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The � transitions of �ð4S; 5SÞ into �ð1S; 2SÞ are studied in the rescattering model by considering the

final state interactions above the B �B threshold. The width of the � transition of �ð4SÞ into �ð1SÞ is found
to be larger than that of the dipion transition, and the ratio of �ð�ð4SÞ ! �ð1SÞ�Þ to �ð�ð4SÞ !
�ð1SÞ�þ��Þ is predicted to be R4 ¼ 1:8� 4:5, which is about 2 orders of magnitude larger than the

expectation of the conventional hadronic transition theory, and is supported by the new BABAR

measurement. The widths of the � transitions of �ð5SÞ are found to be sensitive to the coupling constants
g�ð5SÞBð�ÞBð�Þ due to a large cancellation between contributions from the B �B, B� �Bþ c:c:, and B� �B�

channels, and only a rough estimate �ð�ð5SÞ ! �ð1S; 2SÞ�Þ ¼ 10–200 KeV can be given. The widths

of the �0 transitions of �ð4S; 5SÞ are also discussed, and they could be much smaller than that of the

corresponding � transitions mainly due to the tiny phase space.
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I. INTRODUCTION

Hadronic transitions of heavy quarkonia are important
for understanding both the heavy quarkonium dynamics
and the formation of light hadrons. Because heavy quark-
onium is expected to be compact and nonrelativistic, at
least for the lower-lying states, QCD multiple expansion
(QCDME) approach (for recent reviews see, e.g. [1,2]) can
be used in the analysis of these transitions. However, the
justification of QCDME scenario becomes problematic for
higher-exited heavy quarkonia. Particularly, when the ex-
cited state lies above the open flavor thresholds, the
coupled-channel effects may change the QCDME scenario
markedly and add new mechanisms to the analysis of its
hadronic transitions.

In a previous paper [3], we use the final state rescattering
model [4] to study the dipion transitions of �ð5SÞ and
�ð4SÞ. In this model, the �ð5S=4SÞ first decays to

Bð�Þ �Bð�Þ, and then the B meson pair turns into a lower �

state and two pions through exchange of another Bð�Þ
meson. We find that there is a huge difference, which is
about a factor of 200–600 in magnitude [3], between the
partial widths of dipion transitions of �ð5SÞ and �ð4SÞ.
This result is consistent with the measurement of the Belle
Collaboration [5]. The coupled-channel effects (or the
meson-loop effects) in the transitions �ðnSÞ !
�ðmSÞ��, where n ¼ 2, 3, 4, 5 and m< n, are also
studied by Simonov et al. [6,7]. In a recent calculation
for the dipion transitions of�ð5SÞ [7], their result confirms
ours [3] at the quantitative level.

The above results indicate that it might be unnecessary
to introduce exotic interpretations for the �ð5SÞ resonance
such as the Yb state [8] to account for the experimental data
[5] if the rescattering model [3] can be proved efficient
enough. Therefore, it is very useful to study other features
of the final state rescattering mechanism. One evident

feature of the rescattering mechanism is the strong
energy-dependence of the decay rates, which can induce
significant shifts of 10–20 MeVof the observed resonance
peaks in �ð5SÞ ! �ðmSÞ�þ�� relative to that of

�ð5SÞ ! Bð�Þ �Bð�Þ [9].
Another important feature is that some of the power

counting rules in the QCDME approach may fail in the
rescattering model. For example, in the QCDME approach,
the dipion transition of heavy quarkonium can be achieved
through the E1-E1 (electric-dipole) transition, whereas the
� transition is dominated by the E1-M2 (magnetic quad-
rupole) transition, which is associated with the spin-flip
effects of the heavy quarks, due to the � quantum number
being JPC ¼ 0�þ [1,2]. Therefore, in the QCDME ap-
proach the � transition is expected to be strongly sup-
pressed relative to the corresponding dipion transition,
whereas there is no such suppression in the rescattering
model. In fact, within the framework of the QCDME
approach, Kuang [1] predicted the ratios

