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We derive the linearly perturbed matching conditions between a Schwarzschild spacetime region with
stationary and axially symmetric perturbations and a Friedmann-Lemaitre-Robertson-Walker (FLRW)
spacetime with arbitrary perturbations. The matching hypersurface is also perturbed arbitrarily and, in all
cases, the perturbations are decomposed into scalars using the Hodge operator on the sphere. This allows
us to write down the matching conditions in a compact way. In particular, we find that the existence of a
perturbed (rotating, stationary, and vacuum) Schwarzschild cavity in a perturbed FLRW universe forces
the cosmological perturbations to satisfy constraints that link rotational and gravitational wave perturba-
tions. We also prove that if the perturbation on the FLRW side vanishes identically, then the vacuole must
be perturbatively static and hence Schwarzschild. By the dual nature of the problem, the first result
translates into links between rotational and gravitational wave perturbations on a perturbed Oppenheimer-
Snyder model, where the perturbed FLRW dust collapses in a perturbed Schwarzschild environment
which rotates in equilibrium. The second result implies, in particular, that no region described by FLRW

can be a source of the Kerr metric.
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I. INTRODUCTION

A long standing question in cosmology concerns the
way large scale dynamics influences the behavior on
smaller scales. The most common view regarding this
question is that the influence of the cosmic expansion on
local physics is zero or negligible. The main argument
supporting this conclusion is based on the Einstein-Straus
model [1] which consists of a vacuum spherical cavity
(described by the Schwarzschild metric, hence static) em-
bedded in an expanding dust Friedmann-Lemaitre-
Robertson-Walker (FLRW) model. The matching between
both spacetimes is performed across a timelike hypersur-
face using the standard matching theory in general relativ-
ity, usually known as the Darmois matching conditions (we
refer to [2] for a full account on matching general hyper-
surfaces). In this model the local physics occurs inside the
Schwarzschild vacuole which, being static, perceives no
effect of the cosmological expansion.

Despite its clear physical interpretation, this model
presents serious problems and involves a number of ideal-
izations which include a spatially homogeneous and iso-
tropic cosmological model, the assumption of spherical
symmetry both for the metric inside the vacuole and for
its boundary, and the assumption of an exact static vacuum
in the interior. Indeed, more sophisticated models have
been constructed by using Lemaitre-Tolman-Bondi regions
for the cosmological part (see [3,4]), and other types of
cavities [5,6], but all these models are spherically symmet-
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ric. An important question is whether the Einstein-Straus
conclusion is robust with respect to various plausible (non-
spherically symmetric) generalizations.

A general property of the matching theory is that solving
a matching problem always gives, as an immediate con-
sequence, that the ‘“‘complementary”” matching also holds
[6]. Consequently, the ““a priori” interior and exterior roles
assigned to the Schwarzschild and FLRW regions in the
Einstein-Straus model can be interchanged, and all the
previous results also apply to the Oppenheimer-Snyder
model of collapse [7], in which a spherically symmetric
FLRW region of dust collapses in a Schwarzschild exterior
geometry.

The first attempts to provide nonspherically symmetric
generalizations can be found in the works by Cocke in [8]
and Shaver and Lake in [9]. The first conclusive discussion
of different metrics and shapes of the static region ap-
peared in a paper by Senovilla and Vera [10], where it
was shown that a locally cylindrically symmetric static
region cannot be matched to an expanding FLRW model
across a nonspacelike hypersurface preserving the cylin-
drical symmetry, irrespective of the matter content in the
cylindrically symmetric region. Therefore, a detailed
analysis became necessary in order to decide whether the
assumption of spherical symmetry of the static region was
a fundamental ingredient for the models. This analysis was
performed by Mars, who showed in two steps, [11,12], that
a static region matched to a FRLW cosmological model is
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forced to be spherically symmetric (both in shape and
spacetime geometry) under very weak conditions on the
matter content, which include vacuum as a particular case.
Therefore, the only static vacuum region that can be
matched to a nonstatic FLRW is an (either interior or
exterior) spherically shaped region of Schwarzschild,
which thus leads to the Einstein-Straus or the
Oppenheimer-Snyder models.

To summarize, the Einstein-Straus model, consisting of
a static vacuole embedded in an exact FLRW geometry
(necessarily of dust), does not allow any nonspherical
generalization and, in this sense, it is unstable. The same
applies to the Oppenheimer-Snyder model.

Regarding the assumption of staticity, it has recently
been shown by Nolan and Vera [13] that if a stationary
and axially symmetric region is to be matched to a non-
static FLRW region across a hypersurface preserving the
axial symmetry, then the stationary region must be static.
Hence, the results in [11,12] can be applied to any sta-
tionary and axisymmetric region. In particular, the only
stationary and axisymmetric vacuum region that can be
matched to FLRW preserving the axial symmetry is an
(either interior or exterior) spherically shaped region of
Schwarzschild. This implies that the Einstein-Straus and
Oppenheimer-Snyder models cannot be generalized by
including stationary rotation in the non-FLRW region.
Note that this shows, in particular, that no FLRW axially
symmetric region can be a source of Kerr.

Now, two possibilities in trying to generalize such mod-
els can be considered: the first is to take nonspherical exact
solutions which generalize the FLRW region (such as
Bianchi models) and the second to consider nonspherical
perturbations of FLRW. The first possibility was consid-
ered by Mena, Tavakol, and Vera in [14], where they
studied a matching preserving the symmetry of a cylindri-
cally symmetric interior spacetime with locally rotation-
ally symmetric spatially homogeneous (but anisotropic)
exteriors. This matching resulted in restrictive generaliza-
tions of the Einstein-Straus model [14], none of them
physically admissible. Therefore it is interesting to con-
sider the second possibility, i.e. to construct a perturbed
model.

Perturbed matching conditions have been applied many
times in the past: Hartle [15] studied first and second order
stationary and axisymmetric rigidly rotating perturbations
of static perfect-fluid balls in vacuum. Chamorro per-
formed the first order matching of a Kerr cavity in an
expanding perturbed FLRW model [16]. For spherical
symmetry, the linearized matching conditions in an arbi-
trary gauge were studied by Gerlach and Sengupta [17,18]
and by Martin-Garcia and Gundlach [19]. There are also
studies by Cunningham, Price, and Moncrief where axial
[20] and polar [21] perturbations of the Oppenheimer-
Snyder model of collapse were derived. However, a match-
ing perturbation theory in general relativity has only re-
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cently been developed in its full generality for first order
[22,23] and second order perturbations [24]. A critical
review about the study of linear perturbations of matched
spacetimes including gauge problems has been recently
presented in [25].

Another interesting approach has been followed by
Dolezel, Bicak, and Deruelle [26], who have studied
slowly rotating voids in cosmology with a model consist-
ing on an interior Minkowskian void, a matter shell be-
tween the void and the cosmological model, and a FLRW
universe with a particular type of perturbation describing
rotation. We emphasize that, in this paper, we focus on
generalizations of the Einstein-Straus and the
Oppenheimer-Snyder models without surface layers of
matter (i.e. such that the Darmois matching conditions
are satisfied), and we do not restrict the FLRW perturba-
tions in any way.

In this paper we consider first order (linear) perturba-
tions of the Einstein-Straus model, as well as perturbations
of the Oppenheimer-Snyder model (as the perturbative
matching satisfies the same dual property as the full match-
ing). Our background model consists then of a
Schwarzschild region matched to a FLRW dust cosmologi-
cal model across a spherically symmetric (timelike) hyper-
surface. We perturb the Schwarzschild part with vacuum
stationary axially symmetric perturbations and we perturb
the matching surface as well as the exterior FLRW region
with arbitrary perturbations, not restrained to any material
content.

Our approach to this problem consists in exploiting the
underlying spherical symmetry of the background and of
the matching hypersurface as much as possible. This is
normally done in the literature by resorting to decomposi-
tions of all objects in terms of scalar, vector, and tensor
harmonics on the sphere. Our aim is to use an alternative
method based on the Hodge decomposition of all tensor
objects on the sphere in terms of scalars. The two ap-
proaches are obviously related to each other. However,
by working with Hodge scalars we avoid the need to deal
with infinite series of objects (one for each / and m in the
spherical harmonic decomposition). In particular, our set
of matching conditions has a finite number of equations
(involving scalars that depend on the three coordinates in
the matching hypersurface) instead of an infinite collection
of matching conditions for functions of only one variable
(the time coordinate on the matching hypersurface). The
equations are therefore much more compact.

In fact, even when working with §? scalars the length of
the equations can grow substantially depending on how
they are combined and written down. This is partly due to
the level of generality we leave for the matching hypersur-
face and the FLRW perturbations. We have taken the effort
to combine the equations and to group several terms in
each equation in such a way that the set of equations
becomes reasonably short and manageable. We emphasize
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that the gauge in the FLRW part will be left completely
free, so that the readers may choose their favorite one. As
an example, we rewrite the equations in the Poisson gauge
in Appendix C.

