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We present an alternative technique for evaluating multiloop Feynman diagrams, using the integration
by fractional expansion method. Here we consider generic diagrams that contain propagators with
radiative corrections which topologically correspond to recursive constructions of bubble type diagrams.
The main idea is to reduce these subgraphs, replacing them by their equivalent multiregion expansion.
One of the main advantages of this integration technique is that it allows one to reduce massive cases with

the same degree of difficulty as in the massless case.
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I. INTRODUCTION

The evaluation of multiloop Feynman diagrams is cur-
rently one of the most important problems in quantum field
theory. Thanks to the development of analytical techniques
in high order perturbative calculations, it has become
possible to compare precision experimental measurements
with the theoretical models that try to explain them. There
are several of these techniques, and some of the best known
can even be found in textbooks [1,2]. One that is not
particularly used but which nevertheless has advantages
for the evaluation of some complicated Feynman diagrams
is called the negative dimension integration method
(NDIM). The basic foundations of NDIM were initially
suggested in the work of Halliday and Ricotta [3] which,
using the dimensional regularization prescription (D =
4 — 2¢€), makes an analytical continuation of the dimension
D into negative values, something which can be done since
the Feynman integrals are in fact analytic in arbitrary
dimension D. In a previous work [4] we proposed that a
more appropriate name for this technique should be inte-
gration by fractional expansion (IBFE), representing better
its mathematical and physical basis.

The purpose of the IBFE technique is to transform the
Schwinger integral parametric representation of a specific
Feynman diagram into an equivalent mathematical struc-
ture, which contains several summations and Kronecker
deltas and which we call multiregion expansion (MRE) of
the diagram. This name comes from the fact that this
particular expansion is made around the values zero and
infinity simultaneously, and that once the expression is
summed using the Kronecker deltas, these expansions
become explicitly separated. In general the number of
summations is bigger than the number of deltas that are
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generated, and in this case there are several different ways
of summing using the Kronecker deltas: in fact there are
cs = 5!(%5)! different forms, where 6 is the number of
Kronecker deltas and o the number of sums. Each one of
these forms gives rise in general to generalized and multi-
variable hypergeometric functions.

Several authors have used and formalized this method,
with a wide variety of applications to mainly 1-loop [5-9]
and 2-loop [10-14] diagrams. In a previous work we
presented an optimization of this technique [4], which
allows one to evaluate more complex diagrams and even
certain families of L-loop diagrams. In this work we will
show that is possible to improve the efficiency of the IBFE
method when it is applied in a modular form to a diagram,
that is applying it iteratively to subgraphs or modules that
contain one or more contiguous loops of the same diagram.
The procedure consists in replacing the Schwinger integral
parametric representation of each module by its corre-
sponding MRE, and simultaneously the diagram is reduced
topologically into simpler graphs. This reduction allows
one to get the MRE of the complete diagram, as a product
of functions that we have called n-loop functions (associ-
ated to n-loop subgraphs), each of them being an MRE
related to one of the modules that are present in the
diagram. Since each module can have different masses
distributed in different ways in its propagators, there exist
several n-loop functions depending on the particular con-
figuration of masses in the propagators.

The optimization that is reached when applying the
IBFE method in this way to a diagram consists in a
reduction of the obtained MRE with respect to the one
that is reached when the diagram is considered with all its
loops simultaneously. In order to explain the technique in
detail, we start with the analysis of the simplest topology
that can constitute a subgraph of a Feynman diagram: the
I-loop module (subgraph), the bubble diagram, which is
going to be the basis that will be used to derive 1-loop
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functions, useful for evaluating a variety of Feynman
diagrams.

The remainder of the paper is organized as follows. In
Sec. II, we describe how to easily obtain the Schwinger
parametric representation associated with a Feynman dia-
gram, whose mathematical structure is the starting point
for the application of the IBFE technique. Here we present
the basic elements of the integration method, and a more
rigorous extension is given in the Appendix. In Sec. III we
briefly review the conventional way to deal with this type
of diagram, which is loop by loop. This will provide a
direct test for the method proposed here. Later, in Secs. [V
and V we define and deduce the 1-loop functions of the
bubble module, for all the possible mass and momentum
configurations, which are a total of eight functions: G, and
Gk =A,B,C, D). Finally, in Sec. VI we develop several
applications of the proposed modular procedure, which
will be compared with its equivalent MRE obtained from
an application of the IBFE technique considering all loops
at the same time.

II. MATHEMATICAL FORMALISM

In what follows we will briefly describe the algebraic
elements that are needed to understand the technique.

A. Schwinger’s parametric representation

The IBFE integration technique is applied directly to the
Schwinger parametric representation of a diagram, and
therefore it is important to have a simple algorithm to
obtain this representation, which is what we will do in
this subsection.

Let us consider a generic topology G, which represents a
Feynman diagram in a scalar theory, and let us suppose that
the graph has: N propagators, each one associated with the
masses {my, ..., my}; L loops, associated with the inde-
pendent internal momenta {q,, ..., ¢;}); and E indepen-
dent external momenta {p, ..., pg}.

Using the dimensional regularization prescription we
can write the momentum space integral expression that
represents the diagram in D = 4 — 2¢e dimensions:

szdDQI ~dPq,

imP/? iwP/?
X 1 e 1

(B} —m3 +i0)"  (B% — m% +i0)"™’

ey

In this expression the B; symbol represents the momentum
of the j propagator, whose dependence in general is given
as a linear combination of external and internal momenta.
We also define {», ..., vy} as the set of propagator indices
or powers, and which are considered to have arbitrary
values. After introducing Schwinger’s parametrization it
is possible to evaluate the momentum integrals as Gaussian
integrals, and the result of this operation is Schwinger’s
parametric representation of (1), which in the general case
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is going to be given by an expression of the form
( 1 LD/2

o
l_[,  I(v))

For simplicity we have introduced the notation dx =

vi—1

dxy ... dxy [T %7,

eXP(Z, 1 Xm3) exp(— g)
UD/2 .

2

where F' is defined as

E

ij=1

The function U and the coefficients C;; are L-lineal and
(L + 1)-lineal homogeneous polynomials (Symanzik or
Kirchhoff polynomials [15]), respectively, in the
Schwinger parameters. Both U and C;; correspond to
determinants related to a matrix that we have called matrix
of parameters M [16]. An important characteristic of the
coefficients C;; is that they are symmetric (C;; = Cj;)
which is due to the commutativity of the internal product
between the independent external momenta associated
with the graph G. These determinants are defined through
the following expressions:

My - My
U= : P “)
My, - My
M“ MlL MI(L+j)
Cij = : - : . (5)
MLl ttt MLL ML(L+j)
M +in M Mu+iye+)

As can be seen, the determinants are associated with sub-
matrices of the matrix of parameters M, which is symmet-
ric and of dimension (L + E) X (L + E). The actual form
of this matrix can be easily obtained when (1) is parame-
trized and the internal products of all the (internal and
external) momenta associated with G are expanded, arriv-
ing at a quadratic form. The coefficients of such an expan-
sion correspond to the matrix elements M;;. For a better
understanding of this process let us define for convenience
the momentum

_ 4 ifL=j=1
Q) {pj_L f(L+E)=j>L ©)

with which one can build the (L + E)-vector Q =
[010;...0Q+k)]" Using this definition the following ma-
trix structure is generated in the integral, after the parame-
trization application and before the loop momenta
integration:
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= v o 5oo(Z o) [T10)

L+EL+E )

2. 2. 0M;;0;

i=1 j=

X exp( (7

and from which we can identify the symmetric matrix M.