Rn ¼ �ð�ðnSÞ ! �ð1SÞ�Þ
�ð�ðnSÞ ! �ð1SÞ�þ��Þ � 10�2–10�3 (1)

for n ¼ 2, 3, which are roughly in agreement with the new
measurements by the CLEO Collaboration [10]:

R2 ¼ 1:1þ0:5�0:4 � 10�3; R3 < 7� 10�3: (2)

However, recently the preliminary result reported by the
BABAR Collaboration [11] indicates that for the �ð4SÞ the
ratio

R4 ¼ �ð�ð4SÞ ! �ð1SÞ�Þ
�ð�ð4SÞ ! �ð1SÞ�þ��Þ ¼ 2:41� 0:40� 0:12;

(3)

which is larger than that for the�ð2S; 3SÞ in (2) by 2 orders
of magnitude or more. This is another puzzling problem for
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hadronic transitions of heavy quarkonium aside from the
�ð5SÞ dipion transitions [5]. Here, again, a possible and
natural interpretation for this anomalously large difference
between R4 and Rn (n < 4) is that the rescattering mecha-
nism is dominant in the hadronic transitions of �ð4SÞ,
since it lies above the B �B threshold, whereas �ðnSÞ (n <
4) are below the open bottom threshold and hence de-
scribed by the conventional hadronic transition theory.

In this paper, we will clarify whether the ratio R4 can be
as large as (3) in the rescattering model, and we will give
some predictions for the � transitions of the �ð5SÞ state.
We will first introduce the rescattering model and the
notation of �� �0 mixing in Sec. II. Then, we will nu-
merically analyze the � as well as �0 transitions of
�ð4S; 5SÞ in turn in Sec. III. A summary will be given in
the last section.

II. THE MODEL

In the rescattering model, the transitions �ð4S; 5SÞ !
�ð1SÞ� can arise from scattering of the intermediate state

Bð�ÞðsÞ �B
ð�Þ
ðsÞ by exchange of another Bð�ÞðsÞ meson. The typical

diagrams for the Bð�Þ �Bð�Þ channels are shown in Fig. 1, and
the other ones can be related to those in Fig. 1 by the charge
conjugation transformation B$ �B and isospin transforma-
tions B0 $ Bþ and �B0 $ B�. Therefore, the amplitudes of

Figs. 1(a)–1(f) should be multiplied by a factor of 4,

respectively. As for Bð�Þs �Bð�Þs channels, the typical diagrams
are the same as those in Fig. 1, but the multiplied factor
should be 2.
To evaluate the amplitudes, we need the following ef-

fective Lagrangians [3,12]:

L�BB ¼ g�BB��ð@�BBy � B@�ByÞ; (4a)

L�B�B ¼ g�B�B

m�

"����@���ðB��@
$
�B
y � B@

$
�B
�y
� Þ; (4b)

L�B�B� ¼ g�B�B� ð���B��@
$
�B
�y
� þ��B��@�B�y�

���@�B
��B��yÞ; (4c)

LB�B� ¼ igB�B�B
�
�@

��By; (4d)

LB�B�� ¼ i
gB�B��

mB�
"����@�B

�
�B
�y
� @��; (4e)

where @
$ ¼ @

! � @
 
. In the heavy quark limit, the coupling

constants in (4) can be related to each other by heavy quark
spin symmetry as

g�BB ¼ g�B�B ¼ g�B�B� ; (5)

gB�B� ¼ gB�B��: (6)

Particularly, the coupling constants for �ð4SÞ and �ð5SÞ
can be determined by the observed values of their partial
decay widths to the bottom meson pairs.
All the coupling constants will be determined below.