Deriving and writing down the linearized matching con-
ditions for our perturbation of the Einstein-Straus (and
Oppenheimer-Snyder) model is the main result of this
paper. A more detailed analysis of the resulting set is
postponed to a later paper. However, in order to show the
usefulness and power of the equations, we present two
applications. The first one is based on the observation
that the linearized matching conditions can be combined
in such a way that two equations involving only terms on
the FLRW side hold. These equations are therefore con-
straints on the perturbations in the FLRW part that must be
necessarily satisfied if an interior stationary and axisym-
metric perturbed vacuole is present (and hence the local
physics can remain unaffected by the cosmic expansion, as
generally believed). These two constraints link the vector
and tensor (linear) FLRW perturbations on the boundary of
the region, and they imply, basically, that if the perturbed
FLRW region contains vector modes (with | = 2 harmon-
ics) on the boundary, then it must also contain tensor
modes. In other words, if a (perturbed) FLRW region
contains rotational perturbations that reach the boundary
of a perturbed stationary and axially symmetric vacuum
region, then the cosmological model there must also carry
gravitational waves. Given the estimates of cosmological
rotational perturbations through observations (see e.g. [27]
and references therein), the constraints due to the possible
existence of stationary and axisymmetric vacuoles would
provide estimates of cosmological gravitational waves.

As a second application, we consider the case when the
FLRW part of the spacetime remains exact (i.e. all pertur-
bations vanish there). As discussed above, the results in
[13] combined with [12] imply that the interior has to be
exactly Schwarzschild provided the matching hypersurface
is assumed to be axially symmetric. Since we allow for
nonaxially symmetric perturbations of the matching hyper-
surface we can address the question of whether this result
generalizes to arbitrary hypersurfaces (at the linear level,
of course). Our conclusion is that indeed this is the case.
This result points, once again, into the fragility of the
Einstein-Straus model against any reasonable generaliza-
tion. From the Oppenheimer-Snyder model point of view,
this also means that a body modeled by a dynamical FLRW
model, irrespective of its shape and its relative rotation
with the exterior, cannot be the source of any stationary
(nonstatic), axially symmetric vacuum exterior, in particu-
lar, of the Kerr metric.

The paper is organized as follows. In Sec. II we give a
very brief summary of the linearized matching theory,
where we fix our notation. In Sec. III we summarize the
standard theory of the Hodge decomposition of vectors and
symmetric tensors on the sphere and apply the theory to
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first order perturbations of a spherical background in gen-
eral. The use of Hodge decompositions introduces a so-
called kernel freedom which is discussed and analyzed.
Section IV is devoted to obtaining the explicit form of
vacuum, stationary and axially symmetric perturbations
of the Schwarzschild region. After perturbing the back-
ground matching hypersurface arbitrarily, we obtain, in
subsection IV C, the explicit form of the Hodge scalars
of the perturbed first and second fundamental forms of the
matching hypersurface. The same procedure is followed in
Sec. V for the FLRW side. Section VI is devoted to
obtaining the linearized matching conditions for our prob-
lem in terms of S? scalars. As in any Hodge decomposition,
the set of equations decomposes into odd and even equa-
tions, and both sets are carefully combined and rewritten to
make them as compact as possible. The equations given in
this section constitute the main result of this paper, so we
summarize the hypotheses and conclusion in
Theorem VI.1. Sections VII and VIII contain the two
applications we present in this paper. Section VII is de-
voted to deriving the constraints in the FLRW side and
Sec. VIII to the matching with an exact FLRW. The paper
contains four Appendixes. Appendixes A and B contain,
respectively, for the Schwarzschild and the FLRW parts,
the full expressions for the linear perturbations of the first
and second fundamental forms prior to their Hodge decom-
position. Appendix C specifies our general matching con-
ditions in the Poisson gauge in the FLRW part. Finally,
Appendix D is devoted to the comparison between the
expressions used in our formalism and the doubly gauge
invariant quantities in [23,25].

Lower case Latin indices at the beginning of the alpha-
bet a, b,... = 1, 2, 3 refer to tensors on the constant cos-
mic time hypersurface in FLRW, at the middle of the
alphabet i, j, ... = 1, 2, 3 are used for tensors on the match-
ing hypersurface. The first upper case Latin indices
A, B, ... = 2,3 denote tensors on the sphere while middle
indices I, J,... = 0, 1 are used for tensors in the surfaces
orthogonal to the spherical orbits. Finally, Greek indices
a, B,...=0,1,2, 3 refer to general spacetime tensors.

II. LINEARIZED PERTURBED MATCHING
THEORY IN BRIEF

The linearized matching involves perturbing a back-
ground which is already constructed from the matching
of two regions (Mg, g©") and (M, g®~), with corre-
sponding boundaries % which are diffeomorphic to each
other (then identified as the matching hypersurface).
Taking local coordinates on the matching hypersurface
amounts to writing down two embeddings

Do 3y My & xi = 0L, (D
such that ®. (%) = %7, where x% are arbitrary coordi-
nates on each of the background regions. The coordinate
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Vectors dgi intrinsic to 3, define tangent vectors to the

. +ta
boundaries e; a gl

point, there is a unique up to onentatlon unit normal vector
n(f)“. The orientation of one of the normals can be chosen
arbitrarily but the other must be chosen accordingly so that
both point to the same region after the matching. The first
and second fundamental forms are, respectively, q(o)i =

PO plye, kO=, = ©

—nie; Vﬁej—“lg and the
background matchlng condmons require’
q(0)+ij = q(O)*U k(0)+ij = k(O)*ij' (2)

Consider now a perturbation of the background metric
oo = 0% + g and of the boundaries Eoi via the
vector fields Z* = Q=i + T~ |5, where T are tangent

to ;. The linearized matchmg condltlons are derived in
[22,23] (see also [24] for second order matching), and read

Cl(ml‘j =q'” k(l)+ij - k(l)iij’ 3)

ij

with (for a timelike matching hypersurface)

q(1>il_j = [iiq(())tij + 2Qik(°)+ + e,a g(l), BlY
4)
kV= = Lpk0*  — D:D;Q*
+ Q ( (O)M (O)VR(OE)/)}:BV ltae;"ﬁ

P00 ) 4 Lyl 0 0802

(0) (= +a
*#Saﬁ g €

Plsz, (5)

where D; is the three-dimensional covariant derivative of
(20, q((])tij) and

1
Dfta __ + + + + 4+ +
Sy = E(Vﬁg(”—% + Vyghra, — vragh= ).

The tensors g™ and k)™ are spacetime gauge invariant
by construction, since they are objects intrinsically defined
on X7, and therefore conditions (3) are spacetime gauge
invariant. Moreover, it turns out that the equations (3) are
also hypersurface gauge invariant provided the background
is properly matched [i.e. once (2) hold].

The quantities Q* and T~ are unknown a priori, and
fulfilling the matching conditions requires showing that
two vectors Z~ exist such that (3) are satisfied. The space-
time gauge freedom can be used to fix either or both
vectors Z, but these choices have to be avoided, or care-

'As mentioned earlier, we are not interested in a resulting
spacetime with a nonvanishing energy-momentum tensor with
support on the matching hypersurface (a ““shell””), and therefore
we do not admit jumps in the second fundamental form.
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fully analyzed, if additional spacetime gauge choices are
made, as otherwise the possible matchings might be re-
stricted artificially. On the other hand, the hypersurface
gauge can be used in order to fix one of the vectors 7" or
T~ , but not both (see [25] for a full discussion).

III. HODGE DECOMPOSITION OF THE
LINEARIZED PERTURBED MATCHING IN
SPHERICAL SYMMETRY

From now onwards we shall concentrate on spherically
symmetric background configurations. In order to write the
matching conditions in a way which exploits the symme-
tries we shall use the Hodge decomposition on the sphere.
There are some good reasons to do that. As outlined in the
Introduction, the equations naturally inherit the spherical
symmetry of the background configuration, and thus one
expects that any approach based on spherical decomposi-
tions will render the equations in a simpler form.
Previously in the literature, this has been implemented by
decomposing the relevant quantities into scalar, vector and
tensor harmonics (see e.g. [23]). From a formal point of
view, those decompositions are very useful since they
provide independent sets of equations for the different
spectral values, say / and m. However, in practice, the
harmonic decomposition may become a problem on its
own when studying explicit models. Moreover, even if
the problem can be formally solved for the infinite spec-
trum, the sum convergence of the resulting decomposition
should be eventually ensured.

Using the Hodge decomposition has the advantage that
one works with all the different (/, m) harmonics of a given
quantity at once. In fact, the Hodge scalars correspond in a
suitable sense, to the resummation of the previous spectral
decomposition. For instance instead of using all the (infi-
nite number of ) equations that correspond to each value of
I and m in the matching equations involving (o (0);, (see
[23]), only one equation for the whole sum Y, (07(1)0) 1 Y}
( = F here) is needed.

