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Covariant helicity-coupling amplitudes: A new formulation
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We have worked out covariant amplitudes for any two-body decay of a resonance with an arbitrary
nonzero mass, which involves arbitrary integer spins in the initial and the final states. One key new
ingredient for this work is the application of the total intrinsic spin operator S which is given directly in
terms of the generators of the Poincaré group. Using the results of this study, we show how to explore the
Lorentz factors which appear naturally, if the momentum-space wave functions are used to form the
covariant decay amplitudes. We have devised a method of constructing our covariant decay amplitudes,
such that they lead to the Zemach amplitudes when the Lorentz factors are set to one.
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I. INTRODUCTION

When one attempts to write down the covariant ampli-
tudes for two-body decay processes involving arbitrary
spin, one discovers invariably that the Lorentz factors vy
(defined as the energy for each of the decay products
divided by its invariant mass) appear in the amplitudes.
This is an endemic feature of any phenomenological am-
plitude one writes down in four-momentum space. The
purpose of this paper is to systematically investigate func-
tional dependence of such Lorentz factors.

In previous publications and notes by one of the authors
[1,2], a few of the more relevant examples of this problem
have been worked out, but it was all done under the
assumption that the total intrinsic spin can be derived
from “fictitious” wave functions of the decay products,
which are deemed to be at rest in the parent rest frame. We
show in this paper how this problem could be properly
handled in the general relativistic frame work—the key
ideas involved are succinctly summarized in Sec. II
Consider the canonical state |p, jm) of a single particle.
A rotation operator which acts on the state modifies both p
and | jm), the prescription of which is very well known and
it involves an introduction of angular momentum operators
J in the expression for the rotation operators. There exists,
however, a new subgroup of rotations of SU(2) which
leaves p invariant, affecting only the |jm). This is accom-
plished by replacing J in the rotation operator with S, but
now the S becomes a complicated function of all of the
generators of the Poincaré group, i.e. J (angular momen-
tum operator), K (the boost operator) and p (the translation
operator). It has been shown that the rotation operator
involving L =17 — S instead of § affects p while leaving
| jm) invariant [3,4]. The operators Sand L provide fully
relativistic prescription for the familiar LS coupling
scheme for two-particle final states. The application of
this concept to the problem of exploring the functional
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dependence of the Lorentz factors leads to the generators
of the Lorentz group in four-momentum space, in which
the operators Pis replaced by their eigenvalues p.

In Secs. III and IV, we start from general wave functions
at rest of arbitrary integer spin and a description of the
kinematics of the two-body decay; much of these results
have been worked out by one of us in a previous publica-
tion [2], but they are reproduced here for ease of reference.
We cover in Sec. V the general wave functions in a given
total intrinsic spin. In Sec. VI, we cover the rules for
constructing covariant helicity-coupling amplitudes—this
constitutes the heart of what is new in this paper. A number
of illustrative examples are given in Secs. VII, VIII, and
IX, for the decay amplitudes in which decay products have
spin 0, 1 or 2. We have worked out in Sec. X an example of
a sequence of decay chains: a parent state of spin J decays
into two intermediate states of spins s and o, each of which
decays into 277 and 37r, respectively. We have given in
some detail a possible set of angles defined in two helicity
coordinate systems, the rest frames of s and o, which are
needed to describe the secondary decays. Section XI is
reserved for conclusions and discussions.

Appendix A deals with the generators of the Lorentz
group, starting with the general rank-2 angular momentum
tensor in four-momentum space. In Appendix B, we have
worked out a derivation of the spherical harmonics from
the tensor wave functions ¢(J/m) given in Sec. IV.
Appendix C deals with certain additional decay amplitudes
not included in the main text, to show why and how they
have been excluded in the construction of covariant decay
amplitudes in our paper; the excluded decay amplitudes
violate the r¢ rule, i.e. that an orbital-angular momentum €
must induce an ¢ dependence in the amplitude, where 7 is
the relative momentum of the daughter states in the parent
rest frame.

II. RELATIVISTIC TWO-BODY SYSTEMS

address: Physics Department, Brookhaven Consider a two-body decay J — s + o. The canonical
National Laboratory, Upton, NY 11973, USA. states for the decay products are denoted |g, sm,) and
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|k, om,,), where § and k stand for the momenta for the
daughter particles. So g = —k in the J rest frame (JRF).

In this paper we use the word “‘relativistic”” to mean that
the magnitude of the momentum g or k can take on
arbitrary values and, therefore, that the Lorentz factors
v, > 1 or y, > 1 can be arbitrarily large. Conversely, the
word “nonrelativistic”” means that a statement is true only
in the limit g = 0 or k = 0 and y, = 1 or y, = 1.

The central idea used in this paper can be summarized as
follows. Consider a relativistic canonical state for s, 1.e.
|G, smg). We know how it transforms under an arbitrary
rotation R(a, B, v)

R(a, B, Vgi smy) = D |Riquo smdDS,, (@, B, ),
mhk

k=123, (2.1)

where R on the left-hand side is the usual rotation operator
given by

R(a, B, y) = exp[—iaJ Jexp[—iBJ,]exp[—iyJ.] (2.2)

and R;; on the right-hand side is the corresponding 3 X 3
matrix. It has been shown [3,4] that the angular momentum
operator J can be broken up into two components

J=S+1L, 2.3)

where, with w denoting the mass of a particle,
S§S=PJ—-PxK- P(P-J 2.4
w S PP e

and J, K and (P°, P) are the generators of the Poincaré
group. Here L is a derived quantity, defined by L=J-5.
The operators Sand L satisfy the standard Lie algebra of
the rotation group and they commute

[S; S;]=i€;j Sk [L; L;]=i€;Ly, [S, L;]1=0,
i k=123, (2.5a)
[P L]=0, [P,L;]=i€yP, P-L=0.(2.5b)

It was shown [3] that

RS(a, B, Y)lgi sm) = Y lqi, sm)D,, (@, B, y),

s

RL(a’ ﬂ’ y)|QIr sm5> = ZlRiqu! Sms)!
k

(2.6a)
(2.6b)

where
RS(a, B, y) = exp[—iaS Jexp[—iBS,]exp[—iyS.]
R(a, B, y) = exp[—iaL Jexp[—iBL,]exp[—iyL.].
2.7)

Equations (2.6a) and (2.6b) show that the operators Sand L
induce separate rotations on g and |smg), which are nor-
mally transformed simultaneously in a conventional rota-
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tion [see (2.1)]. Thus RS(a, B, ) acts on the relativistic
state |q;, sm,) as if it were a rest state, affecting only the
spin components, whereas R'(a, 3, ) acts on the relativ-
istic state |gq;, sm) as if it were a spinless state, leaving the
spin components invariant.

We are now ready to apply R5(a, B, y) and R:(a, BB, y)
to relativistic two-body systems. Consider a system con-
sisting of two particles with momenta ¢ and k with their
spin states given by [sm;) and |om,,). Define

§=§S+§U and E=Ijs+50. (2.

[\
oo
~

We define a two-body system in its rest frame (i.e. ¢ + k=
Oand 7 = g — k) by

|FSm) = Z (smyom,|Sm)|G, smlk, om,).

m.\m(f

(2.9)

We use the notation (s;m;s,m,|Sm,) to stand for the
standard Clebsch-Gordan coefficients [5]. Under a rotation
RS, the above state transforms as

R5(,0,0)|r;, Smy =Y |r;, SmDS, (¢, 6,0),

i=1273,
RE(¢, 0,0)|r;, Sm) = |R; 1y, Sm),

(2.10a)
k=123, (2.10b)

where ) = (6, ¢) describes the direction of 7 (as well as ¢

and 12) in the JRF. This shows the state |7, Sm) acts like a
rest state under R5(¢, 6,0) in the sense that 7 remains
invariant. So we have established the concept of a total
intrinsic spin S for a relativistic two-body system. The
operator RE(¢, 6, 0) acts only on the 7 as if the two final-
state particles involved were spinless.

It is clear that this leads naturally to the concept of
orbital-angular momentum for the relativistic two-body
system

[CmoSm) f Y., (Q)I7, Sm)

_l’_
:\/%4 1 / dQD; (¢, 0,0)|7 Sm).  (2.11)
T

The analogue of (2.10) for this ket state is

R5(, 0,0)[mSm) =" |€meSm')DS, (¢, 6,0), (2.12a)

m'm
m'

RE(, 0,0)[€meSm) =Y |tm,Sm)D¢, (¢, 0,0). (2.12b)
/‘ ¢

nm,

The formula (2.12b) can be shown by substituting (2.9) into
(2.11) and carrying out the actions of R" on the vectors § =
7/2 and k= —7/2 as given in (2.10b). From (2.2), (2.3),
and (2.5), we find that R = RSRL = RLRS and so, in the
JRF,
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R(¢, 0,0)[€mSm) = > |€m|,Sm")D!, (¢, 6,0)
!l ¢ ’
mm(

X DS

S, (¢,6,0), (2.13)

which shows that the state |[€m,Sm) is a product of two
states |€m,) and |Sm) at rest in the JRF. We can thus derive
the standard expansion of the relativistic two-body system

in the €S-coupling scheme
lIMES)y = (EmSm|IM)|€m Sm) (2.14)
mem
or
|JMLES) o Z(€mgSmIJM) Z (smyom,|Sm)
e i,
< [aav, @G smlk om,), @15

where ¢ = 7/2 and k = —7/2 in the JRF. We obtain

R(¢, 0,0)lJMES) = > |IM'CS)D],,, (4, 6,0).  (2.16)

M

This is the standard result, showing that J, S and € are
rotational invariants.

We may summarize the results of this section as follows:
there exist two ket states |Sm) and |[€my) in the decay
process J — s + o. They act like the states at rest in the
JRF, as shown in (2.12a) and (2.12b). So there exist three
at-rest states in the problem; |JM) in the initial system and
|€m) in the final system, at rest in the JRF. The third state
|Sm) acts as if it is again at rest in the JRF, but it is
composed of two states |#/2, sm,) and | — /2, om,) “in
motion” in the JRF. We emphasize here that this is true
even when the parent mass becomes arbitrarily large; the
state in a total intrinsic spin S, as given by (2.9), acts like a
state at rest in the JRF. We shall exploit this in Sec. VI to
derive our covariant decay amplitudes in the momentum
space.

III. TWO-BODY DECAY J — s + o

Consider a two-body decay J — s + o, where we use
the notations very similar to those introduced in a previous
paper [1]. The daughter 1 with spin s is described by a
wave function w(A) and the daughter 2 by &(—»)'; see
Table I for all other relevant quantities.

The polarization four-vectors or wave functions appro-
priate for the particles / =1, “s = 1" and “o = 1" are
well known. Along with the relevant momenta

"The momentum of the daughter o is pointed toward the
negative z axis, as shown by k% in (3.1). By definition, its
helicity » is measured along k; as a consequence, its spin
projection along the positive z axis is —v.