However, it is necessary to emphasize here that the deter-
minations do not account for the off-shell effects of the

exchanged Bð�Þ mesons, of which the virtualities can not be
ignored. Such effects can be compensated by introducing,
e.g., the monopole [4] form factors for off-shell vertices.
Let q denote the momentum transferred andmi the mass of
the exchanged meson; the form factor can be written as

F ðmi; q
2Þ ¼ ð�þmiÞ2 �m2

i

ð�þmiÞ2 � q2
: (7)

For comparison, we will use the same cutoff � ¼
660 MeV as the one used in the numerical analysis of
�ð4S; 5SÞ ! �ð1SÞ�þ�� [3].
In the lightest pseudoscalar-meson nonet of the SUð3Þ

quark model, there are two isoscalar components, which
can be written in the octet-singlet basis as

�8 ¼
ffiffiffi
1

6

s
ðu �uþ d �d� 2s�sÞ; �0 ¼

ffiffiffi
1

3

s
ðu �uþ d �dþ s�sÞ;

where �8 is one of the Goldstone bosons in the octet
representation of the chiral symmetry. If the intrinsic
glue component is negligible, the physical wave functions
of � and �0 can then be written as

FIG. 1. The diagrams for �ðnSÞ ! Bð�Þ0 �Bð�Þ0 ! �ð1SÞ�.
Other diagrams can be obtained by charge conjugation trans-
formation B$ �B and isospin transformations B0 $ Bþ and
�B0 $ B�.
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j�i ¼ cos�Pj�8i � sin�Pj�0i;
j�0i ¼ sin�Pj�8i þ cos�Pj�0i;

(8)

where the mixing angle �P has been determined in many
places in the literature and the value is in the range from
�13� to �22� (see, e.g., Ref. [13]). We will choose a
moderate value

�P ¼ �17�;
in our numerical analysis.

As the first step, we will treat the � as a pure �8 state,
and leave the mixing effect to be considered in the follow-
ing section. An evident advantage of this treatment is that
one can relate the coupling constant gB�B� to gD�D� using

heavy quark flavor symmetry and chiral symmetry [12]:

gB�B� ¼ � 1

2
gB�sBs� ¼

1ffiffiffi
6
p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mBmB�
p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mDmD�
p gD�D�

¼
ffiffiffi
2
p
ffiffiffi
3
p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mBmB�
p

f�
g; (9)

where f� ¼ 131 MeV is the � decay constant, and the
coupling constant g � 0:6 is determined by the measure-
ment of the decay width of D�þ ! D0�þ [14].

In the rescattering �ð4S; 5SÞ ! B �B! �ð1SÞ�, the in-
termediate process �ð4S; 5SÞ ! B �B can take place in a
real or virtual way, which corresponds to the imaginary
part or the real part of the amplitude, respectively. If the

�ðnSÞ state lies above the Bð�Þ �Bð�Þ threshold, the absorptive
part (imaginary part) of the amplitude arising from Fig. 1
can be evaluated by the Cutkosky rule. For the process

�ðnSÞ ! Bð�Þðp1Þ þ �Bð�Þ ! �ðmSÞ þ �, the absorptive
part of the amplitude reads

Abs i ¼ j ~p1j
32�2m�ðnSÞ

Z
d�Aið�ðnSÞ

! Bð�Þ �Bð�ÞÞCiðBð�Þ �Bð�Þ ! �ðmSÞ�Þ; (10)

where i ¼ ða; b; c; d; e; fÞ, and d� and ~p1 denote the solid

angle of the on-shell Bð�Þ �Bð�Þ system and the 3-momentum

of the on-shell Bð�Þ meson in the rest frame of �ðnSÞ,
respectively.

The evaluation of the real part of the amplitude is
difficult to be achieved and will bring large uncertainties
inevitably. Fortunately, for the transitions �ð4S; 5SÞ !
�ð1SÞ�, the contributions from the real part are expected
to be small, because the masses of �ð4S; 5SÞ are not very
close to the open flavor thresholds as those of Xð3872Þ [15]
and Zð4430Þ [16]. In the previous paper [3], we have
roughly estimated the contributions to the dipion transi-
tions of �ð4S; 5SÞ from the real parts through the disper-
sion relation and found that these contributions are
negligible for �ð5SÞ and somewhat comparable to those
from the imaginary parts for �ð4SÞ. The same argument
should be also valid here for the � transitions of�ð4S; 5SÞ.