B. Foundations of the integration method IBFE
1. Notation and fundamental formulae

This technique can be introduced directly by considering
the integral expression for the gamma function. The idea is
to obtain operational rules, which will allow us later on to
work with generalized complicated structures of this type
of integral, such as Schwinger’s parametric representation
of a generic Feynman diagram (2). Let us analyze the
following integral structure:

1
P F(B)/ dxxP~1exp(—Ax), (8)

where the quantities A and B are arbitrary. Expanding the
integrand we get

1 1 0
I An B+n—1
7 r(ﬁ)gdm L dxxP 1, 9)
where we have defined the factor
_ (=
b, = T+ D) (10)

Now the integral evaluation will not be done in the usual
way, but we define the following operational relation:

I'h+1)

( 1) 63+n,0’ (11)

[ dxxB1 =T(B) ———=

which makes (9) to be an identity

(=D" [ g
F(B)Zr(n-f- nA fo dxP T

I'n+1)
F(,B)ZF( w(re "5 )

—1)"

5
+ l) ( 1)n B+n0

=D A"Sg1,0=AF (12)

1
AP

For convenience we introduce the following notation:
]dxx<a+ﬁ>*1 =(a + B), (13)

where the parenthesis () has implicitly the constraint
associated with the Kronecker delta. This identity is the
first fundamental formula of the integration method IBFE.
With the previously defined notation, Eq. (9) can be written
in the following way:
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1 Vl
7 F(ﬁ)zd)A (B + n), (14)
which corresponds to the multiregion expansion (MRE) of
the factor A™#

On the other hand, starting from the application of
Eq. (8) and later Eq. (13) to an arbitrary multinomial, we
find the second fundamental formula that the method uses.
This expresses the fact that a multinomial of o terms can
be written as a MRE, in such a way that it contains
simultaneously all the possible expansions with respect
to the ratio of the different terms that are present in the
multinomial. This MRE can be written in the following
form:

(A + -+ A(,)i" — Z---Z(bnl,..,nJArl“ LAY
n Ny

(Fv+mn +---+n,
I'(v) ’

(15)

where the definition of the factor (10) has been generalized
to

(»bn],“,n,, = d)n] s d)n

— (_l)nl-%—~~-+n,r

a

I'ny+1)..Tn,+1) (16)

2. General form of a diagram MRE and its solutions

Once the parametric representation of the diagram (2)
has been obtained, the next step is finding its MRE, and for
this it is necessary to expand the integrand starting with the
exponentials if they exist, and then expanding all the multi-
nomials that the procedure is generating according to
formula (15). This expansion process stops when finally
there is only one term, which is a product of all the
Schwinger parameters. At this point all that is left is to
replace the integrals according to formula (13) into its
equivalent (-). The result is the MRE of the Feynman
integral G considered in (1). In the case of a general
topology characterized by M different mass scales, N
propagators, L loops, and a minimal quantity P of invari-
ants associated with scalar products of the independent
external momenta, then the general form of the MRE of
G is given by the following expression:

6= S 0 l_[(Q2 T
ny,. j=P+1
(v + ak> B+ v
X“ o L TE) n

where we can identify the following quantities.
(i) o = Multiplicity or number of sums that are present
in the MRE of diagram G.
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(i1) Q? = A kinematical invariant, which is a quadratic
form of the independent external momenta.
(ii)) @, Bj, y; = Linear combinations of the indexes
{ny, .., n,}, except for B;, which is the only one that
has dependence on the dimension D:
D
,81=5+n1+-~-+np. (18)
The coefficients of the indices of the sum {#n,} in the
linear combinations «; and y; are ( + 1), and in the
case of B; the indices have coefficients ( — 1),
except for 3.

(iv) N = Number of propagators or equivalently num-
ber of parametric integrations, which the method
transforms into N Kronecker deltas.

(v) K = Total number of MREs performed over the
integrand of the parametric representation, which
in turn generates K constraints or equivalently K
Kronecker deltas. This only refers to multinomial
expansions that are present in the parametric
integral.

In order to find the solutions it is necessary to evaluate
the sums that are present in (17), using for this purpose the
existing constraints between the sum indices, represented
by the 6 = (N + K) Kronecker deltas. There are several
ways to do this evaluation, and in fact the number of
different ways to evaluate the MRE of G using the
Kronecker deltas is given by the combinatorial formula

o!

= Sl — o)

19)
Each of these forms of summing will generate as a result a
term in the solution of G, which corresponds to a general-
ized hypergeometric function, and whose multiplicity is
given by

= (o — é). (20)

In general it is not always possible to use the 6 Kronecker
deltas to evaluate a similar number of sums, since this will
depend on the combination of sum indices for which the

|

ai
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sum is going to be done. If this happens, these cases simply
do not generate contributions to the solution.

In simple terms, the idea of the method is to generate
finally an expansion that represents the diagram G, the
MRE of G, characterized by a multiplicity o in combina-
tion with 6 Kronecker deltas. From this it is possible to get
the solution in terms of generalized hypergeometric func-
tions, series of multiplicity p whose arguments usually
correspond to ratios between two characteristic energy
scales of the diagram, or in the more general case include
sums of unitary argument.

III. CONVENTIONAL REDUCTION OF DIAGRAMS
WITH MASSLESS BUBBLE INSERTIONS

A. Graphical representation of the reduction

Many diagrams contain bubble type insertions in the
propagators, which in the massless case can be directly
reduced to a propagator and a factor which is a ratio of
gamma functions. This result is straightforward and is very
useful for an iterative or loop-by-loop reduction of top-
ologies or subtopologies built in terms of bubble type
insertions. The fundamental formula for insertions or bub-
ble modules can be deduced directly from the solution of
the momentum integral for this diagram,

1
o [
im?? ()" (g + p)H)*’

where the indices a; and a, are arbitrary. The explicit
solution of this integral is

21

1

G= 8(01,02)Wy (22)

where the factor g(a,, a,) is given by
T(a; + ay =T E — a)T'(5 — ay)
[(a)l(a)I'(D — ay — a) '
(23)

Usually Eq. (22) is represented pictorially in the following
way:

glay, ay) = (— 1)D/2

a1+a2—%

= g(a1,a2) ® ® . (24)

az

Another graphical formula, which is useful when two or more scalar propagators are in series, is

aq ag

(a1 + ag) (25)
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This last formula is also valid for a massive theory in the
case of two equal masses. These two pictorial expressions
are enough to find the solution of this family of diagrams.
Finally the operational problem consists in literally reduc-
ing series and parallel propagators, and the formulae (24)
and (25) represent this operation.

B. A simple application

In order to show the usefulness of the previous pictorial
formulae (24) and (25), let us consider the following
radiative correction to a propagator through which flows

J

arj+as-D/2

G = g(a1,az2) x g(as,as)
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a momentum p

Then, using Eq. (24) we can reduce the two bubble type
subgraphs that appear in the diagram, and we get

(27)

The resulting loop is easily evaluated after using Eq. (25), and this finally allows us to get the solution of this diagram

a1+...+a6—% (28)

G = g(a1,a9) x g(as, aq) Xg(a1+a2+a5—%,a3+a4+a6— %) ® ® ,

which is equivalent to the following expression:

D D
G = g(a,, ay) X glaz, ay) X 8(0125 T 59346 5)

1
X (pZ)a|+...+a67(3D/2) :

(29)

To simplify the notation we have defined for the sum of
indices the following symbology:

a,-jkm=a,-+aj+ak+... (30)

Using then formula (23) we finally obtain the explicit
solution for the diagram

[(a, — %)F(% - 01)F(% —a,)
[(a)I(ax)I'(D — ay,)

[(asy — %F(ﬁ—) - 613)”% —ay)
['(a3)I'(a)T'(D — as,)

T(aia3a56 = 22T(D — a1p5)I'(D — az46)

T(ains — DT (azss — DT (2D — ayp34s6)

1
X (pZ)a] +..+a¢s—(3D/2) "

G = (_ 1)3D/2

€29

IV. IBFE AND MODULAR REDUCTION OF
DIAGRAMS

A. The bubble module

The application of IBFE to the bubble module will allow
us to find the MREs that generate the 1-loop functions
which identify the different masses and momenta configu-
rations that can be associated with this diagram. We start
our analysis by considering this diagram to be associated
with the kinematical variable p2, and then from this we can
define the following associated 1-loop functions: G; and
G.(k = A, B, C, D), according to the value of this variable
and the corresponding mass configuration for this module
(for case p? # 0):

G, = Massless propagators.

