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In the littlest Higgs model with T-parity new flavor-changing interactions between mirror fermions and

the standard model (SM) fermions can induce various flavor-changing neutral-current decays for

B-mesons, the Z-boson, and the Higgs boson. Since all these decays induced in the littlest Higgs with

T-parity model are correlated, in this work we perform a collective study for these decays, namely, the

Z-boson decay Z ! b �s, the Higgs-boson decay h ! b�s, and the B-meson decays B ! Xs�, Bs ! �þ��,
and B ! Xs�

þ��. We find that under the current experimental constraints from the B-decays, the

branching ratios of both Z ! b �s and h ! b �s can still deviate from the SM predictions significantly. In the

parameter space allowed by the B-decays, the branching ratio of Z ! b�s can be enhanced up to 10�7

(about one order above the SM prediction) while h ! b �s can be much suppressed relative to the SM

prediction (about one order below the SM prediction).
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I. INTRODUCTION

The fancy idea of little Higgs [1] tries to provide an
elegant solution to the hierarchy problem by regarding the
Higgs boson as a pseudo-Goldstone boson whose mass is
protected by an approximate global symmetry and free
from one-loop quadratic sensitivity to the cutoff scale.
The littlest Higgs model [2] is a cute economical imple-
mentation of the little Higgs idea, but is found to be subject
to strong constraints from electroweak precision tests [3],
which would require raising the mass scale of the new
particles to far above TeV scale and thus reintroduce the
fine-tuning in the Higgs potential [4]. To tackle this prob-
lem, a discrete symmetry called T-parity is proposed [5],
which forbids the tree-level contributions from the heavy
gauge bosons to the observables involving only standard
model (SM) particles as external states. However, in the
littlest Higgs model with T-parity (LHT) [5], there are new
flavor-changing interactions between mirror fermions and
the SM fermions (just like the flavor-changing interactions
between sfermions and fermions in supersymmetric mod-
els). Such new flavor-changing interactions can induce
various flavor-changing neutral-current (FCNC) processes,
which should be examined.

Among various FCNC processes induced by the new
flavor-violating interactions in the LHT model, the loop-
induced B-decays, such as B ! Xs�, Bs ! �þ��, and
B ! Xs�

þ��, should be first checked due to the available
experimental data on these decays. Recently, these
B-decays have been intensively examined in the LHT
model, which were found to be sensitive to the new
flavor-violating interactions [6–9]. Note that in addition
to these B-decays, the loop-induced FCNC decays of the
Higgs and Z-boson, such as Z ! b�s and h ! b�s which are
strongly correlated with the FCNC B-decays, should also
be examined since they are sensitive to the flavor structure

of new physics. In the future there may be at least two
avenues in which Z-bosons will be produced in much
larger quantities than at LEP. At the CERN Large
Hadron Collider (LHC) with an integrated luminosity of
100 fb�1, one expects 5:5� 109 Z-bosons to be produced
[10]. In particular, with the GigaZ option at the proposed
International Linear Collider (ILC) with an integrated
luminosity of 30 fb�1, it is possible to produce more than
109 Z-bosons [11]. For the study of the Higgs boson, one
may expect the ILC to scrutinize the Higgs-boson property
after the discovery at the LHC.
These rare decays Z ! b�s and h ! b�s have been

studied in the SM [12] and in various new physics models
[13,14]. In the SM it was found that BrðZ ! b�sþ s �bÞ �
10�8 [15], and Brðh ! b�sþ s �bÞ � 10�7 (10�9) for mh ¼
100 GeV (200 GeV) [16]. The current sensitivity of the
measurement for the branching ratios of rare Z-decays
is about 10�5 [17]. In this work we will study these
decays in the LHT model. Since such decays are strongly
correlated with the induced FCNC B-decays (B ! Xs�,
Bs ! �þ��, and B ! Xs�

þ��), we will collectively
consider all these decays. We will first check the analytic
results of these B-decays given in [6–9] and then perform
their numerical calculations together with Z ! b�s and h !
b�s. We will show the constraints on the parameter space
from current B-decay experiments and display the results
for Z ! b�s and h ! b�s with and without the B-decay
constraints.
This work is organized as follows. In Sec. II we reca-

pitulate the LHT model and address the new flavor-
violating interactions which will contribute to the FCNC
decays considered in this work. In Secs. III, IV, and V we
examine the B-decays (B ! Xs�, Bs ! �þ��, and B !
Xs�

þ��), Z-boson decay Z ! b�s, and Higgs-boson de-
cay h ! b�s, respectively. Finally, we give our conclusion
in Sec. VI.
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II. THE LITTLEST HIGGS MODELWITH
T-PARITY

The LHT model [5] is based on a nonlinear sigma model
describing the spontaneous breaking of a global SUð5Þ

down to a global SOð5Þ by a 5� 5 symmetric tensor at
the scale f�OðTeVÞ. From the SUð5Þ=SOð5Þ breaking,
there arise 14 Goldstone bosons which are described by the
‘‘pion’’ matrix �, given explicitly by
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Under T-parity the SM Higgs doublet H ¼
ð�i�þ=

ffiffiffi
2

p
; ðvþ hþ i�0Þ=2ÞT is T-even, while the other

fields are T-odd. A subgroup ½SUð2Þ �Uð1Þ�1 �
½SUð2Þ �Uð1Þ�2 of the SUð5Þ is gauged, and at the scale
f it is broken into the SM electroweak symmetry SUð2ÞL �
Uð1ÞY . The Goldstone bosons !0, !�, and � are, respec-
tively, eaten by the new T-odd gauge bosons ZH, WH, and
AH, which obtain masses at Oðv2=f2Þ

MWH
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with g and g0 being the SM SUð2Þ and Uð1Þ gauge cou-
plings, respectively.

The Goldstone bosons �0 and �� are eaten by the SM
T-even Z-boson and W-boson, which obtain masses at
Oðv2=f2Þ,

MWL
¼ gv

2

�
1� v2

12f2

�
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¼ gv

2 cos�W

�
1� v2

12f2
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:

(3)

The photon AL is also T-even and massless. Because of the
mass of SM bosons corrected at Oðv2=f2Þ, the relation
between GF and v is modified from its SM form and is

given by 1
v2 ¼

ffiffiffi
2

p
GFð1� v2

6f2
Þ.

The top quark has a T-even partner T quark and a T-odd
T� quark. To leading order, their masses are given by

MT ¼ mtf

v

�
rþ 1

r

�
; MT� ¼ MT

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ r2

p ; (4)

where r ¼ �1=�2 with �1 and �2 being the coupling con-
stants in the Lagrangian of the top quark sector [5].
Furthermore, for each SM quark (lepton), a copy of mirror
quark (lepton) with T-odd quantum number is added in
order to preserve the T-parity. We denote them by uiH, d

i
H,

�i
H, l

i
H, where i ¼ 1, 2, 3 are the generation index. In

Oðv2=f2Þ their masses satisfy

mdiH
¼ ffiffiffi

2
p

	qif; muiH
¼ mdiH

�
1� v2

8f2

�
: (5)

Here 	qi are the diagonalized Yukawa couplings of the

mirror quarks.
Note that new flavor interactions arise between the

mirror fermions and the SM fermions, mediated by the
T-odd gauge bosons or T-odd Goldstone bosons. In gen-
eral, besides the charged-current flavor-changing interac-
tions, the FCNC interactions between the mirror fermions
and the SM fermions can also arise from the mismatch of
rotation matrices. For example, there exist FCNC interac-
tions between the mirror down-type quarks and the SM
down-type quarks, where the mismatched mixing matrix is
denoted by VHd

. We follow [18] to parametrize VHd
with

three angles �d12, �
d
23, �

d
13 and three phases 
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III. FCNC B-DECAYS

