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Mass-deformed Bagger-Lambert theory and its BPS objects
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We find a 16-supersymmetric mass-deformed Bagger-Lambert theory with SO(4) X SO(4) global R
symmetry. The R charge plays the role of the noncentral term in the superalgebra. This theory has one
symmetric vacuum and two inequivalent broken sectors of vacua. Each sector of the broken symmetry has
SO(4) geometry. We find the 1/2 BPS domain walls connecting the symmetric phase and any broken
phase, and 1/4 BPS supertubelike objects, which may appear as anyonic g-balls in the symmetric phase or
vortices in the broken phase. We also discuss mass deformations, which reduce the number of

supersymmetries.
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I. INTRODUCTION AND CONCLUSION

Recently there has been a spur of activity on the possible
superconformal field theories for the multiple M2-branes.
The so-called Bagger-Lambert theory [1-3] has 16 super-
symmetries and SO(8) global symmetry. However, the
gauge matter coupling and the Chern-Simons term are
not standard but given by the three-product structures of
the SO(4) group acting on vectors. (See also the work by
Gustavsson [4].) Various aspects of this theory have been
explored [5-7]. In particular, some detailed analyses of the
vacuum structure were done to argue that this theory is the
theory of two M2-branes on M-theory orbifolds [8,9].

In this work we find a mass deformation of the Bagger-
Lambert theory without breaking any supersymmetry. We
find that this mass-deformed theory is one example of the 3
dimensional supersymmetric field theory with the so-
called ‘“‘noncentral” term whose superalgebra has been
studied before [10,11]. The global R charge is now
SO(4) X SO(4) and is also the noncentral term in the
superalgebra. We investigate the vacuum structure and
find 1/2 BPS and 1/4 BPS domain walls and 1/4 BPS
localized solitons. This 1/4 BPS localized solitons are
basically supertubes which appear as g-balls in the sym-
metric phase and vortices in the broken phases.

It has been known for some time that the n-product
object is closely related to a cross product of n (n + 1)
dimensional vectors to one (n + 1) dimensional vector.
The three-product object used by Bagger and Lambert is
realized as the cross product of three 4 dimensional vectors
or SO(4). Since their work, there have been several at-
tempts to extend this structure [12-16]. However, any
concrete realization remains to be seen.

While the ordinary Yang-Mills—Chern-Simons theory
can have only six supersymmetries [17], Lin and
Maldacena have found a family of eight-supersymmetric
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Yang-Mills—Chern-Simons theories with noncentral terms
[11]. This eight-supersymmetric theory is possible with an
arbitrary gauge group. As it turns out, this theory has rich
structures and allows one to include matter in other repre-
sentations, as studied in [18]. However, we are not aware of
any explicit construction of the 16 supersymmetric theory
with a noncentral term, except the mass-deformed Bagger-
Lambert theory studied here.

The theory with mass deformation has one symmetric
vacuum and two broken phases where one of the global
SO(4) and the gauge SO(4) are broken to the diagonal
SO(4). There is no massless particle in either phase. One
can imagine the BPS domain walls connecting different
sectors of vacua. Indeed, there are 1/2 BPS domain walls
connecting the symmetric phase and the broken phase, but
there is no BPS object connecting two broken phases.
However, we find a non-BPS domain configuration explic-
itly, as it satisfies a “fake” BPS equation.

The potential term suggests that there are attractive
interactions between some particles. One naturally expects
some sort of g-balls carrying R charges. Similarly, one may
expect that there could be topological or nontopological
vortices in the broken phase, as the vacuum manifold has
71(SO@4)) = Z,. Indeed, we find there are 1/4 BPS
g-balls in the symmetric phase and 1/4 BPS vortices in
the broken phase. For a certain ansatz, the corresponding
1/4 BPS equations become that of the Abelian Chern-
Simons theory [19-21], and so the previous analysis of
the solitons is carried over to our case. From the study of
the 1/4 BPS domain walls which carry the R charges, one
can see that the large-charge limit of the g-balls and
vortices should be like many other field theoretic super-
tubes [22]. In this case both the interior and the exterior of
the soliton would be vacua, and the boundary would be a
domain wall carrying both R charges and linear momen-
tum. Since the supertube has been proposed in Ref. [23],
there has been enormous work done on this subject but
without any direct relevance to this work.