PHYSICAL REVIEW D 78, 074027 (2008)

TABLE I. Two-body decay: J — s + o.
Parent Daughter 1 Daughter 2

Spin J s o
Parity Ny 75 Mo
Helicity A v
Momentum )/ q k
Energy Po 90 ko
Mass w Wy W
Energy/mass Vs Yo
Velocity By B
Wave function ¢ (A — ) w(A) e(—v)

p*=(w;0,0,0),

q“ = (40; 0,0, q) = (y,w;: 0,0, v, B,wy), a0

k* = (ko;0,0, —=q) = (Y3 0,0, =¥, BsW,),
r* = (qo — ko3 0,0,29),

where w = g, + ko, go = VW2 + g%, ko = Jw% + ¢° and

r = g — k, the wave functions in the JRF are given by

P () = :%(0; 1, =i, 0),

NGl
$“(0) = (0;0,0, 1),

1
% (*) = :\/—_2_(0; 1, i, 0),

w(0) = (7,8,:0.0,7,), G2
1
e*(*)=%—=(0;1, %i0),
() =+ \/5( )
801(0) = (_’YO'BO';O’ 0, 70’)-
Note that
Pa®®(A) = qa@*(A) = koe®(A) =0
for any A.
These polarization four-vectors satisfy
pad)a(m) =0, ¢Z(m)¢oz(m/) = _8mm’y
* ~ 33
Y G (M) m) = Zup(w), (3-3)
where
~ Pal
gaﬂ(w) = _gaﬂ + W2 . (34)

The last equation of (3.3) is the usual projection operator
for spin-1 states [1]. Note that, in the JRF, g(w) has a zero
time component and + 1 for the space components, i.e.

0 0 O

Zap(w) = g*B(w) = (3.5)

SO OO
SO =

0 0
1 0
0 1
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w and e satisfy similar conditions, but with their own g’s,
ie. g(w,) and g(w,),

Zap(Wy) = —gap + %
Bap00) = ~gap + 2L, o
Wo
so that
qoaw*(m) =0, wgp(ma*(m') = =8,
Y wo(m)@y(m) = Zop(w,) S
and
ko,e%(m) =0, er(m)e®(m') = =8
(3.8)

Zsa(m)SZ(m) = gaB(WU)'

IV. SPIN-J WAVE FUNCTIONS

The general spin-J wave function can be written [1],
with m = 0:

Jm) = [a’(m)]'/2Y 2m=K2N" ¢, (+)...
d’a,..a,( m) = [a’(m)] mzo ;d’l()

X ¢B1(O)"'¢71(_)""
—

with a’/(m) = 20U+ (n;?;)(‘J —m)! 4.1)

¢aﬁy(33) = ¢a(+)¢ﬂ(+)¢'y(+)y

PHYSICAL REVIEW D 78, 074027 (2008)
The indices {8, ... d,} are grouped into {«;} with (i = 1,
my), {B;} with (i =1, mg) and {y;} with (i =1, m_),
where m- stands for the number of ¢(=*)’s and m, for
the number of ¢(0)’s. Here <;b5j(m) is the spin-1 wave

function introduced in Sec. III. The second sum above
stands for the sum of all distinct permutations of the (;53/_’5.

The possible m. and m, are restricted by

J=my +my+m_, m=m, —m_, my=m._,

such that

2m+ = J £ m — m,.

(4.3)

mg ranges from 0(1),2(3),... to J —m = even (odd).
Since ¢, 5, does not depend on k, one can choose k =
0(1) for J —m = even (odd), such that the coefficients
under the sum on m, do not have square-root factors in
them.

The wave functions for J = 2 are

bap(22) = o) p(+),
V2¢,521) = ¢o(+)p5(0) + ¢, (0)p5(+),
V6,520) = ¢ (+)ps(—) + do(—)ps(+)

+2¢,(0)¢5(0) (4.4)

and, for J = 3,

V30apy(32) = ha(+)a(+)b,(0) + o (+)b(0)h,(+) + Ja(0)hs(+)d, (+),
VI5¢,6,(31) = ¢a(H)ba(+) (=) + ba(H)ba(=) by (+) + ba(—)Ba(+) by (+) + 2ba(+)$4(0)$,(0)
+ 6,00 5(+)d,(0) + ¢, (0)P(0) b, (+)],
V10645,(30) = ¢4 (0)h ()b (=) + B (0)pa(—)by(+) + bal(—)pa(+)h,(0) + o (+)b(—) b, (0)

+ do(H)dp(0)dy (=) + da(—)Pp(0)d, (+) + 26,(0)h5(0)4,(0).

For the case m < 0, the wave functions can be obtained by
using

¢ —m) = (=)"¢"(Jm).

In the JRF, the wave functions ¢(Jm) have a simple
form, i.e. the time components are zero as shown in the
previous section for J = 1. The wave functions for s = 1
and o = 1 have been given in (3.2). So the wave functions
for arbitrary spins s and o are given again by (4.1), in
which the spin-1 wave functions ¢, (m)’s within the sum
3" p have been replaced by w,(m)’s and &,(m)’s, respec-
tively. Note that the general wave functions w,(sm) and

(4.6)

4.5)

e,(om), where s and o are arbitrary integers, have non-
zero components for all of their Lorentz indices 0, 1, 2 and
3.

We now turn to the treatment of orbital-angular mo-
menta in our formulation. We have shown in (2.12b) that
the state |€m,) which describes the orbital-angular momen-
tum € acts like a state at rest in the JRF. It is clear,
therefore, that the correct wave function for € must be
described by a symmetric and traceless tensor of rank ¢
whose space components correspond to the relative mo-
mentum 7 but with a zero time component in the JRF.
There are, in fact, two wave functions with zero time
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components in the JRF: a rank-J tensor ¢*(/m) in the
initial state and one x(€0)r‘ representing the orbital-
angular momentum € in the final state. They obey, by
definition, p* ¢y (Jm) =0 and p*y,(€0) =0, respec-
tively. Since we deal exclusively with collinear vectors
aligned along the z axis, the spin projection of the wave
function comes with a zero z component only, reflecting
the fact that orbital-angular momentum must be perpen-
dicular to the z axis [see (2.5b)]. So we are left with the task
of evaluating, in the JRF, a symmetric and traceless tensor

(1]

!
i (0 = (G S a ) )

4.7)

and mq = 0(1), 2(3), 4(5), ... for £ = even (odd). It is clear
that y(€0) is devoid of the coefficients with square-root
factors in the sum. We find

O =0.01, () =T (%00,
3xi7(20) = xi(+)x;(=) + xi(=)x;(+) + 2x:(0) x;(0),
Sxij(30) = xi(0)x;(+)xi(=) + xi(0) x; (=) xi(+)
+ Xi(H)x;0)x; (=) + xi(=)x;(0) xi(+)
+ xi(F)x;(=)x;0) + xi(=)x;(+)x«(0)
+ 2Xi(O)X_j(O)Xk(O)y (4.8)
and

6
35xiu(40) =2 Z[Xi("‘))(j(‘)Xk(Jf)Xz(_)]
P

12

+ 4 3 [xi(0)x O xi(H) xi ()]
P

+ 8x:(0) x;(0) x«(0) x,(0),
30 4.9)

63111 (50) = 2D [xi(0) x; (+) X1 (0) xi(+) X, (—)]
P

20
+ 4 [xi(0)x;(0) x4 (0) x:(+) X ()]
.

+ 8xi(0) x(0) x1(0) x,(0) x,, (0).

It should be noted that y(€0) is given only in space
indices 1, 2 and 3. The orbital-angular momentum in the
JRF does not have time components, and therefore it is in
fact proportional [1] to ¢(Jm) in the JRF with J = ¢ and
m=20

Xijk..(€0) = co . (€0),

¢ — [24(6!)2

i 4.10
<ze)!] - (+10)
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The coefficients ¢, for a few values of € are

2 2 8
c = 1, Cy = g, C3 = g, Cy = g

V. WAVE FUNCTIONS OF TOTAL INTRINSIC
SPIN S

The wave function ¢ (s, o; SS) corresponds to the state
of total intrinsic spin S, built out of the wave functions for s
and o which are given by the tensors of rank s and o,
respectively. Hence, it is a tensor of rank s + o, given by

(s, 0;88) = Z (smyomy|S8)w(sm,)e(om,), (5.1)

mgmy,

where we have suppressed tensor indices in ¢, w and &
[see (2.9)]. In addition, we have suppressed the momentum
labels in the wave functions.

Consider now the special case s = ¢ = 1. Then, the
(s, 0; 88) is a rank-2 tensor. In the JRF, a state in total
intrinsic spin S is

Yrr (s, o3 Smg) = Y (smiomy|Sms)wt (my)e” (my),

mymy

YeP(s, 038 — mg) = (=) " p P (s, o7; Sm). (5.2)

Under an arbitrary rotation R5(¢, 6, 0), the daughter states
s and o transform

RS(¢’ 0! O)w'u(ml) = [Rs(d)r 0’ O)]Mawa(ml)
= Zwu(mQ)Dsm,]ml (¢, 6,0),

m’l (53)
RS(¢, 0} 0)8”(”’12) = [RS(¢) 0: O)]V'BS'B(mQ)
= Za)”(m’z)D"m,zmz(qﬁ, 0,0)
so that
Rs(d)’ 9’ O)(//,ul/(s’ ag; SmS)
=D (s, 03Sm)DS . (b, 0,0). (5.4)

mg

This shows in fact that s#*(s, o; Smy) is in a state of total
intrinsic spin S. It is useful to write down the wave func-
tions explicitly
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PP (s, 0,22) = w*(+)ef(+), A= —v=+],

Wb (s, 03 21) = \/%[w“(ﬂsﬂ(o) + W (0)eh(+)]

B (s, 1 20) = %[wamsﬁ(—) T w(—)ef(+)

NG
+ 20%(0)”(0)],

B (s, oy 1) = Jz[w“(ﬂsﬂ«n —wre(H] O

B (s, o 10) = iz[wamsﬂ(—) — w(—)eh(+)]

5

YB(s, 100) = %[wau)eﬁ(—) T w(—)ef(+)

Ve
— w*(0)eP(0)].

In applications involving % (s, o; Smy) listed above, we
can safely ignore the nonzero time components in the wave
functions w®(m,) and &P (m,,), because they are generally
mated with y(€0) and ¢*(m) which have no time compo-
nents in the JRF. The sole exception occurs in the treat-
ment of the decay 0" — 1~ + 17, where the nonzero time
components of ¥ #”(s, o; Smg) could possibly enter; this
case is considered in detail in the next section. See also
Appendix C for additional decay amplitudes which involve
the time components of *”(s, o; Smg) but are not in-
cluded in the main text.

VI. COVARIANT HELICITY-COUPLING
AMPLITUDES

The amplitude for / — s + o in the JRF is, in the
helicity formalism [6],

2J + 1
20 + 1
2J +1

N

2¢ + 1\1/2
%(21 i 1) (€055176)(sAcr — y|sa)(

with the proviso that € and €’ can be either always even or
always odd, from parity conservation in the decay J —
s + o. The relationship (6.3a) shows that the sum over a set
{A, v} of the squares of all of the coefficients of a given
Glsrt in (6.2) should be equal to one. The relationship
(6.3b) for €/ = £ and S’ = S can be used to show that the
sum over the squares of the coefficients of Gé < r%in a given
FY, in (6.2) must be equal to one. We will show later with a
number of simple examples how these constraints are
borne out. From (6.3b) we obtain

ZIF{W 2 = Z|G;Srf’|2. (6.4)
Av €S

20 + 1
Z( >(€0S8|16)2(s)t0' — v|S$6)> =1 fora given {A, v},

PHYSICAL REVIEW D 78, 074027 (2008)

27 + 1 .
M, (M; 0, p) = ,/?Fﬁy%aw, 0,0),

S=A—v,

(6.1)

where F is the helicity-coupling amplitude given by

2¢ + 1\1/2
= %(21 > 1) (€0S51J6)(s Ao — vIS8)Gir.