The decays B ! Xs�, Bs ! �þ��, and B ! Xs�
þ��

can be induced at loop level by the new flavor-changing
interactions in the LHT model and have been recently
studied in [8,9]. We check the results of [8,9] and make

the following brief descriptions about these decays without
giving the detailed expressions (all functions in our follow-
ing discussions can be found in [8,9]).
(1) For B ! Xs� the LHT contributions enter through

the modifications of the quantities
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TSM
D0 � �ðsÞ

t D0
0ðxtÞ ¼ �2�ðsÞ

t C0SM

7� ðMWÞ;
TSM
E0 � �ðsÞ

t E0
0ðxtÞ ¼ �2�ðsÞ

t C0SM

8G ðMWÞ;
(7)

where the Cabibbo-Kobayashi-Maskawa (CKM)

factor �ðsÞ
t ¼ VtsV

�
tb, and C0SM

7� , and C0SM

8G are

leading-order Wilson coefficients. With the LHT
effects TSM

D0 and TSM
E0 are replaced by TD0 and TE0

TD0 ¼ Teven
D0 þ Todd

D0 ; TE0 ¼ Teven
E0 þ Todd

E0 ; (8)

where the superscripts ‘‘even’’ and ‘‘odd’’ denote
the contributions from T-even and T-odd particles,
respectively. Note that for the LHT contributions we
only consider the leading-order effects while for the
SM prediction we consider the next-to-leading-
order QCD corrections. Actually, the SM prediction
for B ! Xs� has been calculated to NNLO [19].

(2) The branching ratio of Bs ! �þ�� in the SM
depends on a function YSM, and the LHT effects
enter through the modification of YSM [8]. With
the LHT effects YSM is replaced by

Ys ¼ YSM þ �Yeven þ �Yodd
s

�ðsÞ
t

; (9)

where �Yeven and �Yodd
s represent the effects from

T-even and T-odd particles, respectively. The
branching ratio normalized to the SM prediction is
then given by

BrðBs ! �þ��Þ
BrðBs ! �þ��ÞSM

¼
��������

Ys

YSM

��������
2

(10)

with BrðBs ! �þ��ÞSM ¼ 3:66� 10�9.
(3) The branching ratio of B ! Xs�

þ�� in the SM
depends on the functions YSM, ZSM, and D0

0ðxtÞ
(YSM and D0

0 are same as in Bs ! �þ�� and B !
Xs�) and the LHT effects enter through the modifi-
cation of these functions. The modifications of YSM

andD0
0 have been given above, and the modification

of ZSM is given by [8]

Zs ¼ ZSM þ �Zeven þ �Zodd
s

�ðsÞ
t

; (11)

where �Zeven and �Zodd
s represent the effects from

T-even and T-odd particles, respectively.
(4) The experimental values of the branching ratios of

these decays modes are given by [20]

BrðB ! Xs�Þ ¼ ð3:52� 0:23� 0:09Þ � 10�4

ðE� > 1:6 GeVÞ;
BrðBs ! �þ��Þ< 7:5� 10�8;

BrðB ! Xs�
þ��Þ ¼ 4:3þ1:3

�1:2 � 10�6: (12)

Note that throughout this work we perform our

calculations in the ’t Hooft-Feynman gauge, and
the SM input parameters involved are taken from
[21].

IV. Z-BOSON FCNC DECAY Z ! b�s

The relevant Feynman diagrams are shown in Fig. 1. The
LHT contributions are from both T-even and T-odd parti-
cles. The contributions of T-even particles include both the
SM contributions and the contributions of the top quark
T-even partner (T-quark). The diagrams of T-odd particles
are induced by the interactions between the SM quarks and
the mirror quarks mediated by the heavy T-odd gauge
bosons or Goldstone bosons. The calculations of the loop
diagrams in Fig. 1 are straightforward. Each loop diagram
is composed of some scalar loop functions [22], which are
calculated by using LOOPTOOLS [23]. The relevant
Feynman rules can be found in [8]. The analytic expres-
sions from our calculation are presented in Appendix A.
We have checked that the divergences of T-even contribu-
tions are cancelled at Oðv2=f2Þ. For the contributions of
T-odd particles, the divergences are not cancelled at
Oðv2=f2Þ and arise from the diagrams with T-odd
Goldstone bosons. Such leftover divergence in the LHT
model was first found in the calculation of Bs ! �þ��
and B ! Xs�

þ�� in [8], and was understood as the
sensitivity of the decay amplitudes to the ultraviolet com-
pletion of the theory. In our numerical calculations we
follow [8] to remove the divergent term 1=" and take the
renormalization scale � ¼ � with � ¼ 4�f being the
cutoff scale of the LHT model.
About the parameters f and r, some constraints come

from the electroweak precision data [24], which, however,
depend on the masses of T-odd fermions and the parameter

c (its value is related to the details of the ultraviolet
completion of the theory). Hence, in our numerical calcu-
lations we relax the constraints on the parameters f and r,
and let them vary in the range

500 GeV � f � 1500 GeV; 0:5 � r � 2:0: (13)

In addition to the parameters f and r, the matrix VHd and
the masses of diH (i ¼ 1, 2, 3) are also involved in our
calculations. To simplify our calculations, we follow [8] to
consider three scenarios for these parameters:
(I) We assume VHd ¼ 1 or assume the degeneracy for

the masses of diH, i.e., md1H
¼ md2H

¼ md3H
. In the

former case, we have no flavor mixing between
mirror down-type quarks and the SM down-type
quarks and thus the loop contributions of T-odd
particles vanish. In the latter case, due to the relation
of Eq. (5), the masses of uiH are also degenerate.
Then, due to the unitarity of the flavor-mixing ma-
trices between mirror quarks and the SM quarks, the
loop contributions of T-odd particles vanish. The
remaining contributions from the loops of T-even

HIGGS-BOSON AND Z-BOSON FLAVOR-CHANGING . . . PHYSICAL REVIEW D 78, 075017 (2008)

075017-3



particles depend on two parameters, i.e., the break-
ing scale f and the ratio r.

(II) We assume VHd ¼ VCKM. In this scenario, in addi-
tion to the contributions of T-even particles, the
T-odd particles will also come into play. The pa-
rameters involved are then f, r, mdiH

, and m�i
H
(the

loop contributions to Bs ! �þ�� and B !

Xs�
þ�� involve the mirror lepton masses m�i

H
).

As shown in Eq. (5), the masses of mirror fermions
are proportional to f, which are assumed as

m�1
H
¼ m�2H

¼ m�3
H
¼ 0:5f;

md1H
¼ md2H

¼ 0:6f; md3H
¼ 1:4f:

(14)

FIG. 2 (color online). Scatter plots for the branching ratio of Z ! s �bþ b�s versus f. The bullets (blue) and the crosses (red) are
allowed and excluded by the 2� B-decay constraints, respectively.

FIG. 1 (color online). Feynman diagrams for Z ! s �b in the LHT model.
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We checked that the parameters taken here satisfy
the constraints from the four-fermion interaction
operators [25].

(III) We keep 
d
13 as a free parameter, while for other

parameters in the matrix VHd we assume


d
12 ¼ 
d

23 ¼ 0;

1ffiffiffi
2

p � sd12 � 0:99;

5� 10�5 � sd23 � 2� 10�4;

4� 10�2 � sd13 � 0:6:

(15)

For the masses mdiH
and m�i

H
, we take the same

assumption as in scenario II.
We scan over the parameters in the ranges specified

above. For the three scenarios we obtain the scatter plots
in Fig. 2, where we also show the constraints from the
B-decays B ! Xs�, Bs ! �þ��, and B ! Xs�

þ��.
Figure 2 shows that the contributions are sensitive to the

scale f and for lower values of f the derivation from the
SM prediction is more sizable. The constraints from
B-decays are significant, with scenario-III being most
stringently constrained.

Figure 2 also shows that for all three scenarios the
branching ratio of the FCNC Z-decay is cut around 10�7.
The reason is that for each scenario the LHT effects in the
FCNC Z-decay are strongly correlated with the effects in
the FCNC B-decays. Then when the Z-decay branching
ratio exceeds about 10�7, the corresponding effects in
B-decays go beyond the 2� experimental region.