While the theory is parity even, one suspects that the
Chern-Simons term may still play a role in the dynamics,
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leading to anyons of fractional spin and statistics. Indeed,
we find that the 1/4 BPS localized solitons carry fractional
spin in the symmetric phase. It would be interesting to find
the role of the fractional spin and statistics in the mass-
deformed theory as the possible theory of two M2-branes
on orbifolds.

The geometry of type IIB string theory with 16 super-
symmetries and with ' X SO(4) X SO(4) symmetries has
been described by the droplets of an incompressible fluid
[24]. The theory of fermion droplets on a cylinder with a
Fermi sea is argued to describe the 16-supersymmetric
theory of M2-branes with a mass deformation whose vac-
uum structure describes the M2-branes polarized into M5-
branes wrapping two possible S>’s [11,25-27]. The mass-
deformed Bagger-Lambert theory may realize this picture.
The theory of the fermion droplet on a torus is supposed to
also be a massive 16-supersymmetric theory, but is not
written explicitly yet. The dimensional reduction of the
superalgebra to 1 + 1 dimensions leads to the linearly
realized supersymmetries on the light-cone world sheet
of a string moving in the maximally supersymmetric
type IIB plane wave [28]. The investigation of these pic-
tures may lead to a more explicit realization of 16-
supersymmetric theories in 2 + 1 dimensions.

The plan of this work is as follows. The mass-deformed
theory is introduced in Sec. II. The vacuum structure and
the superalgebra are given. In Sec. III, the 1/2 domain wall
connecting the symmetric phase to a broken phase is dis-
cussed. In Sec. IV, we find the 1/4 BPS g-balls, vortices,
and supertubes. In the Appendix, we find mass deforma-
tions which reduce the number of supersymmetries.

(While this paper was being written, a massive defor-
mation of the Bagger-Lambert theory was also proposed in
Ref. [29].)

II. MASS-DEFORMED THEORY WITH
SO(4) X SO(4) GLOBAL SYMMETRY

The Bagger-Lambert theory contains the SO(4) bosonic
variables X¢, where a = 1, 2, 3, 4 for the SO(4) index and
I =3,4,...10 for the SO(8) index, as well as the eight-
independent-component spinor field W*. The gauge field is
A% which is an antisymmetric tensor of SO(4) gauge
symmetry. The spacetime signature is (— + +). We
choose the 11 dimensional Gamma matrices which are
32-by-32 matrices such that I'” is an antisymmetric real
matrix and the rest are symmetric real matrices. We choose
the convention for the spinor parameter so that

o2y = —v, T, V=1,

)
[012¢ = ¢, Iy g€ = —€
The gauge symmetry is
5X§ = fabed \edxd = A*Px?, 2)

and the covariant derivative is
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D, X{ = 9,X¢ + febedAsdxt = 9 X¢ + APXt,  (3)
with the local gauge transformation given as

8A, = —D,A, = —(9,A + A%AP — A“AL). (4

The field strength given by [D,,, D,]1X* = F4 X" leads to

Fab = 9,45 —a,Adh + AscAsh — AgcAs. (5)

As the three-product structure has been realized only for
the SO(4) group, our febcd = gabed,

The supersymmetric Lagrangian for the Bagger-
Lambert theory is

1 [ =
L = =D, X{D"Xj + ¥T*D,¥*
+ ge,uup(fabch;szaVAzd
2 acde fbcfg pab Ade A S8
+ §f SUIEAL AL Ap

I dA]) c
—_ ﬂfubc I\I,al"u\];rbxl X;j

1

— 12K2 Z (fabch;)X5de()2’ (6)

al,J,K

where W = W0 We propose the mass deformation of
the theory to be

m* .0
L, == X)) = 5mV T35V
2 2

M ped byeyd byeyd
+ — fOUXEXXEXE + XIXIXEX ). (D)

P k
The bosonic part of the mass deformation for 3, 4, 5, 6 was
studied in [2,25]. In this work the broken phase of the
theory is also identified as the M2-branes blowing up to

M5-branes wrapping S°. The supersymmetric transforma-
tion of the fields also gets deformed as