(6.2)

Here G/ is the €S-coupling amplitude for which ¢ is the
orbital-angular momentum and S is the total intrinsic spin,
and r¢ is the barrier factor. The variable r (see Table I) is
measured in units of the scale factor ry (e.g. 1 fm), so
should be understood as (unit-free) quantity (r/rq)¢. For
further comments on this point, see Sec. XI. Note that the
rotationally invariant quantum numbers are given as super-
and subscripts in the amplitude M7, F4, and G/. Note
that we must in principle include the spins s and o as well
in the amplitudes; i.e. the superscript J should be replaced
by {Jso}. However, we shall continue to use simply the
superscript J for brevity of notation. The number of inde-
pendent F7,’s is the same as that of G/, as each of them
describes the degrees of freedom for the decay process in
the helicity and the canonical formalisms. For a general
description of the number of independent FY,’s, see
Ref. [1].
The coefficients of Gésr‘q in (6.2) satisfy

(6.3a)

1/2
) (€'08'5]J8)(sAo — v|S§'S8) = 8¢ Sgg for a given {¢, S, ¢/, S},

(6.3b)

This simply shows that probability is conserved for both
canonical and helicity description for the decay process
J—s+ o

Consider now 8 = ¢ = 0. The D function in (6.1) is
zero unless M = 6. Hence we can write

’ 47
FJ — J . .
=157 13\/1/\,/(5, 0,0)

So the helicity-coupling amplitude is proportional to the
decay amplitude itself in which the decay products s and o
are both aligned along the z axis, in a coordinate system

(6.5)
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fixed in the JRF. Hence, the momenta ¢ and k have zero x
and y components; see (3.1).

We now transform the helicity-coupling amplitude (6.2)
by replacing, formally, the factor

(2{3 +1) 66)

12
J L
— 1) (€0S8178)GY r

with that proportional to a decay amplitude and write

F{, = (sho — v|S8)glsAls(s, o &)rl. 6.7)
s

We assume that gﬁs is a constant to be measured experi-
mentally, while Aé (s, 075 8) is a covariant decay amplitude
corresponding to the transition |J8) — |S8) + [€0) in
which the decay products are aligned along the z axis.
The precise relationship between gé g and G§ ¢ Will be given
at the end of this section. It turns out that, in general, there
is more than one relativistic structure for a given {£S}. This
is a consequence of treating y, and vy, as free parameters,
which appear as factors in the relativistic terms related to a
nonrelativistic G{ ¢- This dependency on the particle
masses can be disentangled if the widths of the daughter
particles are sufficiently wide and the distribution function
is examined over a sufficiently wide range of the parent
mass.

The procedure for constructing covariant amplitudes
goes as follows. To guarantee Lorentz invariance, one
utilizes two invariant tensors of the Poincaré group [7], i.e.

g,u.v — gaBAaMABV’

(6.8)
gvpPoT = SMa'ByA/LVAapABUAyT’

where A, * is an element of the homogeneous Lorentz
group (see also Appendix A). Now, we adopt a more
restrictive procedure to ensure that the resulting amplitudes
have a transparent transition to nonrelativistic amplitudes.
For the purpose, we write, in the JRF, Lorentz-invariant
decay amplitudes in the €S coupling scheme via

Al(s, 038) = [p™, ¢ (s, 03 88), x(£0), $*(JS)],, (6.9)

where n, =0 or 1 and the notation [...], stands for
Lorentz contraction of all of the relevant Lorentz indices
in the JRF. We adopt the following two rules:
(a) with the modified metric g(w) [see (3.4)] and only
with this metric, if s + o + € — J = even. Here p*
never appears in the amplitudes, i.e. ng = 0.
(b) with the totally antisymmetric rank-4 tensor (€*##")
together with the four-momentum p#, and with
g(w) whenever necessary, if s+o+4€—J=
odd. We restrict the use of €*##” and p* once and
only once, so that ny = 1.
(c) For angular momentum <, only amplitudes propor-
tional to ¢ are considered (r rule).
It is seen that p* = (w;0,0,0) is used in two different
ways: once inside the definition of g(w) and again with the
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rank-4 tensor if necessary. Since collinear vectors are used
in Ais(s, 0, 8), it cannot give angular dependence; but
instead it gives dependence on the Lorentz factors vy, and
v,—Wwhich is the reason for calculating the invariant am-
plitudes in this manner. The decay amplitudes which lie
beyond the scope of the rules above are treated in
Appendix C, and the reasons explained for not including
in the examples given in this paper.

It will be shown later that the presence of the rank-4
tensor along with p in the amplitude (6.9) leads to a factor
(iw) when evaluated in the JRF. As the wave functions
which appear in (6.9) are all unitless, we can impose the
unitless condition in (6.9) by substituting p"0 by
[p/(iwg)]™, where wy, is the w at its threshold. So the
factor (iw) which appears the amplitudes is then replaced
by (w/wy,). However, we will continue to use p™ and the
factor (iw) in this paper for simplicity of notation. The
reader will note that the situation here is similar to that for
r* against (r/ry)¢ commented on previously in this section.
It is perhaps more appropriate to write the covariant am-
plitudes as

Al 0:0) = [ ()" (s 0259 x(€0) 0 05) |

th w

(6.10)
Note that the right-hand side is now explicitly unitless. We
will come back to this point again in Sec. XI.

The wave function ¢*(J§) refers to the initial spin J and
x(€0) to the orbital-angular momentum € in the final state.
They are rank-J and rank-{ tensors, respectively. The wave
functions of total intrinsic spin S, denoted by (s, o; S5)
in (6.9), has been given in (5.1). It is a tensor of rank s + o
built out of w’s and &’s. For the different possible Lorentz
contractions, it is relevant how many indices of the @’s and
g’s are contracted with ¢ and y. For the purpose, it is
necessary to introduce a new notation, in order to uniquely
specify the process of Lorentz contraction. We transform
¢ to ¥ as follows:

l//(sr ag; SmS)_) ’\I,(nlr n2;SmS)r (611)
where
n, = n,.g, n=n,,+1,
boTed toTed (6.12)
ny = Ngy, nhy =ng4 + 1.

Here n,,4 (n,4) is the number of contractions of ¢ with @
(). The reason for a change of notation from ¢ to V¥ is to
merely indicate that the variables {s, o} of ¢ have been
changed to {n;, n,}. The meaning of apostrophes is ex-
plained shortly. The remaining indices of w and & are
contracted with y or among themselves, except that, if
necessary, three indices from w, &, y and ¢ (one and
only one index from each wave function for a total of
three), along with p#, are contracted with the totally anti-
symmetric rank-4 tensor €*##”. This procedure is illus-
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trated in Tables 11, III, IV, V, VI, VII, VIII, and IX. The
heading for the column representing W(n,, ny; Smy) is
simply written as R(n;) if s = 1 and o = 0 or R(ny, n,)
if s=1 and o = 1, where R = s + o is the rank of the
tensor . One or two dots above R, i.e. R or R, indicate one

TABLE II. Decay amplitudes for s + € —J =even (s = 1 or
2 and o = 0). R stands for the rank.

Rs(nl)

1(0)
1(T)
1(0)
(1)
1(0)
1(1)
1(0)
(1)
1(1)
1(T)
1(0)
2(0)
2(1)

=
~

=
<

N — = = O 00 JO0 WU &~ WIMN —
—_ O

— NN NWLW RN W=D O~
— O VU A B WWOND R~ —~=O

TABLE III. Decay amplitudes for s + € —J = even (s = 1 or
2 and o = 0). R stands for the rank.

Rs(nl)

3 2(0)
4 2(2)
5 2(1)
6 2(0)
7
8

=
~

=
<

2(2)

2(1)
9 2(0)
10 2(2)
11 2(1)
12 2(0)
13 22)
14 2(1)
15 2(0)

N N WP WNW =B DNDO W
DN b BB LW W W NN~

TABLE IV. Decay amplitudes for s + € —J =odd (s =1 or
2 and o = 0). R stands for the rank.

R,(ny) R¢ R,
1 1(1) I 1V
2 1(1) 2 : 2
3 1(17) 3 : 3
4 1(1) & 2 &
5 1(17) 5 : 5
1 2(1) - 2 0
2 2(2) I o
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or two internal contractions between w and &. The number
of dots between the ¢, y and ¢ indicate the number of
indices to be contracted between neighbors. If the contrac-
tion involving €*A#" appears, the appropriate indices are
indicated by apostrophes (there are always three and only
three apostrophes for each amplitude).

The helicity-coupling amplitudes satisfy, from parity
conservation in the strong decay,

F,J\V = 77!775770-(_)17S70-FJ—)L—V = (_)S+a+€7JFJ—,\—,,:
(6.13)

TABLE V. Decay amplitudes for s + ¢ —J = odd (s = 1 or 2
and o = 0). R stands for the rank.

R(ny) R R,
3 2(1') : 3 . 2
4 2(2") 2! . 3/
5 2(17) . 4/ : 3/
6 2(2) 3 : vy
7 2(1") : 5! - 4
8 2(2") 4 - 5/
9 2(1") . 6 i 5!
TABLE VI. Decay amplitudes for ¢ —J =even (s = 1 and
o = 1). R stands for the rank.
N Rg(ny, n,) Ry R,
1 0 2(0,0) 0 0
2 2 2(0, 0) 2 0
3 0,1,2 2(0,0) 1 1
4 0,1,2 2(1, 0) 1 1
5 0,1,2 2(0, 1) 1 1
6 2 2(0, 0) 3 1
7 2 2(1, 1) 0 2
8 0,1,2 2(0,0) 2 2
9 0,1,2 2(1, 0) 2 2
10 0,1,2 20, 1) 2 2
11 2 2(0, 0) 4 2
12 2 21, 1) 1 3
13 0,1,2 2(0,0) 3 3
14 0,1,2 2(1, 0) 3 3
15 0,1,2 2(0, 1) 3 3
16 2 2(0, 0) 5 3
17 2: 2(1, 1) 2 4
18 0,1,2 2(0,0) 4 4
19 0,1,2 2(1, 0) 4 4
20 0,1,2 2(0, 1) 4 4
21 2 2(0, 0) 6 4
22 2 2(1, 1) 3 5
23 0,1,2 2(0,0) 5 5
24 0,1,2 2(1, 0) 5 5
25 0,1,2 20, 1) 5 5
26 2 2(0, 0) 7 5
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TABLE VII. Decay amplitudes for £ —J =odd (s = 1 and
o = 1). R stands for the rank.

PHYSICAL REVIEW D 78, 074027 (2008)

TABLE IX. Decay amplitudes for 2 — 2 + 2. R stands for the
rank.