Gp = One massive propagator.

G = Equal mass propagators.

Gp = Different mass propagators.

Case p? = 0 could be obtained from the previous func-
tions, just by taking the kinematical variable to zero.
Nevertheless, we will take a different approach, which
uses the series multiregion representation obtained directly
from the parametric representation of a vacuum bubble.
The reason is simple, in general the mathematical expres-
sion for the MRE is simpler than the corresponding ex-
pression obtained by taking p> = 0 in the functions G;.
These functions are useful when diagrams associated with
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vacuum fluctuations are evaluated. The 1-loop functions
that we will define for this case are analogous to the
previous ones.

G, = Massless propagators.

Gy = One massive propagator.

G = Equal mass propagators.

Gp = Different mass propagators.

For our analysis let us start by writing the general
integral representation of this diagram in momentum space

G 1
me/z (g> = M) ((p — 9)* — MP)“

(32)

We shall consider general cases, so the powers a; and a;
are arbitrary. We then obtain Schwinger’s parametric rep-
resentation

(—1P~
~ T(a)l(ay)
exp(x;M7) exp(x M) exp(— y +xk w P
f dx (Xj+xk)D/2 '

(33)

Depending on the specific values of the masses {M;, M}
and of {p?}, we can consider eight possible 1-loop func-
tions, which will be discussed in what follows.

B. 1-loop functions for p* # 0

There are four loop functions that can be defined in this
case (G, Gp, G¢, and Gp), of which only the last two are
independent. The loop function G, is a particular case of
G¢ or Gp, and in the same way Gjp turns out to be a
particular case of Gp. This will be shown now.

L. 1-loop function G, = M; # M; # 0

Let us start with the most general case, with propagators
with different masses. Then the corresponding parametric
integral is given through Eq. (33), and the first step is to
fractionally expand the exponential that contains the in-
variant p?, which gives

1 D/2
G = r(<>—)rk> S0y [ diexptu M explad)

xxk

()C +x )(D/2)+n (34)
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Or equivalently

G = ZGD(“J" ag;my M3, MR)(p?)"

= ZGD(aj, ag;n M3, M}) —— o 2) _, (35)
where the 1-loop function has been defined as
2 a2 (—1nP2 ® s 2
Gplaj, ai;n; M7, M) = W¢n/0 dx exp(x;M7)
X"y
2 J Tk
X exp(kak) (xj n xk)(D/2)+” .
(36)
Remember that the factor ¢,, is given by ¢, = F(n +1) The

next step is finding the MRE of the loop function
Gpla; ak;n;sz., M3?), and for this purpose we expand
the mass exponentials in (36) and then the binomial in
the denominator of the same formula, which gives

1 LG+ + L)
- - _ / k2 k
(x; + xp) D/2)Fn lj%;d)lf’lk ik I'&+n)
(37)
Performing the necessary algebra, the MRE for

Gplaj, ap;n; sz», M,%) is finally given by

(-1
Fla) (@)

X Z (bn,m,-,m,(,lj,lk(_sz')mj

mj,miljl;

Gplaj, ag;n; M3, M}) =

AAA

M R

(38)

with the constraints being defined by the identities

Ay =E+n+1;+ 1),
)y =(a;+n+m;+1), (39)
A3=<ak+n+mk+lk>.

The process of replacing the graph in terms of this equiva-
lent 1-loop function [see Eq. (35)] can be written symboli-
cally through the following graphical formulation:

086003-6



MODULAR APPLICATION OF AN INTEGRATION BY ...

aj,Mj

PHYSICAL REVIEW D 78, 086003 (2008)

ZGD(aj,ak;n;MjQ,M,?) ® ® . (40)

ak,Mk

Derivation of G4 from Gp (Case M; = M. = 0). The loop
function G4 turns out to be a particular case of the 1-loop
function Gp. The function G4 can be defined as

GA(aj, ak;n) = GD(aj’ ak;n;o’ 0)1 (41)

and whose equivalent MRE corresponds to the expression

D/2
( 1) Z AjAA; 42)

GA(aj, ak;n) )F(ak) nlyly (D 1 ) F(D + )

where the masses were put to zero in (38) and the sums
associated with the indices {m;, m,} were eliminated, tak-

aj

ing later on these indices to zero. The constraints are now
given by the identities

Ay =& +n+1;+1),
Az = <a] +n+ l]>, (43)
A3 = (ak +n+ lk>

As before, it is possible to represent the fractional expan-
sion of the graph symbolically through the following
graphical equation:

— ZGA (aj,ar;n) ® ® . (44)

ag

Derivation of Gg (Case M; # 0, M} = 0). The loop func-
tion G can be written in terms of the loop function G, as

Gpla;, ag;n; M3) = Gplaj, ag;n; M3,0). (45)

The corresponding MRE is obtained just as for G,

The constraints now are given by

Ay =& +n+1+1),

(—1)P/2 Ay ={a, +n+1).
Ggla, ayn;M?) = ——— —M2)™ 3 k k
B(aj g, n J) I—-(aj)r(ak) m;[}(d)”’mi’[/”lk( j)
%, (46)  The graphical equation which represents the loop reduction
I'G+n) is now
Clj, Mj
-n
— ZGB(Gj,ak§n;Mj2) ® ® . (48)
n
ak
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2. 1-loop function Go = M; = M, = M

The loop function G, does not correspond to a particu-
larization of Gp. To see this we start with the parametric
representation already factorized,

(—12 o exp(UM?) exp(— 5 p?)

G= dx )

I'(a)I(a;) ubr
with U = (x; + x;). The reason that this loop function
cannot be derived from G is related to the denominator
structure, where the factorization of the polynomial U
produces an MRE of (49) which is more reduced than
when we take M; = M; in Gp.

In Eq. (49) we expand the exponential which contains
the momentum, and obtain the following series:

(49)

1
G =Y Gclaj apn:M?)——., (50)
n (r°)
where we have defined the 1-loop function
Gelaj, agn; M?) as
(1"
Gela, ap,m;M?») = ————— ¢,
e T(a)T(a)
x [ * dzexp((x; + x)M?)
0
x;?xz 51)

X (x; + x) /A

Expanding the exponential which contains the mass term
we have the series

aj,M

— ZGc(aj,ak;n;MQ) ® ® .

n

ak,M

Notice that the 1-loop function G, is also a particular case
of GC

Galaj, ay;n) = Gelaj, ag:n;0). (57

In all the previous representations or reductions of the
bubble diagram one can see the similitude with the con-
ventional Eq. (24). Nevertheless, the differences are im-
portant since in the integration by fractional expansion
technique (IBFE) massive graphs can be reduced with the
same degree of difficulty as in the massless cases.
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. 2\ — ( 1)D2 AV
Gelaj, ag;ny M?) = T(a)Ia )¢nz¢z —M?)"