V. HIGGS-BOSON FCNC DECAY h ! b�s

The relevant Feynman diagrams involving T-even par-
ticles in the loops can be obtained from the corresponding
diagrams in Fig. 1 by replacing the Z-boson with the

Higgs-boson. For the contributions of T-odd particles,
the diagrams are more complicated. Note that the diver-
gence of T-odd contributions for h ! b�s is at Oð1Þ and is
more severe than in B-decays or Z-decay where the diver-
gence appears atOðv2=f2Þ. Such divergence is mainly due
to the absence of Fig. 1(i) with the down-type mirror
quarks in the loops since the Higgs boson does not couple
to the down-type mirror quarks. Since such leftover diver-
gences in the T-odd contributions appear at Oð1Þ, the
prediction is subject to severe theoretical uncertainty.
Unlike the uncertainty in Z-decay which is correlated
with the uncertainty in B-decays (and thus can be re-
strained by B-decays), the uncertainty in h ! b�s caused
by such T-odd contributions cannot be constrained by
B-decays since the contributions of the diagrams mediated
by the Higgs-boson can be neglected for the B-decays. To
avoid such large unconstrained uncertainty caused by
T-odd contributions, we perform numerical calculations
only for scenario-I where the T-odd contributions vanish.
The analytic expressions for the effective coupling hb�s
from our calculation are presented in Appendix B.
To evaluate the branching ratio of h ! b�s we need to

know the total decay width of the Higgs boson. In addition
to the decay channels in the SM, there arises a new im-
portant channel h ! AHAH (AH is a candidate for the
cosmic dark matter), which may be dominant in some
parameter space of the LHT model [26]. The total decay
width is given by

�total 	 �h!fermions þ �h!WLWL
þ �h!ZLZL

þ �h!AHAH
:

(16)

In Fig. 3(a) we scan over r and f in the ranges in Eq. (13)
and present the scatter plots for the branching ratio with
mh ¼ 140 GeV. In Fig. 3(b) we show the dependence of
the branching ratio on the Higgs-boson mass by fixing the
parameters r and f allowed by the electroweak precision

FIG. 3 (color online). (a) The scatter plots of Brðh ! s �bþ b�sÞ versus f for scenario-I. The bullets (blue) and the crosses (red) are
allowed and excluded by the 2� B-decay constraints, respectively. (b) Brðh ! s �bþ b�sÞ versus mh for fixed values of f and r.
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data and B-decays. In our calculations we kept the order up
toOðv=fÞ and checked that the divergences are canceled to
this order.

From Fig. 3 we see that the branching ratio in the LHT
model is below the SM prediction and the deviation is
significant for a low value of f. In the parameter space
allowed by B-decays at 2� level, the branching ratio can be
one order below the SM prediction due to the fact that in
some parameter space the decay h ! AHAH may be domi-
nant and greatly enhance the total width.

VI. CONCLUSION

The littlest Higgs model with T-parity may have a flavor
problem since it predicts new flavor-changing interactions
between mirror fermions and the standard model fermions,
which can induce various FCNC decays. Since all the
decays induced in this model are correlated, we have
performed a collective study for the FCNC decays of
B-mesons, the Z-boson, and the Higgs boson. We found
that under the current experimental constraints from
B-decays, the branching ratios of both Z ! b�s and h !
b�s can still deviate from the SM predictions significantly.
In the parameter space allowed by B-decays, the branching
ratio of Z ! b�s can be enhanced up to 10�7 (about one
order above the SM prediction) while h ! b�s can be much

suppressed relative to the SM prediction (about one order
below the SM prediction).
We remark that unlike the FCNC B-decays, it is quite

challenging to test these rare Z-boson and Higgs-boson
decays at collider experiments. For instance, to test this
rare decay of the Z-boson, we may need the GigaZ option
of the ILC. Theoretically, for the test of the LHT model,
these rare decays are complementary to the direct produc-
tion of the T-quark [27] and the production of the top quark
or Higgs boson [28] whose cross sections can be sizably
altered by the LHT model.
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APPENDIX A: THE EFFECTIVE COUPLING
OF Zs �b

Here we give the analytic expressions for the effective
coupling of Zs �b in the LHT model. The effective coupling
of Zb �s is similar and can be obtained by some simple
replacements. The effective coupling of Zs �b is given by

�
�

Zs �b
¼ �

�
selfðaÞ½�þ; uiðTÞ� þ �

�
selfðaÞ½!0ð�Þ; diH� þ �

�
selfðaÞ½!þ; uiH� þ �

�
selfðbÞ½WL; u

iðTÞ� þ �
�
selfðbÞ½AHðZHÞ; diH�

þ ��
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i
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selfðdÞ½WL; u

iðTÞ�
þ �

�
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�
selfðdÞ½WH; u

i
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�
SF1F2
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�
SF1F2
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�
VF1F2