S Rg(ny, ny) Ry R, S R(ny, ny) Ry R;
1 1 2(1, 1) 1 0 1 1,2,3 41,17 1 : 2/
2 1 21, 1) 0 2 1,2,3 42,2') I/ 2
3 1,2 2(1/,0) : 2/ 1 3 1,2,3 42", 1) : 1 2/
4 1,2 2(0, 17) : 2/ 1 4 1,2,3 4(17,2") : 1 2/
5 1,2 2(1,17) 2/ : 1 5 1-4 41, 17) 3/ : 2
6 1,2 2(1,17) 1 . 2/ 6 1-4 4(1,0) : 3/ : 2/
7 1,2 2(1', 1) iy 2! 7 1-4 4(0,1") . 3/ . 2!
8 1,2 2(1, 1) 1 28 1—4 4(1', 1) : 3 : 2!
9 1,2 2(1, 1) 3/ : 2 9 3,4 4(1',0) - 5 : 2/
10 1,2 2(17,0) : 3/ : 2/ 10 3,4 4(0,17) N 5 : 2/
11 1,2 2(0,17) : 3/ : 2/ 11 3,4 41, 1) : 5/ : 2
12 1,2 2(1, 1) 2 : 3/
13 1,2 21, 1) 2 : 3
14 1,2 2(1, 1) 2 ' 3" If particles s and o are identical, we have [6,8]
15 1,2 2(1',0) : 4 : 3/
16 1,2 2(0, 1) L : 3 Fi,(s,0) = (=) F),(0,5), (6.15)
17 1,2 2(1, 1) 4 - 3 .
18 1,2 2(1l’ 1/) 3 - 4/ and this leads to, from (67),

! / . /

R A e
21 1,2 2(1', 1) 5 :: 4 We impose the identical-particle condition by substituting
2 1,2 2(17,0) : 5! s 4
23 1,2 200, 1) : 5/ . 4 F (s, 0) = I F) (s, 0) + (=) F,(0,5)], 617
w2 2‘2((11’; 11’)) ¥ § gj Al (s, 03 8) = YAl (s, 036) + (=) Alg(a, 5 — )],
26 1,2 2(1, 1) 4 - 5" In this operation, we need to point out that the factor ¢ in
27 1,2 (1", 0) ) o - 5 (6.7) must remain invariant; in another words, “r” stands
28 1,2 2(0, 1) ) 6 - 5 for the magnitude of “r” and hence it does not change
29 1,2 2(1,17) 6 e 5

where the product of intrinsic parities is linked to the
allowed orbital-angular momenta via 1,7, = (—)¢, so
for a given decay channel either F, = F/,_ or F, =
—F’,_, holds for all amplitudes. From (6.7), we see that

Al (s, 038) = (=) ST AL (s, 05 —5). (6.14)

TABLE VIII. Decay amplitudes for 2 — 2 + 2. R stands for
the rank.

S R(ny, ny) R, R,
1 2 4(1,1) 0 2
2 0-4 4(0,0) 2 0
3 04 4(1,0) 2 2
4 04 4(0,1) 2 2
5 04 4(2, 0) 2 2
6 04 4(1, 1) 2 2
7 04 4(0, 2) 2 2
8 2,3, 4 4(0,0) 4 2
9 2,3,4 4(1, 0) 4 2
10 2,3, 4 400, 1) 4 2
11 4 4(0, 0) 6 2

sign.

The formulas (6.7) and (6.9) constitute the main result of
this paper. We give a few examples of practical importance
to illustrate the use of these formulas. For the purpose, the
following general formulas will prove to be useful.
Observe

¢*(Um) = (=)"$(J — m),

w*(smg) = (=)™ w(s — my),

(6.18)
e'(om,) = (=)"e(o —m,),
X" (£0) = x(€0),
so we find
P(s, 038 = 8) = (=) 5(=)2¢*(s, 0, 88)  (6.19)

and

Als(s, a3 =8) = [p, ¥(s, 038 — 8), x(€0), $*(J — 9)],,

= (=) SAL(s, 03 8), (6.20)
and so, combining with (6.14),
Al(s, 038) = (=) T I AL (s, 03 6). (6.21)

So we see that AJ(s, 03 8) is purely real (imaginary) if
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s + o + € — J = even (odd). We see that this is consistent
with (6.9): the amplitudes A{ (s, o; 8) are real in general,
except when the €*#7% and p are used to form a Lorentz
scalar, in which case the amplitudes are proportional to
(iw) times a real factor, so that they become purely imagi-
nary. Since (€0S8|J ) is contained in Aés(s, o; 8), we must
have

Al(s,050) =0 if €+ S—J=odd. (6.22)

If there are more than one amplitude for a given {€S}, then
we need to include them all by modifying the appropriate

factor in (6.7)
|

&(F) = —&(=),

£ (m) - &(m') = 6,
£(0)-£0) =1

£°(0)- £'(0) = v,

£0)- &0 =y,

PHYSICAL REVIEW D 78, 074027 (2008)

gisAlg(s, 03 8) = Z(”gés(")Aés(s, o;0), (6.23)

where () gﬁs’s are now the phenomenological constants to
be determined experimentally. In the examples given in
this paper, there are no more than three different ampli-
tudes for a given {€S}, so for a more transparent notation
we denote the amplitudes A, B and C, with the constants g,
f and h, respectively.

Let £(m), &'(m) and &"(m) stand for any of the wave
functions w, &, y or ¢. For the calculation of the ampli-
tudes it proves useful to note that

£°(0) = £(0),

if morm = %1,

(6.24)

if £and & = y or ¢,
if £ or ¢ = w and the other = y or ¢,
if £ or ¢ = g and the other = y or ¢,

w*(0) - £(0) = w(0) - £"(0) = w(0) - £(0) = v,7,

and also, using a shorthand notation where &, &/, £ follow
the sequence w, ¢, x, ¢,

[(m)(m")(m")] = [p, £(m), &'(m), £ (m")] = 0, (6.25)

except the following:

[(H)EF)NO0)] = =(iw)a,

[(£)0) ()] = £(iw)a, (6.26)
[0)(£) ()] = F(iw)a,
where
a=1 if (0) = x(0) or ¢(0),
a =7y, if (0) = w(0), (6.27)
a=vy, if (0)=g0).

We are now ready to give the nonrelativistic Gﬁs’s in
terms of the relativistic gy ’s. From (6.6), (6.7), and (6.23),
we find

2¢ + 1\~1/2
Jo=|=—— €058]78)7!

X X gl DAL (5, 0 ey and 3,1 (6:28)
1

where wy, is the w at its threshold. We emphasize here that
our decay amplitudes, constructed with the prescription
following (6.9), correspond to the process |Jm) — [S8) +
|€0) and hence it must be proportional to the Clebsch-
Gordan coefficient (€0S8|J8). What is remarkable is that
the proportionality constant is independent of & in the
nonrelativistic limit, i.e. v, = vy, = 1 and w = wy,. This

result can be traced to the fact that the wave functions
¢*(J8) and y(£0)r¢ are at rest in the JRF, so that they do
not have time components. So, even though the wave
functions ¢(s, o; §6) with a total intrinsic spin S have
nonzero time components, they do not contribute to the
covariant decay amplitudes (6.9) and (6.10). The resulting
amplitudes are proportional to (w/wy,)" with ny(= 0, 1)
defined according to the prescription following (6.9) and
are functions of y, and vy, only. As a consequence, our
invariant amplitudes lead to the nonrelativistic helicity-
coupling amplitude F}, of (6.2) through the formula
(6.28).

We note that, if the Clebsch-Gordan coefficient in the
denominator in (6.28) is zero, the amplitude A% s(s,038) is
zero, and hence gﬁs and Gés can be set to zero as well. From
(6.9), we see that Gés’s are proportional to a factor (iwy,) if
s+o+4€—J=odd butitisabsentif s + o +€ —J =
even. If we had used the unitless prescription as given by
(6.10), then the factor (iw,,) would have been replaced by
(w/wy,). See Sec. XI for further comments on (6.28).

There exists one important class of decay modes with
just one nonzero intermediate spin state. Specifically, let

o=v=0. Then we have S=s, 6d=A and
(s, 0;88) = w(sd), so that
Fy= gl A} (s, 0:0)r,
7
Ay (s, 0:8) =[p™, w(s8), x(£0), p*(JB)],,  no=0,1
(6.29)

Here the invariant amplitude refers to the transition
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|J8) — |s8) + |€0).
(6.2) reduce to

The helicity-coupling amplitudes

(6.30)

20 + 1\112
F} = 81J8)G] rt
! ;<2J+ 1) (€0s5178)GY,r

The formula (6.28) for this case reduces to

Gl — <2€ + 1)71/2
€S 2J +1

X (€085178) gl WAL (s, 075 8)| ey, and y,—1)-
(6.31)

It can be shown that there exists a single A (s, o 8) for
any given set {J, £, s}; i.e. the summation on i in (6.28) does
not apply here. Once again, the right-hand side of the
formula above does not depend on &, because its depen-
dence on the amplitude Aés(s, 0, 8) is cancelled by the
Clebsch-Gordan coefficient in the denominator.

A word is in place how to relate our findings to the more
standard way of investigating Lorentz-invariant structures,
as e.g. used in [9], where all possible (parity-conserving)
combinations of the four-structures describing the process
are contracted using the standard metric tensor g,,,. Then,
the connection to the momentum-space wave functions and
transition to the nonrelativistic partial-wave amplitudes is
contained only indirectly, although obviously, the so-
introduced amplitudes are not in contradiction to the for-
mulation of the relativistic LS-coupling scheme explored
in this article. The relation is discussed in more detail for
two examples given in Secs. VIIC and VIII D.

VIIL. ILLUSTRATIVE EXAMPLES I

Here we give a set of selected examples to illustrate the
principles involved and to demonstrate the need to care-
fully examine each, so as to cast the invariant amplitudes as
general as feasible. We confine ourselves to the cases in
which both of the decay products have spins given by s =
1 or 2 and o = 0. Although the decay modes in which one
of the two decay products is spinless have already been
treated adequately in a previous paper [1], we start with
three such examples in order to contrast with those treated
in Appendix C. A nontrivial case with J = 3 is treated as a
fourth example.

We first give in Tables II and III the decay amplitudes
with s = 1 or 2 and o = 0 and then give F’’s explicitly
with four examples.

Al =1 +0
Here we must have £ = 1 from parity conservation, and
the decay amplitude (6.9) in the JRF is

PHYSICAL REVIEW D 78, 074027 (2008)

[p, @(18), x(10), $*(15)],
€*P7p,w5(18)x,(10)¢5(18)
= we;jw;(18) x;(10);(15)

= *(iw) (6==1)

=0 (6 =0).

AV(s, 03 8) =

(7.1)

The amplitude given here corresponds to row 1, Table I'V.
Note that (7.1) is in fact the only acceptable decay ampli-
tude which satisfies (6.13). The helicity-coupling ampli-
tudes are, from (6.7),

FO = +Gwgl)r,  F =0, (7.2)

where g 11 , with {€S} = {11}, is an arbitrary phenomeno-
logical constant. In the nonrelativistic limit, we have

\/EF(J_,I) = 1G(,1])r and Fél) = 0. So we conclude G(lll) =
—2(iw)gl}
B.27—1 +0"
There are two orbital-angular momenta € = 1 and € =

3. The covariant amplitudes are given in rows 4 and 5,
Table II, for pure P and F waves, respectively. They are

[w(15), x(10), ¢*(25)],,
= 0 (18)xP(10)%5(29),
AL (s, 3 8) = [w(18), x(30), ¢*(28)],,
= 0, (1) x*F7(30)$3, (25),

so that, using the Lorentz metric g(w) in the JRF,
D g 1) =
A (s, 03 1) = —,

2
A% (s, 0;0) = \ﬁy
V2 3 (7.4)

V2 AG)(s, 0,0) = \/—67
5 7

(2)(s o, 06) =

A5G o3 1) =

?;
From this one obtains
o_1(o_20
FY = ﬁ(g —S8nT 2)
2 3
2) _ (2) 2
FE)) - J;%(gn Sggl) 2)

The helicity-coupling amplitudes in the nonrelativistic
limit are, from (6.30),

3 2
2 2 2
V2FQ = ‘/;G(H)r - ‘ﬂcgm
FO = ‘ﬁGe) \[ @3
5

We obtain, from (6.31),

(7.5)

(7.6)
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5 2
2 2 2 2
G(l 1) = \/;8(11)’ G(31) = _\/;ggl)'

C.1"—=2"+0"

This decay can proceed via two allowed values of ¢, i.e.
€ =1 or 3 (see rows 2 and 3, Table III),

[@(20), x(10), $*(18)],,

(1.7)

A(llz)(s, o; 0)

= wB(28) x5(10)$%(18)
1
2
= \gy% (8=0) (7.8)
and
A(s, 73 8) = [0(28), x(30), p*(18)],,
= ©,5(28)x*F7(30) % (15)
= ﬁ'ys (6=+1)
= —‘[(1 +292) (8 =0). (7.9)

The helicity-coupling amplitudes are, from (6.7) with J =
1,

1 2
Fl 1 1

1 1 1 3

and g(3]2) are arbitrary phenomenological

(7.10)

where g(llz)
constants.
In the nonrelativistic limit, we obtain

\/_F(]) \/7G(l) JrG(l) 3
(1) _ 1) 1
e

Here we see for the first time the rules (6.3a) and (6.3b) are
obeyed by the formula above. Note also that (6.4) is
satisfied as well. If we set y, = 1 in (7.10), we find that

5 2
1 1 1 1

which can be obtained directly by applying (6.31).