XjXL
/ dx(x + x )(D/2)+n L (52)

Now we shall find the MRE for the binomial in the inte-
grand denominator

Li+1;+ 1
n—1)
(53)

1 ]lk<2+n

- = > ¢,
(xj+xk)(D/2)+n I; l,zl.,: I,JA J Xk F(g

which, replaced in (52) and after some algebra, allows one
finally to get the required MRE

oy = (D 2,
Gelaj, ag;n; M?) a, )F(ak)lz Gty (—M5)"
AjAA,
el bl N 54
where the constraints {A,} are given by
1:<%+n_ll+l]+lk>,

A3 =(ak+n + lk>

Then the loop reduction in this case is represented graphi-
cally by the following pictorial equation:

V. MRES FOR 1-LOOP VACUUM DIAGRAMS

The following 1-loop functions are useful when we wish
to evaluate certain topologies associated with vacuum
fluctuations. These functions will be identified as G, (K =
A, B, C, D), in analogy with the ones obtained in the pre-
vious section for p? # 0. The corresponding MREs of
these new cases will be obtained directly from their mo-
mentum integrals, which corresponds to a bubble without
external lines. The resulting MRE for each 1-loop function
is in fact simpler than the one obtained by making p*> = 0
in the respective loop function Gy, that is, it has a more
reduced composition of sums and Kronecker deltas.
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A. MRE of a bubble with one propagator
1. Massless propagator

This case does not correspond to any of the bubble
diagram formulations previously obtained because it is a
bubble with just one propagator. The momentum integral is

a
_/qu 1
iﬂ'% (q2)a‘

The representation in terms of MRE is for this case easy to
find using

d°¢ 1 1 feo [ d°% 5
[l-ﬂ.D/z ()° T T ,[0 dxx fiwD/_z exp(—xq’)

(o 2)

where we have used the Minskowski space integral identity

(58)

4P -1 D/2
,[iw'Dc/lz exp(—Bq*) = (,BT)/Z. (60)

Finally the required MRE can be written in terms of a
pictorial equation as

PHYSICAL REVIEW D 78, 086003 (2008)

One of the properties of Feynman integrals is that they are
invariant under momenta scaling, which allows one to
show that the integral in Eq. (58) vanishes; nevertheless,
an MRE has been obtained for this diagram. The explana-
tion is quite simple. In fact, first we need to know whether
the module constitutes by itself a diagram, or it is s product
of a reduction of a more complex diagram. For the last
option the MRE does not vanish, but has only validity
within the integration method that is used. This allows
one to formulate a generalization associated with what
has been said previously in terms of a theorem:

Any MRE obtained from a Feynman diagram consider-
ing all its loops, with a number of constraints (Kronecker
deltas) bigger than the number of summations, vanishes
identically.

Let us consider a simple example, a 2-loop vacuum
fluctuation in a massless theory, whose conventional evalu-
ation is rather obvious, but which nevertheless can be an
illustrative example of the theorem:

The parametric representation is given by

a
G 1P o I
_ (—1)% < D> (61) I'(a))l(ax)T(as) Jo (1) + x1x3 + xpx3)P/2
T T( 2/ (63)
Expanding the integrand denominator
1 nytny, nytny _n,t+ny <§ + n + np + I’l3>
= ixt , 64
(x1x2 + X1 X3 + x2x3)D/2 nl%’13¢n1»ﬂzxn3x1 Xy X3 F(%) ( )
and replacing the integral signs by their respective constraints we obtain the following associated MRE:
G— (—1nP T @ B+ ny +ny +n3¥ay + ny + ny)ay + ny + n3Xaz + ny + nj) 65)
F(«Cll)r(az)r@%),11,,,2,,13 o F(%) '

The number of constraints (Kronecker deltas) is bigger
than the number of summations, and therefore the previ-
ously mentioned theorem says that it should vanish,

G=0. (66)

2. Massive propagator

The next degree of difficulty comes from the addition of
a mass to the propagator, for which we will use two differ-

|
ent ways of finding the corresponding MRE. In the first one
the usual formalism will be employed, which consists in
parametrizing and then replacing the resulting integral for
its corresponding MRE. The second relies in expressing
the propagator in terms of its own MRE, and then parame-
trizing the loop integral which now does not contain any
mass term.

Alternative I : Direct parameterization of the integral.
We want to find the MRE of the following Feynman
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integral:

Performing the corresponding algebra allows us to obtain
the required MRE

dPq 1
[iWD/z (qQ _ mZ)a

(67)

1 00
= dxx®Vexp(xm?
@) /0 p(xm?)
dPq 5
X [W—D/z exp(—xq’)

_1\D/2
o b,

~D4n)
(68)

Pictorially this is summarized in the following way:

= Z qbm,m (

ni,n2

PHYSICAL REVIEW D 78, 086003 (2008)

Alternative II: Using the MRE of the massive propagator.
An alternative form for finding the MRE of this module can
be implemented using the MRE of the denominator in the
loop integral, which extracts the mass out of the integral
and leaves the equivalent of a vacuum massless bubble.
Meanwhile, the corresponding MRE of a massive propa-
gator can be easily found using the fundamental Eq. (15),
that is

X e m2)n1(q2)nzw

@ —m) & Ia)

(70)
We can now rewrite the following equation for a massive
bubble:

—no

(71)

where the massless bubble can be evaluated using Eq. (61), and then we finally obtain the MRE for this case

a,m

n2
ni,n2

Although (69) and (72) are equivalent, it is clear that (69) is
a more compact result, which makes actual evaluation
easier.

B. MRE of a bubble with two propagators
1. Trivial cases: G4, G¢

There are two cases of vacuum bubbles with two propa-
gators which are reducible to one propagator. This happens
when the two propagators which form the bubble have
equal mass parameters, in which case it is possible to use
the pictorial Eq. (25) in order to simplify the graph.

The first case corresponds to a composition of two
massless propagators, which results in an expression for

m2)™ (a+n1+ny) (—ng — >

['(—ng) (72)

|
the 1-loop function G, and which is reduced as follows:

ay (a1 + a9)

Galai,a) = =

az
(73)

With the help of Eq. (61) one then obtains the following
expression for G4:
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ai
D
_ —1)2
GA(al,ag): :ﬁ<al+a2—€ . (74)
a2

Analogously, for the case of two propagators with the same arbitrary mass m, the resulting 1-loop function describes G

ay,m (a1 + az),m
Ge (a1,a2;m?) = = : (75)
as, m
and then using (69) we get the MRE for this module
ai,m
(-1)* D
— _ 2
G :m?) = = —m?)" - — . 76
¢ (a1,a2;m?) F(a1+a2)zn:¢” (—m?) <a1+a2 2+n> (76)
as,m

2. One massive propagator : G

This case defines the loop function GB and, just as was done before, we will consider two different possible forms to
represent the MRE. This module is given by the integral representation

1
Golon i) = @ - [ Fara = i
Z7T2
az,m

Alternative I: Direct parameterization of the integral. The parametrization and subsequent evaluation of the loop integral
gives us

dPq 1
= ()" (qg” = m>)® F(al)F(az)/ dxdyxt~!ye2 expl(ym?) f S expl—(x + ¥)¢?]
_ (=P a1y 1exp(ymz)
r(aor(az)f dxdyx Gt )P (78)

After some algebra we get the MRE of this case
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ai

vl

o (B na) {1 + o) (aa + ma + )
2. fninang (-m) Lol ) ;(D)2 2T T

ni,n2,n3

el (=1

Gote ) - -

2

as,m
(79)

Alternative II: Using the MRE of the massive propagator. The second alternative implies extracting the mass of the loop
integral, that is, finding the MRE of the massive propagator. Then we have

ai (a1 —n2)
= N _ _ovm (a2 + 1+ ng)
Gpl(ai,az;m?) = = mzﬂ;g Py my (—M?) T T (80)
as,m
or equivalently
~uy
D D
a (1) ny (@2 +ny +ng) <a1 —ng — —>
Gp(ar,az;m?) = = s e (—T2 20, 81
( 1,2 ) F(CLQ) nlzr;z()b 1,M2 ( ) F(al —ng) ( )
a2, m

It is evident Eq. (81) is the most compact for function Gg.

3. Propagators with different masses: G,

The next function is associated with a bubble with two propagators of different mass, which defines the loop function
Gp. Again we will deduce this function in two alternative ways, as was done before.