½WL; u
iðTÞ; uiðTÞ� þ �

�
VF1F2

½WL; tðTÞ; TðtÞ�
þ ��

VF1F2
½AHðZHÞ; diH; diH� þ ��

VF1F2
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H; u

i
H� þ ��

FSS½uiðTÞ; �þ; ��� þ ��
FSS½uiH;!þ; !��

þ ��
FVV½uiðTÞ; WL;WL� þ ��

FVV½uiH;WH;WH� þ ��
FVS½uiðTÞ; WL; �

�� þ ��
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��
þ �

�
FSV½uiðTÞ; �þ;WL� þ �

�
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where the particles in the square brackets represent the particles which contribute to the vertex. The self-energy and vertex
contributions in the above equation are given by

��
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ig

16�2cWðq2b �m2
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3
s2W

�
PL þ 1

3
s2WPR

�
ðq6 b þmsÞ½ðB��

� þ q6 bB0Þða3b2PL þ a2b3PRÞ

þmFB0ða2a3PL þ b2b3PRÞ�ðqb;mS;mFÞ; (A2)

��
selfðbÞ ¼ � ig

16�2cWðq2b �m2
sÞ
��

��
� 1

2
þ 1

3
s2W

�
PL þ 1

3
s2WPR

�
ðq6 b þmsÞ½ð2B��

� þ ð2B0 � 1Þq6 bÞðc2c3PL þ d2d3PRÞ

� 2mFð2B0 � 1Þðc3d2PL þ c2d3PRÞ�ðqb;mV;mFÞ; (A3)

�
�
selfðcÞ ¼

ig

16�2cWðp2
s �m2

bÞ
½ðB��

� þ p6 sB0Þða3b2PL þ a2b3PRÞ þmFB0ða2a3PL þ b2b3PRÞ�

� ðp6 s þmbÞ��

��
� 1

2
þ 1

3
s2W

�
PL þ 1

3
s2WPR

�
ðps;mS;mFÞ; (A4)
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��
selfðdÞ ¼ � ig

16�2cWðp2
s �m2

bÞ
½ð2B��

� þ ð2B0 � 1Þp6 sÞðc2c3PL þ d2d3PRÞ � 2mFð2B0 � 1Þðc3d2PL þ c2d3PRÞ�

� ðp6 s þmbÞ��

��
� 1

2
þ 1

3
s2W

�
PL þ 1

3
s2WPR

�
ðps;mV;mFÞ; (A5)

��
SF1F2

¼ i

16�2

�
C���

�����ða3b2Zf
RPL þ a2b3Z

f
LPRÞ þ 1

2
��ða3b2Zf

RPL þ a2b3Z
f
LPRÞ

þ C��
���ða2Zf

LPL þ b2Z
f
RPRÞðq6 s þ q6 b þmF2

Þða3PL þ b3PRÞ þmF1
��ðb2b3Zf

LPL þ a2a3Z
f
RPRÞC��

�

þmF1
��ðb2Zf

LPL þ a2Z
f
RPRÞðq6 s þ q6 b þmF2

Þða3PL þ b3PRÞC0

�
ðqs; qb;mF1; mS;mF2Þ; (A6)

��
VF1F2

¼ i

16�2
½ðd2Zf

RPL þ c2Z
f
LPRÞð�2C���

����� � 2��Þðc3PL þ d3PRÞ
� 2ðq6 s þ q6 bÞ��C��

�ðc2c3Zf
LPL þ d2d3Z

f
RPRÞ þ 4mF2

ðc3d2Zf
RPL þ c2d3Z

f
LPRÞC�

þ 4mF1
ðc3d2Zf

LPL þ c2d3Z
f
RPRÞC� þ 2mF1

C0ðd2Zf
LPL þ c2Z

f
RPRÞð2ðqs þ qbÞ� �mF2

��Þðc3PL þ d3PRÞ�
� ðqs; qb; mF1; mV;mF2Þ; (A7)