Using the standard procedure as discussed in the last
paragraph of Sec. VI, the possible Lorentz and parity
invariant  structures read A = w*’r,¢); and B =

(7.11)

(7.12)

PHYSICAL REVIEW D 78, 074027 (2008)

whVr,r,r"¢7. Writing the helicity amplitudes in terms
F(A) = aA()\) + BB(A),

(7.13)

2( w w
-]
o =Y\ L7 G )BT

indicates that in this approach, the structure « must be
composed of terms also with r* dependence, such that a
transition to the nonrelativistic formulation (7.11) can be
obtained. The intended generalization of the LS-coupling
formalism is contained only indirectly in that approach.

D.3" =27 +0°
We give, as a final example of this section, the helicity-
coupling amplitudes for J =3, s =2 and o = 0. The
requisite amplitudes A?S)(s, 0; 8) require three orbital-

angular momenta € = 1, 3 and 5, as given by rows 7, 8,
and 9 in Table III. The results are

1 5 2
— 73_ A(u)(s’ o;l)= 2\/%%,

A% (s, 012)

1 2
A% (s, 0,0) =J—T§(27% +1),  AYGs,0:2) = “5A
11/2
3 3
Agz)(v o;1)= 3 E'ys, Agz) 15\/7(3 2

2 3
- A )=———
s Anesd 21\/;75’

A?z) (s, 0:2)

20
AP(s, 050) = ———(292 + 1), (7.14)
> 63415 1
which lead to
1 2 2
3) 3 3 3
F5 —7§<g1§ S8Rr 2lg”r“)
2 1 10
Fy = —(28(132)+ g5 = 5 88 4)%%
15 5 21
(7.15)

(3 _ 3 (3) 2 1) 4 (3)(3 1) 2
Fy' = + -]+ — - =
0 J;{g12<3y 3 15 22 2y 2 r
20 (/2 1
'8 g(52)<3 vi 3) 4}r’

where 8(12) , g(332) and g(3) are the constants in the problem,

corresponding to £ = 1, 3 and 5, respectively.

074027-12



COVARIANT HELICITY-COUPLING AMPLITUDES: A NEW ...

In the nonrelativistic limit, we find that

(3) \/7G(132) \/7G(32)r3 , G(3) 5
’ ’10
3 3 3 3
\/_F( ) = —G( ) G(2)r3 — —21ng)r5, (7.16)

3 2 10
FY) = ——=GYr——=G{r +

V35 P V15

Setting y, = 1 in (7.15), we see that

®3)
ﬁGSZ Vs.

7
3 3
o =
(7.17)
2 2 2
3 3 3 3
6 = -2 wa o =20

This can be obtained directly from (6.31).

VIII. ILLUSTRATIVE EXAMPLES II

Here we confine ourselves to the cases in which both of
the decay products have spins given by s = 1 and o = 1.
The corresponding decay amplitudes are worked out in
Tables VI and VII. To further illustrate the techniques
involved, F”’s are explicitly worked out with a few
examples.

A0T—1" +1°

The allowed orbital-angular momenta are € = 0 and 2
(see rows 1 and 2, Table VI). Since J = 0, we must have
S=4¢€=0or2and A = v = 0or 1. So we find in the JRF

= [¥(1, 1;00)],,

= > ¥;(1,1;00) =

AW (s, 0730) = G (W) WeA(1, 1;00)

1
—— 2+ 7,7,),
\/5( YsYo)

AP (s, 30) = [W(1, 1;20):x(20)],,

12
= Z\I,ij(ly 1;20))(ji(20) = g\/;(l +27%0)
ij

(8.1)

where we have used the notation ¢ to indicate internal
contraction of the rank-2 tensor. The helicity-coupling
amplitudes are, from (6.7),

0
)+ 165 Grsy, + D2

0
D +389 Grivs + R

FO. = —go)(mn 8.2

0 0
F(()O) = gE)())(3’)/S’y{T +

We write the amplitudes so that the elements dependent on
Lorentz factors are normalized to 1. Under the requirement
of Bose symmetrization, the amplitudes above must be
symmetric under interchange of s and o. We see that it is
automatically satisfied.
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Consider next the case of a very large mass for the parent
particle. In the limit w — oo, we find

0 0 0 0
FO. = (=g + 25 )v.vs = 3807707 63)
0 0 0 .
Fil — gl + ;‘gé) ) YYo= 2 VYol

since r2 — oo in this limit.

In the nonrelativistic limit, the helicity-coupling ampli-

tudes are given by
\[ Gyo + \[ Gpr?,

(8.4)
F(J)o = _\/gG(J)o + ‘EngrZ,
with J = 0. We set y;, = v, = 1 and find
Gl = —Bgl, and G}, = ‘Eggz. (8.5)

This is consistent with the formula (6.28).

B.0"—1" +1°
The allowed orbital-angular momentum is € = 1 (see

row 1, Table VII). Since J = 0, we must have § = ¢ = 1.
The decay amplitude is

W, 1510), x(1'0)],, 7= 2(iw),

(8.6)

and the corresponding helicity-coupling amplitude is

F(O) — (lW)g(O)

A5, o300 =1[p,

FY =0. (8.7)

Again, the Bose symmetry is automatic. In the nonrelativ-
istic limit, we have v2F{ (0) = —G(lol)r and Fé%) = 0. Sowe
obtain G'§ = —/2(iw) g(o)

C.1 —-1"+1"

The allowed orbital-angular momenta are £ = 0 and 2
(see rows 2, 3, 4 and 5, Table VII). Since J = 1, we must
have S = 1 or 2. The invariant amplitudes are, with 6 =
A— v,

AW(s, 03 8) = [p, W(I', 1;58), ¢*(1'8)],,
S=1,

AV(s, 01 8) = [p, W(1', 0, $8) - x(2'0), $*(1')],.

§=12 (8.8)
B (s, 03 8) = [p, W(0,1';28) - x(2/0), $*(1'5)],,
S=12
C(s, :8) = [p, W(1,1';88), x(2'0) - ¢*(15)],,,
S=12
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and so
W oy — L
A()] (S) g, +) - \/_E(lw)(y? + yﬁ)) (8 9)
AY)(s, 030) = V2(iw),
and

1
A(l)s,a;—i- = —w)2v, — V),
21( ) 3\/5( )('y 'y‘)

1
(1) :
s, o; + iw) 2y, — Vo)
1 ( ) = 3\/5( )2y — Vo)
2
AN(s, 030) = —=B3(0) = — \/T_(iw), (8.10)
(s, 7 4) = = ——(w)(7s + 74,
32
2
m(s 0;0) = \—/_(lW)
We find, in addition,
Al s, o+ 4 ) ot Vo) Al s,0;0) =0,
22( ) = 3\/— Y ) 22( )
(8.11)
and
(iw)
BR(+) = 2@y, +v,).  BRO) =0,
32
(iw) (8.12)
W+ =Ly, —y) o) =0.
22( ) 3\/5(')’ 7.) 22()

So we define the most general helicity-coupling ampli-

tudes to be
F{, = F{,(A) + F{,(B) + F{,(C). (8.13)

We assign constants gy’s, fJ ’s and h’ 7s S to the amplitudes
A, B and C, respectively, and obtain

F(+1)+ — (zw)[g(l) ;g(le)rz + 3f(l) 2 4 2h(211) 2]

1 . 1 1
Fil) = (iw)gh) Gy, + Ly — 108) Gy, + Ly)r?
+ Ly, — y)r? - gf(zl)(sz — Yo’
1
+ L) (v, — vt = Le8) Gy, + Ly )r?
- zf(212) %'YS 370)72]
F(l) = (iw)[ (1)( +1 ) — lh(l)( +1 ) 2
+0 w g 2')/0' 27s 2')/0' 27s r
68(211)(2’)/0' - 75)7‘ 6 (1)(275 70)r2
— I (v = ) + 1g5) Gy + Ly

+ 379 Gy, + 3007 (8.14)
We conclude that the three helicity-coupling amplitudes F
depend on a total of seven parameters: three g’s, two f’s
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and two h’s. The terms with h(zlz) are purely relativistic; they
vanish in the limit y, = y, = 1.

This example can be used to also evaluate 17 — 1~ +
17 with the two vector states being identical. The resulting
helicity-coupling amplitudes are, from (6.17),

F. =0,
Fi) = (w)IMes) = 5 (ve — 7,) — X%
— NGy, +
FU = (i)Y = f0(yy = 7,)
+1g5 = FD Gy, +

and the amplitudes depend only on two parameters (g(l) —

(1)) and (g(l) (1)) The first term is purely relativistic
and so it vanishes in the limit y, = vy, = 1. In addition,
one may expect that the first term should remain small and
insignificant, since y, should be nearly equal to vy, inde-
pendent of the size of w compared to m or w.

The helicity-coupling amplitudes are, in the nonrelativ-
istic limit,

2
\/—F(l) :TG(I) \/;G(z?”z’
Varh = Lgw y L gwa

N JE V27
\/_F(l) __G(l) G(l) 2 +—G(1) 2

N N

So there are just three parameters in this limit. Note that the
summations indicated by (6.3a) and (6.3b) hold for the

%75‘)]’2:

21, (8.15)

Lowre  ®16)

formula above. By setting vy, = y, = 1, we obtain
GE)II) = \/g(iw)g E)ll)’
Gy = 7—( iw)(g) — f5) —2n3), (8.17)

G = (iw)(g5 + 1))

Or, alternatively, we could have used (6.28) to obtain the
same result.