Alternative I. Expansion of the complete integral. Applying Schwinger’s parametrization allows one to find the
following structure for this module:

al,M

o
1 dD
- 7/dxdy x@~1y2=Lexp(z M?) exp(y m2)/ - g exp [—(z+y)¢*].  (82)
2
0

(i

as,m

Performing the evaluations and replacements already described, we get the MRE for this case
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al,M
D
_ (== n ny A1A2A3
Gplai,az; M?,m?) = = Flar)T(ay) Z Priym m?)™ (= M?)"™ W’ (83)
nn ’
as,m

where the associated constraints are
A] = <§ + ns + I’l4>,
» ={a; +ny + ny), (34)
= <Cl2 + ny + n4>.
Alternative II: Expansion of massive propagators. The momentum integral is given by

al,M

— dPq 1
A2 2\ _ —
GD((ll,CLQ,M , M ) - - / . D 2 q2 _ mg)a27 (85)

a2, m
Then we expand each massive propagator

ay, M (—ng — nyg)

_ Z P Mg)m (a1 +mn1 +na) Z é (_m2)n3 (ag +n3 + ng)
ni,n2 n3,n4

Tla) 53 L)
a2, m
(86)
and using formula (61) we obtain the loop function G,
ai, M
(=17 A1 AA
Gplay,as; M2,m?) = = b — MM (—m2)™ L1258 gy
D( 1,42 ) Cll F(ag n;2 ni,..,n ) ( ) F(—ng _ n4) ( )
n3,n4
as, m
|

with the following constraints: finding the MRE of the present module, but one of them
A — will produce a mathematical expansion in a more reduced
1= {ar +ny ), or minimal form. More compact MREs allow a consider-
Ay = {ay + n3 + ny), (88) able reduction of the possibilities of evaluating the sums of

the expansion with the available Kronecker deltas.
Remember that in the case of the MRE of a certain
In all the massive cases we can use two equivalent ways of =~ Feynman diagram, each alternative way of doing these

Ay =(—ny —ny — %)-
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evaluations generates a term (hypergeometric series) of the
final solution, and therefore a minimal MRE allows one to
eliminate irrelevant or nonexisting terms (cases where it is
not possible mathematically to perform the sum using the
Kronecker deltas).

VI. APPLICATIONS

In this section we will use the previously obtained 1-loop
functions and present three examples that will show and
explain the IBFE methodology applied modularly.
Together with this we will be able to visualize the advan-
tages of this procedure compared with IBFE applied to the
Schwinger’s parametric representation of the complete
diagram. In our previous work [4], we show explicitly
solutions to start of the MRE equation of a Feynman
diagram. In this work, we just compare the ways to obtain
the respective MRE associated to a topology.

G =Y Gal(ar,a3;m) x Ga (a3, a4;n)

ni,n2

PHYSICAL REVIEW D 78, 086003 (2008)

A. Example I: Radiative correction to the three loop
massless propagator

Let us consider as a first example the three loop correc-
tion to the massless propagator, with momentum p, as
shown in the graphical formula (89), applying the frac-
tional expansion method loop by loop, and using the 1-loop
functions previously obtained. In this case it is clear that
we need only 1-loop functions of type Gy4.

(89)

We start by reducing the two bubble insertions directly,
using the pictorial formula (44), which allows us to get

(a5 —n1)

(90)

(ag — na2)

We can use (25) to sum the propagator indices, and then apply formula (44) for finally getting the diagram MRE in terms of

a sum of products of 1-loop functions G4

—ng3

G= Y Galar,az;m) x Ga(ag,as;ng) x Ga (a5 —n1,a6 — nging) © ® . (91)

ni,..,n3

This result can be written also as

Z Galay, ax;ny) X Gylas, assny)

ny,..,n3

X Gylas — ny, ag — ny;n3)(pH)™, (92)

where the 1-loop functions G, for each case are deter-
mined, according to Eq. (42), by the following expression:

(1P

AjA, A
F(al)r(aZ) Z

rzl ny,ns l—w(g T nl)‘;
(93)

Galay, ayimy) =

ng,ns

with constraints that are given by the identities

Al =<§+n1 +n4+n5),
Ay ={a; + ny + ny), %94)
A3 = <a2 + ny + I’l5>.

Similarly one has

(=P

A4A5A6
T(a3)T(ay) 2 ¢

et TG )
©5)

Galas, agny) =
ne,ny

4=<§+n2+n6+n7>,
AS = <(l3 + ny + n6>, (96)
Ag = a4 + ny + ny),
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TABLE I. Comparative application of IBFE to example 1.
Complete (better factorization) Modular
Multiplicity multiregion series (o) 11 9
Kronecker deltas of the expansion (5) 11 9
Multiplicity resulting series (o0 — 6) 0 0
Possible contributions to the solution (C§) 1 1

and finally

(—1)°
I'(as — n)l'(ag — ny)

A;A5Ag
X R
Z ¢"3:”8v”9 1‘*(% + I’l3)’

ng, Ny

Galas — ny, ag — ny;n3) =
O7)

Ay =&+ ny + ng + ny),
Ag = <Cl5 - ny + ns + ng), (98)
Ag = ((16 — Ny + ns + I’lg>.

Replacing these series in Eq. (92) allows one to get the
diagram MRE:

(_ 1)3D/2
G = Z ¢’l1,..,119

?21 F(ai) ny,..,ngy
(p?)m
FE+n)lE + n)I'& + n3)
M- 4,
X .
I'(as — ny)l'(ag — ny)

99)

In order to show the advantages of modular IBFE, we show
in Table I a comparison of the MRE obtained in this form
J

G =) Go(a1,a;n1;m?)

ni

with respect to that one that evaluates the complete dia-
gram, that is which uses the parametric representation that
incudes all loops simultaneously.

The expression (99) is equivalent to Eq. (29), which was
deduced for the same diagram but using the usual 1-loop
function (23). The first conclusion is that the fractional
expansion technique is, for cases of loop-by-loop reducible
massless diagrams, more tedious than the conventional. In
spite of this, we will see that for cases in which the diagram
contains different mass scales, the present technique is
very powerful, and this will become clear in the following
example.

B. Example II: Propagator with two mass scales and

two loops

Let us consider a graph which consists of a 2-loop
propagator with two different mass scales, as shown in
the figure (100):

m
a3 o (100)
G=® X .
as

We first reduce the loop associated with the mass m, which
uses the 1-loopfunction G, [Eq. (56)], and then we get

(a3 + a4 — 77,1)
(101)

a5,M

For the resulting loop reduction we use formula (48), obtaining the massive diagram MRE
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TABLE II. Comparative application of IBFE to example II.

Complete (better factorization) Modular

Multiplicity multiregion series (o) 11 8

Kronecker deltas of the expansion (J) 9 6

Multiplicity resulting series (o0 — 6) 2 2

Possible contributions to the solution (C§) 55 28

—ngy
G = Z Ge (al,ag;nl;mZ) x Gp (a5,a3—|—a4—n1;n2;M2) ® ® (102)
ni,n2
which is equivalent to the algebraic expression Ay =E+ny+ny + ny),

AS = <(15 + ny + ng + l’l7>, (107)

G= Z Gelay, ayiny;m?)

ny,ny

X Gylas, ay + ay — ny;ny; M?)(p?)™. (103)

The 1-loop functions G and G in (103) are given by

GC(al: as; nl;mz) = ﬂ Z ¢n] ns,ny n;(_’nz)n3
F(a1)r(az)n3,n4,n5 B
AjA A
_ 104
I'&Q+n —ny) (164
where the constraints are
Al =<§+n1 _l’l3+7’l4+}’l5>,
Az - <(11 + l’ll + I’l4>, (105)
Ay =(a, + ny + ns),
and
Gplas, as + ag — ny;ny; M?)
(-1)P"
" T(as)T(as + as — ny)
AJAA
X Z ¢n2,n6,n7,n8(_M2)”6 F(g 2 6) (106)
ny

e, 7,18

with the constraints

Ag = (as + a, — n; + ny + ng).

The replacement in (103) allows one to finally get the MRE
of diagram G

(—1)P Z &
F(al)r(aZ)F(aS) e
(PQ)”Z(—mZ)“(—Mz)"(’ A1A,A3A4A5A6
TG+ ny —n)T(G+ ny) Taz + ay —ny)’
(108)

X

Operationally it is not possible to apply directly the con-
ventional 1-loop reduction (23) to this massive example, as
has been done here with the fractionally expanded 1-loop
functions. Moreover, it is also possible to verify that the
diagram MRE obtained loop by loop is far more direct and
simple than to get this expansion considering all loops
simultaneously. This can be seen from Table II, where
we observe that the modular application of the IBFE
technique not only reduces the MRE of the diagram in
terms of sums and deltas, but also brings in a significant
reduction of the number of irrelevant terms and therefore
the calculation time of the solution is optimized.