As in [3], wewill neglect the contribution from the real part
and use (10) to determine the full amplitude in the calcu-
lations. This scheme is efficient enough to serve our aims.
In the absorptive part, which corresponds to the real

rescattering process, the intermediate states Bð�Þ �Bð�Þ are
on shell. Similar to the case of the dipion transitions of
�ð4S; 5SÞ [3], the amplitude in (10) is proportional to
j ~p1j3. This very fact results in both the large difference
between the dipion transition rates of �ð5SÞ and �ð4SÞ [3]
and the markedly peak shift effect in �ð5SÞ !
�ðmSÞ�þ�� [9]. One can generally expect the similar
effects to emerge in the corresponding � transitions.

III. NUMERICAL RESULTS AND DISCUSSIONS

Since the contribution from the imaginary part of the
rescattering amplitude corresponds to the real decay pro-

cess �ðnSÞ ! Bð�Þ �Bð�Þ, the coupling constants g�ðnSÞBð�ÞBð�Þ
should be determined by the measured values of the decay

widths of �ð4S; 5SÞ ! Bð�Þ �Bð�Þ [14], and the results are
given by [3]

g�ð4SÞBB ¼ 24; (11)

g�ð5SÞBB ¼ 2:5; (12)

g�ð5SÞB�B ¼ 1:4� 0:3; (13)

g�ð5SÞB�B� ¼ 2:5� 0:4: (14)

The value of g�ð4SÞBB in (11) is typical and is comparable to

the estimation using the vector meson dominance model
[15] for g�ð1SÞBB:

g�ð1SÞBB �
m�ð1SÞ
f�ð1SÞ

� 15; (15)

where the decay constant f�ð1SÞ can be determined by the

leptonic width of �ð1SÞ. However, the values determined
from the �ð5SÞ data in (12)–(14) are small. This may be
partly due to the fact that as a higher-excited b �b state, the
wave function of �ð5SÞ has a complicated node structure
(with four nodes), and the coupling constants will be small

if the p values j ~p1j of Bð�Þ �Bð�Þ channels (1060–1270 MeV)
are close to those corresponding to the zeros in the decay
amplitude. The symmetry relation in (5) can also be vio-
lated by the same reason. This fact has been confirmed by a
specific calculation [17] recently.
Following Ref. [3], for the other coupling constants

g�ðmSÞBð�ÞBð�Þ (m< 5), we assume that the symmetry rela-

tions in (5) hold, and they are equal to each other, which is
implied by comparison between (11) and (15).
Since the rescattering amplitude is proportional to j ~p1j3,

one can expect that the contributions from Bs
�Bs channels

are generally much smaller than those from B �B channels,
although there is an enhancement factor of 2 in the cou-
pling constant gB�sBs� in (9). Therefore, here we only use
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the central value of the decay widths of �ð5SÞ ! Bð�Þs �Bð�Þs
[18] to determine the coupling constant g

�ð5SÞBð�Þs Bð�Þs
:

g�ð5SÞBsBs
¼ 1:4; g�ð5SÞB�sBs

¼ 2:0; g�ð5SÞB�sB�s ¼ 7:5:

(16)

Here, the coupling constant g�ð5SÞB�sB�s is larger than the

others and those in (12)–(14). This can be understood by
the fact that the p value of B�s �B�s channel j ~p1j � 0:48 GeV
is small, which makes the amplitude away from the zero
points sufficiently [17]. This can also serve as evidence in
favor of the usual bottomonium interpretation of �ð5SÞ in
addition to its usual leptonic decay width [14].

A. �ð4SÞ ! �ð1SÞ�
Only Fig. 1(a) is allowed for the real rescattering process

�ð4SÞ ! B �B! �ð1SÞ�. For a pure �8 component, the
result reads

�ð�ð4SÞ ! �ð1SÞ�Þ ¼ 2:92 KeV: (17)

Together with the prediction for the width �ð�ð4SÞ !
�ð1SÞ�þ��Þ ¼ ð1:47� 0:03Þ KeV in the same model
[3], we can get the ratio

R4 ’ 2:0; (18)

which is consistent with the experimental measurement
[11] in (3).