It is clear that one can always go from the Hodge scalars
to the spherical harmonics decomposition in a straightfor-
ward way. However, it is not always easy to rewrite the
infinite number of expressions appearing in a spectral
decomposition in terms of Hodge scalars. Working with
Hodge scalars involves a finite number of equations and
obviously there arise no convergence problems (although
then one often has to deal with partial differential equations
[PDEs] in 3 + 1 dimensions instead of 1 + 1 equations,
which are simpler). Furthermore, their calculation entails a
quite straightforward procedure, more easily implemented
in algebraic computing. We devote Appendix D at the end
of the paper to relate the functions of the Hodge decom-
position used in the present paper and the coefficients used
in [23,25] for the scalar, vector, and tensor harmonic
decomposition.
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A. Hodge decomposition on the sphere

We recall that the Hodge decomposition on S? tells us
that any one-form V on S? can be canonically decomposed
as

V =dF + %dG, (6)

where and F and G are functions on the sphere and
(%*dG)4 = n°,D¢G is the Hodge dual with respect to
the round unit metric h,zdxAdx8 = d9? + sin>dd@? on
§2. The corresponding volume form and covariant deriva-
tive are denoted, respectively, by 145 and D,. Latin in-
dices A, B, ... are raised and lowered with s, and the
orientation is chosen so that 14, > 0. Furthermore, any
symmetric tensor 7,5 on the sphere can be canonically
decomposed as

TAB = DAUB + DBUA + HhAB’

for some one-form U, on S%, which, in turn, can be
decomposed as Uy = DP + (*dR),.

The Hodge decomposition on the sphere has a nontrivial
kernel, i.e. the zero vector and the zero tensor on S2 can be
decomposed in terms of nonvanishing scalars, albeit of a
very special form. First, we consider the kernel corre-
sponding to the vanishing vector on the sphere:

DAF + nBADBG =0.

Since the only harmonic functions on the sphere are the
constant functions, it follows that /' and G must be inde-
pendent of the angular coordinates {x*}(= {9, ¢}).
Regarding the zero symmetric tensor 7,5, we must solve

DAUB+DBUA+HhAB:0’ (7)

which states that U2 is a conformal Killing vector on the
sphere. There are six conformal Killing vectors on the
sphere: three proper ones and three Killing vectors. They
correspond to the usual longitudinal and transverse [ = 1
vector harmonics, respectively (denoted as V(L)A and V(T)A

with / = 1 in [23,25]). Explicit expressions for the confor-
mal Killing vectors are obtained using the [ = 1 spherical
harmonics Y{" (m = 1,2, 3)

Y! = cos®, Y? = sind cose, Y] = sind sing.
The gradients D, Y" correspond to three linearly indepen-
dent proper conformal Killing vectors on S?, and their
Hodge duals 0, D" correspond to three linearly inde-
pendent Killing vectors on S2. Therefore, decomposing
further U, as Uy, = D4P + n®,DgR we obtain

P=Py+>P,Y" R=Ry+DR,Y"

for some eight free coefficients Py, P,,, Ry, R,, indepen-
dent of {1, ¢}. Substitution into (7) leads to
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H=2)P,Y
m

B. Perturbed matching conditions in terms of scalars

Our background configuration is spherically symmetric
and composed of two spherically symmetric spacetimes
(M7, 9*) matched across spherically symmetric timelike
boundaries % diffeomorphic to each other.

Let us for definiteness concentrate on the (Mg, g®)
spacetime and drop the + subindex [analogous expressions
obviously hold for the (M, ™) spacetime region]. We
choose coordinates adapted to the spherical symmetry, so
that

gOhdxdxP = wpydx'dx’ + r*(x')(d6* + sin*0dp?),

where w;; is a Lorentzian two-dimensional metric and
r(x") = 0. A general spherically symmetric boundary can
be described by the embedding (or parametric form)

So={x0 =@ (1), x' =D (1), 0=, =0} 8

where {£} ={A, 9, ¢} is a coordinate system in 3,
adapted to the spherical symmetry.
The coordinate tangent vectors to %, read

> _ &HO £ 1
e\ = CD(O)axo + CI>(O)6x1|EO, (9)

é)ﬁ = 89'20, g‘p = 8¢|20,

where the dot denotes a derivative with respect to A.
Defining N* = —e/ ef |5, the unit normal to the bound-
ary reads

V—detw ;
n 0 = == (= bfpdx® + Dydx)ls,  (10)

The sign of N corresponds to the choice of orientation of
the normal. The first and second fundamental forms on 3,
read

g0 dEdEl = —N2dA* + |y, (d9? + sin?9d?),
(11

KO dgidgl = N2 KdX® + s, K(d9? + sin?9d@?),
(12)
where K = N‘zeAIe,\JV,n(JO)IEO, K =n0"y, Inrls, .
Applying these expressions to each spacetime region

(M7, g¥%), the background matching conditions (2) be-
come

N = N2,
j<+ = K_,

r+|20 = r—lzo,
__ __ (13)
j<+ = :](.'_.

These equations involve scalars on the sphere and there-
fore do not require any further Hodge decomposition.
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Notice that the embeddings have been implicitly chosen so
that 0, = 8_(= ¥) and ¢, = ¢_(= @) on the matching
hypersurface. This can in principle be modified by an
arbitrary rigid rotation, which is an intrinsic freedom of
any matching preserving the symmetry [28]. At the back-
ground level, this rigid rotation is irrelevant and can be
reabsorbed by a coordinate change. However, its effect is
not so trivial at the perturbed level (see [25] for a discus-
sion on its consequences).

Consider now an arbitrary linear perturbation and use
the Hodge decomposition applied to the perturbed first and
second fundamental forms. More specifically, we write

q(l)t,\A = DAF?: + (*dG(-I:)A

KD* = DyFE + (xdG),

qV* 5 = DA(DgPL + (xdR%)p) + Dg(DPL
+ (*dR%),) + HLhyp

kD= = Dy(DgPY + (%dR%)p) + Dy(D,PE
+ (xdR%),) + HY hyp,

(14)

where F4, G4, P4, RL, HL, FX, G&, PX, RX, HX, are
scalar functions on S? that depend on the parameter A. The
linearized matching conditions (3) can be rewritten as
conditions involving ¢V=,, and kV*, together with
the functions above. Recalling the existence of a nontrivial
kernel for the Hodge decomposition, the equalities in (3)
turn out to be equivalent to

gV =4q""
Fi = F% — N?F(),
GL = G — N*G}(r),
PL = P% — N2(P{()) + PL(OYDM),
RY = R% = NX(RG(A) + RE()Y}),
HY = HY — 2N?PL(A)Y!, (15)
KD =KD
FX = F% — N?F5()),
Gk = G% — N*G§(p),
PE = P — N2(P§(A) + (YY),
RY =Ry — N*(R§(M) + Ry ()Y,
H* = HX — 2N?PX (MY,
where all the functions with a 0 or m subindex depend only
on A and correspond to the kernel freedom discussed
above. They will collectively be named as kernel functions
in what follows. The explicit factor N>(A)(= N2 = N2)in
front of these functions has been added for convenience, as
it simplifies some of the expressions below.

It may seem that adding these kernel functions is redun-
dant, as they do not affect the tensors ¢'"*,; and k)=, .
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However, it is precisely the fact that we want to impose the
matching conditions at the level of S? scalars that forces us
to include them. From a practical point of view, the explicit
inclusion of the kernel functions in Eqgs. (15) allows one to
choose arbitrarily any particular decomposition at either
( £ ) side. In particular, when studying existence problems
for the matching of two given configurations (decomposed
in terms of S? scalars in an explicit manner) it is important
to keep the kernel functions free, as they may serve to
fulfill conditions which might otherwise seem to be incom-
patible. For an explicit case where the kernel functions turn
out to be relevant, see Sec. VIII below.

Summarizing, Eqgs. (15) are the formal linearly per-
turbed matching conditions written in terms of S? scalars.
The next task is to evaluate explicitly all the scalars in-
volved in the Hodge decomposition of (4) and (5) in the
cases we will be considering, namely, the matching of a
Schwarzschild spacetime with a stationary and axially
symmetric vacuum linear perturbation and a FLRW space-
time with a general linear perturbation.

IV. PERTURBED SCHWARZSCHILD REGION ( —)

First, we describe the perturbations of the Schwarzschild
region [denoted by the ( — ) sign] and derive the perturbed
first and second fundamental forms on % .

A. Stationary and axially symmetric perturbations of
Schwarzschild

We start by taking a stationary and axially symmetric
vacuum metric which in Weyl-Papapetrou coordinates can
be written as [29]

g0~ = —e2U(dr + Ad)? + e V[ (dp* + dz?)
+ pPd¢?], (16)

where U, A, and k are functions of p and z. Vacuum linear
perturbations can be obtained by taking derivatives of (16)
with respect to a perturbation parameter. The result is

g™ = —2e20UuWdr? — 4aUV A dpdt

—20WeVA2dp? — 22V AVdtd

—24AW 2V dp? + 2e7 Ve (—UW + kW)

X (dp* + dz?) — 2¢2VUW p2d p?, 17)
where the perturbation is obviously written in a specific
gauge, which we shall denote by Weyl gauge. The func-
tions UM, AM in (17) depend on p and z and satisfy the
perturbed vacuum equations, written explicitly below.