C. Example III: Vacuum fluctuation with three mass
scales and five loops

The next diagram that we will analyze is one without
external lines, composed of five loops and three different
mass scales {m,, m,, M}, arranged as shown here:
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G= |%ym

34 m2 33

In the first step we reduce the left and right massive loops in terms of the 1-loop functions G

_ a R -
o %10 1 o
a5
2 2 K/
G =Y Gplai,az;ni;;mi) x Gp(as, as; ng;m3) | ™ MM ~y
ni,n2 a8
%
X X
L ag a2 J

Applying formula (25) in order to sum the propagator indices, we get the equivalent equation

G = Z Gp(a1,az;n1;m?)

n1,n2

x Gp(as,as;no;m3)

X ag + 610 —n1

aqq+ 892 ~nyf -

Then we eliminate the internal bubble

G= Y Gpla,ayni;m?)

ni,..,n3

x Gg(as, ag;ng; m3) x Ge(ar, ag;ng; M?)

X [89+ap ™M

%+ % 3 a1+ 812 2| >

continuing with a reduction of the left loop

Galagio —ni,a56 —n3;na) X | —ng

a1l +aiz —ng|-
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The last loop reduction is represented by the function G4,
which determines finally the MRE of the diagram

PHYSICAL REVIEW D 78, 086003 (2008)

A; ={a; + ny + nyy),

Ag = (ag + n3 + nyy), (118)
G = Z Gglay, az;ny;my) X Gplas, ags ny; m3) Ay = <§ +ny —n +ny +oap),
ny,..,Ny
X Gelag, ag; ny; M?)
X Gylag g = ny, ase — n3;ny)
X GA(all,IQ — ny, —ny). (112) Gylag 1o — ny, ase — nsiny)
The corresponding 1-loop functions in this example are _ (—1)P/2 Z &
given by F((lg +ay — n1)F(as + ag — n3 5 4,114,115
(=nP2 (=m)m AjpAp A
Gplay, aysnysmy) = — Q10811812 119
wlan i) = FESTGy 2, Ao T+ ) TC+ny) (1
X AN A5, (113)
Al = <dl + n + ns + n7>,
Az = (a2 + np + I’l6>, (114) AIO = <§ + Ny + Ny + I’l15>,
A3 =<%+nl +n5 +n6>1 All =<ag+a10—n1 +I’l4+l’l14>, (120)
(12 () Ay ={as +asg — ny + ny + nys),
-1 —ms5)"o
G ’ 5 5 = Ny, n n 42
plas, as;ny;m3) XENIEN ng%ﬂ:ﬁ st T 4 )
X AyA5Ag, (115)
Gulay + aip = ny, —ny)
Ay = {as + ny + ng + nyg), A
4 = {az + ny + ng + nyp) — (1P 13 . (121
As = {a, + ny + ny), (116) lay +ap —ny —ny)
A6=<%+n2+n8+ng>,
D/2
o) = D
GC(a7) ag,l’l3,M ) F(Cl )F(Clg) n”znngbnz ni,. {A13 = <a11 + Ayp — Ny — Ny — §> (122)
_M2 n3
_EM A, 1)
PG+ ns = ni3) Finally we obtain the MRE associated to the diagram
(_ 1)5D/2 1
= ¢ (=m})" (—m3)"o(—M?)™s
I(apl(ag) [T}- T'(ay), z,:m B ? &+ n)lE + )l G+ ny — nz)l'G + n)(3)
13 A
[L) A : (123)
F(% + ayo — n)l(as + ag — n3)l'(ay; + apy = ny — ny)
TABLE III. Comparative application of IBFE to example III.
Complete (better factorization) Modular
Multiplicity multiregion series (o) 21 15
Kronecker deltas of the expansion (&) 19 13
Multiplicity resulting series (o0 — 6) 2 2
Possible contributions to the solution (C§) 210 105
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Table IIT shows again a comparison of the IBFE applied
modularly or complete to the diagram.

VII. COMMENTS

A. Other 1-loop functions associated with the bubble
module

The 1-loop functions for diagrams that contain the bub-
ble type insertions previously deduced do not contemplate
all the possible cases. To see this let us try to solve the
following topology:

PHYSICAL REVIEW D 78, 086003 (2008)

This diagram contains two massive propagators, each of
them characterized by mass M, arranged as shown (con-
tinuous line), and the rest of the propagators are massless
(dashed lines). It can be easily evaluated if Schwinger’s
parametric representation of the whole diagram is inte-
grated. Let us see

L1 20+ (g +200) (3 +x4) s )
X1+ () ) (63 +x4) +x5(x3 +x4) 14

a4
_82
3/ M\¥
- , (124)
a5
(0P [ _exp((e; + x)M) exp(—
=1 (a])

The integral is written in a factorized form and it is readily
evaluated with IBFE. After doing the corresponding ex-
pansions we realize that the obtained MRE has ten sum-
mations and nine deltas, so the solutions will correspond to
one variable hypergeometric function (,F,_), which is
something expected given the type of topology and the
number of energy scales present in the problem. Moreover,
we will have at most ten possible contributions that dis-
trlbute themselves in the kinematical regions | | < 1and
| 2 <1

Now we will try to solve this diagram, but this time
applying the 1-loop functions deduced in this chapter. The
upper loop is easily reduced using the 1-loop function G4,
getting then the following reduced diagram:

G=> Gal(a,an)

n

(126)

Nevertheless, we obtain one loop which is not possible to
reduce with the 1-loop functions previously defined. The
reason is the presence of the mixed massive propagator in

[x1xy + (xp + %) (x3 + x4) + x5(x3 + x4)]P/2

(125)

[

the upper branch of the diagram. Thus it is necessary to
consider a new loop function that we will call G, and
which is associated with the generic topology of the form

(127)

Let us try to find the MRE for this new loop function. For
this we start with the corresponding Schwinger parametric
representation

(—nP2
 T(a)T(a)T(ay)
o exp(xM?) exp(— S 2
X [ dx Rl (128)
0 (xl' + x]' + Xk) /

When expanding the exponential that contains p? the
following series is obtained:

G =Y Ggla;, aj, ag;n; M?) (129)

1
(pH)™"
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TABLE IV. Comparative application of IBFE to the diagram for G.

PHYSICAL REVIEW D 78, 086003 (2008)

Complete (better factorization) Modular
Multiplicity multiregion series (o) 10 9
Kronecker deltas of the expansion (J) 9 8
Multiplicity resulting series (o0 — 6) 1 1
Possible contributions to the solution (C§) 10 9
and just as before the 1-loop function is defined with the constraints:
-1 D/2 _ /D

Ggla, a;, ag;ny M?) = %qbn (A =@ +n+s+s)

_exp(yM?)xp (x; + x;)" 185 =(a;+s + 5, (132)

x[oodx
0

(x,» + Xj + xk)(D/2)+" ’

(130)

Taking into account the complete expansion procedure
finally one finds that the multiregion series for this new
1-loop function is

(=P
I'(a)I(a))T (ay)
X Z ¢n,s1,..,s5 (_sz')s]

§1500 85
y AL As
F(% +n)'(=n —s,)

Gela;, aj, ag;n; M?) =

(131)

This loop contributes with 63 and 58. Coming back now to
our initial problem presented in Eq. (124), and using
formula (133) we find the MRE for this problem

G= ZGA(al, ax;n) X Gplaz + ay, —n, as; I; M?)(p?)!,
nl

(134)

which can be compared with the equivalent MRE coming
from the parametric representation of the complete dia-
gram (Table IV):

The first thing we should notice is that in this case once
again the expression for the MRE obtained in terms of
modules is more reduced than the similar expression which
evaluates the complete diagram. A second aspect is that,

:ZGE (ai,aj,ak;n;MQ) ® ®.
n

A4 = <Cl] + S5>,
LAS = (ak +n+ S3>.