85X = iel, e, @)
ovd = (F’U’D’u + mr3456)X?F16

1
+ aF”KEf”deX}’X;X%, (9)

i
8A‘;Lb = — ZGI‘#FI(‘I’“X? — \I'bX;’). (10)
The Gauss law constraint arising from 5A8b is
KFY§ = fOUXEDOX] + 2 fB 0w = 0. (1)

The quantization of the Chern-Simons coefficient is
27K = n, (12)
with integer n. The original global SO(8) symmetry is
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broken to SO(4) X SO(4) symmetries. Among the con-
served charge for the original SO(8) symmetry
Ry = / d2x<X7D0X§ — X9DoX¢ + %\P“FOF”\P“)
(13)

only SO(4) X SO(4) symmetries, each of which rotates 3,
4,5,6and 7, 8, 9, 10, respectively, will be preserved.
The bosonic potential of the theory can be written as

1 , _ .,
UX) == > (FPIXIXEX] — km811 X{
126% 9% 1
— km8 5P X, (14)

where 8373 = €k for I, J, K, L € {3,4,5, 6} and van-
ishes for other combinations, and 875y, is defined in a
similar manner. There exist three independent sectors of
vacua in the theory: the symmetric phase where X§ = 0 for
all 7 and two broken phases where

(D) X{ = lkm|Ef,

(1) x¢ =+kmlE8,  1=7,897T10. (16)

The {ES, E}, ES, E9} and {EY, Eb, ES, E‘lio} are two sets of
four dimensional orthonormal frames of R* such that

E{E) = 5,

1=345,6, (15)

E{E] = oy,
abed fra b e prd 3456 78910 a7
fOCETETEGES = sgn(km)(677%), + 8)7kL)-

These vacua have zero energy and are fully supersymmet-
ric. In one of the broken phases, the SO(4) gauge group and
one SO(4) of the global group get locked together into a
single SO(4) symmetry. The vacuum structure of each
broken sector is the manifold of the SO(4) gauge group,
which is six dimensional. As the first homotopy group of
the SO(4) manifold is Z,, one may expect Z, vortices in the
broken phase. Of course, we can mod out the global gauge
symmetry to get a point for each vacuum.

The superalgebra can be checked easily by the commu-
tation relation

[8,, 81X¢ = 2a*a,X{ + 2fPd AdX) + 2m S, X4,
J

(18)
where the parameters for the translation, gauge transfor-
mation, and the global SO(4) rotations are given, respec-
tively, as

1
a* = inl*e, Acd = jel'reAs? — 2—1’7‘7F Ik €XEXE,
K

Sy = (8103 + 5????)1‘1‘71““6- (19)

As the supercharge is not invariant under the global
SO(4) X SO(4), their charge is called a noncentral term.
Indeed these noncentral terms are essential in reducing the
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supersymmetric representation of the massive particles in
each phase.

The spectrum of the particles in the symmetric phase is
trivial in the weak coupling constant limit n >> 1. There
are 32 scalar particles of mass m for the field Xj and 32
fermionic particles of mass m for the field W. In the broken
phase (), the Higgs mechanism leads to massive vector
bosons. The global rotation SO(4), rotating 3, 4, 5, 6
variables and the gauge symmetry get soldered together.
In the broken phase, all particles have mass 2m. There are
six massive vector bosons, 32 massive fermions, and 26
scalar bosons. As the theory is parity even, there are (3, 16,
26, 16, 3) of elementary particles for the spin
(1,1/2,0,—1/2,—1). Because of the Chern-Simons
term, elementary particles in the symmetric phase may
carry fractional statistics.

III. DOMAIN WALLS

Let us first consider the domain wall connecting the
symmetric vacuum to the asymmetric vacuum of the first
broken phase (/). As we assume that X =0, we

7.8,9,10
introduce a ‘“‘superpotential”’

m
W=_

1
5 > X2 - —frIXIXEXSXG,  20)

1=3,4,5,6

and then the bosonic potential becomes U = |W¢|?/2 with
1
Wy =2 <y - L s g, @n

The energy density along the wall becomes

E= % f dy(D,X{ — BW§)? + BT, (22)
where y = x2, 8 = *+1, and
T = f dyd,Wlkm?|. (23)
Thus the tension of the domain wall becomes
[T = |km?|. (24)
The BPS equation is
D, Xj — pWy = 0. (25)