�
�
FSS ¼ � igVSS

16�2
f�2C���

�ða3b2PL þ a2b3PRÞ � ðqs þ qbÞ�C��
�ða3b2PL þ a2b3PRÞ

þ ½�2C� � ðqs þ qbÞ�C0�q6 bða3b2PL þ a2b3PRÞ þmF½�2C� � ðqs þ qbÞ�C0�ða2a3PL þ b2b3PRÞg
� ðqb; qs; mS;mF;mSÞ; (A8)

�
�
FVV ¼ igcW

16�2
ðd2PL þ c2PRÞ

�
�4C���

� þ �� � 2C��
�ðqs þ qbÞ� þ 2ð4mF � 2q6 bÞC� þ ð4mF � 2q6 bÞðqs þ qbÞ�C0

�
�
C��g

�� � 1

2

�
�� � C��

�ðq6 b þmFÞ�� � p6 ZC��
��� � p6 Zðq6 b þmFÞ��C0 �

�
C��g

�� � 1

2

�
��

þ C��
���ðp6 Z � q6 s � q6 bÞ � ��ðq6 b þmFÞC��

� þ ��ðq6 b þmFÞðp6 Z � q6 s � q6 bÞC0

�

� ðc3PL þ d3PRÞðqb; qs; mV;mF;mVÞ; (A9)

��
FVS ¼ � igVVS

16�2
��ðc2PL þ d2PRÞ½C��

� þ ðq6 b þmFÞC0�ða3PL þ b3PRÞðqb; qs; mS;mF;mVÞ; (A10)

��
FSV ¼ igVVS

16�2
ða2PL þ b2PRÞ½C��

� þ ðq6 b þmFÞC0���ðc3PL þ d3PRÞðqb; qs;mV;mF;mSÞ; (A11)

where qb ¼ �pb, qs ¼ �ps, and PL;R ¼ ð1
 �5Þ=2. The
functions B and C are 2- and 3-point Feynman integrals
[22], and their functional dependences are indicated in the
brackets following them. The tensor loop functions can be
expanded as the scalar functions [22]. In our calculation
the contraction of Lorentz indices is performed numeri-
cally. The parameters appearing above are from

V �sf: i��ðc2PL þ d2PRÞ; V �fb: i��ðc3PL þ d3PRÞ;
S�sf: a2PL þ b2PR; S �fb: a3PL þ b3PR;

ZSþS�: igVSSðp�

Sþ � p
�
S�Þ; ZVþS�: gVVSg��;

Z �f1f2: i�
�ðZf

LPL þ Zf
RPRÞ;

where V represents gauge bosons and S represents scalar
particles. These couplings represent the seven different
classes of vertices involved in our calculation. In each class
of vertices, the parameters a2, b2, a3, b3, c2, d2, c3, d3,
gVSS, gVVS, Z

f
L, and Zf

R take different values for different
concrete coupling. The analytic expressions of these pa-
rameters are complicated at Oðv2=f2Þ and can be found in
[8].

APPENDIX B: THE EFFECTIVE COUPLING
OF hs �b

We give the analytic expressions for the effective cou-
pling of hs �b. The effective coupling of hb�s is similar and
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can be obtained by some simple replacements. The effective coupling of hs �b is given by

�hs �b ¼ �selfðaÞ½�þ; uiðTÞ� þ �selfðbÞ½WL; u
iðTÞ� þ �selfðcÞ½�þ; uiðTÞ� þ �selfðdÞ½WL; u

iðTÞ� þ �SF1F2
½�þ; uiðTÞ; uiðTÞ�

þ �SF1F2
½�þ; tðTÞ; TðtÞ� þ �VF1F2

½WL; u
iðTÞ; uiðTÞ� þ �VF1F2

½WL; tðTÞ; TðtÞ� þ �FSS½uiðTÞ; �þ; ���
þ �FVV½uiðTÞ; WL;WL� þ �FVS½uiðTÞ; WL; �

�� þ �FSV½uiðTÞ; �þ; WL�; (B1)

where

�selfðaÞ ¼ � ims

16�2vðq2b �m2
sÞ
ðq6 b þmsÞ½ðB��

� þ q6 bB0Þða3b2PL þ a2b3PRÞ þmFB0ða2a3PL þ b2b3PRÞ�ðqb;mS;mFÞ;
(B2)