Graphically this result can be represented as follows:

(133)

f
just as the loop function G, there are many others which
are variations of the bubble module and that have not been
included here, although as has been done above any other
configuration has a MRE which can be trivially found.

B. Generic diagrams with bubble type insertions

We have shown that the IBFE technique is very useful
and simple to apply in diagrams that are built by successive
1-loop insertions, which can be either massless or massive.
Nevertheless, the modular reduction of a diagram using the
IBFE technique is not only readily applicable to these types
of topologies, but as will be discussed later, the previously
deduced formulae are also useful for reducing any bubble
type subgraph that is contained within a generic graph. As
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an example let us analyze the following diagram:

G: a1 )az,m,

(135)

Independently of the kinematic characteristics of this dia-
gram, our interest is in the propagator correction with a
bubble type insertion and with one of the propagators with
mass m. Using the respective loop function in order to
reduce the loop, we obtain the following graphical equa-

tion:

G =) Gplaz,a;;n;m?) .

i

From a topological point of view one can see that there is a
reduction, so to find the MRE of this resulting 1-loop
diagram is simpler than the original 2-loop one. Just as in
this example, it is possible to use the 1-loop functions in
generic diagrams whose propagators contain bubble type
corrections and its variations, which simplifies consider-
ably the search of a MRE of certain diagrams and its
solutions.

(136)

C. n-loop modules and n-loop functions

We have shown that it is possible to apply IBFE to loop-
by-loop recursively built subgraphs and find the respective
MRE in terms of the 1-loop functions defined above.
Nevertheless, the flexibility of IBFE goes beyond that,
and it is possible to generate also n-loop functions or
equivalently module functions that consider two or more
loops simultaneously. Such a module, with n loops, will
lead to a growing number of n-loop functions when one
takes into account the different possibilities of distributing
the propagator masses of the n-loop module. In general to
work modularly is advantageous for reducing diagrams,
since it simplifies the search of the MRE. Nevertheless, if
the idea is to have less algebraic manipulation and a
minimal expression for the MRE of the topology, then
the previous examples indicate that the MRE is going to
be minimal when the modules under consideration are
compositions of only one loop.

VIII. CONCLUSIONS

In this work we have described an efficient and easy way
to implement the integration technique IBFE, applied to a

PHYSICAL REVIEW D 78, 086003 (2008)

specific Feynman diagram. The result that has been
reached using the concept of modular reduction has two
important characteristics: first, in general the diagram
multiregion expansion of a given diagram is shorter than
if the MRE is obtained from the parametric representation
of the complete diagram; second, the modular treatment
operationally facilitates obtaining the multiregion expan-
sion. Let us discuss this last point, comparing the modular
reduction in cases of loop-by-loop reducible diagrams
with 1-loop insertions in a massless theory which are
evaluated using conventional calculation. The difference
is that with IBFE it is possible to do a calculation with
the same degree of simplicity, although for more complex
bubble type diagrams it is now possible to include
masses.

The modular reduction idea leads in general to a mini-
mization of the MRE of a diagram, which is more evident
when the modules to reduce are composed of one loop. In
fact, the loop-by-loop reduction optimizes the IBFE appli-
cation. In more general terms and beyond this work, de-
pending on the 1-loop topology the minimal MRE is
reached by a systematic reduction going from the topo-
logically simplest to the more complex: bubbles, triangles,
boxes, etc.

The importance of a minimal MRE is of course tied to a
minimization of the time of finding the solutions, since the
MRE gets the solutions to the parametric integrals evaluat-
ing summations with Kronecker deltas in all possible
combinations, and now the MRE is shorter (fewer summa-
tions and Kronecker deltas, which diminish equally), then
there are fewer combinations that need to be taken into
account in order to find the solution. Basically what hap-
pens is that several combinations which do not lead to
relevant terms in the solution are eliminated, and given
that with IBFE the integration is replaced by a linear
system evaluation, the minimized MRE implies smaller
linear systems, and therefore it is simpler to analyze.

The integration technique IBFE is a simple method and
at the same time powerful, which can be advantageously
compared with other Feynman diagram evaluations, and
which does not require great mathematical knowledge.
Although here we have concentrated in a scalar theory,
this method is directly applicable to other theories by
previous scalarization of the tensorial loop integrals, which
produces a sum of scalar integrals. In general the most
complicated case of an N propagator tensorial integral is
precisely the corresponding N propagator scalar integral.
This is the reason for improving or creating numerical or
analytical techniques for the evaluation of scalar integrals
in perturbative studies in field theory.
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APPENDIX A: SUMMARY OF FORMULAE FOR THE BUBBLE MODULE
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APPENDIX B: HYPERGEOMETRIC FUNCTIONS

In the evaluation of L-loop Feynman diagrams, all the
possible solutions that can be found are presented in terms

PHYSICAL REVIEW D 78, 086003 (2008)

of multivariable generalized hypergeometric series. The
actual value of the variables is given in general by ratios
of two energy scales associated with the graph [4], includ-
ing also arguments of value 1. The purpose of this appendix
is to provide the necessary information about simple and
double hypergeometric functions [17-21], which appear in
the solution of the loop integrals, and, in particular, to
present their convergence conditions, which are what fi-
nally define the different kinematical regions associated
with the solution of a specific Feynman diagram.

1. Definition of the generalized hypergeometric
function

The functions associated with one variable series solu-
tion of a Feynman diagram are always expressible in terms
of generalized hypergeometric functions, in particular, the
hypergeometric function of order (¢, g — 1), which is the
only one-variable series that is a solution for the loop
integrals. This function is conventionally denoted as

)

B lg)(bl)k...(bqil)k k!’

oFg-1akibh ) = ¢ F q-l(EZ}

(BI)

where the factors (), are called Pochhammer symbols and
which are defined by

(a), =@ (B2)

I'(e)
For these functions the convergence conditions are:

(i) The generalized hypergeometric functions are given
by series defined in the convergence region |z| <1,
while for |z| > 1 they are defined by analytical
continuation.

(ii) If |z] < 1 the series converges absolutely. Since the
variable z represents the ratio between two energy

scales of the topology, what is obtained is one of the
limit representations or solutions, an expansion
around z — 0.

(ii1) If z = 1, the necessary requirement for the series
convergence is that N(w) > 0, where w is called
parametric excess and it is given by the equation

q q+1
w=>b - a (B3)
j=0 j=0
(iv) For the convergence in z = —1 it is sufficient that

N(w) > —1.

2. Some identities of the Pochhammer symbols

The following identities are very useful for building the
hypergeometric function starting from the contributions
that are obtained of the MRE of an arbitrary diagram G.
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Aside from formula (B2), sometimes it is useful to use
other identities that are needed when there are factors of
the type I'(a = n) and I'(a = 2n) in the solutions, such as

_Tla—n) (=1
(@), = T  (-a), (B4)
_Ta+2n)  (a\ (fa 1
== (), Gra), @

3. Two variable hypergeometric functions

Here we describe two variable hypergeometric func-
tions, which correspond to the Kampé de Fériet general-

ized double hypergeometric function Fisv and the

piriu

generalized hypergeometric Faso,

a. Kampé de Fériet function Fisv

This function is defined as:

g::;::(al,...,ap ap,...,a, Ci,...,Cy

Bi....By bi..by dy....d,
_ pf{at {a} {c}
F< )

X, y)

By (b @ |
= i P l(a' n+m l-l] 1(a ) l-[;‘lzl(cj)m ﬁﬁ
(Bj n+mn 1(b ]y:l(dj)m n! m!’