The Schwarzschild background is obtained from (16) by
setting

1 2m
—_log[1-=2) %=
20g( r) ¢ (r—m)*—m

r(r—2m)

& A=0,

cos26’

where
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. 2m
p = rsinfqf1 — —, z = (r — m) cosé,
r

so that the background metric reads

2m dr?
0)— — _ _ 2
g( - = (1 T)dt + 1 ~om

+ r2(d6* + sin*0d ¢?).

In these coordinates, the first order perturbation metric (17)
becomes
2
g™ = —2(1 - —m)(U<1>dz2 + AWdtd p)

.
—2r%in?0UWd¢? + 2(kV — UW)

2
X ( ar | r2d92>.
1 —2m

r

The perturbed vacuum equations decompose into a pair of
decoupled second order PDE for U") and A")

2UW  cos gUM 92U
r(r —2m) —— - 3
ar sing 960 06
au\
+2(r — m) =0, (18)
or

92AD  cosh 9AD) 9240 aA
r(r —2m - + —4m
( ) Jr sind 96 962 ar

19)

together with a first order system for k! [which is com-
patible provided (18) holds]

ok 2m sinf . ouWw
ar (r—m)? — m2cos6 (r = m)sin
(1)
+ 0 R
cos — ]
akh 2m sinf E1
— —r(r — 2m) cos8
90  (r—m)? — mzcoszﬂl: r(r = 2m) cos
oUW
+ (r — m) sinf ]
00

B. Background matching hypersurface
The general spherically symmetric embedding (8) for
3 is given explicitly by
30 {r=10(0), r =ro(A), 0 = 9, ¢ = o},

where #,(A) and r,(A) are smooth functions (C* at least)
restricted only to the condition that 3 is timelike (this

implies an upper bound for IZ—:(‘; |). The coordinate tangent
vectors (9) to 2 read now
ey =igd, +igd s, & =dgls;, €35 =yls,,
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and the induced metric on X is

g0 dEdEN = —N2dX* + rg(A)(d¥? + sin?9dg?),

N2 = (1 - 2—”’)_1[%(1 - 2—'")2 - rz]. (20)
ro )

The sign of N_(A) will be left free for the moment. The
unit normal (10) to %5

N 1 2m\. 2m\—1 .
0= L1024 (122 0]
N- 7o ro s,

1
0 = _— (—7 i
ne = (—Fodt + fodr)|s-

with

points outwards from the interior Schwarzschild region
(increasing r) whenever #, > 0 and N_ > 0. The extrinsic
curvature (12) relative to this normal reads

o 1 3mit, m
kKO- d ’dfz—[(—i Fo + foig + ——00 _ — —
y4¢'de N_ 0fo  fofo ro(ro —2m)  r}

2m\, .

% (1 - —m)rg)dﬂ + io(rg — 2m)(d9?
ro

+ sinzﬁdgoz)],

which, after comparison with (12), gives K_ and X
explicitly as

1 3midi
K= —|—ityig + fyig + —9090
N3 ( ofo T foTo ro(ro — 2m)
m 2m
—-—(1-=)3) 21
F%( ro ) 0) @
1 .

——do(rg — 2m). (22)

—_ = 2
rgN_

C. First order perturbation of the matching
hypersurface

We now derive the perturbed first and second fundamen-
tal forms on 3 in terms of scalar quantities. We start by
considering a general vector

77 =2\ 9, 9)0, + Z'(A, 0, 9)d, + Z2(X, 9, 9)dy
+ 23\, 9, @)dls-. (23)

which describes how the matching hypersurface %, is
deformed to first order. Using (4) and (5) the perturbed
first and second fundamental forms on % can be readily
computed. The results are shown in Appendix A. In order
to write down the matching conditions in terms of §2
scalars, we need to decompose the vector Z%d,y + Z%d,,
(which is tangent to the spherical orbits) according to its
Hodge decomposition. Explicitly
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0T T 1 o075 1 9T7
7205 + 730 =( L 2)3 +<— 1
v ¢ 99 sind ade ) 7 \sin?d d¢
1 a:l’2—>a
sind 9% ) ¥

where T [ (A, 9, @) and T 5 (A, 9, @) are S? scalars which
are defined up to additive functions of A. The radial part of
Z~ can be also decomposed in the following intrinsic
manner:

7%, +7',ls, = 0 nO + T e (24)

where, again, Q7 (A, 9, ¢) and T~ (A, 9, ¢) are scalars on
2.

When studying the Hodge decomposition of the first
order perturbation tensor g“)_, we found it convenient to
define two new scalars G(r, 6) and P(r, 0) by

2P _cosf 9P _

kD) = bt
90%  sinf 96

Jd
AW = ging —g,
00
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The function G is defined up to an additive function of r
while the kernel freedom in 2 corresponds to Py(r) +
P, (r) cosd, for arbitrary P, and P;.

As a side remark, we recall that a useful function in any
stationary and vacuum spacetime is the twist potential (),
which in the axially symmetric case can be written as dA =
pe 2V x dQ) (where the Hodge dual operator * refers to the
{p, z} plane). The background value of () is obviously zero.
The first order perturbed twist potential QW is, in fact,
closely related to the function G above. By appropriately
restricting the additive function in G, it can be checked that
QW = (1 -2)@G, holds [the freedom left in G is the
addition of any function g(r) solving (1 —22)g . = ¢ for
an arbitrary constant c].

With all the above definitions, the Hodge decomposition
of the angular components of ¢~ and k)=, can be
computed. The corresponding scalars, following the nota-
tion in (14), are:

. . ) 2
Fi =rdT| —N:T", GL=riT, — rog|20<1 - —m) PL=r}(T{ +Pls, RL=rT5;,
o
0 9P
He =2 ( ( )t0+T ro)—Zr v - 2222
0sin6 96 S0
- N2 oG i2ry + mN%
o= (- 5 5ol
N_ [( )<r0 T2 T )T %,
1 . , . m 2m Q’ .. Fg—2m
F* = — Tt +T|:t'—t"—tN%—+t'27i| [ — iyt
N_ {( )ro 041 070 070 0 r(z) 0"o rolro — 2m) N_ Fofo Yo — olo 7o
2mr0 N2_r0(3m - r())] d (Qi)
- - N2 — + 2ot UV — tATH
2m — ry)? ro(2m — rg) dA rofo Fofo s,
P = L [( 2)t(T + P+ a?> NQ—]l R¥ 1(( 2m)ig T, + = g)|
= I m ro— — y — = —\\Frog— z2m y
on_ | o 0 0, s, N_\\o 0 s,
1 1T, . . (m—ry .. 2m _foro (. . 7o .. To— 2m
H< = —1T —| toig — fyiy — toN> — tyi3 ] ( — iyt
N,{ rOrONEI:OrO 070 0 r(z) 0 oro(rO—Zm) 0 3 o 0r0—2m olo 7
2miy N2 ioy(m — ry) rg— m d (0
- +Q°N_ + + foiZrgN=2(AyP — 2UW
(2m — ”0)2 ro(2m — ry) ) ¢ To Fory d)\< ) orof’o o )
. 6 9*P aum
+i2m — r0)<ASZ:P 4 800 P )} | , (25)
sinf drof ar 5,

where A denotes the Laplacian on (82, f1,5).

V. PERTURBED FLRW REGION ( +)

In this section we describe the perturbations of the FLRW region [denoted by a ( + ) sign] and derive the perturbed first
and second fundamental forms on the matching hypersurface % .
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A. First order perturbations of FLRW

On a background FLRW spacetime there exists a coor-
dinate system {7, x?} in which the metric reads

§OF = @(r)(—dr + ypdadr”),

where  y,,dx%dx” = dR*> + f*(R, €)(d#* + sin’0d ¢?)
with f = sinhR, R, sinR, for € = —1,0, 1, respectively.
The covariant derivative associated to vy, will be denoted
by V,.

Let us now decompose the first order perturbation tensor
g(')Jr into scalar, vector, and tensor perturbations [30]

g(1)+00 = —2(12\1} g(1)+0a = aZWa

gV, = a*(—2®y, + xup)

with
Xab = Dapx + 2V, Yy + 11,
where
D,y =V, V, = %%zbvz,
and

vey,=T,=0, VI, = 0. (26)

The vector term W, can be decomposed further into its
irreducible parts

W, =a,W+W,
with
Vew, = 0. 27

The evolution and constraint equations for each mode, in
any gauge, are given e.g. in [31] and can be written in a
closed form after a gauge is specified. In this paper we
intend to derive perturbed matching conditions which can
be used in any ( + ) spacetime gauge. A gauge will only be
specified in Appendix C where the Poisson gauge will be
chosen as an example of how the perturbed matching
equations simplify from their general expressions to a
specific gauge.