Although the absolute value of the width in (17) suffers
from large uncertainties due to the cutoff �, the real part
contamination, and the coupling constants g�ð1SÞB�B, the
situation for the ratio R4 in (18) should be better, since
many of the uncertainties canceled out in the ratio. On the
other hand, the ratio is indeed sensitive to the description of
the production of �þ��. In Ref. [3], we assume that the
scalar resonance ð�; f0ð980Þ . . .Þ contributions are domi-
nant in the dipion production and estimate the coupling
constant g�BB through symmetry and rescaling analysis.
The value of g�BB used by us is lager than the one [19]
deduced from linear representation of chiral symmetry [20]
by 20% in magnitude. The later value [19] will enhance the
ratio in (18) by a factor of 1.5.

Another large uncertainty of R4 comes from the mixing
between �8 and �0 in (8). While the mixing angle �P is
rather well determined, there is no reliable information for
the coupling constant gB�B�0

. As a tentative assumption,

we choose the value of gB�B�0
in the range from zero to the

value of gB�B�8
determined in (9), and then the results are

given by

R4 ¼ 1:8–3:1; (19)

�ð�ð4SÞ ! �ð1SÞ�0Þ ¼ 0:1–0:3 KeV: (20)

Here, the width �ð�ð4SÞ ! �ð1SÞ�0Þ is very small mainly
due to the tiny phase space.

To sum up, we find the ratio to be R4 ¼ 1:8–4:5 in the
rescattering model, which agrees with the experimental
measurement [11] in (3). This can serve as another evi-
dence for the dominant role of the rescattering mechanism
in the hadronic transitions of �ð4S; 5SÞ, which lie above
the open bottom threshold.

B. �ð5SÞ ! �ð1S=2SÞ�
To study the real rescattering effects in the transitions

�ð5SÞ ! �ð1S=2SÞ�, one needs to evaluate the imaginary
part of the amplitudes for all the diagrams in Fig. 1 and for

both Bð�Þ �Bð�Þ channels and Bð�Þs �Bð�Þs channels. The contri-

butions from the Bð�Þs �Bð�Þs channels are very small as one
can see later. Thus, in Table I, we only list the contributions
from the B �B, B� �Bþ c:c:, and B� �B� channels, respectively,
and totally.
We use the central values in (12)–(14) to evaluate the

transition width obtained from each single channel. The
results shown in Table I are all about 100 KeV, and are
much greater than the width of �ð4SÞ ! �ð1SÞ� in (17).
The reason is just the same as the large difference between
the dipion transition widths of �ð5SÞ and �ð4SÞ, namely,
the �ð5SÞ has much larger j ~pj values than �ð4SÞ.
However, there is a large cancellation between these

three channels. As a result, the total widths of these tran-
sitions, which are listed in the last line of Table I, are very
small. This cancellation makes the widths very sensitive to
the coupling constants determined in (12)–(14), which can
be seen through the large error bars in Table I. If we choose
all the coupling constants g�ð5SÞBð�ÞBð�Þ ¼ 2:5, the calculated

widths for the 5! 1 and 5! 2 transitions will be 145 and
83 KeV, respectively. So, these two widths cannot be
determined accurately and we can only give loose esti-
mates for them:

�ð�ð5SÞ ! �ð1SÞ�Þ ¼ 20–150 KeV; (21)

�ð�ð5SÞ ! �ð2SÞ�Þ ¼ 10–100 KeV: (22)

As for the contributions from the Bð�Þs �Bð�Þs channels, they
are very small as we have mentioned. Choosing the values
of the coupling constants in (16), the total decay widths
from these channels are only about 1 KeV. Needless to say,
there is also a large cancellation between these channels.
Moreover, the width for an individual channel is only about

TABLE I. Transition widths of �ð5SÞ ! Bð�Þ �Bð�Þ ! �ðmSÞ�
in units of KeV. The error bars come from those of g�ð5SÞB�B and

g�ð5SÞB�B� .

