
Generating technique for Uð1Þ3 5D supergravity

Dmitri V. Gal’tsov* and Nikolai G. Scherbluk+

Department of Theoretical Physics, Moscow State University, 119899, Moscow, Russia
(Received 27 May 2008; published 12 September 2008)

We develop a generating technique for solutions of Uð1Þ3 5D supergravity via dimensional reduction to

three dimensions. This theory, which recently attracted attention in connection with black rings, can be

viewed as a consistent truncation of the T6 compactification of the 11-dimensional supergravity. Its further

reduction to three dimensions accompanied by dualization of the vector fields leads to a 3D gravity

coupled sigma model on the homogeneous space SOð4; 4Þ=SOð4Þ � SOð4Þ or SOð4; 4Þ=SOð2; 2Þ �
SOð2; 2Þ depending on the signature of the three-space. We construct a 8� 8 matrix representation of

these cosets in terms of lower-dimensional blocks. Using it we express a solution generating trans-

formations in terms of potentials and identify those preserving asymptotic conditions relevant to black

holes and black rings. As an application we derive the doubly rotating black hole solution with three

independent charges. A suitable contraction of the above cosets is used to construct a new representation

of the coset G2ð2Þ=ðSLð2; RÞ � SLð2; RÞÞ relevant for minimal five-dimensional supergravity.
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I. INTRODUCTION

Since the discovery of black rings [1] in five dimensions,
a variety of solution generation methods was developed to
derive these solutions in a regular way and to construct
their generalizations [2–18]. These methods allow one to
find solutions possessing a certain number of isometries
and they can be combined into three groups:
(i) applications of T-duality symmetries acting on scalar
and vector fields in any dimensions, (ii) the derivation of
three-dimensional sigma models on homogeneous spaces,
(iii) further reduction to two dimensions to apply soliton
techniques. Usually the third approach involves the second
one as an intermediate step. Dimensional reduction of
higher-dimensional supergravity theories to three dimen-
sions accompanied by dualization of the vector fields leads
to the enhanced U-duality symmetries (hidden symme-
tries) which contain transformations useful for generating
purposes. So far, only a restricted class of hidden symme-
tries of five-dimensional supergravity [the vacuum
SLð3; RÞ subgroup [19,20] ] was applied to the black ring
problems. Nevertheless, an application of the level
(iii) technique based on this subgroup has led to impressive
new results for vacuum black ring solutions [5–15].

For charged black rings, only the T duality at level
(i) was used until recently to generate such solutions
from the uncharged ones. To proceed further to level (ii),
one has to specify the five-dimensional Lagrangian con-
taining vector fields. Pure Einstein-Maxwell theory in five
dimensions fails to produce a three-dimensional sigma
model on a symmetric target space. Adding the Chern-
Simons term, as prescribed by the minimal five-

dimensional supergravity [21,22], one obtains a more sym-
metric three-dimensional sigma model with an exceptional
group G2ð2Þ acting as the target-space isometry [23–35].

The corresponding generating technique was recently de-
veloped in [36,37]. It amounts to using the 7� 7 matrix
representation of the coset G2ð2Þ=ðSLð2; RÞ � SLð2; RÞÞ
and opens a way to construct the most general five-
parametric black ring solution of the minimal five-
dimensional supergravity as well as its possible general-
izations such as charged Saturns.
The purpose of this paper is to generalize the same

approach to Uð1Þ3 five-dimensional supergravity with
three vector fields. This theory can be regarded as a trun-
cated toroidal compactification of the 11D supergravity:

I11 ¼ 1

16�G11

Z �
R11 ?11 1� 1

2
F½4� ^ ?11F½4�

� 1

6
F½4� ^ F½4� ^ A½3�

�
; (1)

where F½4� ¼ dA½3�, according to an ansatz

ds211 ¼ ds25 þ X1ðdz21 þ dz22Þ þ X2ðdz23 þ dz24Þ
þ X3ðdz25 þ dz26Þ;

A½3� ¼ A1 ^ dz1 ^ dz2 þ A2 ^ dz3 ^ dz4
þ A3 ^ dz5 ^ dz6:

(2)

Here zi, i ¼ 1; . . . ; 6 are the coordinates parametrizing the
torus T6. The three scalar moduli XI (I ¼ 1, 2, 3) and the
three one-forms AI depend only on the five coordinates
entering ds25. The moduli XI satisfy the constraint

X1X2X3 ¼ 1, implying that the five-dimensional metric
ds25 is the Einstein-frame metric. The reduced five-

dimensional action reads
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I5 ¼ 1

16�G5

Z �
R5 ?5 1� 1

2
GIJdX

I ^ ?5dX
J

� 1

2
GIJF

I ^ ?5F
J � 1

6
�IJKF

I ^ FJ ^ AK
�
;

GIJ ¼ diagððX1Þ�2; ðX2Þ�2; ðX3Þ�2Þ;
FI ¼ dAI; I; J; K ¼ 1; 2; 3;

where the totally symmetric Chern-Simons coefficients
�IJK ¼ 1 for the indices I, J, K being a permutation of
1, 2, 3, and zero otherwise. Supersymmetric solutions to
this theory were studied in a number of papers [38–48].
The most general ring solution to this theory constructed so
far [49] is a family of nonsupersymmetric rings parame-
trized by three conserved charges QI, three dipole charges
qI, and a radius of S

1, with the massM and the two angular
momenta J , J� being some functions of these seven free

parameters. An existence of a larger family of nonsuper-
symmetric black rings with nine independent parameters
ðM; J ; J�;QI; qIÞ is expected, which reduces to the solu-

tions of [45–48] in the supersymmetric limit. The generat-
ing technique developed in the present paper provides a
sufficient number of parameters to construct the nine-
parametric solution.

It is worth noting that the ansatz (2) is far from being the
general toroidal compactification of the 11D supergravity.
The generic toroidal reduction leads to the five-
dimensional theory with 27 vector fields and 42 scalar
moduli, parametrizing a coset E6ð6Þ=USpð8Þ. Cor-

respondingly, the general black ring must contain 27 con-
served charges and 27 dipole charges. More accurate
analysis [50] shows that 24 conserved charges can be
generated from the above three by duality transformations,
while the number of independent dipole charges is 15 (the
number of independent four-cycles of T6).

Contraction of the above theory to minimal 5D super-
gravity is effected via an identification of the vector fields:

A1 ¼ A2 ¼ A3 ¼ 1ffiffiffi
3

p A;

and freezing out the moduli: X1 ¼ X2 ¼ X3 ¼ 1. This
leads to the Lagrangian

L 5 ¼ R5 ?5 1� 1

2
F ^ ?5F� 1

3
ffiffiffi
3

p F ^ F ^ A:

In this case our results go back to those of Refs. [36,37].
However, our matrix representation of the coset
SOð4; 4Þ=SOð4Þ � SOð4Þ leads upon this contraction to a
new representation of the coset G2ð2Þ=ðSLð2; RÞ �
SLð2; RÞÞ, different and somewhat simpler than given in
[36,37].

II. 3D SIGMA MODEL

A. Dimensional reduction

To perform dimensional reduction of the 11D theory to
three dimensions, we follow an approach of Ref. [51]
(keeping all basic notations of that paper) which has an
advantage to provide the roots of the hidden symmetry
group directly in terms of the so called dilaton vectors
(coefficients in the dilaton exponentials entering the re-
duced action). For this purpose we go back to 11 dimen-
sions and consider compactification of 11-dimensional
supergravity on the torus T8 ¼ T6 � T2 parametrized by
coordinates z1; . . . ; z8. It will be convenient to distinguish
the six coordinates on the torus T6, corresponding to the
reduction to five dimensions, zi, i ¼ 1; . . . ; 6, from those
on T2, corresponding to the reduction from five to three
dimensions, which will be denoted by elder indices p, q ¼
7, 8. The decomposition of the 11-dimensional metric in
terms of the five-dimensional and three-dimensional met-
rics incorporating a diagonal ansatz (2) on T6 (sector zi)
and the Kaluza-Klein mechanism (KK) ansatz on T2 (sec-
tor zp) then reads in the notation of [51]:

ds211 ¼ e~s� ~�ds25 þ
X6
k¼1

e2 ~�k� ~�ðdzkÞ2

¼ e~s� ~�ds23 þ e ~s� ~�½e2 ~�7� ~’ðdz7 þA7 þ �dz8Þ2

þ �e2 ~�8� ~’ðdz8 þA8Þ2� þ X6
k¼1

e2 ~�k� ~�ðdzkÞ2; (3)

where A7, A8 are three-dimensional Kaluza-Klein one-
forms from the reduction of the five-dimensional metric on
T2, � is an axion arising in the reduction of the four-

dimensional one-form Â7
on the second cycle of T2:

Â7 ¼ A7 þ �dz8 (in the notation of the Ref. [51] � ¼
A7

8), the factor � ¼ �1 is responsible for the signature:

� ¼ 1 for a spacelike z8, and � ¼ �1 for a timelike z8. The

eight-dimensional dilaton ~� is split into the sum of the T6

and T2 components:

~� ¼ ~�þ ~’; ~� ¼ ð�1; . . . ; �6; 0; 0Þ;
~’ ¼ ð0; . . . ; 0; ’1; ’2Þ;

and the dilaton vectors can be presented as

~s ¼ ðs1; . . . ; s8Þ; sk ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2=ðð10� kÞð9� kÞÞp

;

~�k ¼ 1
2ð ~s� ~fkÞ;