Next, we introduce S2 scalars W,, W,, VY, Y,, 9.,
9,,U,, Uy, and H according to

Wyd6 + Wyddp =d W, +*xd W,,
Yod6 + Yydp = dY; + *xdV,,
M god6 + Nyydp = dQ, +*dQs,
s = Ds(DpU; + (xdUy)p)
+ DDy U, + (%dUy),) + Hhyp,

where h,g, *, and D, refer here to the coordinates {6, ¢}.
The trace-free condition on II ,;, gives

PHYSICAL REVIEW D 78, 084022 (2008)
2
HRR = _F(ASZUI + .q-[)

As before, these scalars are defined up the kernel of the
Hodge operator, which in this case involves functions of 7
and r. Concretely, each one of W, W,, Y,, Y,, 9,, Q,,
admits the freedom W, — W, + w,(7, R), etc., while
U, (and similarly U,) is defined up to U, —
U, + uy(7, R) + uy,,(7, R)Y}" which implies H — H +
2uy,(7, R)Y". Another interpretation of this freedom is
that W, ..., @, do not contribute to the / = 0 harmonic
sector of the perturbations, and that U;, U,, HH do not
contribute to the [ = 0, 1 sectors, since one can always
choose the kernels such that Wl(,:()) = (0, etc. This is
made explicit in the relationship between these scalar
functions and the harmonic decompositions in [23,25], as
shown in Appendix D.

The constraints (26) and (27) in terms of the Hodge
scalars read

1

P
2f -~

ASZWI +%WR+W% :O,

/
ApVY, +%YR +Y,=0,
1
r
/
A52Q1 _2A52u/1 _%(Asﬁul + 5'[) —2:]'[/ :O’

2ASZU1 + 2U1 + j'[‘i‘fQQ'/l +2ff/Q1 - Bl(T,R) :O,
AU, +2Uy + 294 +2ff'Q, — By(7,R) =0,

where the prime denotes derivative with respect to R and
B, and B, are arbitrary functions. The latter functions
arise because we need to Hodge decompose the equations
VeIl =0, from which two extra kernel functions
appear.

The relationship between the Hodge scalars and the
Mukohyama variables for perturbations of spherical back-
grounds is summarized in Appendix D.

B. Background matching hypersurface

In the Einstein-Straus and Oppenheimer-Snyder models
the matching hypersurface is comoving with respect to the
FLRW flow. In fact, it is now known that this is necessary
for any matching of a static, or stationary and axisymmet-
ric, vacuum region to a FLRW spacetime [11-13]. The
matching hypersurface %7 is therefore of the form

23:{T=A,R=RC,0=19,¢=¢},
where R, is a constant. The tangent vectors are
ey =d.lsp, €y =dglss, €5 = dglyy,

and the first fundamental form is

q 0% dEdEN = a3[—dN? + fAdD* + sin*9de?)],
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where f. = f(R., €) and ay = aly, = a(A). Comparing
this expression with (11) we have r* |y, = as f. and N3 =
azz. The unit normal to % pointing towards the direction
in which R increases reads

n* = anglgO,

and a simple calculation gives the second fundamental
form on % to be

KO dEidEl = asf.fi(dD? + sin?P?dg?),

where fi. = f'(R, €)|g—g,. Comparing this expression with
(12) we find

XK = fl/(asf.) (28)

o+
F% :azz(Tl fi-

a%(%)(+f§’1“,++ul+yl>|z,

T+ W, + Wy,

~
+
Il

1 1 1
HY = @3~ 3 A0x + I+ 2L Tn = SXF = 2082 4 LX) + 2a5(Q7 Fif 4 s fT)

1

F% :afz(wﬁ - We—X -Vi—- 9, _YR)+a2fc(§X+y1 +f%T;r)_Q+ +an+

I
(Y, + £27)

G =S Wy = Vs = Qo) +

%
1

Py =

asfe
. 2

f
! 1 1
R :az<féfcff; +%y2+§rulz_§Qz>

P
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C. First order perturbation of the matching
hypersurface
The first order perturbation of % is defined by a vector
field Z* at points on 2. Similarly to the case of the
Schwarzschild region, we decompose Z* as

. * Ty 1 aT5
Z+=T+aT+Q—aR+( L — 2)30

a ¥  sind do
N ( 1 Ty L] aT;)a
sin?d dp  sind 99 ) s+

0

where T%, Q*, T}, and T depend on {A, ¥, ¢}. The
Hodge decomposition of the angular parts of q(1)+i ; and
k('”i ; (with explicit expressions given in Appendix B) in
terms of the S? scalars introduced above can be found after

a straightforward but somewhat long calculation. Recalling
the notation in (14), the result is

Gl = (T, f2+ Wols,

Ry = a3 (275 + Uy + Yol

0

as,

0

111 a2 ; ) .
Hf = asfc (*Asz)( +Ap U, + 3‘[) - a%fo* + %f%Q+ +asfifTT + asfe(Wg + W)
s

fe \6

1 1 +
+az(§/\/l+§5‘[/+ YR +Q

Q+

1 1 2 1
———Apex - féﬂ(—x” + ‘P) - f?(—'E X'+ @ + X"+ 2e¥p + 26—)) | .
as 6 2 3 6 3

as
(29)

This concludes the decomposition of the perturbation. Our next aim is to write down and discuss the matching conditions.

VI. MATCHING CONDITIONS

A. Background matching conditions: Einstein-Straus and Oppenheimer-Snyder models

The results in this subsection are well-known, but we reproduce their derivation for completeness. The background
matching conditions are obtained simply by particularizing Eqs. (13) [which correspond to (2) in spherical symmetry] to
the Schwarzschild region and the FLRW region. The second equation in (13) implies

%At some points we slightly abuse the notation and use dot to denote both derivative with respect to 7, and derivative with respect to
A. On the matching hypersurface they obviously coincide as 7 = A and R, 6, ¢ do not depend on A there.
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ro = feas. (30)

Inserting this into (20), and using its derivative along A, i.e.
7o = fcas, the first equation in (13) leads to a quadratic
equation for 7,, namely

'2 f2d2 + aE 2fm as
f2 =
0 (1 2m a )2

€2V}

From N2 = a3 we write N_ = oay with o = *1 (recall
that we want to keep the orientation of the normal arbi-
trary). The fourth equation in (13), together with expres-
sions (22) and (28), give the following linear equation for
iol
agf cf c

=0c——"—

feas —2m’

which inserted into (31) yields

to = (32)

2mas

f?
after using f”> = 1 — €f?2. This ordinary differential equa-
tion (ODE) for the scale factor is exactly the Friedmann
equation for dust (restricted to points on X), as expected.
This is just a consequence of the Israel conditions, which
impose the equality of certain components of the energy-
momentum tensor on both sides of the matching
hypersurface.

The last matching condition, namely, the third equation
in (13), is automatically fulfilled once (30) and (32) and the
dust Friedmann equation hold, as a straightforward calcu-
lation shows.

Summarizing, given the necessary condition that the
FLRW background is dust, the matching conditions are
satisfied if and only if (30) and (32) hold. We can now
study the linearly perturbed matching.

-2 2
aE—i-eaE—

5

B. Linearized matching

The linearized matching conditions (3) correspond to
equating the expressions for ¢V* ;j and kD* ;j given in
Appendixes A and B. However, as discussed in Sec. III B,
the angular components are much better handled if the
underlying spherical symmetry is exploited through the
Hodge decomposition, which allows us to work exclu-
sively in terms of S? scalars. Thus, the full set of matching
conditions is given by (15) after using (25) and (29),
together with the nonangular expressions (Al), (Bl),
(A2), and (B2), given in Appendixes A and B.

The Hodge decomposition in terms of scalars involves
two types of objects depending on their behavior under
reflection. For instance, in the decomposition (6) the scalar
F remains unchanged while G changes sign under a re-
flection. The former scalar is then named even while the
latter is named odd. This splitting behavior occurs in any
decomposition in terms of Hodge potentials. In particular,
our linearized matching conditions must split into equa-
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tions involving only even scalars and equations involving
only odd scalars. We denote them simply as the even and
odd sets of equations.

