contri-
bution from the fundamental cell, a neighboring cell con-
tributes equally as indicated by the dashed line. Similarly,
the correlator computed at the distances indicated by the
open circles at the corners of the fundamental cell is
approximately 4 times larger since there are contributions
from three neighboring cells, as shown by the dotted line.

This analysis can be extended to three dimensions. The
correlator is twice as large at the six distances given by

�n̂iL=2, i ¼ x, y, z, where n̂i is the unit vector in the i
direction. Similarly, the correlator is 4 times as large at the
12 distances ðn̂i � n̂jÞL=2, i � j and 8 times as large at the

eight corners ð�n̂x � n̂y � n̂zÞL=2.
All results that have been discussed so far are for the

correlators computed on the lattice with no corrections
applied for the images. For the analysis of quantities,
such as the root mean squared radius, that are sensitive to
the long distance behavior of the distributions, it is impor-
tant to take into account the image contributions and define
a corrected correlator. To correct for the images and extract
C0ð~rÞ of Eq. (20) by knowing onlyCð ~rÞ, we need to have an
Ansatz for the asymptotic behavior of C0ð~rÞ. If the asymp-
totic behavior is known then we can subtract from the
lattice data the contribution from the images, up to a given
order, and extract C0ð ~rÞ. In this work, we consider only
nearest neighbor contributions to the correlator. Thus
Eq. (20) becomes

Cð ~rÞ ’ X
j ~nj2½0; ffiffi3p �

C0ð ~rþ ~nLÞ: (21)

We make an Ansatz for the functional form of C0ð~rÞ that
provides a good description of the data. For instance, for
the pion correlator that is found to be independent of the
angles, a spherically symmetric Ansatz is used. We then
perform a least squares fit to the lattice data of the sum
given on the right-hand side of Eq. (21) extracting the fit
parameters of the function that describes C0ð ~rÞ. The cor-
rected correlator is then constructed by subtracting from
the lattice data the images as determined from the fitted
function obtaining

Ccorrð~rÞ ¼ Cð~rÞ � X
j ~nj2ð0; ffiffi3p �

C0ð~rþ ~nLÞ: (22)

The Ansätze for C0ð~rÞ for each particle are summarized
below:

C�
0 ¼ A0 expð�m0r

	Þ;
C�
0 ¼ ½A0 expð�m0r

	Þ þ A1 expð�m1r
	Þr2P2ðcosÞ�2;

CN
0 ¼ same as for pion;

C�
0 ¼ same as for the rho meson; (23)

assuming spherical functions for the pion and the nucleon.
For the case of the rho meson we have parametrized the
correlator in such a way so that an asymmetry, as seen in
the uncorrected data, is allowed. For the �, although no
asymmetry can be seen within our statistical errors, we use
the same Ansatz as for the � to see if the data allow for
such a term. Since the spatial part of the correlators is even
under reflection, only L ¼ 0 and L ¼ 2 angular momen-
tum quantum numbers are allowed. Thus for the rho meson

FIG. 10. Two-dimensional example of image contributions.
The correlator computed at the filled circles (open circles) is
approximately two (four) times larger than the correct correlator.
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and the � we include the Legendre polynomial P2ðcosÞ
for the L ¼ 2 component. In Table II we summarize the fit
parameters obtained. The fact that for the mz ¼ 0 state of
the rho meson the asymmetric term with coefficient A1 is
found nonzero and positive confirms that the correlator is
indeed elongated along the z axis (prolate) while the same
parameter is consistently negative for the mz ¼ �1 chan-
nels pointing to a correlator larger at the equator (oblate).
For the � the A1 coefficient comes out negative for all
quark masses albeit with a large statistical error not allow-
ing any definite conclusions on the � shape.

In Figs. 11 and 12 we show a comparison between the
raw lattice data and the lattice data after subtracting image
contributions for the heaviest pion mass. As can be seen,
the correction procedure clearly compensates for the im-

ages, i.e. the spikes at L=2,
ffiffiffi
2

p
L=2, and

ffiffiffi
3

p
L=2 are cor-

rected for, leading to a smoother correlator that decreases
more rapidly at the tails.

Having corrected the data for the nearest images, we can
now proceed to a quantitative analysis of the particle
charge distributions. In Table III we give the values of
hx2 þ y2i=2, hz2i, and their difference for each particle at
each pion mass. All errors are jackknife errors. Here, the

moments presented are computed using the corrected cor-
relator:

hOi ¼
P
~r

Oð~rÞCcorrð ~rÞ
P
~r

Ccorrð~rÞ : (24)

From the difference hz2 � x2þy2

2 i we see once again that

themz ¼ 0 state of the rho meson is larger along the z axis,
while the mz ¼ �1 projections are larger along the equa-

TABLE II. The parameters obtained from fitting the sum of
images from neighboring cells to the lattice data.