D.1" —-1" +1°
The allowed orbital-angular momenta are € = 1 and 3
(see rows 3,4, 5 and 6, Table VI). Since J = 1, we can have

S =0, 1 or 2. The invariant amplitudes are, with 6 = A —
v,

A(s, 0;8) =[¥(1,0,88) - x(10)$*(18)],, S=0,1,2,

B (s, 0:8) =[W(0,1;58) - x(10)¢*(18)],, S=0,1,2,
(s, 08) =[#(0,0,58) x(10) - $*(15)],, $=0,1,2,

AV (s, 0;8) =[¥(0,0;58):x(30) - $*(18)],, S=2.
(8.18)
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We find
We ) = — L W) = — 1 W) — — L
A]O (S, ag,; O) - = 7:;7.?70" B]() (0) - = Tgysya’ C]() (0) - ﬁ(z + ysya))
AV o0=0 BlO=0  CcO)=0
1 1
A(lll)(S’ g, +) == \/_E’yy B(lll)(s’ g, +) =+ ﬁ’}/a’r C(]I])(—l—) = 0;
2 2
AR (s, 030) = —\gwym B\ (s, 0:0) = \g%vm CiY(s, 0:0) = \[ (1= %o,
A (s, 0 4) = = B, 05 4) = —=y,r,  CU(+) =0, (8.19)
\/5 ’YS \/i 70'
and
AY(s, 30) = —‘f 1+2%70) AN o t) = ——=(7, + 7,) (8.20)
52
We assign constants gy’s, 1 s S and h% s to the amplitudes A, B and C, respectively, and obtain
FO = =& + AADYsve + 3050 C + Lyoy ) Ir + (&) + £ veve + h00 = vy )lr + L5 G + Zyy ),
Fol =37 = 0 vo)r + 3l vs + £ vo)r — LGy, +3v,)r,
Fly = =3y, = iV vo)r + 3By + Y vo)r — 188 Gy, + 1y,
Fig =450 + £ Ysvo + HQ + vy )l + (@ + £y + Y0 = vy )] + 285¢ + 3y,v0)r. (821)
|
So1 the iimpl}tude? de end lon el%ht para{neters (g(l)
10 &1 813 839 fi) £, A and ALY, Tt should be \[ Glior - \/ =Gir + —Gé‘z) ’
noted that the term proportional to h12 is purely relativistic,
since (1 — y,7y,,) vanishes in the nonrelativistic limit y; =
— \/_ (1) = _—GW, W, _ = W <3
Yo = L. 2F, \/— Gyr OGlz \/§G32
This example can also be applied to thecase 1~ — 17 + (8.23)
17, where the two vector states are identical. We need to | 1 X 3 4 1 |
carry out the operation given in (6.17). The resulting V2F % = —\/—_G(H)r - EG(U) r —Tng)r3,
amplitudes are 2 5
w__ Lo, 2 0 2
Fog = — \/—_3_G10r - \/T.S_Glzr + \/;G32 r.

FO, =0,

FJ) =gl = DGy, +y,)r
+ 1l — Ay, — v,

F) =0,

Fly = =38t = AD Gy, +y)r

+ 1 = FD = yor (8.22)

The amplitudes depend on two parameters (g(l) (1)) and

(g (1) f(l)) The terms corresponding to the second pa-
rameter with € + § = odd, vanish in the nonrelativistic
limit y, = vy, = 1.

The helicity-coupling amplitudes are, in the nonrelativ-
istic limit,

In this case, there are four independent parameters: G(llo),

G(lll), G(llz), and G(3]2) It is instructive to note that the nor-
malization conditions given by (6.3a) and (6.3b) are sat-
isfied by the formula above. Once again, we set
v, = Y, = 1in (6.21) and obtain

O =~ el Gl = e
2
o= o=l e

which is consistent with (6.28).

As for example VII C, we investigate the formulation in
terms of the possible Lorentz-invariant structures C =
wte,r’d,, D= wtr, e, E= e‘r,0"¢, and H =
w*r,€"r,r'¢;. Again, in the expansion F(Av)=
S ke(cpem @k - K(Av),
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F(Jrl)Jr = —acr,
\
FU = o —,
0+ D2ws
w
Fl) — —ap—Tr,
o* 2w, (8.25)
2 2 2
(1) _ we = wy — Wg w
F,=—-op—————ap—
00 [ © 2ww, Dow, Yo
w ] whoo
+ap—vy,|r t ay r,
2w, 4w,w,,

the structures ax must contain additional * dependence in
order to obtain an explicit transition into the nonrelativistic
terms (8.23). This reflects the fact that the so-introduced
structures do not relate directly to angular momentum
eigenstates.

IX. ILLUSTRATIVE EXAMPLES IIT

We continue illustrating the decay amplitudes by con-
sidering the decay modes with J = s = ¢ = 2. In order to
make our paper concise and readable, we merely show the
allowed amplitudes in tabular forms and exhibit a few
explicit examples of a given J, € and S but we do not
work out F* f A, the reader is invited to consult our C + +
program posted online (see Sec. X) for the full details.

The decay amplitudes with s + o + €; = even (odd)
are given in Table VIII (Table IX). The decay amplitudes
are, in the JRF,

row 1, Table VIII: A (s, o; 8)
=V, (1,1;88)877 (W), (26),
row 7, Table VIII: A(zzs)(s, o;90)
= WaBLL(0,2; 58) x05(20) 7, (20),
row 9, Table VIIL: AZ(s, o3 §)
= WeBLY(1, 05 88) X purr(40)877 (W) 7 (26),

9.1

and

row 1, Table IX: A(IZS)(S, ; 6)

= €apurP*VPTPH(1, 17,88)8,,(w) x,(10)p*7"(2'5),
row 2, Table IX: A(IZS)(s, ;90)

= €, WPPH(2, 2/, 88) x" (1'0)$7,(26),
row 8, Table IX: Agzs)(s, o; 0)

= €apurP*VPPH (1, 1 88) X1, (30) ™77 (2'5).
9.2)
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X. AMPLITUDES FOR SEQUENTIAL DECAY

We now turn to a discussion of the decay amplitudes for
which the daughter states s and o decay into, e.g. two or
more pions. To illustrate the techniques necessary for such
processes, it is sufficient to consider the decay s — 77 and
o — 31r. So s can represent any one of f(600), p(770) or
f»(1275), while o could be @(782), a,(1260), a,(1320) or
7,(1670). The “analyzer” for the 777 system is the mo-
mentum of one of the pions in its appropriate rest frame,
whereas the analyzer for the 37 system has been chosen,
for the purpose of illustration in this section, as the normal
to the decay plane in its rest frame.

Consider the decay amplitude J/ — s + o in the JRF as
given in (6.1). Let (X, ¥, Z) stand for the coordinate system
in the JRF, in which the angles (6, ¢) describe the orien-
tation of s. We go into the sRF and choose the coordinate
axes (Xy, ¥, Z,) such that

and 553 = 5})5 X ZslsRF'
10.1)

2y % 5l res Vs % Z X 5| rps

Here we have taken advantage of the fact that the direction
of s in the JRF is preserved in the sRF, and the vector 7 X §
is normal to the direction of the Lorentz transformation and
hence invariant under the transformation. We note that this
particular choice of the coordinate system in the sRF is
dictated by the choice of the arguments (¢, 6, 0) of the D
function which appears in (6.1) [6]. Let (0,, ¢,) describe
the orientation of one of the pions for the decay s — 77 in
the sRF. Then, the decay amplitude is

2s + 1

M0, b)) =

F*D%y (o, 65, 0), (10.2)
where F* is the complex decay-coupling constant, which
could be absorbed into F,. The description of the decay
o — 3 proceeds along a similar path. The coordinate
axes (X, ¥4, Z,,) in the oRF are

Zo © Glre = =3l rp

Vo ®ZX Glgp = —Z X Sljrp,  and

>

Xo = io’ X Za'ltJ'RF- (103)

Let (6, ¢,) describe the orientation of the normal to the
decay plane for 0 — 3 in the oRF, and let ¢, fix the
direction of one of the pions in the decay plane. Then, the
decay amplitude is [6]

200+ 1
MOy, bo 00) = \/WZF@‘;}(% 0o ©o):
4

(10.4)

where { is the spin projection of ¢ along the decay normal,
i.e. —0 = { = +o0, and hence it is a rotationally invariant
quantum number. F is the complex decay-coupling con-

stant, which satisfies, from parity conservation in the de-
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cay,
Z'T = no(_){+1F2'T

So, if 5, = +1(—1), we must have F = 0 for = even
(odd). Consider, for example, that o is the (782) and we
examine its decay into 77" 707, Since F¢ = 0, the only
nonzero decay-coupling constant is F|J, which implies that
the D function with { = 0 is independent of ¢,. Integrate
the resulting angular distribution over the angle; this is
equivalent to multiplying the decay amplitude (10.4) by
V27 and setting ¢, = 0. We see that the amplitude is
exactly the same as (10.2) for p — 7w, a well-known
result.

We are now ready to write down the full decay amplitude
for J— s+ o0, s— 77 and o — 3. It is simply the
product of (6.1), (10.2), and (10.4), i.e.

M, (M0, $) M0, )M (05, b0 @),

where all of the rotationally invariant quantum numbers
appear either as super- or subscripts. The overall amplitude
depends on seven angles and on M as arguments. Here the
spin projection M of J in the JRF appears as an argument
in M, since it is not a rotationally invariant quantum
number. We note that the set of angles {0, ¢, ¢} is in
reality the familiar Euler angles which fix the orientation of
the 37 system in the oRF.

(10.5)

(10.6)

XI. CONCLUSIONS AND DISCUSSIONS

We have given in this paper a general prescription for
incorporating the functional dependence of the Lorentz
factors in a fully relativistic two-body decay amplitude.
We believe that our approach given in this paper is a proper
and a natural way of combining the helicity formalism of
Jacob and Wick [8] with the tensor wave functions of
Rarita and Schwinger [10], Behrends and Fronsdal [11]
and Zemach [12]. The central idea for such an approach
has been presented in Sec. VI, and a number of examples of
the decay J — s + o have been given in Secs. VII, VIII,
and IX.

We need to elaborate on the measurability of the Lorentz
factors worked out in this paper. For the purpose, we first
point out that, for application to partial-wave analyses, the
amplitudes A%S must include not only the Breit-Wigner
forms for the daughter states s and o but also those for
parent states J (for the so-called mass-independent global
fits to the experimental data). It is best to illustrate the
proposed formalism with two examples for the decay

process:
J—os+o wo MeV) Ty MeV) r (MeV/c) Amplitudes

m,(1670) = p + w 16724 259 2X 648 Sec. VIIB
£,(1285) = p + p 1281.8  24.1 Sec. VIIID

Consider first the decay of the 7,(1670). The relative
momentum r = 1.30 GeV is large enough for vy, to be
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substantially different from one; it is a variable which
depends on the p7r effective mass w, as it ranges over,
e.g. from wy — I’y to wy + I’y and, in addition, it depends
on the 77 effective mass m;, from the decay p — 7 + 7,
designating the pions from the p decay by the subscripts 1
and 2. The Lorentz factor is, in the JRF,

B \/612 + mi,

Ys = ’
mps

(11.1)

where the effective mass m, is subject to the Breit-Wigner
form for the p. So the coefficient of vy, should be measur-
able and hence add important new information on the
decay property. We advocate that both approaches, non-
relativistic [(6.2)] and relativistic [(6.7)], be used on the
data and assay the difference by comparing the fitted
parameters using (6.31). Here the comparison should be
carried out with the amplitudes at their maxima, i.e. w =
wy, 18 replaced by w = w,, where w( is the mass of the
m,(1670), and m, of (11.1) by m,, the mass of the p.
The situation with the second example above is differ-
ent. We note that wy = 1281.8 MeV is less than 2wp.2 Let
the first p(s) decay into pions 1 and 2, while the second
p(o) into pions 3 and 4. We need to set, in the JRF,

B \/qz + mi, B \/qz + m3,

Vs = ’ Yo = »
nmip M3y

(11.2)

where mi, and ms, stand for the appropriate two-body
effective masses. They are constrained by the two Breit-
Wigner forms for the p. Because of the narrow width of the
f1(1285), the w-mass dependence of the amplitudes is
absent; i.e. for all practical purposes, we could simply set
w = w, where w is the mass of the f(1285). The func-
tional dependence of vy, and y,, is important, owing to the
finite width of the p, and it should be included in the
analysis. Once again, both approaches, nonrelativistic
[(6.2)] and relativistic [(6.7)], should be used in the analysis
of data. The resulting parameters can be compared using
the formula (6.28), where the first requirement of w = wy,
is replaced by w = wy. Here the second requirement y, =
v, = 1 remains valid, since the Lorentz factors (11.2)
should be set at m, = ms, = wy/2 (so that g = 0).