The odd set is simpler to handle. It is not difficult to see
that the equations can be rewritten as the following four
relations:

T+ AU+ Y, -

(R3+R21Y'")] TS, (33)

W, = Gy = T + Vo = (RS + REYPLs,]
2 —oGflas), (34)
W, —2axG§ — a,il)l[’u'2 + Y — 2ax(R§ + REY!M)s, ]
2 a§f43“j§a22 M4 0% (e, (35)

Q2 - [U'z — 2“2(R6 + R}, Y{”)]
F2f LU — (R4 RGYPIZ —0GagPasf.. (36)

The even set of equations requires a much more lengthy
and subtle analysis. After carefully combining the equa-
tions, and defining §Q = Q" — Q~, it turns out that they
can be written as the following eight equations:

Ty +f;2[fu1 +V, +%X—(P8+P%Y{")]é’fl‘ + P,

(37)
- [W, +W-F]
dA[ul +V, + 1)( (P + P,q,,Y]’”)IEO]]
f3a21—g)+ T, (38)
Qi+ Y+ x —[U) — 2as(R§ + RyY)]
2T, - (P + PRV + 22
% a’P
fcfcaz (39)
1 d
qf+__[az(wl+w—Fg [fu1+yl+ X
s dA
i),
Soasf. +2m—2asfle W 5 aP
el + — =
ol —2m U (2flase — 3m) oy
a*P a;f%e —2m
+ —
feas(flage ~2m T+ BLE AP
(40)
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- d
W) —Wg—2asFf — U+ Vi = 2ax (R + Ri Y s, ]

PHYSICAL REVIEW D 78, 084022 (2008)

‘P’*é%( Lo Z @I

5Q) s, 2f3a + — O]
3 B cas€ +asf, — 6m , oU
d)‘( - azf3 Q azfc “om e
2 2as fife QUM —A,P) flase — Zm
asf.—2m T Do ey Aﬂ’
ach —2m
—134 2/87)_~ 3/82? 41 f2 -1
asfefey —asasfofer 5 “D € asfLUM — A,P), 42)
(axfe — 2m)?
o + ) W+f°(”+2c1>)—d—2(w + W) — asfe (4w - F——| W+ +l — (P{ + PLY!M|
6% T2, g asfo\ ! P e AT,
;Z[ﬂ-[—i—Asz’ul + - AS’X] Zf%[}[/ 4as PY, Ym]+6f2 (Apx' — X' 3 —def?) — Yr(f:2 — 2¢)
3, 1 50 1 0 3m _ flasf.+2m —2asfle) aU“)
2 (1 —-2f2e)—+ - —(—) + U + asf!
A P ce) 27° fo(asf. —2m) i
fc 3¢ ,—P fc(aﬁfc + ach 4m) Lé @ i( aip)
g e T e —amy T g 0 \PT e ) @
o0, agfc(WI +W—Fg—i|:’ul+yl +1X—(Pg+anY{”)|Eo:|)
as asf.
—— A H - 2PqY’”+ '+y &( +<I)>
6fcfc sx T 2fcfc( X T
S ey e n 0P _cost 0P <1))
fe ((f aze —2m) or  sinf 06 vt “)

This set of 12 equations represent the full set of linearized
matching conditions for our problem. They are valid for
any FLRW gauge and any hypersurface gauge. Moreover,
they include the 20 kernel functions F{, G&, P{, RE, P,
Rl F§, G§, P&, RS, P&, Ry in order to allow for any
choice of Hodge decomposition on either (%) side.
Depending on the problem, these kernel functions may
play a role. For instance, if the aim is to determine pertur-
bations in FLRW given perturbations in the Schwarzschild
region, then the kernel functions can be put to zero without
loss of generality since, in that problem, one is constructing
the exterior data and changing the kernel functions does
not affect the metric perturbations. However, in a situation
when two specific perturbations are given and the problem
is to determine whether they match at the linear level, then
the kernel functions become relevant and cannot be
dropped a priori.

The expressions above are written in such a way that the
(+) and the ( — ) objects are kept on the left- and right-
hand sides of the equations, respectively. The only excep-
tion being the difference 6 Q which we found convenient to
use with a pivotal role.

The three equatlons (33) (37), and (38) determine the
difference vector 7™ — 7. Recall that this difference
vector is tangent to the background matching hypersurface
and corresponds to the freedom in perturbing points within
the hypersurface without deforming it as a set of points
[25]. Recall also that by choosmg the approprlate hyper-
surface gauge one can fix either T or T~ arbitrarily (but
not both), and that the difference T+ — T~ is independent
of such choice. Thus, the three equations (33), (37), and
(38) do not provide any essential information concerning
the metric perturbations at either ( = ) side or the shape of
the perturbed 3 (defined by §Q). We have been careful in
rearranging the remaining equations so that the difference
T — T~ does not appear. So, this somewhat superfluous
information gets, in this way, separated from the remaining
(more relevant) restrictions.

We summarize the results of this section in the form of a
theorem.

Theorem VI.1 Let an Einstein-Straus or Oppenheimer-
Snyder spacetime geometry be linearly perturbed in such a
way that the perturbations inside the Schwarzschild region
are stationary, axially symmetric and vacuum, while the
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perturbations of the matching hypersurface and of the
FLRW region are arbitrary. Assume also that the Weyl
gauge has been chosen for the Schwarzschild perturbation
and that the Hodge decomposition has been used to write
all tensors on the sphere in terms of scalars.

Then, the linearized matching conditions are satisfied
(and hence a perturbed model is obtained) if and only if the
equations (34)—(36) for the odd part, and the equations
(39)—(44) for the even part are fulfilled.

When a specific gauge is used on the FLRW side, the
equations above simplify (sometimes notably). As an ex-
ample, we present in Appendix C the linearized matching
conditions for the particular case of a flat e = 0 FLRW
region in the Poisson gauge, for which W = y =Y, = 0.

It is also worth noticing that the Einstein equations have
been used at the background level, but the linearized
equations for dust at the FLRW region have not been
used anywhere. Thus, the equations apply to any perturba-
tion of FLRW regardless of the matter content being
described. The same comment applies to the
Schwarzschild side except for the fact that the perturba-
tions have been restricted a priori to being stationary and
axially symmetric and that the form (17) uses part of the
vacuum field equations [in particular, it uses the fact that p
is a flat harmonic function, which allows the metric to be
written in the form (16)]. The reader may have also noticed
that while the gauge of the FLRW is kept free, the gauge in
the Schwarzschild cavity has been fixed from the very
beginning. The reason for such a different treatment is
that we implicitly regard the perturbed Schwarzschild
metric as a source for the FLRW perturbations, which
then become the unknowns.

Having obtained the equations in a simple and compact
form (they may be compared with the equations that would
result from equating all components in ¢!~ ;j and kD= ;jin
Appendix A with their pairings ¢'V*;; and k*; in
Appendix B), our aim now is to extract some of their direct
consequences. A more detailed analysis of the equations is
postponed to a subsequent paper.

VII. CONSTRAINTS ON THE FLRW SIDE

The first important general consequence of the linear-
ized matching equations arises by simply considering
Egs. (34) and (36). Isolating G from both equations we
arrive at the relation

az.fc d "

3,
=9, —[U,) —2as(R§ + Ry Y1")]
+2f fil Uy — (RG + RLYT) (45)

which only involves objects on the FLRW side. Therefore,
this equation constitutes a constraint on the FLRW pertur-
bations on X, irrespective of the (stationary and axisym-
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metric) perturbations of the Schwarzschild region, and
links the vector perturbations represented by the gauge
invariant vector perturbation® W, — d{,/dr and the ten-
sor perturbations driven by ‘U, and Q,.

Note also that although there are kernel terms in the
form of R} + R% YT and R§ + RS Y, which would con-
tribute to the [ = 0, 1 harmonics, these can be in principle
absorbed into U, and U,’ respectively and do not affect
the value of the tensor perturbations. Thus, Eq. (45) implies
that if there are no tensor perturbations, i.e. U, = Q, =
0, then, on X, W, — dV,/dr cannot contain harmonics
with [ = 2.

In terms of the doubly gauge invariant perturbation
variables of Mukohyama [23,25], defined for / = 2, the
constraint (45) restricted to / = 2 is equivalent to the set of
equations

asfe
agj; foZ0= —2K(+LT) for all (I =2, m), (46)

as it can be easily checked by using the relations in
Appendix D together with (29), and the expressions for
the doubly gauge invariants in [23].

The main result of this section is then summarized in the

following theorem:
Theorem VII.1 Let a region of a general perturbed dust
FLRW be (perturbatively) matched across a non-null hy-
persurface 2 to a region of a stationary and axisymmetric,
vacuum perturbation of Schwarzschild. If the perturbed
FLRW contains a vector perturbation with | = 2 harmon-
ics on 2, then the FLRW region must also contain tensor
perturbations on ..

At points where as # 0 there is a second constraint on
the FLRW side which is obtained by differentiating (34)
along A and using (35) to isolate G,|s, = ﬁ X
(Gls,)/(asf.). This second constraint relates the values
on X, of W, —dV{,/dr and U,, with their first and
second derivatives, and reads

d
st 0 = as O] Wy =y + V15 | - 2056

d d
+ 5 [as (RS + REYP)] - (W2 -G — U+ Vs

as
~(RY+ RGY™| 0])(3m tasf, - 2ea 3)7}
0 1 /1% Ef Ef azfcfé
: d . .
~asf Wa = (U + Yals) — (W + V)
— 3
moen)e ;fzfc e +Rg+iézlyqn}z=°0. 47)

*Note that W, — dY,/dr is the (only) gauge invariant vector
linear perturbation [30]. "W, — dV,/dr corresponds, then, to
the divergence-free and odd part of the vector perturbation in
FLRW.
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In other words, Theorem VII.1 states that if the FLRW side
contains rotational perturbations that reach the matching
hypersurface 2 , then it must also contain gravitational
waves there, irrespective of the matter content described by
the perturbation. How this constraint extends outside to a
neighborhood of 3, depends on which assumptions are
made on the FLRW perturbations. Note that there is a
radial derivative (transverse to ) of a tensor perturbation
component in (45), and that if the expansion on the hyper-
surface does not vanish, there is still an additional con-
straint on the hypersurface given by (47), with more
derivatives, both transverse and along the hypersurface.