~fk ¼ ð0; 0; . . . ; 0|fflfflfflfflffl{zfflfflfflfflffl}
k�1

; ð10� kÞsk; skþ1; skþ2; . . . ; s8Þ;

k ¼ 1; . . . ; 8:

(4)

The relation between the dilatons and the moduli XI with
account for the constraint X1X2X3 ¼ 1 is given by
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~s � ~’ ¼ 1ffiffiffi
3

p ’1 þ ’2; ~s � ~� ¼ 0 , X1X2X3 ¼ 1;

(5)

X1 ¼ e2 ~�1� ~� ¼ e2 ~�2� ~�; X2 ¼ e2 ~�3� ~� ¼ e2 ~�4� ~�;

X3 ¼ e2 ~�5� ~� ¼ e2 ~�6� ~�;
(6)

2 ~�7 � ~’ ¼ � 2ffiffiffi
3

p ’1; 2 ~�8 � ~’ ¼ 1ffiffiffi
3

p ’1 � ’2;

ð@ ~�Þ2 ¼ X3
I¼1

�
@XI

XI

�
2
:

(7)

To rewrite the ansatz for the 11-dimensional three-form
potential A½3� in the notation of Ref. [51], we will use the

pairwise indices ii0; jj0; . . . taking three values ii0 ¼
ð12; 34; 56Þ, together with the indices on T2: p ¼ 7, 8, so
that

A½3� ¼ 1
2Aii0 ^ dzi ^ dzi

0 þ 1
6Aii0pdz

i ^ dzi0 ^ dzp:
Here the one-forms A12 ¼ A1, A34 ¼ A2, A56 ¼ A3 are the
pullback of the five-dimensional one-forms introduced in
(2) onto the three-space (assuming Aii0 ¼ �Ai0i), and the
scalars Aii0p ¼ ðA127; A347; A567; A128; A348; A568Þ are axi-

ons arising in the reduction of the five-dimensional one-
forms on T2.

Using the result of Ref. [51], we obtain the following
three-dimensional Lagrangian (for � ¼ 1):

e�1
3 L3 ¼ R3 � 1

2
ð@ ~�Þ2 � 1

4

X
i<i0

e ~aii0 � ~�ðFii0 Þ2

� 1

4

X
p

e
~bp� ~’ðF pÞ2 � 1

2

X
i<i0;p

e ~aii0p� ~�ðFii0pÞ2

� 1

2
e
~b78� ~’ð@�Þ2 þ e�1

3 LCS; (8)

where the field strength two-forms are defined as

F 7 ¼ dA7 � d� ^A8; F 8 ¼ dA8;

Fii0 ¼ dAii0 � dAii0p�
p
q ^Aq; �7

7 ¼ �8
8 ¼ 1;

�7
8 ¼ ��; Fii0p ¼ �qpdAii0q:

The newly introduced dilaton vectors are related to the
quantities defined in (4) via

~aii0 ¼ ~fi þ ~fi0 � 3~s; ~aii0p ¼ ~fi þ ~fi0 þ ~fp � 3~s;

~bp ¼ � ~fp; ~b78 ¼ ~f8 � ~f7: (9)

Finally, the Chern-Simons term reads

L CS ¼ � 1

144
	ii

0pkk0qjj0dAii0p ^ dAkk0q ^ Ajj0 ;

where an eight-dimensional (T8) Levi-Civita symbol is
used.
In our truncated toroidal reduction, the six-dimensional

part of the dilaton ~� is effectively two-dimensional in view
of the four constraints (5) and (6). So, together with the
two-dimensional T2-dilaton ~’, one gets instead of the 8-

dimensional vector ~� the four-dimensional vector ~� ¼
ð�1; �2; �3; �4Þ with the following components:

�1 ¼ 1ffiffiffi
2

p
�
� lnðX3Þ þ 1ffiffiffi

3
p ’1 þ ’2

�
;

�2 ¼ 1ffiffiffi
2

p
�
lnðX3Þ � 1ffiffiffi

3
p ’1 þ ’2

�
;

(10)

�3 ¼ 1ffiffiffi
2

p
�
lnðX3Þ þ 2ffiffiffi

3
p ’1

�
; �4 ¼ 1ffiffiffi

2
p ln

X1

X2
: (11)

It has the same norm:

X8
k¼1

@�2k ¼
X4
k¼1

@�2
k;

and the corresponding exponents convert to the four-
dimensional ones as follows:

e ~a12� ~� ! e ~a12� ~�; e
~b7� ~’ ! e

~b7� ~�; . . . ;

~� ¼ ð�1; �2; �3; �4Þ;

while the four-dimensional dilaton coefficient vectors in
the new basis read

~a12 ¼
ffiffiffi
2

p ð�1; 0; 0;�1Þ; ~a34 ¼
ffiffiffi
2

p ð�1; 0; 0; 1Þ; ~a56 ¼
ffiffiffi
2

p ð0;�1;�1; 0Þ;
~a127 ¼

ffiffiffi
2

p ð0; 0; 1;�1Þ; ~a347 ¼
ffiffiffi
2

p ð0; 0; 1; 1Þ; ~a567 ¼
ffiffiffi
2

p ð1;�1; 0; 0Þ;
~a128 ¼

ffiffiffi
2

p ð0; 1; 0;�1Þ; ~a348 ¼
ffiffiffi
2

p ð0; 1; 0; 1Þ; ~a568 ¼
ffiffiffi
2

p ð1; 0;�1; 0Þ;
~b7 ¼

ffiffiffi
2

p ð�1; 0;�1; 0Þ; ~b8 ¼
ffiffiffi
2

p ð�1;�1; 0; 0Þ; ~b78 ¼
ffiffiffi
2

p ð0; 1;�1; 0Þ:
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B. T2-covariant form

It will be useful to perform reduction on a torus T2 in the
2D-covariant form decomposing the five-metric as

ds25 ¼ 
pqðdzp þ apÞðdzq þ aqÞ � ���1ds23;

where the 2D metric 
pq (p ¼ 7, 8) is introduced:


 ¼ e�ð2= ffiffi3p Þ’1

1 �

� �2 þ �e
ffiffi
3

p
’1�’2

 !
;

det
 � �� ¼ �e�ð1= ffiffi3p Þ’1�’2 ;

(12)

and ap are the Kaluza-Klein one-forms: a7 ¼ A7 �
�A8, a8 ¼ A8. For the moduli XI, we have the following
expressions in terms of � and the dilatons �1, �4:

ðX1Þ2 ¼ e
ffiffi
2

p
�4ðX3Þ�1; ðX2Þ2 ¼ e�

ffiffi
2

p
�4ðX3Þ�1;

X3 ¼ ��1e�
ffiffi
2

p
�1 :

(13)

Using the relations (10) and (11) we can rewrite the metric
GIJ of the moduli space as

GIJ ¼ ��

�
diagðe ~a12� ~�; e ~a34� ~�; e ~a56� ~�Þ: (14)

C. Dualization

To obtain a purely scalar 3D Lagrangian we have to
perform dualization of the 2-forms Fii0 andF p. First of all,
we change notation from that of Ref. [51] replacing the
pairwise indices ii0 ¼ 12, 34, 56 by a capital Roman index
I ¼ 1, 2, 3, and relabeling the axions similarly:

FI ¼ ðF12; F34; F56Þ; uI ¼ ðA127; A347; A567Þ;
vI ¼ ðA128; A348; A568Þ:

It is important to realize that the indices I are the vector
indices in the moduli space endowed with the metric GIJ.
We also combine uI and vI into the T2-covariant doublet
 Ip ¼ ðuI; vIÞ with the index p relative to the metric 
pq,

or, in the matrix form,

 I ¼ uI

vI

� �
:

In what follows the summation over all the repeated in-
dices is understood. In this notation the field strength
tensors will read

FI ¼ dAI � d Ip ^ ap; F 7 ¼ da7 þ �da8;

F 8 ¼ da8:
(15)

To perform dualization along the lines of [51], we
introduce into the Lagrangian (8) three Lagrange multi-
pliers �I ensuring the Bianchi identities for the two-forms
FI �  Ipda

p ¼ dAI � dð IpapÞ and two Lagrange multi-

pliers !p ensuring the Bianchi identities for the two-forms

dap ¼ �pqF q. We also rewrite the Chern-Simons term as

follows [see Eq. (3.29) in [51] ]:

L CS ¼ 1
2�IJK	

pqðd Ip Jq ^ FK þ 1
3d 

I
p 

J
q 

K
r �

r
s ^F sÞ;

with 	pq ¼ �	qp, 	78 ¼ 1. Integrating by parts we can
present the Lagrangian (8) as

L 3 ¼ R3 ? 1� 1

2
? d ~� ^ d ~�� 1

2

X
i<i0;p

e ~aii0p� ~� ? Fii0p

^ Fii0p � ��

2
GIJ ? F

I ^ FJ þGI ^ FI � 1

2
e
~b7� ~�

?F 7 ^F 7 � �
1

2
e
~b8� ~� ?F 8 ^F 8 þGp ^F p;

where the one-forms GI, Gp are related to the scalars �I,

!p as follows:

GI ¼ d�I þ 1
2�IJKd 

J
p 

K
q 	

pq; G7 ¼ V7;

G8 ¼ V8 � �V7;

Vp ¼ d!p �  Ipðd�I þ 1
6�IJKd 

J
q 

K
r 	

qrÞ;

Then, eliminating the initial two-forms FI, F p via the
equations of motion

FI ¼ ��1GIJ ? GJ; F 7 ¼ ��e� ~b7� ~� ? G7;

F 8 ¼ �e� ~b8� ~� ? G8;
(16)

we obtain the Lagrangian in the dual terms:

L 3 ¼ R3 ? 1� 1

2
? d ~� ^ d ~�� 1

2

X
i<i0;p

e ~aii0p� ~� ? Fii0p

^ Fii0p þ 1

2
��1GIJ ? GI ^GJ � �

1

2
e� ~b7� ~� ? G7

^G7 � 1

2
e� ~b8� ~� ? G8 ^G8;

where GIJ is the inverse moduli metric GIJ. Note that the
signs in the dilaton exponents were inverted under dual-

ization. Equation (15) together with the relations e
~b7� ~� ¼

���
77, e
~b8� ~� ¼ �ð�
78 � 
88Þ, which follow from the

definitions (10)–(12), enable us to rewrite Eq. (16) as the
dualization equations covariant with respect to all indices:

�
pqda
q ¼ ?Vp; dAI ¼ d Ip ^ ap þ ��1GIJ ? GJ;

or, explicitly:


pq@
½iaj�q ¼ 1

2�
ffiffiffi
h

p 	ijk
�
@k!p

�  Ip

�
@k�I þ 1

6
�IJK@k 

J
r 

K
s 	

rs

��
; (17)
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@½iAj�I ¼ ap½j@i� Ip þ 1

2�
ffiffiffi
h

p 	ijkGIJ

�
�
@k�J þ 1

2
�JKL@k 

K
p 

L
q	

pq

�
; (18)

where the antisymmetrization is assumed with 1=2.
Combining all the above formulas, we can present the

dualized action as that of a 3D gravity coupled sigma
model:

I3 ¼ 1

16�G3

Z ffiffiffiffiffiffi
jhj

p �
R3 � GAB

@�A

@xi
@�B

@xj
hij
�
d3x;

where hij is the inverse metric of the three-space, R3 is the
corresponding Ricci scalar, and GABð�AÞ is the metric of

the target space parametrized by 16 scalar variables �A ¼
ð ~�;  I; �I; �;!pÞ, which can be read off from the follow-

ing line element:

dl2 ¼ GABd�
Ad�B

¼ 1
2ððd ~�Þ2 þ �e

ffiffi
2

p ð�1þ�4ÞðG1Þ2 þ �e
ffiffi
2

p ð�1��4ÞðG2Þ2
þ �e

ffiffi
2

p ð�3þ�2ÞðG3Þ2 þ e
ffiffi
2

p ð�3��4Þðdu1Þ2
þ e

ffiffi
2

p ð�4þ�3Þðdu2Þ2 þ e
ffiffi
2

p ð�1��2Þðdu3Þ2
þ �e

ffiffi
2

p ð�2��4Þðdv1 � �du1Þ2 þ �e
ffiffi
2

p ð�4þ�2Þðdv2
� �du2Þ2 þ �e

ffiffi
2

p ð�1��3Þðdv3 � �du3Þ2
þ �e

ffiffi
2

p ð�1þ�3ÞðG7Þ2 þ e
ffiffi
2

p ð�1þ�2ÞðG8Þ2
þ �e

ffiffi
2

p ð�2��3Þd�2Þ: (19)

This line element can be more concisely rewritten in the
T2-covariant form:

dl2 ¼ 1
2GIJðdXIdXJ þ d I

T

�1d JÞ � 1

2�
�1GIJGIGJ

þ 1
4 Trð
�1d

�1d
Þ þ 1

4�
�2d�2 � 1

2�
�1VT
�1V:

D. Hidden symmetry

The set of the dilaton vectors ~aii0 , ~aii0p, ~bp, ~b78 is directly

related to the root system of the isometry algebra of the
target space [51]. Enumerating them as

� ~aii0 ¼ ð ~e1; ~e2; ~e3Þ; ~aii07 ¼ ð ~e4; ~e5; ~e6Þ;
~aii08 ¼ ð ~e7; ~e8; ~e9Þ; � ~bp ¼ ð ~e10; ~e11Þ; ~b78 ¼ ~e12;

one can easily see that these 12 four-dimensional vectors
form the system of positive roots of the algebra soð8Þ.
Indeed, from the relations (9) and the property

X8
k¼1

~fk ¼ 9 ~s;

one can express ~e1, ~e2, ~e3, ~e7, ~e8, ~e9, ~e10, ~e11 in terms of ~e4,
~e5, ~e6, ~e12 as follows:

~e I ¼
X
K�I

~eKþ3 þ ~e12; ~eIþ6 ¼ ~eIþ3 þ ~e12;

~e10 ¼
X
K

~eKþ3 þ ~e12; ~e11 ¼
X
K

~eKþ3 þ 2 ~e12:

It is clear then that the vectors ~e4, ~e5, ~e6, ~e12 are the simple
roots forming the Dynkin diagram of soð8Þ [52].
The signature of the target space is þ16 for � ¼ 1

(dimensional reduction in all spacelike directions) and
ðþ8;�8Þ � ¼ �1 (one of the reduced dimensions is time-
like). Then it is easy to recognize that the isometry group is
the noncompact form SOð4; 4Þ of the SOð8Þ, whose Killing
metric has the signature ð�12;þ16Þ, while the target space
is the coset SOð4; 4Þ=SOð4Þ � SOð4Þ for � ¼ 1 and
SOð4; 4Þ=SOð2; 2Þ � SOð2; 2Þ for � ¼ �1. For both these
symmetric spaces the scalar curvature is negative:

R ¼ �96:

Denoting the four-dimensional Cartan subalgebra of

soð4; 4Þ as ~H, and the generators corresponding to the
nonzero roots � ~ek, k ¼ 1; . . . ; 12 as P�I, W�I, Z�I,
��p, X�, we will have the relations:

P�I $ � ~eI; W�I $ � ~eIþ3; Z�I $ � ~eIþ6;

��p $ � ~epþ3; X� $ � ~e12:

The commutators of these generators with the Cartan sub-

algebra ~H read

½ ~H; X�� ¼ � ~e12X
�; ½ ~H;�p

�I� ¼ � ~eIþ3ðp�6Þ�
p
�I;

½ ~H;��p� ¼ � ~epþ3�
�p; ½ ~H; P�I� ¼ � ~eIP

�I;
(20)

where we have arranged WI, ZI into a column vector

�I ¼ WI

ZI

� �
:

The remaining nonzero commutators are obtained from the
relations between the root vectors

~e Iþ3 þ ~eJþ6 ¼ ~eK; ~eIþ3 þ ~e12 ¼ ~eIþ6;

~eIþ3ðaþ1Þ þ ~eI ¼ ~eaþ10 ða ¼ 0; 1Þ;
~e12 þ ~e10 ¼ ~e11;

where in the first equations I, J, K are all different. One
finds
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½�p
�I;�

q
�J� ¼ �	pq�IJKP�K;

½�p
�I;�

q
�J� ¼ �	pq�IJX�;

½X�; W�I� ¼ �Z�I;

½X�; Z�I� ¼ �W�I;

½�p
�I; P�J� ¼ ��JI��p;

½�p
�I; P�J� ¼ �	p:q�IK�KJL�q

�L;

½X�;��7� ¼ ���8:

(21)

We will give the generators of SOð4; 4Þ as differential
operators acting on the target-space manifold in what
follows.

III. COSET REPRESENTATIVE

A. The strategy

As a convenient representative of the coset, one can
choose the upper-triangular matrix V which transforms
under the global action of the symmetry group G by the
right multiplication and under the local action of the iso-
tropy group H by the left multiplication:

V ! V 0 ¼ hð�ÞVg; g 2 G; h 2 H:

Given this representative, one can construct the
H-invariant matrix

M ¼ V TKV ; (22)

where K is an involution matrix invariant under H:

hð�ÞTKhð�Þ ¼ K (23)

(dependent on the coset signature parameter �). Then the
transformation of M under G will be

M ! M0 ¼ gTMg: (24)

The target-space metric (19) in terms of the matrixM will
read

dl2 ¼ �1
8 trðdMdM�1Þ: (25)

The desired upper-triangular matrix V can be con-
structed by an exponentiation of the Borel subalgebra of
the Lie algebra of G consisting of the Cartan H and the
positive-root Eþ generators (in what follows we omit the
sign þ in the indices):

V ¼ VHV Eþ ¼ VHV XV�V�V P;

where the matrices VH, V X, V�, V�, V P are the
exponentials:

VH ¼ eð1=2Þ ~�� ~H; V X ¼ e�X; V�¼ e 
I�I ;

V� ¼ e!p�
p
; V P ¼ e�IP

I
: (26)

Using (25), one can rewrite the target-space metric in terms
of the matrix current J ¼ dVV�1 as follows:

dl2 ¼ 1
4 trðJ 2Þ þ 1

4 trðJ TKJK�1Þ:

Using Eq. (26) and the commutators (20) and (21) for the
positive-root generators, one can show that the matrix
current one-form J is spanned by the Borel subalgebra
generators as follows:

J ¼ dVV�1

¼ 1

2
d ~� � ~H þ e1=2 ~e12� ~�d�X þX

I

e1=2 ~eIþ3� ~�duIWI

þX
I

e1=2 ~eIþ6� ~�ðdvI � �duIÞZI

þX
p

e1=2 ~epþ3� ~�Gp�
p þX

I

e1=2 ~eI� ~�GIP
I:

B. Matrix representation

We use the 8� 8 matrix representation of the soð4; 4Þ
algebra given in Appendix A. The exponentiation of the
Borel subalgebra gives the coset representatives in the
following block form:

V ¼ S R
0 ~S

� �
;

where S and R are 4� 4 matrices which in turn have the
block structure:

S ¼ sij ai
bj s

� �
; R ¼ a0i rij

s0 b0j

 !
; i; j ¼ 1; . . . ; 3:

In what follows we use the symbol T̂ to denote trans-
position with respect to the minor diagonal and the symbol
~A to denote ~A ¼ �AT̂ for a degenerate matrix A ( detA ¼
0) and ~A ¼ ðA�1ÞT̂ for a nondegenerate A ( detA � 0). In
particular,

ð IÞT ¼ ðuI; vIÞ; ~ I ¼ �ðvI; uIÞ;

ð ~ IÞT ¼ � vI

uI

� �
:

When applied to a matrix written in the block form, this
means

~S ¼ s�1 ~ai
~bj ~sij

 !
:

In the above blocks we use the following 3� 3 matrix
potentials:
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�̂ ¼
�1 0 0
0 �2 0
0 0 �3

0
@

1
A; �̂ ¼

0 0 0
0 0 �
0 0 0

0
@

1
A;

�3 ¼
0 u3 �v3
0 0 0
0 0 0

0
B@

1
CA; !̂ ¼

!7 !8 0
0 0 0
0 0 0

0
@

1
A;

�̂3 ¼
0 0 0

��3 0 0
0 0 0

0
@

1
A;

and the 3-columns:

�a ¼
ua

va

0

0
@

1
A; �̂a ¼

�a

0
0

0
@

1
A:

An explicit exponentiation in (26) gives the following 4�
4 blocks for the partial coset representatives:

VH: SH ¼ eð1=
ffiffi
2

p Þ�̂ 0

0 eð1=
ffiffi
2

p Þ�4

 !
; RH � 0;

V X: SX ¼ e��̂ 0

0 1

 !
; RX � 0;

V�: S� ¼ e�3 eð1=2Þ�3 ~�T
1

0 1

 !
;

R� ¼ eð1=2Þ�3 ~�T
2 �

0 �T
2 e

ð1=2Þ ~�3

 !
;

where

� ¼ 1

2

�
�12 þ 1

3
ð�3�12 þ�12

~�3Þ þ 1

12
�3�12

~�3

�

þ 1

2
ð1 $ 2Þ:

The remaining exponentials are

V �: S� ¼ 1 0
0 1

� �
; R� ¼ 0 �

0 0

� �
;

� ¼ !̂þ ~̂!:

V P: SP ¼ 1 �̂2

0 1

� �
;

RP ¼ �̂1 ��� �̂2 � ~̂�1

0 ~̂�1

 !
; � ¼ �̂3 þ ~̂�3:

For the K-involution matrix we have the following block
representation:

SK ¼ E; E ¼ �̂ 0
0 1

� �
; �̂ ¼ diagð�; �; 1Þ;

~E ¼ �E; RK � 0:

Multiplying all the matricesVH,V X,V�,V�, andV P,
we obtain for the coset representative V :

V ¼ S R
0 ~S

� �
; ~S ¼ ðS�1ÞT̂ ;

where

S ¼ eð1=
ffiffi
2

p Þ�̂e��̂e�3 ; eð1=
ffiffi
2

p Þ�e��̂
̂21

0 eð1=
ffiffi
2

p Þ�4

 !
; 
̂12 ¼ �̂1 þ eð1=2Þ�3 ~�T

2 ; 
̂21 ¼ �̂2 þ eð1=2Þ�3 ~�T
1 ;

R ¼ eð1=
ffiffi
2

p Þ�̂e��̂
̂12; eð1=
ffiffi
2

p Þ�̂e��̂ðe�3ð���� �̂2 � ~̂�1Þ þ eð1=2Þ�3
P

2
a¼1

~�T
a � ~̂�a þ�Þ

0 eð1=
ffiffi
2

p Þ�4 ~̂
12

 !
:

Finally, we construct the gauge-invariant representative of the coset (22):

M ¼ P PQ
QTP ~P þQTPQ

� �
; Q ¼ S�1R; P ¼ STES; ~P ¼ ~ST~E ~S;

with the block components Q ¼ �QT̂ :

Q ¼ �̂1þ e�ð1=2Þ�3 ~�T
2 ; ��þ 1

2 ð�21��12Þþ�� �̂2��T
2 þ 1

3�3ð12�12��21Þ� ~�T
2 � ~̂�2� 1

3 ð12�12��21Þ ~�3

0; ~̂�1þ�T
2 e

�ð1=2Þ ~�3

 !
:

(27)

and P :

P ¼ P T ¼ e�
T
3 �e�3 ; e�

T
3 �
̂21


̂T21�e�3 ; 
̂T21�
̂21 þ e
ffiffi
2

p
�4

 !
: (28)

The matrix � entering this expression reads

� ¼ e��̂Teð1=
ffiffi
2

p Þ�̂�̂eð1=
ffiffi
2

p Þ�̂e��̂ ¼ �e
ffiffi
2

p
�1 0

0 ~
0

 !
;

where the 2� 2matrix 
0, related to 
 as 
0 ¼ ðX3Þ�1
, is
given by
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0 ¼ e�
ffiffi
2

p
�3

1 �

� �2 þ �e
ffiffi
2

p ð�3��2Þ
� �

;

~
0 ¼ �e
ffiffi
2

p
�2

1 ��
�� �2 þ �e

ffiffi
2

p ð�3��2Þ
� �

:

(29)

The following relations are useful:

~
 0
77 ¼ �
0

77

�0
; ~
0

78 ¼

0
78

�0
; ~
0

88 ¼ �
0
88

�0
;

�0 ¼ � detð
0Þ ¼ ��e�
ffiffi
2

p ð�2þ�3Þ; ~�0 ¼ ��1
0 :

IV. ISOMETRIES OF THE TARGET SPACE

A. Transformation of the coset

To classify 28 isometry transformations SOð4; 4Þ of the
target space, we consider the action of one-parameter
subgroups generated by

~H; P�I; W�I; Z�I; ��p; X�:
(30)

In terms of the gauge-independent coset matrix M, the
isometries are represented by (24). In conformity with the
matrix representation (A1) we can distinguish three types
of the SOð4; 4Þ matrices g:

(i) The ‘‘right’’ upper-triangular matrices generated by
the B-type elements of soð4; 4Þ:

gR ¼ e�C ¼ 1 e�B

0 1

 !
;

C ¼ P1; P3; W2; Z2;�
7;�8;

whose action on the coset components P and Q
consists in the shift

P ! P 0 ¼ P ; Q ! Q0 ¼ Qþ �B: (31)

These correspond to gauge transformations.
(ii) The ‘‘central’’ block-diagonal matrices with the

upper-triangular blocks

gSu ¼ e�C ¼ e�A 0

0 e�
~A

 !
;

C ¼ P2; W1;W3; Z1; Z3; X;

with the lower-triangular blocks

gSd ¼ e�C ¼ e�A
T

0

0 e�
~AT

 !
;

C ¼ P�2; W�1; W�3; Z�1; Z�3; X
�;

and with the diagonal blocks

gS ¼ e�C ¼ e
�ATHi 0

0 e�
~ATHi

0
@

1
A;

C ¼ Hi; i ¼ 1 . . . 4:

These act on the P and Q blocks as follows:

P ! P 0 ¼ e�M
T
P e�M;

Q ! Q0 ¼ e��MQe�
~M;

(32)

where M ¼ A, AT or AHi
for g ¼ gSu, gSd or gS

respectively.
(iii) The ‘‘left’’ lower-triangular type matrices

gL ¼ 1 0
e�B

T
1

� �
;

whose action on the P and Q is highly nontrivial

P 0 ¼ P þ �PQBT þ �BQTP

þ �2Bð ~P þQTPQÞBT;
P 0Q0 ¼ PQþ �Bð ~P þQTPQÞ;
~P þQTPQ ¼ inv:

It is this part of isometries which contains the
charging transformations.

Meanwhile, there exists a reflection symmetry of the root
diagram interchanging positive and negative roots. This
enables us to reparametrize the target-space metric intro-
ducing the dual coordinates �A

d in which the positive-root

generators look the same as the negative roots generators in
terms of the initial coordinates �A. Thus, the dual coset
matrix Mdð�A

d Þ constructed from the dual potentials will

be transformed under the action of the lower-triangular
generators in the same way as the coset matrix Mð�AÞ
under the gauge transformation gR. We find that the dual
coset matrix is an inverse of the initial coset matrix:

M d ¼ P d P dQd

QT
dP d

~P d þQT
dP dQd

� �
¼ M�1

¼ P�1 þQ ~P�1QT �Q ~P�1

� ~P�1QT ~P�1

 !
:

The transformation of theM components under gL is then
described as the shift of the dual matrix Qd

~P �1
d ! ð ~P�1

d Þ0 ¼ ~P�1
d ; Qd ! Q0

d ¼ Qd � �B:

B. Finite transformations explicitly

From now on we will assume � ¼ �1. Using Eqs. (31)
and (32) it easy to find the finite actions of the Cartan and
the positive-root transformations. The diagonal ones give
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H1: �
0
1 ¼ �1 þ 2�1; !0

p ¼ !pe
��1 ;

 0
3 ¼  3e

��1 ; �0
a ¼ �ae

��1 ;

H2: �
0
2 ¼ �2 þ 2�2; !0

8 ¼ !8e
��2 ;

v01 ¼ v1e
��2 ; v02 ¼ v2e

��2 ; u03 ¼ u3e
�2 ;

�0
3 ¼ �3e

��2 ; �0 ¼ �e��2 ;