A comment on the example of Sec. VIII A is in order.
Consider the hypothetical Higgs decay H — W + W~.
As the Higgs mass increases to infinity, we see that the
helicity-coupling amplitudes F' (io)t and F, E)%) become equally
large [see (8.3)], indicating that the vector character of the
W bosons is preserved in this limit. This is in contrast to the
well-known equivalence theorem [13], which states that, in
the infinite mass limit of the Higgs particle, the W bosons
behave like scalars (the Goldstone bosons). This phenome-

2 Another example with a similar situation is the putative decay
w—p+ .

074027-17



SUH-URK CHUNG AND JAN MICHAEL FRIEDRICH

non can be traced to the interactions of the W bosons with
the scalar field, with the result that the final W bosons
contain both spin-1 and spin-0 components in the standard
model. It is clear from this point of view that our helicity-
coupling amplitudes have nothing to do with the interact-
ing W bosons, and hence our phenomenological model
does not apply to the hypothetical Higgs decay H —
W™* 4+ W~ in the large-mass limit.

The Zemach amplitudes [12] are commonly used in
partial-wave analyses. They correspond to the nonrelativ-
istic limit, i.e. y, =1 and vy, =1, of the amplitudes
worked out in this paper. However, we need to caution
the reader that we do not imply that the Zemach amplitudes
are correct only in the nonrelativistic limit. We merely
wish to emphasize that our decay amplitudes with the
Lorentz factors are an equally valid approach to writing
down the amplitudes; our approach is more general, only in
the sense that our decay amplitudes lead to the Zemach
amplitudes when we set v, = 1 and y, = 1.

In our formulation of the decay amplitudes, the orbital-
angular momentum ¢ leads naturally to the barrier factor r¢
in the formula. Since the factor is necessary to ensure that
the amplitudes are singularity-free at the threshold, i.e. r —
0, we need to ‘“damp” it in the limit » — oo. This is
accomplished by substituting ¢ with the Blatt-Weisskopf
(BW) barrier factors [14]. The practitioners of partial-wave
analyses in fact use the BW factors in their Zemach am-
plitudes. Let f,(u) be the BW factor where u = r/r, and
ro = 0.1973 GeV/c. Here r, corresponds to a sphere of
radius 1 F for the strong interaction responsible for the
decay in the coordinate space. It can be shown that

2001,

wu ) fe) oo = 1,

fel,—o = (11.3)

which show that f,(u) is indeed the BW factor with the
appropriate expected properties. We give below the explicit
expressions of the BW factor for € = 0 — 5:

folu) =1,

Filw) = ull +u?]7'2,

Fol) = 202 — 32 + 92 V2,

f3) = w?[0Qu? = 5)2 + uP(? — 157217172,

Falu) = u?[(u* — 45u® + 105)2 + 25u2(2u* — 21)2]71/2,

fs(u) = w[225(u* — 28u® + 63)?
(et = 105u” + 9457]712, (11.4)

The helicity-coupling amplitude F as given in (6.7) in-
volves a factor A%S(s, o; 8)r which must now be replaced
by
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Al 0:0) = [ ()", w0258, x(e0), 6°09)|

th

and r{— f€<i>,
T

0

w

(11.5)

where the first factor has already been given in (6.10). The
right-hand sides of the equations above are given entirely
in unitless quantities, and they give the nonrelativistic limit
shown in (6.28) and (6.31).

We have presented several additional decay amplitudes
in Appendix C, which lie outside the scope of the pre-
scription for constructing covariant amplitudes as given in
Sec. VI. The main reason for not including these ampli-
tudes in the main text of this paper is because they violate
the rule that an amplitude with € must have a dependence
rt. If for some dynamical reason such an amplitude is
needed, then we must keep in mind that the extra factors
r result from the time components of the wave functions
for s and o [see (3.2)]. Hence they are fundamentally
different from the r* dependence, which after all comes
from a need to write down singularity-free amplitudes as
r — 0. As a result the procedure of substituting ¢ by a BW
factor does not extend to the extra r factors which are given
in Appendix C.

It is clear, in retrospect, that the result of an earlier paper
[1] by one of us applies only to the situation in which one
or both of the decay products are massless particles, e.g.
photons. In this paper it has been shown that the functions
involving the Lorentz factors can be expressed succinctly
in a closed form. Unfortunately, such a closed expression
seems impractical to us, and so we resort to the calculations
on a case-by-case basis. It is hoped that the illustrative
examples given in Secs. VII, VIII, and IX are sufficiently
diverse to show the reader how he should go about calcu-
lating the Lorentz factors for his own case. We have, in
addition, posted a general C + + program which gives the
helicity-coupling amplitudes for any integer values of J, s
and o, on two web sites [15]. We have checked that all of
the results presented in the main text agree with the C + +
program. The reader is free to download for his own use.
Any comments and/or queries on the program should be
addressed to Jan Michael Friedrich.
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APPENDIX A: THE LORENTZ GROUP IN FOUR-
MOMENTUM SPACE

The homogeneous Lorentz transformations are defined
through

p*=A*p" and g, A¥ AN =g, (Al

Our Lorentz metric g*” = g, has signature (+, —, —, —).

p* = (E, p', p, p*) = (E, p,, py. P.),

Pu = &uwP” = (E, p1, P2, p3) = (E, =Py, Py, —P2).
(A2)

Let w be the mass associated with p and adopt a notation in
which p indicates both the four-momentum and the mag-
nitude of the three-momentum, i.e.

E*=w>+p%  p*=pi+p;+pi (A3)
For each Lorentz transformation A, there exists a “gener-
alized angular momentum” operator J#” given by

i
A= exp[—iw#,,ﬂ“’], (A4)
where ®,, is an antisymmetric matrix whose elements
correspond to the six independent parameters of the

Lorentz group. J#” is an antisymmetric operator imbedded
in the four-momentum space. It can be shown [7] that

1)y = i(gh 8" — 8" 5k ). (AS5)

We define the angular momentum and the boost operator
forn=1,2or 3 via

J" :% nijjk’ K" = JOn — —J”O, (A6)

123 _

where & +1. Explicitly, they can be expressed as

(J")P, =0 except (J")/, = —ig,

(A7)
(Kn)p‘r = i(5p03mr + 6pn60(r)r
and they satisfy the usual commutation relations
[JE, J7] = iglkJk, [Ji, K/] = iglkKk,
S y (AB)
[Ki K] = —iglikJk,
The spin-1 wave functions at rest are
0 0
0 1 1
o — p(+1) = F —
e*(0) ol e (1) +J§ e (A9)
1 0

It can be shown that, with J, = J', J, = J* and J, = J°,
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J2e(m) = j(j + De(m),  j=1,
m=—1,0,+1,
Joe(F1) = +/2¢(0),

m= —1,0, +1,
J.e(m) = me(m),
J.e(0) = 2e(+1),

J.e(+1) =0, (A10)

where, with J,=J', J,=J* and J =J, J?=
J2+J}+J?and J. = J, % iJ,. Consider a boost along
the z axis which takes the rest-state wave functions e(m) to
e(p, m), where p has only one nonzero component, i.e. the
z component. Again, with the notation K, = K', K, = K*
and K, = K3, we can write B,(p) = exp[—iaK,] and find

coshe 0 O sinha
0 1 0 0
-
Bor.=| o o1 o |
sinhe 0 O cosha
) (A11)
cosha 0 O —sinha
0 1 0 0
-1 P =
(B2 ()Y, 0 o1 o b
—sinhe 0 0 cosha

where cosha = E/w and sinha = p/w. We see that

n
ep.m) = B.(pem), (0,00 = ¢ |
Y
Al2
. (A12)
+1) = F 1 1
e“(p,_l)—+7§ +i |
0

where n = p/w = sinha = yB and y = E/w = cosha
is the so-called Lorentz factor. The boosted wave functions
e(p, m) satisfy the transversality condition

puet(p,m) = 0. (A13)

The relativistic spin W#(p), operating on the states with
an eigenvalue of p*, is

We(p) =4ewB7p,, T, =1tV gp,, (Al4)
where we use the definition gy,3 = +1 so that %123 =
—1. Here p,, is not an operator. We see that

Wo(p)=J"-p, W(p)=EJ+KXp. (Al5)
It can be shown that
— W, (p)WH(p) = j(j + w?, Jj=1  (Al6)

appropriate for particles with spin 1. We are now ready to
define the “total intrinsic spin” operator S"(p) via

wS"(p) = B.(p)W"(p)B; ' (p) (A17)
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confining ourselves to boosts along the z axis only. It is
clear by the definition that the actions of wS"(p) on e(p, m)
are exactly the same as those of wJ on the at-rest states
e(m). Also, they obey the Lie algebra of angular momen-
tum

[S(p), S7(p)] = i€ Sk(p).

Once again define S'(p) = S,(p), $*(p) = S,(p) and

(A18)
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wS.(p) = wJ., wS.(p) = EJ, + pK,,
: : (A19)
wS,(p) = EJ, — pK,.
With
w2S%(p) = w[S3(p) + Si(p) + S2(p)], (A20)

S3(p) = S.(p). It can be shown that we find
0 +p 0 0 -p 0 0\
WS, (p) = i OO0 sm=i 7YY TR A
+p 0 0 -E : 0 0 0 0
0 0 +E 0 0 —E 0 0)
0 0 0 0 -2 0 0 Ep\
ws.m=w| O 0 TEOL ey =o] © who 00 (A21b)
0 +i 0 0 0 0 w?> 0
0 0 0 0 —Ep 0 0 Ez)

Taking the usual raising and lowering operators S (p) =
S.(p) = iS,(p), one can show that the boosted spin-1 wave
functions e(p, m) given by (A12) constitute the standard
representation for the angular momentum operator S(p)
defined above. To be more specific, the 4 X 4 matrices
derived from (A2la) and (A21b) acting on the four-
dimensional eigenvectors e(p, m) satisfy the familiar rela-
tionships for the operators {J., J, and J?} acting on |jm)
with j = 1 [see (A10)].

Define an arbitrary rotation by the FEuler angles

{a, B, v}
R(a, B, v) = exp[—iaS.(p)]exp[—iBS,(p)]

X exp[—iyS.(p)] (A22)
We see that
RS(a, B, y)e*(p.m) = Y e#(p,m)D')) (a, B, ).
(A23)

Note that the vector p, defined to be along the z axis,
remain invariant through the rotation. Consider now a
two-body system (1 + 2) in a state of total intrinsic spin

S, where the two-body S( p) is defined through

Su(p) = S (p) + P (p),
and the two-body wave function in a state of total intrinsic
spin S is

et(p, Sm) = Y (Imi1lmy|Sm)et(py, my)e” (py, my),

mymy

a={xy2z, (A24)

(A25)

where S =0, 1l or 2 and p = p; + p,. We find
RS(a) B: ')’)e’uV(P, Sm) = ZE'MV(P; Sm/)D,Sn/m(a: B: 7)
(A26)

Note again that p is not affected by the rotation. In contrast,
the orbital-angular momentum operator L = J — § acts
only on p and does not affect the spin part of the wave
function.