(B6)

where the convergence conditions of the double series exist
if the following relations between the indices are satisfied:

ptr=qg+s+1, B7)

ptu=sgqg-+uv+l, (B8)

and if furthermore, the arguments fulfil the condition:
if (p > q),
if (p =ygq).

x|/ P=a) + |y|V/(p-0) < q,

max{|x|, [y[} <1,

. —piriu
b. Function Fasv

This series, which appears frequently in the solutions to
Feynman diagrams, has the following definition:
:ﬂTM}w}@} )

)
{8} {b}t {d}
— i j=1(aj)n7m n,-:l(aj)n l'[;‘:](cj)m ﬁ y_’"
q:I(Bj)n*m njzl(bj)n n;,zl(dj)m n! m! ’
(B9)

where the convergence conditions of the double series exist
if the following relations between the indices are satisfied:

g al,...,ap aip,...,a, Cp,...,Cy,
By bi,....bg dy,....d,
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ptr=qg+s+1, (B10)

gtu=p+uv+1 (B11)

All the series that have been found with the technique used
here fulfil this index condition. The determination of the
convergence region of the variables can be done using the
Horns general convergence theory [21].

APPENDIX C: MATHEMATICAL FORMALISM OF
THE INTEGRATION BY FRACTIONAL
EXPANSION METHOD

1. Introduction

In section IIB we already introduced some algebraic
aspects of the IBFE technique, which are generated from
the identity associated with the integral parametrization of
loops and which is known as Schwinger’s parametrization

! ” dxxB! exp(—Ax).

aF TP Jo D

It is possible to find an operational equivalence between
the integral symbol and a Kronecker delta, given by

I'm+1)

( l)n 6B+n0 (C2)

]dxxﬁﬂ' '=T(B)———=
For simplicity we have eliminated the integral limits, since
this identity has only validity in the context of the integrand
expansion in (C1). This expression is crucial for the devel-
opment of the IBFE method, since in the Feynman diagram
evaluation the corresponding Schwinger parametric repre-
sentation is a generalized structure of the expression (C1).

a. Some properties

For the study of some properties of (C2) it is convenient
to use the notation defined in (13) in order to help us
formalize the mechanism of the IBFE technique. Then let

/dxx”'*”f1 = (v, + v,y), (C3)
where v, and v, are indices which can take arbitrary
values.

Property I. Commutativity of indices. We can explicitly

write (C3) in two possible forms according to formula
(C2),

I'(v
[(vy) (( 21;;21) 8V1+V'> 0

I'(v
r( 2) ( l1;;11) 5V1+V2

<V1+IQ>=={ (C4)

Starting from (C1) one can show the equivalence of both
forms in (C4), and for this it is enough to expand the
integrand exponential and replace (-) for each case

1 v —1
Y@ F(Vl)[ dxx" " exp(—Ax),

(C5)
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which in terms of a series, in the proposed sense (C3), turns
out to be

(=)
E Vl)zr

(v, +

AV2<V1 + ). (C6)

Selecting now (v + v,) = F(V,)F("Zﬂ)ﬁ,,lﬂ,%o, we di-

(-D~
rectly obtain the equality in (C5). Analogously selecting

vy + vy) =T'(v,) F("‘;ll) 8, +v,0 and using then the iden-
tity
I'(y) T +z—y)
— = (=), (7))
I'(y—2) I'(1—y)

with y = »; and z = 2v, the equality (C5) is finally
obtained, which shows the equivalence between the two
ways of writing (v, + v,).

Another way of writing (C3), which is useful for the
simplification of terms that contain the factor

%, (C8)
where m is an arbitrary index, is the following:
v +r)=w +v,—m+m=_(-m+m
1m0 (©9)

Notice that explicit use of the Kronecker deltas has been
made, in order to simplify the parenthesis (-), and since this
happens in the context of expansions, the Kronecker deltas
remain to indicate the constraints between the indices »,
and v,.
Property ll. Significance of the Multiregion Expansion
MRE. Let us consider the following binomial expansion:
(A + A7, (C10)
where the quantities A, A,, and v can take arbitrary values.
In this case there are two possible regions or limits for the
expansion: the region where (A; > A,) and the region
where (A; < A,). These expansions are respectively:
(1) Region (A; > A,)
(4, + A= = azr 3 0 s (- i

Tn+1) Al) (€1

n=0

(2) Region (A < A,)

cr g e (FV), Ap\r
(A + Ay) A5 Zr(n+ 1)( Az)' (C12)

PHYSICAL REVIEW D 78, 086003 (2008)

The factor (v), is the Pochhammer symbol and it is given
by

=F(V+n)

=10

(C13)
We have obtained in this manner expansions in the two
possible limits separately. It is possible, however, to ex-
press both results employing a single series which contains
simultaneously both regions. In this sense we can say that
this type of expansion corresponds to a multiregion series
representation of the binomial. To show this, let us express
the binomial (C10) using the integral representation of the
denominator indicated in (C1). Then we get

(A + Ay)TY = e )j dxx™" " lexp(—xA,)
X exp(—xA,), (C14)

and the exponentials are expanded separately, obtaining:

(A + Ay~ r(+V)Z]ZF(n1 + 1)F(ﬂ2 1)

X f dxxI v+n;+n,—1

Using the identity (C3) we get the multiregion binomial
expansion

Anl Anz

(C15)

vy 1 (—1)”1"’"2
A+ )™ =5z Z Z iy + DE(ny 1)

X AVA(Fv + ny + ny),

(C16)

where according to property (C4) we can express the
parenthesis (-) in three different ways. In any of them we
will have the same Kronecker delta which eliminates one
of the two sums. Let us see

— T 1
F("—V + nl) ((nzl;;z)6+1/+nl+n20

— r 1
F("‘V +n ) ((nll;;]) 5+V+n1+n20

I'(xv+1
F(”z + I’l]) (= V)tv)5+v+n|+n20

(C17)

<1V+I’ll +l’l2>:

On the other hand, the number of possible ways of sum-
ming (C16) using the Kronecker delta can be found in
general by evaluating the combinatorial C]S)‘ém;‘;a“o‘“ which
in this case is C? = 2. Let us see what happens when we
sum with respect to one particular index:

(1) Sum with respect to n,. Let us use for this case the

following equality:
(Fv+n, +ny)y=TFv+n)

F(nz + 1)
e

61 v+n;+n,y,00

(C18)
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and then replacing in (C16) we obtain

(Ay + A= = —r(;v) (=1

I'v+n))

AnlAiv—n] 1
T, + 1) 2142 €19

or equivalently

[o )

+ + (Iv)n Al m
A+ A=Az S m (DL
(4 +4)) 2 ,,lz:“or(’ﬁ + 1)( Az) '

(C20)
which gives the expansion associated with the re-
gion (A; < A,), obtained previously in (C12).

Sum with respect to ny. Analogously, we now use the
identity

(Fr+n, +n)=T(=Fv+n,)

I'(n, +1)
X (_IW Fvtng+ny,0
(C21)
and replacing in (C16) gives
- (Iv)n AZ 2
A+ A v =Atv 2 _ 2 ,
(4 + 4,) ! ,,Zzz:or(nz + 1)( A1>
(C22)

the expression that was found in (C11), and valid in
the region (4| > A,).

The fundamental idea that has been exposed in the
previous demonstration is that using the definition
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(C2) it is possible to make a binomial expansion
which differs from the conventional in the sense that
the expansion is now around zero and infinity si-
multaneously. This can be generalized for multi-
nomials and we can obtain its MRE

(A] + -+ AZ)iV = Z cee Z(ﬁnl,..,n,Arlll . A;ll
nj ny

(Fr+n +---+n)
I'(v)

(C23)

The number of different expressions that can be
extracted starting from Eq. (C23) is given by all
the possible forms of evaluating some of the sums,
using for this purpose the Kronecker delta generated
by the same expansion, that is C}’ = n; possible
forms. Generalizing even more, any function ex-
pressed of a multiregion series employing ¢ sums
and 6 Kronecker deltas, has at most

o!
€5 = 8!(o — d)!

(C24)
possible ways of being evaluated, and each of these
expansions corresponds to a series of multiplicity
w= (o —9).

All the resulting series are series representations
with respect to the ratios between the terms of the
multinomial and all of them correspond to multi-
variable generalizations of the hypergeometric
function.
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