H3: �
0
3 ¼ �3 þ 2�3; !0

7 ¼ !7e
��3 ;

u01 ¼ u1e
��3 ; u02 ¼ u2e

��3 ; v03 ¼ v3e
�3 ;

�0
3 ¼ �3e

��3 ; �0 ¼ �e�3 ;

H4: �
0
4 ¼ �4 þ 2�4;  0

1 ¼  1e
�4 ;  0

2 ¼  2e
��4 ;

�0
1 ¼ �1e

��4 ; �0
2 ¼ �2e

�4 :

The upper-triangular matrices (positive roots) produce
gauge transformations of the potentials �A. Namely, the
generators PI and �p give simple gauge shifts of the

potentials �I and the KK potentials !p respectively:

�0
I ¼ �I þ �I�; !0

p ¼ !p þ �p!; other potentials invariant:

The generators WI and ZI of the electromagnetic sector produce the gauge shift of the axions uI and vI respectively,
changing also some other potentials:

WI: ðuIÞ0 ¼ uI þ �Iu; �0
J ¼ �J þ 1

2
�IJK�

I
uv

K; no sum over I; K

!0
7 ¼ !7 þ �Iu�I þ 1

6

X
J;K

�IJK�
I
uu

JvK; !0
8 ¼ !8 þ 1

6

X
J;K

�IJK�
I
uv

JvK; no sum over I:

ZI: ðvIÞ0 ¼ vI þ �Iv; �0
J ¼ �J � 1

2
�IJK�

I
vu

K; no sum over I; K

!0
8 ¼ !8 þ �Iv�I � 1

6

X
J;K

�IJK�
I
vu

JvK; !0
7 ¼ !7 � 1

6

X
J;K

�IJK�
I
vu

JuK; no sum over I:

Finally, the generators X and X� lead to finite transformations:

X: ðvIÞ0 ¼ vI þ ��u
I; !0

8 ¼ !8 þ ��!7;


00
77 ¼ 
0

77; 
00
78 ¼ 
0

78 þ ��

0
77; 
00

88 ¼ 
0
88 þ 2��


0
78 þ �2

�

0
77

X�: ðuIÞ0 ¼ uI þ ���vI; !0
7 ¼ !7 þ ���!8;


00
88 ¼ 
0

88; 
00
78 ¼ 
0

78 þ ���
0
88; 
00

77 ¼ 
0
77 þ 2���
0

78 þ �2��
0
88;

with the remaining potentials invariant.

C. Killing vectors

To find the differential operators generating isometries (the Killing vectors Xk of the target space) from the finite
transformations, one can use the defining equations:

Xk ¼ @�A0

@�k

���������k¼0

@

@�A
;

where �A0 ¼ �A0 ð�B; �kÞ are the potentials transformed under the action of the one-parametric subgroups. Here we give
Xk corresponding to the Cartan, positive-root, and X� generators. The other Killing vectors are much more complicated
and we will present them in the next section only for the vacuum seed potentials. Enumerating the potentials as �A ¼
ðX1; X2; 
0

pq;  
I; �I; !pÞ and the parameters as �k ¼ ð�1; . . . ; �4; �

I
u; �

I
v; �

I
�; �

p
!; ��; ���Þ, we find the following set of

the Killing vectors:
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Mp
q ¼ 2
0

pr

@

@
0
rq

þ!p

@

@!q

þ �qp!r

@

@!r

þ �qp�I

@

@�I

þ  Ip
@

@ Iq
;

H1 þH4ffiffiffi
2

p ¼ 2ðX1Þ2X2 @

@X1
þ  1

p

@

@ 1
p

�  2
p

@

@ 2
p

�  3
p

@

@ 3
p

� 2�1

@

@�1

�!p

@

@!p

;

H1 �H4ffiffiffi
2

p ¼ 2ðX2Þ2X1 @

@X2
þ  2

p

@

@ 2
p

�  1
p

@

@ 1
p

�  3
p

@

@ 3
p

� 2�2

@

@�2

�!p

@

@!p

;

�p
I ¼ @

@ Ip
þ 1

2
�IJK	

pq Kq
@

@�J

þ�I

@

@!p

þ 1

6
�IJK	

pq Jq 
K
r

@

@!r

;

�p ¼ @

@!p

; PI ¼ @

@�I

;

where Mp
q are given by

M7
7 ¼ � 1ffiffiffi

2
p ðH1 þH3Þ; M8

8 ¼ � 1ffiffiffi
2

p ðH1 þH2Þ;

M7
8 ¼ X; M8

7 ¼ X�:

V. SOLUTION GENERATING TECHNIQUE

The use of the target-space isometries for generating
purposes consists in three steps. First, one has to choose
the seed solution and to find the corresponding target-space
potentials. This involves solving the (differential) dualiza-
tion equations. Then the isometry transformations are ap-
plied to get the target-space potentials of the new solution.
Finally, one has to solve the dualization equations (18) to
obtain a new solution in terms of the metric and the matter
fields. The three-dimensional metric hij remains essen-

tially the same.
Since the dimensional reduction from eleven to five

dimensions does not involve dualization, the identification
of solution in five-dimensional or in 11-dimensional terms
is a matter of choice. Five target-space variables �1, �2,
�3, �4, � enter the 11-dimensional metric algebraically,
via the moduli XI, 
pq:

ds211 ¼
X
I;i;i0
XIððdziÞ2 þ ðdzi0 Þ2Þ

þ 
pqðdzp þ apÞðdzq þ aqÞ þ ��1hijdx
idxj;

while the KK vectors ap in the T2 sector are related to the
target-space potentials!p via dualization. In the form-field

sector,

A½3� ¼ ðA1 þ  1
pdz

pÞ ^ dz1 ^ dz2 þ ðA2 þ  2
pdz

pÞ ^ dz3
^ dz4 þ ðA3 þ  3

pdz
pÞ ^ dz5 ^ dz6;

the six quantities  Ip are the target-space potentials, while

the remaining one-forms AI are related to the potentials �I

via dualization.

A. Asymptotic conditions

To find a proper direction in the target space which
would lead to the solution with desired properties is a
nontrivial task, and usually it invokes an identification of
the subgroups of the isometry group preserving certain
asymptotic conditions for the metric (and/or the form
field). For the black hole/black ring applications several
such conditions are of interest.
(i) Minkowskian metric

Consider the 11-dimensional Minkowski metric in
the Cartesian coordinates (assuming � ¼ �1)

ds211 ¼
X7
k¼1

ðdzkÞ2 � ðdz8Þ2 þ
X3
i¼1

ðdxiÞ2; A½3� ¼ 0:

(33)

This corresponds to 
88 ¼ �1, 
77 ¼ 1 and all other
potentials zero. Consequently, the coset matrix
Mas ¼ K. By virtue of Eq. (23), such an asymptotic
is preserved under isometries belonging to the iso-
tropy subgroup H of the SOð4; 4Þ:

PI þ P�I; ZI þ Z�I; WI �W�I;

Xþ X�; �7 þ��7; �8 ���8:

(ii) Flat metric in the S2 � S1 fibration
Another useful form of the flat metric appropriate to
the five-dimensional ring problem is

ds25 ¼ �ðdtÞ2 þ r2cos2�ðd Þ2 þ dr2

þ r2ðd�2 þ sin2�d�2Þ;
and the reduction is performed along t,  where  is
the angular variable along S1 in the ring S2 � S1

fibration. We identify z7 ¼  , z8 ¼ t, then the
target-space variables 
88 ¼ �1, 
77 ¼ � ¼
r2cos2�. Preservation of the above line element is
more restrictive: from an analysis of an infinitesimal
action of generators (30) we find the only combina-
tion of the Killing vectors
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ZI þ Z�I:

Mathematically, this is related to the coordinate
dependence of the asymptotical matrix Mas.

(iii) Guisto-Saxena coordinates
However, one can perform dimensional reduction
with respect to the combinations �� ¼ 1

2 ð��  Þ
instead of  , as suggested in Ref. [53]. In this case
the coset matrix Mas will be coordinate indepen-
dent. The target-space potentials then read


77 ¼ �; 
88 ¼ �1; !7 ¼ �; � ¼ r2

(34)

(other potentials zero), so the coset matrixMas will
be given through the following constant 4� 4
blocks:

P as ¼

���1 0 0 0

0 �1 0 0

0 0 ��1 0

0 0 0 1

0
BBBBB@

1
CCCCCA;

Qas ¼

0 � 0 0

0 0 0 0

0 0 0 ��
0 0 0 0

0
BBBBB@

1
CCCCCA:

To find the appropriate combinations of the Killing
vectors consider their vacuum form setting all elec-
tromagnetic potentials to zero and taking XI ¼ 1
(in this case 
0 ¼ 
):

Mp
q ¼ 2
pr

@

@
rq
þ!p

@

@!q

þ �qp!r

@

@!r

;

H1 þH4ffiffiffi
2

p ¼ 2
@

@X1
�!p

@

@!p

;

H1 �H4ffiffiffi
2

p ¼ 2
@

@X2
�!p

@

@!p

;

�p
I ¼ @

@ Ip
;

�p
�I ¼ !p

@

@�I

þ 
pq
@

@ Iq
;

PI ¼ @

@�I

;

P�I ¼ �!p

@

@ Ip
;

�p ¼ @

@!p

;

��p ¼ �2
pr!s

@

@
rs
� ð!p!r þ �
prÞ @

@!r

:

Conditions (34) then give the following linear com-
binations preserving Mas:

ZI þ Z�I; W�I þ P�I; X ���8:

More general physically interesting asymptotic conditions
may be encountered for five-dimensional typeDmetrics as
discussed in [54].