We have thus succeeded in separating out the total
intrinsic part from the orbital-angular momentum part in
a two-body system.

APPENDIX B: SPHERICAL HARMONICS

Consider the breakup momentum 7 in the JRF, whose
direction is given by = (6, ¢). A rank-{ tensor formed
out of a single vector r, can be contracted with the rank-¢
tensor ¢(€m) of (4.1). The resulting scalar is a function of
) with quantum numbers € and m; so it must be propor-
tional to the spherical harmonics Y}*(£)):

20+ 1
reYZ’(Q) = " yp (CZI){rarBry .

X {g2 (w)ghP (w)g? (w).. .}
X {¢af’ﬂ’y’... (gm)},

(B1)

where ¢, is that given by (4.10). [We show at the end of this
appendix that the proportionality constant is indeed given
by (c¢)~!.] Define, in the JRF,
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- r .
rr(£) =7+ ¢(=) = T =e % sing,
(=) N

(B2)
rr(0) = 7+ $(0) = rcos,
so that
o) = P SR st 60— 70
v=—10+1.

(B3)
!

Y (Q) =

Y3(Q) = \/—-\/77'(-{-)7'(%—) = —\f—'ez’q’sm 0,
Yi(Q) = \/—-
Y)(Q) = \/—v

One can show that the formula holds for other values of €.
Define two real functions of 6 by dropping the ¢ de-
pendence in (B2):

To(X) = F \/LE siné, 70(0) = cosé. (B5)
Noting that
dt () = 4 Yr(Q)e me, (B6)
mo V2€ +1
we obtain, from (B3),
[ @O e )
dﬁm(e) = [W] d){€m, ¢a(V) - 7'0(1/)}, (B7)
v=—10, +1.

For example, we find that d’,(#)’s for ¢ = 3 are, from
(4.5),

d3(0) = \ETO("‘)To(HTo("‘) = —\/Tgsin%?,

15 1 15
dr0(0) = \/;To(+)70(+)70(0) = EJ;sinZH cosé,

d3(0) = \E[%("‘)To("‘)To(_) + 270(+)70(0)7((0)]
= 3sm€(icos 0 — %)
dSO(G) = 37’0("‘)70(_)7'0(0) + 70(0)7'0(0)7'0(0)

= <é cos?f — %) cosé.

> (B8)
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Here ¢(£m) is a not a tensor but a scalar in which each of
the arguments is replaced by a scalar 7(m) (not a vector)
given in (B2). It is helpful to illustrate this with an ex-
ample. The spherical harmonics for € = 1 are readily
obtained from (B2). For € =0 and ¢ = 2, the general
wave functions of (4.1), or more specifically the rank-2
tensor for spin-two wave functions given in (4.4), can be
combined with (B3), to find

1 1 [3 3 [3 [3
Sy i 1 = |J— = |-
e Yi(Q) = py 7(+) = et sind, Y5(Q) 477_7'(0) 47T0050,

(B4)

[T(+)T(O) + 7(0)7(+)] = —\/ge"q5 sinf cosd,

Tl (r) + ()74 + 210)7(0)] = ‘Ei(écoszﬁ - 1).

T\2 2

In order to show that the proportionality constant is
indeed (cy)~!, consider two special cases. First, set § =
0. From the definition of the d functions

dfno(e) =

where R, (6) is a rotation by @ around the y axis, we must
have d‘,(0) =1 for m =0 and d’,(0) = 0 for m # 0.
Since 7y(*) = 0 and 7,(0) = 1 for 8 = 0, we find

(€m|R,(6)[€0), (B9)

€ 2
24(¢)) :|1/2 (B10)

20)!

We see that (B7) is satisfied. Consider next the case of § =
7r/2 and m = €. For the purpose, we write down the d,,,(0)
functions as given by Rose [5],

dlo(6) = (=)" (DI + m)'(€ — m)1]'/2

L (—)kcos2(0/2)sin(6/2)
& (€= m = )= ) (m + k)lk!

(B11)

$100: o (v) — 7(1)}g— = [

X

where n = m + 2k and k is a non-negative integer ranging
between k| and k, given by

ki =0,  k, =min{€ —m, £} (B12)

Since m = €, we see that k; = k, = 0. So the sumin (B11)
reduces to just one term with £k = 0. We find, noting that

sin(6/2) = cos(6/2) = 1//2,

(20)! :|1/2 (B13)

i/ = |

On the other hand, we obtain, noting that sin(7/2) = 1,
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UL Do (V) = TV} gy = To(F)70(F) .. g=r/2
¢

— (-t L)‘

()

Here again we see that the proportionality constant given in

(B7) is satisfied.

We have worked out the spherical harmonics for € = 0,

1 and 2 and the d functions for £ = 3, which have been

checked with standard references on such mathematical

functions. We have, in addition, shown that (B7) is true for

two special cases of arbitrary integer €. We have thus

shown that (B7) must be true in general, with the propor-
tionality constant being independent of both 6 and m.

(B14)

APPENDIX C: ADDITIONAL DECAY
AMPLITUDES

The purpose of this appendix is explore a few decay
amplitudes A not included in the main text. They are
excluded from our list of allowed amplitudes, because
they induce in A an additional dependence on r, which
are excluded according to the r¢ rule as given in the
prescriptions following (6.9). Consider the decay J — s +
o,where J =1,2, s = 1,2 and o = 0 or 1. We consider
€ = 1 only. In the vector notation, we have J=35+{¢and
S=5+a.

The first case we wish to work out is for o0 = 0, i.e.

ImT—1 +0". (C1)

The decay amplitude we want to consider here is, with J =
I,S=s=1and ¢ =1,

A (s6) = raw“(sﬁ)/\/[”(€0)¢*ﬂ(15). (C2)
In the JREF, the decay amplitudes are
A] (s6) =0 (6==1)
=(Ey (5 = 0) (©3)
2m

We do not include this decay amplitude because it appar-
ently violates the parity conservation, since the full decay
amplitude F’ should be proportional to r for £ = 1 and not
r2. The second case we examine for o = 0 is

1" —=2"+0" (C4)
with its decay amplitude given by
AL (58) = pappw™B(sd) " (L0)3(J3).  (CS)
In the JRF, the decay amplitudes are
A} (s6)=0 (6==1)
=£Eegy2 (5=0.  (C6)
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This does not violate parity but the full decay amplitude F’
is now proportional to 7> for an £ = 1 decay mode. For this
reason, we do not allow such a decay amplitude.

We now go over to the case o = 1 and consider the
decay

1"—1"+1". (C7)

We wish to work out the following invariant amplitude:

A%S(Sﬁ) = 6Ma/3yL/f”a(S(S),\/B(gO)d)*y(JS), (C8)
where €y, = +1 (so that €”'?* = —1) and
Yre(S8) = Y (Img1my|S8)w (smy)e® (omy),
mgmy,
6 =m, + my,. (C9)

Introducing a short-hand notation
[abe] = €a’bick = (G-b X&) = (axb-& (Cl0)
so that
[abcd] = Eﬂaﬁya“baﬂd‘s
= a'[bed] — blacd] + [abd] — d°[abc],

(C11)

we can write, in the JRF,

A}(S6) Z (Imy1mp|S6)€ 05y 0" (sm,)e*(0my,)

X xP(€0)p*(JS)
= Y (1m,1my|S8){a(sm,)

mgmy,

X [e(amy) x(€0)¢"(J0)]

— [(sm,) x(€0)¢™(J8)]e(om,)} (C12)

since Y° = 0 and ¢° = 0 in the JRF.
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This leads to, dropping J, s and o for compact notation,

Al((S0) =0,
Al (S+) = (1011]51)@°(0)[&(+) x(0) ™ (+)]
— (1110ISD[w(+) x(0)¢*(+)]e°(0)
= ()[(1011]S1)°(0) — (11 10|S1)£°(0)]
= ()[(1011]S1)y,B, + (1110[S1)y, B, ]

=0 (§=0)

=\/%(—%Bs +YeBo)

) o

= \/%(%Bs +v,B,) 2217%(% + %) (§=2).

(C13)

These amplitudes lead to a new term to the amplitudes
given in (6.17). They are

()

gVr and 3\Vr (C14)

where g’s are new parameters in the problem. Note that the
decay-coupling amplitudes F’ for £ = 1 are proportional
to 72, and hence they violate the rule that we have adopted
in this paper, namely, that the F” for a given € = 2 are
always proportional to r¢.

We now consider another additional decay amplitude
which has not been included in this paper. It comes from
allowing more than one factor of p to be used in construct-
ing decay amplitudes. Consider

A5(88) = ppa b *(SH)xP(£0)p3(J6).  (C15)
In the JREF, this leads to

Al(S+) =0,

A'{{S(SO) = (10 10|50)W2(7s3s)(_7m30)
_ w? 2
_ L w? ) _
B \/5(4mu)r (§=0)
=0 =1
__ ]2 w? 2 _
= §<4m,u)r (S =2). (C16)

These amplitudes lead to a new term to the amplitudes
given in (6.17). They are
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2 2
_( w (1 w
g (]0)(—>r3 and gﬁ;(—>r3,
mu mu

where g and ¢ are new parameters in the problem. Again
these decay amplitudes have not been included in Sec. VII
of this paper, because the decay-coupling amplitudes F’/
for ¢ = 1 are proportional to 7°.

We consider the additional decay amplitudes considered
in this section to be “anomalous.” They are highly rela-
tivistic, as they vanish faster than those treated in Sec. VII
as r — (. Conversely, they may dominate the decay am-
plitudes as w — oo and therefore must be included in any
general treatment of the problem.

There exist two additional anomalous amplitudes for the
decay

(C17)

271t 41, =2 (C18)

One of them is, evidently,

A(5(S8) = €puapy P (S8) xPP(€0)G,, (W)™ (J ).
(C19)

It takes on the form, in the JRF,

A74(S8) = Z (Imy 1my,|SO)€ 05, @ (sm,)e® (omy)
X xPP(€0)g (W)™ (J 8)
= Z (1mg 1my| S8}’ (sm,)e(om,,)
X x(€0) - ¢*(J8)] — [@(sm,) x(€0) - $*(J5)]
X e%omy)} (C20)
so that
A}(82)=0,

A;S<s1)=% S (1 1my|SD{@°(m,)[e(my)

X (x(=)¢"(0) +2x(0)"(+))]
—[w(m,)(x(=)¢"(0) + 2x(0) ™ (+))]e°(my, )}

= é(—)S{wO(O)[8(+)(X(—)¢*(0) +2x(0) " (+)]}
- é{[w(+)()((—)¢*(0) +2x(0)¢"(+))1e°(0)}

N oy

Al (50)=0. (C21)
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So the decay-coupling amplitudes F” for ¢ = 2 have a term
proportional to *. The second anomalous amplitude is

AL(S8) = pupa e (S8)X(€0) 7 5(J5),

(C22)

which leads to, in the JRF,

(1]
(2]

(3]
(4]
(5]

(6]
(71

(8]
(91

PHYSICAL REVIEW D 78, 074027 (2008)
AL((S2) = AL(S1) =0,

J _ 2 w? 2
AL5(30) = =510 10150 =)

2w _
- T( 4mM)r2 (5 =0)
=0 (S=1)
2/ w?
- - §<4mﬂ>r2 (S =2). (C23)

Here the decay-coupling amplitudes F’ for £ = 2 have a
term proportional to 7.
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