Channel �ð5SÞ ! �ð1SÞ� �ð5SÞ ! �ð2SÞ�
B �B 80 78

B� �Bþ c:c: 70 59

B� �B� 141 172

Total 30þ22þ24�17�17 9þ13þ17�7�8
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10 KeV, which is much smaller than those from Bð�Þ �Bð�Þ
channels.

Similar to the case of �ð4SÞ ! �ð1SÞ�, the mixing
between � and �0 can cause additional uncertainties of
50% in magnitude to the decay widths in (21) and (22). The
width of the transition �ð5SÞ ! �ð1SÞ�0 is about 10–
40 KeV due to the mixing.

IV. SUMMARYAND DISCUSSION

In summary, we study the effects of long-distance final
state interactions on the � transitions of �ð4S; 5SÞ in the
rescattering model. We find that the width of the � tran-
sition of �ð4SÞ to �ð1SÞ is larger than that of the dipion
transition, and the ratio of the former to the latter is
predicted to be R4 ¼ 1:8–4:5, which is consistent with
the experimental data [11]. This result, together with those
in Ref. [3], indicate that the real rescattering mechanism
can be dominant in the hadronic transitions of the higher
�-states that lie above the B �B threshold.

Estimations for the virtue rescattering effects can be
roughly made through the same procedure by using the
dispersion relation as that suggested in Ref. [3]. The con-
tributions are 3–6 KeV and 1.1–1.5 KeV to the widths,
respectively, of the � and dipion transitions of �ð4SÞ to
�ð1SÞ, while the ratio R4 in (18) will be enhanced by a
factor of 1.2–1.5. In addition, the virtual rescattering con-
tributions are found to be about ð1–2Þ � 10�2 KeV and
ð5–6Þ � 10�4 KeV to the widths �ð�ðnSÞ ! �ð1SÞ�Þ for
n ¼ 3 and 2, respectively. The former is larger than but
roughly consistent with the upper limit of the width mea-
sured by the CLEO Collaboration [10], while the latter is
smaller than the measurement [10] by an order of magni-
tude, which indicates that the QCDME mechanism may be
dominant in the transition�ð2SÞ ! �ð1SÞ� since�ð2SÞ is
far below the B �B threshold. Note that the absolute values of
these transitions are sensitive to the values for the coupling
constants, e.g., g�ð1SÞB�B. If the value in (15) is used instead
of that in (11) for the g�ð1SÞB�B, the absolute transition

widths of �ð4SÞ ! �ð1SÞ� and �ð4SÞ ! �ð1SÞ�� as

well as �ð3SÞ ! �ð1SÞ� and �ð2SÞ ! �ð1SÞ� will de-
crease by almost a factor of 3, while the ratio R4 remain
unchanged, and thus all predictions for �ðnSÞ ! �ð1SÞ�
(n ¼ 4, 3, 2) can become consistent with observed data.
Another point is that the above estimations for the virtue
rescattering effects depend on the cutoff parameter � (see
Ref. [3] for details), and we have chosen� ¼ mB� �mB in
our calculations as in Ref. [3].
As for the � transitions of �ð5SÞ, the widths are very

sensitive to the coupling constants g�ð5SÞBð�ÞBð�Þ because

there is a large cancellation between the contributions
from B �B, B� �Bþ c:c:, and B� �B� channels. Thus we can
only give very loose estimations �ð�ð5SÞ !
�ð1S; 2SÞ�Þ ¼ 10–200 KeV.
Besides, the widths of the �0 transitions of�ð4S; 5SÞ are

generally expected to be much smaller than those of the
corresponding� transitions due to the tiny phase space, but
we need to have a better understanding for the couplings of

the flavor-singlet �0 to Bð�ÞBð�Þ meson pairs before we can
draw a definite conclusion on the �0 transitions.
In conclusion, the observed anomalously large � tran-

sition rate of �ð4SÞ to �ð1SÞ might be explained in the
rescattering model above the open bottom threshold, de-
spite large uncertainties in chosen parameters.
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