VI. THREE-CHARGE BLACK HOLE WITH TWO
ANGULAR MOMENTA

Five-dimensional stationary charged black holes were
investigated for different couplings of vector fields to
gravity both for nonsupersymmetric [55–67] and super-
symmetric [68,69] configurations (for a recent review see
[70]). Somewhat surprisingly, the simplest Einstein-
Maxwell theory in five dimensions does not possess ana-
lytic solutions like the Kerr-Newman black hole in four
dimensions. This is related to the lack of hidden symme-
tries which are enhanced in the supergravity action due to
Chern-Simons term. The enhancement endows us with
charging symmetries which open the way to construct the
three-charge doubly rotating black hole solution from the
5D vacuum Myers-Perry metric. We assume the following
choice of coordinates: z7 ¼  , z8 ¼ t, r, �, �, and denote
the rotation parameters as a, b. The seed solution then
reads

ds2 ¼ �dt2 þ 
2r2

�
dr2 þ 
2d�2 þ ðr2 þ a2Þsin2�d�2

þ ðr2 þ b2Þcos2�d 2 þ pðdtþ asin2�d�

þ bcos2�d Þ2: (35)

Using the relations between the metric components and the
target-space potentials:

gtt ¼ 
88; gt ¼ 
78; g  ¼ 
77;

gt� ¼ 
88a
8
� þ 
78a

7
�; g� ¼ 
78a

8
� þ 
77a

7
�;

g�� ¼ 
88ða8�Þ2 þ 2
78a
7
�a

8
� þ 
77ða7�Þ2 þ ��1h��;

we find the �-model variables:


88 ¼ �1þ p; 
78 ¼ pbcos2�;


77 ¼ ðr2 þ b2Þcos2�þ pb2cos4�;

� ¼ ðr2 þ b2 � r20 þ pa2cos2�Þcos2�;
a7� ¼ ��1pabsin2�cos2�;

a8� ¼ ���1pðr2 þ b2Þasin2�cos2�;
!7 ¼ �pabcos4�; !8 ¼ �pacos2�:

The invariant three-metric reads
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hijdx
idxj ¼ �

�

2r2

�
dr2 þ 
2d�2 þ�

�
sin2�cos2�d�2

�
;

ffiffiffi
h

p ¼ 1

2
�
2 sin� cos�;

where

p ¼ r20

2
; 
2 ¼ r2 þ a2cos2�þ b2sin2�; � ¼ ðr2 þ a2Þðr2 þ b2Þ � ðr0rÞ2:

To equip this vacuum solution with three electric charges, we perform the following transformation:

M 0 ¼ �TM�; � ¼ Y
I

e�IðZIþZ�IÞ;

where the product of one-parametric exponentials reads explicitly:

� ¼

c3 0 �s3 0 0 0 0 0
0 c1c2 0 �s1c2 �c1s2 0 �s1s2 0

�s3 0 c3 0 0 0 0 0
0 �s1c2 0 c1c2 s1s2 0 c1s2 0
0 �c1s2 0 s1s2 c1c2 0 s1c2 0
0 0 0 0 0 c3 0 s3
0 �s1s2 0 c1s2 s1c2 0 c1c2 0
0 0 0 0 0 s3 0 c3

0
BBBBBBBBBBBBB@

1
CCCCCCCCCCCCCA
; cI � coshð�IÞ; sI � sinhð�IÞ:

Using formulas of Appendix C, one can extract the transformed potentials in the following form:

g0  ¼ 
0
77 ¼ D�2=3cos4�

�
pb2 � p2

�
s2ða2 þ b2Þ þ 2abcsþ a2

X
I<J

s2I s
2
J

�
� ða2 � b2Þ

�
1þ p

X
I

s2I

��
þD1=3
2cos2�;

g0t ¼ 
0
78 ¼ D�2=3cos2�pðbcþ sa� psaÞ; g0tt ¼ 
0

88 ¼ D�2=3ðp� 1Þ;

�0 ¼ D�1=3�; ðXIÞ0 ¼ D1=3

DI

:

ðuIÞ0 ¼ pcos2�

DI

ðacIsJsK þ bsIcJcKÞ; ðvIÞ0 ¼ pcIsI
DI

;

ð�IÞ0 ¼ �DJ þDK

2DJDK

pcos2�ðasIcJcK þ bcIsJsKÞ; I � J � K:

!0
7 ¼ !7 � p2cos4�

D

�
csða2 þ b2Þ þ 2abs2 þ ab

X
I<J

s2I s
2
J

þ 1

3
p

�
csða2 þ b2ÞX

I

s2I þ ab

�X
I<J

s2I s
2
Jðs2I þ s2JÞ �

X
I<J

s2I s
2
J þ 3s2 þ 2s2

X
I

s2I

��
þ p2abs2

	
;

!0
8 ¼ c!8 þ pcos2�

D

�
bsþ psb

�
3þX

I

s2I

�
þ 1

3
p2

�
ðcaþ sbÞX

I<J

s2I s
2
J þ 3sb

X
I

s2I

�
þ p3acs2

	
;

where

c�Y
I

cI; s�Y
I

sI; D�Y
I

DI; DI ¼ 1þps2I :

Note that metric (35) is invariant under an interchange of

the angular coordinates  and � together with the corre-
sponding rotation parameters �$  , �$ �þ �=2, a$
b, namely, gtt $ gtt, gt $ gt�, g  $ g��, g � $ g �,
AI $ AI�. We assume that this symmetry remains valid for
the charged solution (35) as well. This simplifies an ex-
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traction of the final form of the solution avoiding the
inverse dualization. As a result we obtain the five-
dimensional one-forms AI and the metric components as
follows:

AI ¼ p

DI

ðsIcIdtþ ðbcIsJsK þ asIcJcKÞsin2�d�
þ ðacIsJsK þ bsIcJcKÞcos2�d Þ; I � J � K

g0�� ¼ D�2=3sin4�

�
pa2 � p2

�
s2ða2 þ b2Þ þ 2abcs

þ b2
X
I<J

s2I s
2
J

�
þ ða2 � b2Þ

�
1þ p

X
s2I

��
þD1=3
2sin2�;

g0t� ¼ D�2=3sin2�pðacþ sb� psbÞ;

g0 � ¼ D�2=3cos2�sin2�p

�
ab� p

�
ab
X
I<J

s2I s
2
J

þ ða2 þ b2Þcsþ 2abs2
��
;

h0ij ¼ hij; g0rr ¼ D1=3 

2r2

�
; g0�� ¼ D1=3
2:

This solution can be compared with the limiting form of
the solution found by Cvetic, Lü, and Pope [57] within the
gauged 5D supergravity for vanishing gauge-coupling con-
stant g ¼ 0. Our solution reduces to the latter under an
identification of the rotation parameters a ¼ b ¼ l and
relabeling sI ! �sI,  , �! � , ��, AI ! �AI. Note
that a close three-charge doubly rotating black hole solu-
tion within the compactified heterotic theory was given
earlier in [55].

VII. G2ð2Þ EMBEDDED IN SOð4; 4Þ
The present model reduces to minimal five-dimensional

supergravity under the following identifications:

 1 ¼  2 ¼  3 ¼  ; �1 ¼ �2 ¼ �3 ¼ �;


0 ¼ 
; X1 ¼ X2 ¼ X3 ¼ 1;
(36)

leading to the relations:

�1 ¼ 1ffiffiffi
2

p
�
’2 þ 1ffiffiffi

3
p ’1

�
; �2 ¼ 1ffiffiffi

2
p

�
’2 � 1ffiffiffi

3
p ’1

�
;

�3 ¼
ffiffiffi
2

3

s
’1; �4 ¼ 0:

In this case the target-space metric of the three-
dimensional sigma model will read:

dl2 ¼ 1
2ðd’2

1 þ d’2
2 þ 3�e’2þð1= ffiffi3p Þ’1G2 þ 3eð2=

ffiffi
3

p Þ’1du2

þ 3�e’2�ð1= ffiffi3p Þ’1ðdv� �duÞ2 þ �e’2þ
ffiffi
3

p
’1G2

7

þ e2’2G2
8 þ �e’2�

ffiffi
3

p
’1d�2Þ; (37)

where the one-forms are

G ¼ d�þ vdu� udv;

G7 ¼ V7;

G8 ¼ V8 � �V7;

Vp ¼ d!p �  pð3d�þ 	qtd q tÞ:
This manifold is invariant under the G2ð2Þ subgroup of the

SOð4; 4Þ. Dimensional reduction of the 5D minimal super-
gravity to three dimensions was recently studied in [36,37].
In the notation of [36,37] the indices p, q, t take the values
0, 1, the coordinate z7 is timelike, and the matrix 
 is
related to the present one by transposition with respect to
the minor diagonal. In matrix terms the target-space metric
(37) reads

dl2 ¼ 1
4 Trð
�1d

�1d
Þ þ 1

4�
�2d�2 þ 3

2d 
T
�1d 

� 1
2�

�1VT
�1V � 3
2�

�1G2:

This coincides with the result of [36,37] for the Euclidean
signature of the three-space (� ¼ �1).