We assume «, m > 0 for convenience, and use the ansatz

Xg = Jemf(y)diag(1,1,1,1),  (26)

where the row indices are I and the column indices are a.
The BPS equation becomes

dyf — Bm(f — ) =0, 27)

whose solution is

Agb =0,
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fo ’1 + ,Bt;nh(my)' (28)

One can also consider the simple generalization of the
above domain wall which connects the symmetric phase
to the second broken vacuum (II). Clearly, both domain
wall solutions are 1/2 BPS configurations. The above
configuration is 1/2 BPS, as the invariant condition for
oV is

Tysse€ = € (29)

One can wonder whether there is any domain wall
configuration which interpolates two broken phases.
Indeed, we can find an interpolating configuration which
satisfies the first order equations, but not the BPS as the
supersymmetric condition is not satisfied. We combine the
above ansatz and

X{ = g(y)v/kmdiag(l, 1, 1, 1),

We impose the wrong BPS condition on the epsilon
F234566 = F2789m6 = € and (F37 + F48 + Fsg + Fém)f =
0, to get the wrong BPS equations

frm(fP—f+f8)=0

1=17,8910. (30)

31
—g' +m(g’ —g+gf’) =0 Gh
whose 1-parameter family of the solutions are
oo (1 + a)(1 + tanhmy)?
4(1 + atanh’my)
(32)

, _(U+a)( - tanhmy)?
4(1 + atanh’®my)

We expect that the two walls are repulsive, and so the
above configuration will not remain static in time.

IV. O-BALLS, VORTICES, AND SUPERTUBES

As the 3, 4, 5, 6 particles can attract each other and
condense into one of the broken phases, we expect that
there can be a lump of these 3, 4, 5, 6 particles or, equally,
lumps of the 7, 8, 9, 10 particles. Because of the noncentral
terms, one may have BPS g-balls or nontopological sol-
itons carrying R charges. Indeed, we will see here that there
exist g-balls in the symmetric phase and vortices in the
broken phase, whose equations are identical but with dif-
ferent boundary conditions.

We expect that spatial coordinates and X3 456 get in-

volved and X, 4,75 = 0. We thus introduce a 1/4 BPS

condition on the spinor parameter such as
I'ipse = —Be, (33)

where a, B = *1. This implies that '35 = —aBe. The
variation of the spinor field vanishes if the time-derivative
parts and the potential parts are matched so that

F1234€ = —UE,
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DoX§ + BWg =0, DoX{ — BWS =0,

(34)
DoX¢ + aW¢ =0, DoX¢ — aW¢ =0,
and the spatial derivatives are matched so that
D1X§1 - ClDzXff = 0, D2X§1 + aDlef = O, (35)

We can go over the energy and find a BPS bound on the
energy,

E = m(BR3y + aRss) = m(|Ray| + |Rs6l), (36)

once we use the Gauss law and the signs « and B are
chosen so that the equality in the right side holds. This
bound is saturated by the configurations which satisfy
Egs. (35). For the a, B = 1, the total R charge for the
BPS configurations becomes

4
Ry + Rsg=m 3 (X{) = fPIX§XEXXY, (37)
1=3,4,5,6

which vanishes for the symmetric phase and the broken
phase.

To understand the 1/4 BPS configuration, let us use the
ansatz

¢ —¢d O 0

|t 400
! 0 0 ¢ —¢

\0 0 ¢, & (38)

[0 —A, 0 0

o = A, 0 0 0
,u, _ y

0 0 0 -A,

\0 0 4, 0

where the row indices for X{ are / and the column indices
a. Introducing a complex scalar ¢ = ¢| + i¢,, the above
1/4 BPS equations and the Gauss law reduce to

. 2

(D) +iDy)¢ =0, Fp = F|¢|2(mk —1¢1?), (39)
where Dld) = 8,¢ - lAl¢ and F12 = 81A2 - 82A1. This
is the BPS equation for g-balls and vortices in the self-dual
Chern-Simons Higgs theory with fractional spin. Indeed,
the angular momentum for the BPS configuration is

Jin =~ [dzx(xlDOX?D2X;l — 0 DX D X])

[dzxxi(?iW. (40)

Q-balls can have vortices in the interior region. In particu-
lar, one can show that the angular momentum for g-balls is
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_ (Ray + Rse)’

J
12 47k

, 4D
which shows that g-balls can carry fractional angular
momentum [21]. (For the vortices, there would be a sign
flip.) This makes the details of the representation of the
superalgebra interesting.