It must be stressed that, as demonstrated in [32] (and
references therein), there exist configurations of FLRW
linear perturbations containing only vector perturbations
which vanish identically inside a spherical surface. Such
configurations are compatible with the results presented
here, since that interior region is FLRW and the above
constraints do not apply. A completely different matter is
the embedding of a Schwarzschild spherical cavity (or a
vacuum perturbation thereof) into any such model: the
Schwarzschild cavity cannot reach the perturbed FLRW
region, as otherwise the constraints above would require
that tensor perturbations are also present (at least near the
boundary of the Schwarzschild cavity). In fact, as we are
going to see in the next section, the vacuum cavity itself
must remain unperturbed because the inclusion of any slow
rotation in the vacuum region necessarily induces pertur-
bations on the FLRW region.

VIII. MATCHING PERTURBED SCHWARZSCHILD
WITH EXACT FLRW

Nolan and Vera [13] have proved that in order to match
stationary axially symmetric vacuum regions to FLRW
regions across hypersurfaces preserving the axial symme-
try, the vacuum part must be static. As an application of our
formalism above, we shall show that their result can be
generalized to arbitrary matching hypersurfaces (not nec-
essarily axially symmetric) to first order in approximation
theory.

Since we want to keep the FLRW exact, we set all the
FLRW perturbations equal to zero. Notice that this entails a
choice of Hodge scalar functions in the FLRW part, and
therefore the kernel functions in the matching conditions
must be kept free.

Let us start by considering Eq. (34), which differentiated
with respect to ¢ and, using the fact that G does not depend
on ¢, leads to R = RY = 0 plus

assin*9 .,

foo "
In order to determine R’f we use the constraints (45) and
(47) derived in the previous section. Setting all FLRW

perturbations equal to zero, and extracting the coefficient
in Y] of Eq. (45) we get

AVl = —0 (48)
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P dzfc RY

/
1 202 f! 1 fc R{
azfc

1
aEfc

Inserting this expression into the Y| coefficient of the
second constraint (47) yields a second order ODE for
R{(A), namely

as(2m — asf)R! + as(asf. —4m)R! =0,
which can be solved to give
2
Cay

RI=— "5
! 2m — asf.

(49)
where C is an arbitrary integration constant. Thus, (48)
becomes

a%sinzﬂ
fé(aﬁfc - 2m) ’

Our aim is to show that the interior source must be static in
this case. Since we are working at the perturbative level,
first of all we need to determine the necessary and suffi-
cient condition that ensures that a given perturbation of a
static background remains static to that order of approxi-
mation. To do that, consider an arbitrary metric g,g with a

AVly = oC (50)

static Killing vector £ and a first order perturbation metric

g(al[); which admits a perturbative Killing vector, i.e. there
exists a vector 5(1) such that 5 + E“)
Killing vector of g,g + gg)ﬁ Our aim is to find the condi-

tion that has to be imposed to ensure that this vector is
static (to first order).

is (to first order) a

Let us, first of all, lower its indices and define an =
(Sap + SUR(EP + €WP) = £, + glLeP + £ + 0(2).
The perturbed Killing vector is static (to first order) if and

only if the linear term of é[,,a Béy] vanishes, or equiva-
lently
M AdE+ ENAM =0,
where M = £V + gV and gV, = £8g") Now, staticit
Pt 8 a 8 go- NOW, staticity
of & is equivalent to & Aw = d& for some one-form w,
which allows us to rewrite the linear staticity condition as

EANAM - MAw)=0. (5D

By construction, this equation gives the necessary and
sufficient condition for having a static first order
perturbation.

If the static background is moreover axially symmetric
and the perturbation is stationary and axially symmetric,
with no further symmetries, the vector 5(1) is restricted to

having the form 5“) = ag + b7, where a and b are arbi-
trary constants, and 7 is the axial Killing vector of the
background that remains preserved in the perturbation (i.e.

the one fulfilling Lg%, = 0).
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For a static background of the form (16) (with A = 0) we
have

§ =N§dt, n =N77d¢’

where N; and N, are, respectively, the norms of 5 and 7).
For a Schwarzschild background they are given by
2m

Ng = —(1 ~ 27'") T)_I. (52)

Computing d¢ = N;'dN; A & we obtainw = —N;'dN,.
On the other hand, using (17) for the metric perturbation,
we find

N, = rzsin20(1 -

N
ggl) - A(l)_fn +2UWg,
Ny,

and thus
1 nNe
M = (a+2U0M)& + (b + Al )—)7]-
Ny
It is now straightforward to rewrite (51) as

N, N, 1
A _f) + ( +AM _f)l:_
d( N b N, /LN, Ny

n n

1
— —dN, =0,
N f]

which simplifies to
2
dA = bN—Zd(&).
N \N,
Integrating and using (52) we find the expression

3in?
A(l)zbrsmﬂ

+ const,
r—

which restricted onto X, reads

flaisin®9

+ const.
aEfc —2m

AWy =b (53)

PHYSICAL REVIEW D 78, 084022 (2008)

Moreover, the fact that the perturbation A1) is time-
independent implies that its knowledge on the matching
hypersurface 2, implies its knowledge on the whole region
swept by the range of variation of ry(A). We therefore
conclude that any interior perturbation which takes the
form (53) on the boundary defines a static perturbation,
at least on the range of variation of ry(A).

Recalling that both f,. and f. are constants, in view of
the expressions (50) and (53) we have proven:
Theorem VIIL.1 The most general stationary and axially
symmetric  first order vacuum perturbation of a
Schwarzschild metric, matching to an exact FLRW geome-
try across any linearly perturbed non-null surface, must be
static on the range of variation of ro(A).
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APPENDIX A: PERTURBED ( — ) REGION FIRST
AND SECOND FUNDAMENTAL FORMS

Using the definitions of subsections IVA, IV B, and IV C
in expressions (4) and (5) we find that the first order
perturbation of the induced metric on 2 has the following
components:

gV = _2[%Z1% * (1 - %)(U(l)io + aa—z)\o)io - To iOZm fo(z—z)\l (ro rﬁzzlm)z ot "o iOZm(U(l) ) k(l))f%] >0
g = rg(’ia_z)f - (1 - i—?)%—i}io i "oiﬁfo%’

gV, = r(z)sinzﬁaa—zj - (1 — Zr_':)(% + A(l)lzo>io + o iozm i’oi—i,

gD~ 5 =2r0Z" + 2@(‘2—? + kW — U“>> | . 4", = %(Z—i " Sinzﬁz_zg)’

gV, = 2rpZ'sin? 9 + 213 Sim?(sim?i—i — UWls, sind + 2 COS&)’ "y

and that the first order perturbation of the extrinsic curvature has the following components:
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- :L< (ro— 2m)2t aU(l)_I_m(rO 2m). Bk — U(l))_Zm(rO 2m)t By toé)zZl l;3m(2r0—5m)z1
MON_ r% O 9r ’"0 "0 U arr 0 rg
iy ( aum ak“>+ 2m k(1)> toro( oy 0Z°  rokg az't. _t.3<1 2m)k<1>>+r 9220
oo\ Tar 0N2 N2 \rg—2m axr ro—2mox ° " 0 9A2
i (ro—2m)*i3+r3 r(z)/U mZ'! ) mi} (i 7 <5m 6}'02_1_3 3m)
0 0( —2m)2 22— r2iz\ ro(ro—2m)) ~ (ro—2m)*i2—r2i2\ loZ r3 0(r —2m)2
i(z)(ro—Zm)z—?)r%r(z)aZO_.(r0—2m)2 +3rOrOU(1)> miyr 583 (ro—2m)? 3r0r0821)|
ro(ro—2m) ox " ro(ro—2m) f3(ro—2m)* —r3i} rolro—2m) A
L)~ 1 ( ; 9%Z! DL =2 )<az2 mazﬂt )H L1 ozt ( 0’20 iaU“) t.ak“))
=— m i i -
WIN_\ Oanan O ax o) 0 —2mad \arad TV a0 a6
_(r0—3m);'»oaz°)
ro(ro—2m) 09/ | s,
1/ . 927! 023 m ,07° —2m)? ,9AW 9Z° VA
S =—(—t0 +(rg— 2m)<t0s1n219— n;t%))—(ro zm) 2 +'0( - fo——
¢ N_ dAI@ oA 1y O 2rg ar NI 1ry—2m  d¢
_(rg—3m)i’OBZO)_m(r0—2m)i2A(1) (rg dAWm (r0—3m)r0A(1)))| ’
ro(ro—2m) d¢ rg 0 2 ar  ro(rog—2m) 3,
1 VA az> a9k gy 927°
kD= =—< i +ip 74 2 (2—+ — +k<1>—U<1>)+'< )
9N Y992 0 o(ro=2m) v 7o ar 70 ar 7o 99>
+i0r0i»3( aZ°1+k(1) 2U(l))_t0 2mig Zl+t0r0foazl)l
N2_ dA tO N%(ro—Zm) N2 dA