A. g2ð2Þ subalgebra of soð4; 4Þ
The above contraction to G2ð2Þ can be described in terms

of the root space as follows. Consider the root vectors of
the soð4; 4Þ algebra in the following basis:

~e1 ¼
�
s� 1

2
; sþ 1

2
;
1

2
; s

�
;

~e2 ¼
�
1;�1;

1

2
; s

�
;

~e3 ¼
�
�s� 1

2
;
1

2
� s;

1

2
; s

�
;

~e4 ¼
�
1

2
� s;�s� 1

2
; 1; 0

�
;

~e5 ¼ ð�1; 1; 1; 0Þ;
~e6 ¼

�
sþ 1

2
; s� 1

2
; 1; 0

�
;

~e7 ¼
�
1

2
� s;�s� 1

2
;� 1

2
; s

�
;

~e8 ¼
�
�1; 1;� 1

2
; s

�
;

~e9 ¼
�
sþ 1

2
; s� 1

2
;� 1

2
; s

�
;

~e10 ¼
�
0; 0;

3

2
; s

�
; ~e11 ¼ ð0; 0; 0; 2sÞ;

~e12 ¼
�
0; 0;� 3

2
; s

�
; s ¼

ffiffiffi
3

p
2
:

Examination of this pattern shows that the following com-
binations of the triplets of the soð4; 4Þ root vectors:
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~��4 ¼ 1

3

X
I

~e�I; ~��1 ¼ 1

3

X
I

~e�ðIþ3Þ;

~��3 ¼ 1

3

X
I

~e�ðIþ6Þ;

together with

~��5 ¼ ~e�10; ~��6 ¼ ~e�11; ~��2 ¼ ~e�12;

form the standard set of the g2 roots satisfying the rela-
tions:

~��3 ¼ �ð ~�1 þ ~�2Þ; ~��4 ¼ �ð2 ~�1 þ ~�2Þ;
~��5 ¼ �ð3 ~�1 þ ~�2Þ; ~��6 ¼ �ð3 ~�1 þ 2 ~�2Þ:

The corresponding generators read

M1 ¼
ffiffiffi
2

p
3

ðH1 �H2 þ 2H3Þ; M2 ¼
ffiffiffi
2

3

s
ðH1 þH2Þ;

P� ¼ 1ffiffiffi
3

p X
P�I; Z� ¼ 1ffiffiffi

3
p X

Z�I;

W� ¼ 1ffiffiffi
3

p X
W�I; ��p; X�:

They obey the following commutation relations in the
Cartan-Weyl form:

½Pþ; P�� ¼ 1

2
M1 þ

ffiffiffi
3

p
2
M2;

½Wþ; W�� ¼ M1;

½Zþ; Z�� ¼ � 1

2
M1 þ

ffiffiffi
3

p
2
M2;

½�7;��7� ¼ 3

2
M1 þ

ffiffiffi
3

p
2
M2;

½�8;��8� ¼
ffiffiffi
3

p
2
M2;

½Xþ; X�� ¼ � 3

2
M1 þ

ffiffiffi
3

p
2
M2;

½W�; P�� ¼ ���7;

½Z�; P�� ¼ ���8;

½W�; Z�� ¼ �P�;

½X�; W�� ¼ �Z�;

½X�;��7� ¼ ���8;

and so on.

B. 8� 8 matrix representation for the coset
G2ð2Þ=ðSLð2; RÞ � SLð2; RÞÞ

Contracting the set of the potentials�A according to the
conditions (36), we obtain the following representation for
the coset blocks P and Q:

Q ¼
�; !�� T; 0

~ T; ��3; ~!�� ~ T

0;  T; ��

0
BB@

1
CCA;

�3 ¼
1 0

0 �1

 !
:

P ¼ ���1

1; �T; �

�; ��T � �~
; ��� �~
 ~ T

�; �T�� � ~ ~
; �2 � �� � ~ ~
 ~ T

0
BB@

1
CCA;

� ¼ �3 :

This gives a 8� 8 representation of the coset
G2ð2Þ=ðSLð2; RÞ � SLð2; RÞÞ of the minimal five-

dimensional supergravity reduced to three dimensions,
alternative to the 7� 7 one given in [36,37].

VIII. CONCLUSIONS

In this paper we have constructed a generating technique
for theUð1Þ3 5D supergravity with two commuting Killing
symmetries. This theory is reduced to the three-
dimensional gravity coupled sigma model on symmetric
spaces SOð4; 4Þ=SOð4Þ � SOð4Þ or SOð4; 4Þ=SOð2; 2Þ �
SOð2; 2Þ depending on the signature of the three-space.
The classical U-duality group of the three-dimensional
theory is the 28-parametric noncompact group SOð4; 4Þ
which acts transitively on the target space. This enables
one to generate new five-dimensional solutions with the
same three-metric from the seed ones. We were able to
obtain finite transformations in terms of the target-space
potentials, and, in addition, we constructed the 8� 8 ma-
trix representation of the coset, which is convenient for
performing the transformations explicitly. Particular com-
binations of transformations were identified which pre-
serve asymptotic conditions relevant for the black hole
and the black ring problems. We presented the action of
charging transformations on a neutral seed, assuming the
dimensional reduction in terms of Guisto-Saxena
coordinates.
As an application, we have constructed a new rotating

five-dimensional black hole with three independent
charges and two rotation parameters. Our technique allows
in principle to generate black rings with the maximal
number of parameters (a mass, two rotation parameters,
three electric charges, and three magnetic dipole mo-
ments), but so far our attempts to find such a solution in
a concise form were unsuccessful.
An identification of the three vector fields and freezing

out the two scalar moduli reduce the present theory to
minimal five-dimensional supergravity with the three-
dimensional U-duality group G2ð2Þ, which was extensively

studied recently along similar lines [36,37]. For this limit-
ing case we have presented a new matrix representation for
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the cosetG2ð2Þ=ðSLð2; RÞ � SLð2; RÞÞ in terms of the 8� 8
matrices.
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APPENDIX A: 8� 8 MATRIX REPRESENTATION

We choose the following 8� 8 matrix representation of
the soð4; 4Þ algebra:

E ¼ A B
C �AT̂

� �
; (A1)

where A, B, C are the 4� 4 matrices, A, B being antisym-

metric, B ¼ �BT , C ¼ �CT , and the symbol T̂ in AT̂

means transposition with respect to the minor diagonal.

The diagonal matrices ~H are given by the following A-type
matrices (with B ¼ 0 ¼ C):

AH1
¼

ffiffiffi
2

p
0 0 0

0 0 0 0

0 0 0 0

0 0 0 0

0
BBBBB@

1
CCCCCA; AH2

¼

0 0 0 0

0
ffiffiffi
2

p
0 0

0 0 0 0

0 0 0 0

0
BBBBB@

1
CCCCCA;

AH3
¼

0 0 0 0

0 0 0 0

0 0
ffiffiffi
2

p
0

0 0 0 0

0
BBBBB@

1
CCCCCA; AH4

¼

0 0 0 0

0 0 0 0

0 0 0 0

0 0 0
ffiffiffi
2

p

0
BBBBB@

1
CCCCCA:

Twelve generators corresponding to the positive roots are
given by the upper-triangular matrices Ek, k ¼ 1; . . . ; 12.
From these the generators labeled by k ¼ 2, 2, 4, 6, 7, 9, 12
are of pure A-type (with B ¼ 0 ¼ C):

AE2
¼

0 0 0 1

0 0 0 0

0 0 0 0

0 0 0 0

0
BBBBB@

1
CCCCCA; AE4

¼

0 0 0 0

0 0 0 0

0 0 0 �1

0 0 0 0

0
BBBBB@

1
CCCCCA;

AE6
¼

0 1 0 0

0 0 0 0

0 0 0 0

0 0 0 0

0
BBBBB@

1
CCCCCA; AE7

¼

0 0 0 0

0 0 0 �1

0 0 0 0

0 0 0 0

0
BBBBB@

1
CCCCCA

AE9
¼

0 0 �1 0

0 0 0 0

0 0 0 0

0 0 0 0

0
BBBBB@

1
CCCCCA; AE12

¼

0 0 0 0

0 0 �1 0

0 0 0 0

0 0 0 0

0
BBBBB@

1
CCCCCA:

while the other six are of pure B type (with A ¼ 0 ¼ C):

BE1
¼

1 0 0 0

0 0 0 0

0 0 0 0

0 0 0 �1

0
BBBBB@

1
CCCCCA; BE3

¼

0 0 0 0

0 �1 0 0

0 0 1 0

0 0 0 0

0
BBBBB@

1
CCCCCA;

BE5
¼

0 0 0 0

0 0 0 0

�1 0 0 0

0 1 0 0

0
BBBBB@

1
CCCCCA; BE8

¼

0 0 0 0

�1 0 0 0

0 0 0 0

0 0 1 0

0
BBBBB@

1
CCCCCA;

BE10
¼

0 1 0 0

0 0 0 0

0 0 0 �1

0 0 0 0

0
BBBBB@

1
CCCCCA; BE11

¼

0 0 1 0

0 0 0 �1

0 0 0 0

0 0 0 0

0
BBBBB@

1
CCCCCA:

The correspondence with the previously introduced gen-
erators is as follows (I ¼ 1, 2, 3, p ¼ 7, 8):

PI $ EI; WI $ EIþ3; ZI $ EIþ6;

�p $ Epþ3; X $ E12:

In this representation, the matrices corresponding to the
negative roots,

P�I $ E�I; W�I $ E�ðIþ3Þ; Z�I $ E�ðIþ6Þ;

��p $ E�ðpþ3Þ; X� $ E�12;

are transposed with respect to the positive roots matrices:

E�k ¼ ðEkÞT:
The following normalization conditions are assumed:

tr ðHi;HjÞ ¼ 4�ij; i; j ¼ 1 . . . 4;

trðEk; E�kÞ ¼ 2;

and the involution matrix K is chosen as

K ¼ diagð�; �; 1; 1; 1; 1; �; �Þ:
The generators of the isotropy subgroup are selected by
Eq. (23). They are given by the following linear combina-
tions of the generators:

PI � �P�I; ZI � �Z�I; WI �W�I;

X� �X�; �7 � ���7; �8 ���8:

APPENDIX B: DETAILS OF THE COSET
MATRICES

The block matrices entering S� andR�, being expressed
through the target-space potentials, read
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e1=2�3 ~�T
a ¼

1
2 ðuav3 � u3vaÞ

�va
�ua

0
B@

1
CA; a ¼ 1; 2; �12 ¼ �

0 0 0
v1u2 v1v2 0
u1u2 u1v2 0

0
@

1
A;

�3�12 þ�12
~�3 ¼

v3u1u2 � u3v1u2; �u3v1v2 þ v3v2u1 0
0 0 u3v1v2 � v3v2u1

0 0 �v3u1u2 þ u3v1u2

0
B@

1
CA;

�3�12
~�3 ¼

0 0 ðu3Þ2v1v2 � u3v3v1u2 � u3v3v2u1 þ ðv3Þ2u1u2
0 0 0
0 0 0

0
B@

1
CA:

(B1)

The explicit form for Q is

Q ¼
�1 þ u3v2�v3u2

2 !7 � u3v1u2�2u3v2u1þv3u1u2
6 � u2�2; !8 þ v3u1v2�2v3u2v1þu3v1v2

6 � v2�2 0
�v2 ��3 þ v1u2�u1v2

2 0
�u2 0
0

0
BBB@

1
CCCA;

and the blocks entering P are

e�
T
3 � ¼ �e

ffiffi
2

p
�1 0

�e
ffiffi
2

p
�1� ~
0

 !
; � ¼ u3

�v3
� �

; a ¼ 1; 2e�
T
3 �e�3 ¼ �e

ffiffi
2

p
�1

1
�

� �
� ð1; �TÞ þ 0 0

0 ~
0

� �
:

APPENDIX C: TRANSFORMATIONS PRESERVING ASYMPTOTIC FLATNESS

In this Appendix we exhibit the action of the transformations generated by linear combinations of generators

ZI þ Z�I; W�I þ P�I; X ���8

on a neutral seed:

X1 ¼ X2 ¼ X3 ¼ 1; �1 ¼ 1ffiffiffi
2

p
�
’2 þ 1ffiffiffi

3
p ’1

�
; �2 ¼ 1ffiffiffi

2
p

�
’2 � 1ffiffiffi

3
p ’1

�
; �3 ¼

ffiffiffi
6

p
3
’1; �4 ¼ 0;

� ¼ ���1 0
0 ~


� �
; 
 ¼ 
0 � 0; � ¼ �0 ¼ e�

ffiffi
2

p
�1 ; !p � 0;  I ¼ 0; �I ¼ 0:

The relation e�
ffiffi
2

p
�1 ¼ � is a consequence of the condition X3 ¼ 1 [see Eq. (13)]. Such a seed may describe a neutral black

ring or a black hole with one or two independent rotation parameters. The three above transformations preserve asymptotic
flatness with the Guisto-Saxena choice of coordinates and generate some combinations of charges. For this seed the coset
blocks simplify to

P 0 ¼ � 0
0 1

� �
; Q0 ¼ 0 �

0 0

� �
;

and we obtain the following transformations of the potentials:

1. ZI þ Z�I


0
77 ¼ D�2=3ð
77c

2 � �s2Þ; 
0
78 ¼ D�2=3c
78; 
0

88 ¼ D�2=3
88; �0 ¼ �D�1=3;

e
ffiffi
2

p
�0

1 ¼
�
��1; I ¼ 1; 2

D��1; I ¼ 3;
; e

ffiffi
2

p
�0

4 ¼
8><
>:
D�1; I ¼ 1

D I ¼ 2

1; I ¼ 3

ðvJÞ0 ¼ �JI
scð1þ 
88Þ

D
; ðuJÞ0 ¼ �JI

s
78

D
; ðXJÞ0 ¼ D�2=3�IJ þD1=3ð1� �IJÞ:
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�0
I ¼ 0; !0

7 ¼ !7; !0
8 ¼ c!8;

with

D ¼ c2 þ s2
88; c � coshð�Þ; s � sinhð�Þ:

2. W�I þ P�I

~
0
77 ¼

( ~
77; I ¼ 1; 2
D2

D1

~
77; I ¼ 3
; ~
0

78 ¼
( ~
78ð1� �2Þ � ~
77�3; I ¼ 1; 2
D2

D1
ð~
78ð1� �2Þ � ~
77�3Þ; I ¼ 3

;

~
0
88 ¼

( ~
77�
2
3 � 2~
78�3ð1� �2Þ þ ~
88ð1� �2Þ2 þ �2ð1� 1

2�1Þ; I ¼ 1; 2

D2

D1
ð~
77�

2
3 � 2~
78�3ð1� �2Þ þ ~
88ð1� �2Þ2 þ �2ð1� 1

2�1ÞÞ; I ¼ 3
;

�0 ¼
(
�D�1

1 ; I ¼ 1; 2

D1D
�2
2 �; I ¼ 3

; e
ffiffi
2

p
�0

1 ¼
(
D2�

�1; I ¼ 1; 2

D1�
�1; I ¼ 3

; e
ffiffi
2

p
�0

4 ¼

8>><
>>:
D2=D1; I ¼ 1

D1=D2; I ¼ 2

1; I ¼ 3

!0
7 ¼ D�1

2 ð!7ð1þ �2Þ � 
77�1Þ; !0
8 ¼ D�1

2 ð!8ð1þ �2Þ � 
78�1Þ;
ðvJÞ0 ¼ �JID�1

1 �ð
77�3 þ 
78ð1þ �2 � �1Þ �!8ð1� �2ÞÞ; ðuJÞ0 ¼ �JID�1
1 �ð
77ð1� �1Þ �!7ð1� �2ÞÞ;

�0
J ¼ �JID

�1
2 �ð!7ð1þ �2Þ � 
77�1 � �Þ; ðXJÞ0 ¼

�
D2

D1

��2=3
�IJ þ

�
D2

D1

�
1=3ð1� �IJÞ:

where

�1 ¼ �2�

2
; �2 ¼ �2!7

2
; �3 ¼ �2!8

2
; �4 ¼ �2
77

2
:

D1 ¼ ð1� �2Þ2 þ 2�4

�
1� 1

2
�1

�
; D2 ¼ ð1þ �2Þ2 � 2�1

�
1þ 1

2
�4

�
:

3. X���8

~
0
77 ¼ ��2�þ ~
77�

2
1 � 2~
78�!7�1 þ ~
88�

2!2
7;

~
0
78 ¼

1

2
�3�� 1

2
~
77��1ð1þ �1Þ þ ~
78ð�1 þ �2 þ 2�1�2Þ � ~
88�!7ð1þ �2Þ;

~
0
88 ¼ � 1

4
�4�þ 1

4
~
77�

2ð1þ �1Þ2 � ~
78�ð1þ �1Þð1þ �2Þ þ ~
88ð1þ �2Þ2;
�0

4 ¼ 0; e
ffiffi
2

p
�0

1 ¼ D!e
ffiffi
2

p
�1 ; �0 ¼ D�1

! �;

!0
7 ¼ D�1

!

�
!7ð�1 � �2Þ þ �

�
1

2
�
77 þ 
78

�
�

�
;

!0
8 ¼ D�1

!

�
ð!8 þ �!7Þð�1 � �2Þ þ �

�
1

2
�2
77 þ 3

2
�
78 þ 
88Þ�

�
;

ð IÞ0 ¼ 0; �0
I ¼ 0; ðXIÞ0 ¼ 1;

D! ¼
�
1� �!8 � 1

2
�2!7

�
2 � �2

�
1

4
�2
77 þ �
78 þ 
88

�
�; �1 ¼ 1� �!8; �2 ¼ 1

2
�2!7:
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APPENDIX D: POTENTIALS IN TERMS OF P AND Q

Here we give the explicit expressions for the target-space potentials in terms of the components of the matrix P andQ:

 1 ¼ 1

P 11D11;22;33

D11;23D11;24 �D11;22D11;34

D11;23D11;34 �D11;24D11;33

� �
;  2 ¼ Q42

Q43

� �
;  3 ¼ P 12=P 11

�P 13=P 11

� �
;

where Dij;kl denotes the determinant of the 2� 2 matrix constructed from P ij:

Dij;kl ¼ P ijP kl � P ikP jl;

and D11;22;33 is the determinant of the 3� 3 minor of the 4� 4 matrix P with the diagonal P 11, P 22, P 33. The remaining
quantities read

�e
ffiffi
2

p
�1 ¼ P 11; ~
0 ¼ 1

P 11

D11;22 D11;23

D11;23 D11;33

� �
; �1 ¼ Q11 � 1

2P 11

ðP 12Q43 þ P 13Q42Þ;

�2 ¼ P 14

P 11

þ 1

2
ðu3v1 � v3u1Þ; �3 ¼ Q33 þ 1

2
ðv1u2 � v2u1Þ:

e
ffiffi
2

p
�4 ¼ P 44 � ð�2 þ 1

2ðv3u1 � v1u3ÞÞ2P 11 � ~
0
77v

2
1 � 2~
0

78v1u1 � ~
0
88u

2
1;

!7 ¼ Q12 þ u2�2 þ 1
6u1u2v3 � 1

3u3u1v2 þ 1
6u3u2v1;

!8 ¼ Q13 þ v2�2 � 1
6u3v1v2 þ 1

3v3v1u2 � 1
6v3v2u1:
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