As in Ref [22], the g-balls and vortices in the large-
charge limit can be regarded as supertubes in the symmet-
ric phase or the broken phase. For this interpretation, it is
important that the domain wall interpolating the symmetric
phase and one of the broken phases attracts the R charges
to the wall and forms a composite object, and a novel BPS
bound on the domain wall is found. We show that this is
true again for the theory under consideration.

We can consider additional R charges on the domain

walls. Let us again impose the supersymmetric conditions
el p30e = —ae, el psee = —Be,  (42)

where @, B = *1. This leads again to I'y;5s€ = —aBe.
Here the angle 6 is arbitrary and will be fixed for BPS
configurations. Note that § = 0 is the BPS condition for
g-balls and vortices, and 6 = 7/2 is that for the domain
wall with R charges. The supersymmetric BPS equations
for the 1/4 BPS domain wall carrying R charges consist of
eight equations as follows:

DyX§ + BW{ cost) — aD ;X4 sinf = 0,
DyX{ — BW§ cost — aDX{ sinf = 0,
DyX¢ + aW¢ cost) — aDX¢ sinf = 0,
DyX¢ — aWs cosf — aD X sinf = 0,
D, X5 + aDX{ cosd — BW{ sinf = 0,
D, X§ — aD X4 cosd — BW{ sinf = 0,
D,X¢ + BD X¢ cosf) — BWE sing = 0,
D,X¢ — BDX¢ cosf) — BW¢ sinf = 0.

(43)

Once these equations are satisfied, the energy density
integrated along the x? direction becomes

E = m(—BRsy, — aRsg)cosh + (aP + BT)sind, (44)

where the linear momentum density and the signed wall
tension are, respectively,

P = f dyDoX$D, X°, (45)

T = j dyd,W. (46)

As argued before, |7 | = km?. The BPS bound would be

£ = \/mz(/S'R34 + aRs)? + (BT + aP)? 47)

for all @, B. Indeed, when |7 | = |P|, we can choose «
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and B so that BT + aP = 0, so that the energy density
along the wall is just given by the R charges, and there is a
momentum flow along the wall which is given by the wall
tension. This is exactly the supertube condition. In the
supertube limit (sind = 0), the above BPS equations be-
come those for the 1/4 BPS g-balls and vortices.
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APPENDIX: MASS DEFORMATION WITH LESS
SUPERSYMMETRIES

One can introduce mass deformations which partially
break supersymmetry. Instead of the single mass term in
(7), we introduce three mass parameters m, m’ m" so that
the fermionic mass term becomes

i1 - 0
Ly = =5V mLaase + m'Taigg + m"Ty 5050
(AD)

Again, only the fermionic supersymmetric transformation
gets modified by the additional expression

6m\Ifa = (mr3456 + mlr3478 + m”FMQE)F,EX;’. (AZ)
We impose three constraints on the € parameter,
56736 = —ae, I ;i€ = —Be,
56910 (A3)
[go70€ = —aBe.

Only two of them are independent, and so the number of
supersymmetries is reduced to four. (If m” = 0, the num-
ber would be eight.) We then introduce the following
bosonic interactions Lgeformed = Lom T Lpor for super-
symmetric completion,

1
Lo = =5 m}X{ X5,

4m

£P0t = Tfabcd(nggxgxg + X?Xé’XgX%)
4m/ aybycyd aybycyd

+ K fabcd(X3X4X7X8 + X5X6X9Xm)

4m"

+ — Sabea XEXEXEX T + XEXEX5XY), (A4)

where the mass matrices for the bosonic fields X§ are
diagonal and given by
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(m?)33 = (M?)gy = (m + am’ + Bm")?,
()55 = (n')os = (m = am = 'V
(m?)7; = (m*)gg = (m — am’ + Bm")?,
(m?)og = (m*)570 = (m + am' — Bm")>.
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Our approach for the mass deformation seems to have
some analogy with the mass deformation of the supergrav-
ity solution for AdS, X S7 geometry in Ref. [25].
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