1/ ., 8*Z" cosdaz' | 07> RYA 0Z%  19AW 3020
kD= =—<—t0 +tOC_OS +io(ro— 2m)<—+sm219—) < + cosv (02 A(l))))| ,
099¢ sind do dp 99 Jgad 2 96 sind\dg s,

1. VA in2d 2mi2sin? 97!
k(l)_¢¢:—t0<_—2_51n1900519 (ro m)sin®d n;rosm +(ro—2m)<25in219—+200519sim‘}22—sinzﬁ
N_ dg v ro NZ(rog—2m) de
2 0 2
N_ N_ fo OA ago (')1.9 S

(A2)

APPENDIX B: PERTURBED ( + )-REGION FIRST AND SECOND FUNDAMENTAL FORMS

Using the definitions of subsections VA, V B, and V C in expressions (4) and (5) we find that the first order perturbation
of the induced metric on X has the following components:

aT™* _ , 0T P?T 1 TS
¢V = 8 s, m 203 T m 2axas T, g = gVl — @ “Efg<a/\aa " sind aAaqo)’
2
g0t =g 2 fz( TV, ing? T;),
A¢ T¢l%0 X ago I\ Groe EYED]

92T+ 1 9*T5F cosd T
R | Y40 2( e 00 2 . 2)
7 = 8" ools, T 203 fofeQ" ¥ 2032 992 sind 9909  sin2d g

Ty 1 82’1";_003198’1"2*_’_ 2 asz_Zcosﬁan)
09> sin?d d¢?  sind 99 sind 9%d¢  sin?d de

q(1)+19¢, = g(1)+9¢|20 + azzfg sim?(

40" o = gy ls, + 2as fofLQ SN Y + 2ax fras T sin9
P2T 0T+ PT5 0T,
+ 2a22f§< 21 + cosd sind —L + sind 2 — costy—2 ), (B1)
PP 9 a%de de

and that the first order perturbation of the extrinsic curvature has the following components:
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e = 1980 L0 JOS oL, 9207 "1_2‘9Q++<d—2_§)Q+
A ag aT a3 ® " 2ay  OR A% as 9 as a3y s,
OISR O o Lg”)ﬂ“agg(m 1 agMy Q" asQ" f}f,‘(aZTr_ 1 627;)
M 2as 9R  2as 90 ai° R 2ax ot 9Ad9 ax 90 9 Nared sind arde/ |y,
KD+ RSP O 8 w4 ) 1 98Ty 920 asaQt ff< 71 ZT;)
" 2as 0R  2as ap  ai° R 2ay  ar  arde as ag I \arae ar09) | s,
KD+ =_fcf£'g(1)+ +a2fcg(1)+ Lag(lﬂae_iag(lHRe
LA 2ay RR azz R 2as  OR as 00
+ff/az< spe 0T 2 TS 2cosﬁaT§)_azQ++azf28Q++f2Q+< €+_22__22)
¢ 09  sindodde  sin’d do 9 as a3/ s
L0+ _L(ag<1)+0¢_ag(1)+ . ag(1)+ ) cosd e 920" cosd 90+
v 2ay R ¢ a0 as sind Ré 999 sind e
?*T 0T | 3*T5 Ty 1 TS5
+fcf’ca2(2 Lt L+ sind——2 — cosy—= — — 22)
ddde sind de 0 ad  sind d¢ N
)+ _sinzﬁfcfég(l)+ +d2$il’l &fcg(1)+ +L8g“)+¢,¢_Lég(mm_cosﬁsinﬁg(l” 9707
e 2as RR a3 ™® " 2as  OR as 0¢ as ko 92
,L?a + 2 9 + 12 dz
-2 O | gin2p?x/cd9” Q +sin? 320" ( +—°——22)
sind 619 as 12 as
+sin21?f.f’.a2(a—2T+ L2 2T 2cos0T| 2 (62’1’; _cos&aT;)) I ' (B2)
" \as sin?d 92 sind 99 sind\odde sind de s,
APPENDIX C: LINEARIZED MATCHING IN _ So e
POISSON GAUGE FOR € = 0 Ti+folU = P+ PRYIZT + P (C5)
Here, as an example, we shall write the linearized d
matching conditions for the particular case of a flat € = - [Wl - F{ - —[’U1 —(P§ + P%Y{")lgo]]
0 FLRW region in the Poisson spacetime gauge in FLRW,
for which W = y =Y, = 0. 3 0P _
T
The odd part equations are given by fc oz aor (©6)
3 _
T3+ (U~ R+ RLYMIZT,,  (CD Qy + Yr = [Uj — 2ax(Rg + R Y]
5Q
d + 2/ LU — (P + PhY] + 2%
W, -Gl - dA[fu (RS + R, Y’”)IE“ —oGas! ¢ »
b d
(C2) = —fay e (C7)
r
d
Wj = 2axGi — (U — 2ax(Rs + RE YD)y, ] NS %[az<wl e
as,
3, 3m G
=—0Gg—55—o0o—, (C3) d -
57z T = ey P )| ]
0
2
Q, —[Uh = 2as (R + Ry Y] +2f. [ Us = (R + REYY)] Lasfet2m g 4 0P, 0P
s, N asf.—2m r ar?
=—oGag’asf.. (C4) m
- AP, (C8)
The even part equations read asfe—2m
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v el 4G
as dA dX s,

d 50
— S [U, — 2as (RS + REY™M)|s ] — —
d)l[ CIE( )lzo] ( ) i) Q_ aEfc _ maz au(l) N om
15 f2 3 asf.—2m ar  asf.—2m
3 iaz_fcz QU — A, P) — 3a2f28T zf sf ” sf
asfe XaE—Ag’P—l-iz(zU()_A P),
9*P ar ((lgfc - 2m)
—asasfl—, (C9)
ar (C10)
|
P’ lq) as = W, — dru q q ym 15_[ Aol 13_[/ K ym -2
+]T _EWR Ef 1 —F§ d_/\[ 1= (Pg+PRY!)s ] ) —[H +Ag 1]_2_fz[ —4as PyY{'] = Yrfe
16 2m d (8 3 +2 ouv 1 9P —4
§77Q+ : m37<7Q>_ 2’"3 -, asfe _’" U +ay v’ 1 it asfe _m AP
feas asfidAl\as) asfi felasfe—2m) ar  fo o or  flasf.—2m)
1 cosf 9 aP
+- 0 Hhpy , Cll
7. sin@ ae( axfe ) (C1D)
1 4sfe (Wl F{ — —[ful (P¢ + P}, Y’")IEO]) (H —2PLY") + Yg — f.®
az as, zfc
3, P  cosh 9P
=/ - U“)). C12
fL( " ar " sind 90 (€12)

APPENDIX D: IDENTIFICATION WITH MUKOHYAMA’S PERTURBATION VARIABLES

The variables N, K, and XK here (see subsection III B) have been chosen so that they correspond to those of [23,25],
while the function r there corresponds to the Schwarzschild radius here, and takes the value as f,. on the FLRW side of 3.
In the FLRW region, the S scalar variables used here are related to the variables in [23,25] in the following way:

D hjY = —2a°¥ Zh =a®(Wg +W) D hf}Y =ad*(—2® + x)
=0

=0

1
S b)Y = @ 207 31N G Ao~ 3 AT+ (U + )+ 9]

Z h(L) =a’ W+ W)l Zh(T) = &> W, = Z h(T) (Qz + VY, —2= y2)

=1

Z hipY = a*(Uy + Yo)li=

Zh(L) (X+Q,I+YR+y/_2 Y- f7)

e 1
Z LL) 2(’111 +Y + EX)

=1

=2

I

where Y stands for the corresponding spherical harmonic O
for any given pair (I, m), and where the sum over the values Z oY =q" ), Z orpY = Gz
of m is to be understood. Also note that, as explicitly =0 =1
indicated, the expressions on the right-hand side must be - o - _
restricted to the corresponding values of I. ; TwpoY = Fili= 1—22 ownY = R=

At either ( =) side on X, the decomposition of the o_o B .
ﬁrst fundamental form perturbation tensor .q'(” in [23,25], Z oY = HI + Ag P Z ounY = Pl
is related to the Hodge scalars decomposition used here = =
by (D)
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Analogously, the relations regarding the second fundamen-
tal form perturbation k") follow from the above replacing
o by « on the left-hand side, and g by k on the superscripts
on the right-hand side quantities.

Finally, the perturbation of the vector Z at either side is
represented in [25] by

(1]
(2]
(3]
(4]

PHYSICAL REVIEW D 78, 084022 (2008)

8

z,Y = NT,

Mz

oY =0,
0

-
I

i

0

ZZ(T)Y = T1|121, ZZ(L)Y = Tz|121,
I=1 =1

where O stands for the Q used in [25].
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