�selfðbÞ ¼ ims

16�2vðq2b �m2
sÞ
ðq6 b þmsÞ½ð2B��

� þ ð2B0 � 1Þq6 bÞðc2c3PL þ d2d3PRÞ � 2mFð2B0 � 1Þðc3d2PL þ c2d3PRÞ�

� ðqb;mV;mFÞ; (B3)

�selfðcÞ ¼ � imb

16�2vðp2
s �m2

bÞ
½ðB��

� þ p6 sB0Þða3b2PL þ a2b3PRÞ þmFB0ða2a3PL þ b2b3PRÞ�ðp6 s þmbÞðps;mS;mFÞ;
(B4)

�selfðdÞ ¼ imb

16�2vðp2
s �m2

bÞ
½ð2B��

� þ ð2B0 � 1Þp6 sÞðc2c3PL þ d2d3PRÞ � 2mFð2B0 � 1Þðc3d2PL þ c2d3PRÞ�

� ðp6 s þmbÞðps;mV;mFÞ; (B5)

�SF1F2
¼ i

16�2
ða2PL þ b2PRÞ

�
mF1

½ðgfLPL þ gfRPRÞðq6 b þ q6 s þmF2
ÞC0 þ ðgfLPL þ gfRPRÞC��

��

þ
�
ðgfRPL þ gfLPRÞC��

�ðq6 b þ q6 s þmF2
Þ þ ðgfRPL þ gfLPRÞ

�
C��g

�� � 1

2

���

� ða3PL þ b3PRÞðqs; qb; mF1
; mS;mF2

Þ; (B6)

�VF1F2
¼ i

16�2
ðd2PL þ c2PRÞfðgfLPL þ gfRPRÞ½4C�ðqb þ qsÞ� þ 4C���

�� � 4� 2mF2
C��

��
þ ðgfRPL þ gfLPRÞ½2mF1

ð2mF2
� q6 b � q6 sÞC0 � 2mF1

C��
��gðc3PL þ d3PRÞðqs; qb; mF1

; mV;mF2
Þ; (B7)

�FSS ¼ � im2
h

16�2v
ða2PL þ b2PRÞ½ðq6 b þmFÞC0 þ C��

��ða3PL þ b3PRÞðqb; qs; mS;mF;mSÞ; (B8)

�FVV ¼ ig2v

16�2
ðd2PL þ c2PRÞ½ðq6 b � 2mFÞC0 þ C��

��ðc3PL þ d3PRÞðqb; qs; mV;mF;mVÞ; (B9)

�FVS ¼ ig

32�2
ðd2PL þ c2PRÞ

�
p6 hðq6 b þmFÞC0 þ p6 hC��

� þ C��
�ðq6 b þmFÞ þ

�
C��g

�� � 1

2

��

� ða3PL þ b3PRÞðqb; qs; mS;mF;mVÞ; (B10)
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�FSV ¼ ig

32�2
ða2PL þ b2PRÞ

�
C��

�ðp6 h � q6 b � q6 sÞ � ðq6 b þmFÞC��
� �

�
C��g

�� � 1

2

�

þ ðq6 b þmFÞðp6 h � q6 b � q6 sÞC0

�
ðc3PL þ d3PRÞðqb; qs; mV;mF;mSÞ: (B11)

The parameters gfL and gfR are from the couplings

h �f1f2: iðgfLPL þ gfRPRÞ;
where

gfL ¼ �mui

v
; gfR ¼ �mui

v
ðfor f1 ¼ ui; f2 ¼ uiÞ;

gfL ¼ mt

v

r

1þ r2
v

f
; gfR ¼ mt

v

r

1þ r2
v

f
ðfor f1 ¼ T; f2 ¼ TÞ;

gfL ¼ mt

v

r

1þ r2
v

f
; gfR ¼ �mt

v
r ðfor f1 ¼ t; f2 ¼ TÞ;

gfL ¼ �mt

v
r; gfR ¼ mt

v

r

1þ r2
v

f
ðfor f1 ¼ T; f2 ¼ tÞ:
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