� 0.1575 0.1580 0.15825

Mesons

�
A0 0.986(21) 1.129(33) 1.437(78)

m0 0.307(7) 0.405(11) 0.579(25)

	 0.993(7) 0.884(9) 0.779(12)

�, mz ¼ 0
A0 0.969(13) 0.964(21) 0.919(31)

m0 0.0173(19) 0.0140(26) 0.0093(26)

A1 0.001 70(31) 0.0031(16) 0.001 83(46)

m1 0.0466(87) 0.077(33) 0.0033(12)

	 1.615(41) 1.646(69) 1.76(11)

�, mz ¼ �1
A0 0.976(10) 0.961(16) 0.977(28)

m0 0.0194(16) 0.0128(16) 0.0141(34)

A1 �0:001 13ð18Þ �0:000 54ð34Þ �0:0012ð17Þ
m1 0.0560(91) 0.025(12) 0.066(69)

	 1.577(30) 1.659(47) 1.613(87)

Baryons

N
A0 1.014(39) 1.039(34) 1.057(34)

m0 0.0673(40) 0.0698(44) 0.0548(38)

	 1.451(20) 1.413(22) 1.450(24)

�, mz ¼ � 3
2

A0 1.024(22) 1.033(19) 1.023(16)

m0 0.0125(11) 0.0130(12) 0.0087(8)

A1 �0:000 29ð25Þ �0:0007ð14Þ �0:001 21ð49Þ
m1 0.024(13) 0.022(25) 0.077(30)

	 1.750(32) 1.708(34) 1.787(33)

FIG. 11 (color online). The pion correlator (top) and the nu-
cleon correlator (bottom) as computed on the lattice (crosses)
and corrected for the images of nearest neighboring lattices
(open circles). The corrected correlator is divided by a factor
of 10 for clarity. Data are binned and error bars are omitted to
avoid cluttering.
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tor. An additional observation here is that the asymmetry of
the mz ¼ �1 states is approximately half that of the mz ¼
0 projection, thus verifying the result reached in Ref. [16].
For the case of the �, on the other hand, a spherical
distribution cannot be excluded, although for the two light-
est pion masses we increase statistics by computing the
correlators using the first and the second half of the tem-
poral extent of the lattice as well as by using Nr ¼ 9 noise
vectors for the smallest of the two values.

The asymmetry in the � is nicely represented by a three-
dimensional contour plot. In Figs. 13 and 14 we show
contour surfaces for the rho meson in themz ¼ 0 andmz ¼
�1 channels, respectively, at the intermediate pion mass.

FIG. 12 (color online). The correlator for the mz ¼ 0 state of
the rho meson (top) and the mz ¼ �3=2 state of the � (bottom).
The notation is the same as that of Fig. 11.

TABLE III. hx2 þ y2i=2, hz2i and their difference for each
particle at all three pion masses in fm2. All errors are jackknife
errors.

m2
� (GeV2) hx2 þ y2i=2 hz2i hz2 � ðx2 þ y2Þ=2i

�
0.477 0.1449(6) 0.1460(7) 0.0011(8)

0.259 0.1542(7) 0.1531(9) �0:0010ð10Þ
0.147 0.1529(7) 0.1533(14) 0.0005(18)

�, mz ¼ 0
0.477 0.174(2) 0.192(2) 0.018(3)

0.259 0.188(4) 0.196(6) 0.007(7)

0.147 0.190(5) 0.207(6) 0.016(7)

�, mz ¼ �1
0.477 0.183(1) 0.173(2) �0:009ð2Þ
0.259 0.199(2) 0.186(2) �0:013ð2Þ
0.147 0.200(4) 0.193(5) �0:007ð6Þ

N
0.477 0.164(1) 0.159(1) �0:006ð2Þ
0.259 0.170(1) 0.168(2) �0:002ð3Þ
0.147 0.181(1) 0.182(2) 0.0008(31)

�, mz ¼ � 3
2

0.477 0.177(1) 0.172(1) �0:005ð2Þ
0.259 0.182(1) 0.180(2) �0:001ð2Þ
0.147 0.195(2) 0.198(3) 0.003(4)
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FIG. 13 (color online). Three-dimensional contour plot of the
correlator of the mz ¼ 0 state of the rho meson (red or darker
surface) compared to a sphere (green or lighter surface). The
sphere radius is approximately 0.5 fm. The contour shows all
values of ~r such that Cð~rÞ ¼ 1

2Cð0Þ.
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The correlator is compared to a sphere centered at the
origin. Once again we see that the mz ¼ 0 state is elon-
gated along the poles while the mz ¼ �1 channels are
flatter.

VI. SUMMARYAND CONCLUSIONS

In this work we develop the formalism for the exact
evaluation of the equal-time density-density correlators,
which in the nonrelativistic limit reduce to the hadron
charge distribution. The pion, rho meson, nucleon, and �
density-density correlators are evaluated using dynamical
Wilson fermions for three pion masses the smallest of
which is 384 MeV. The all-to-all propagators needed for

the calculation of these correlators are computed using
stochastic techniques combined with dilution. Having the
all-to-all propagators is required so that an explicit projec-
tion to zero-momentum initial and final states is carried
out. In the meson sector we implemented the one-end trick,
which leads to a significant improvement in the accuracy
with which the density-density correlators are obtained.
This improved accuracy is needed to conclude with cer-
tainty that the rho meson is deformed. The � is found to be
a prolate when in the spin projection zero state and an
oblate in the spin projection �1 state. This result corrob-
orates previous studies where the density-density correla-
tor of the � was calculated without explicit zero-
momentum projection and with less accuracy [16]. It is
also in agreement with a negative quadrupole form factor
calculated recently on the lattice [35]. For the baryons a
spherical distribution cannot be excluded given the present
statistical errors despite an increase in statistics.
Finite spatial volume effects influence mainly the long

distance behavior of the correlators. By adopting an Ansatz
for the asymptotic dependence of the correlators we correct
for these finite volume effects by subtracting the first image
contributions. The functional form determined from fits to
the corrected data confirm a deformed shape for the rho
meson. For the �, although the fits allow for a small
deformation, the statistical error is too large to exclude a
spherical distribution. Further improvements in the evalu-
ation of all-to-all propagators such as combination of
stochastic techniques and lower eigenmode projection are
currently being investigated by a number of groups with
promising results [36] that have potential application in the
study of baryon density-density correlators.
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