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Higgs boson mass, sparticle spectrum, and the little hierarchy problem in an extended MSSM
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We investigate the impact of TeV-scale matter belonging to complete vectorlike multiplets of unified
groups on the lightest Higgs boson in the MSSM. We find that consistent with perturbative unification and
electroweak precision data the mass m,, can be as large as 160 GeV. These extended MSSM models can
also render the little hierarchy problem less severe, but only for lower values of m, (< 125) GeV. We
present estimates for the sparticle mass spectrum in these models.
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L. INTRODUCTION

The LEP2 lower bound mj; = 114.4 GeV [1] on the
standard model (SM) Higgs boson mass poses a significant
challenge for the minimal supersymmetric standard model
(MSSM). With the tree level upper bound of M, on the
mass of the (lightest) SM-like Higgs boson in the MSSM,
significant radiative corrections are required to lift this
mass above the LEP2 bound. This situation has been
further exacerbated by the most recently quoted value of
172.6 = 1.4 GeV for the top-quark pole mass [2], signifi-
cantly lower from earlier values which not so long ago
were closer to 176 GeV and higher [3]. With radiative
corrections proportional to the fourth power of m;,, this
leads to a reduced value for m; unless the magnitude of
some MSSM parameters such as the stop mass m; (or M)
and the soft trilinear parameter A, are suitably increased.
Values of m;, of around 123 GeV or so require stop masses
as well as |A,| close to the TeV scale or higher. Such large
values, in turn, lead to the so-called little hierarchy prob-
lem [4] because, when dealing with radiative electroweak
symmetry breaking, TeV-scale quantities must conspire to
yield the electroweak mass scale M.

In this paper we address these two related conundrums
of the MSSM by introducing TeV scale vectorlike matter
superfields which reside in complete SU(5) or SO(10)
multiplets. Such complete multiplets, it is well known,
do not spoil unification of the MSSM gauge couplings.
We illustrate this in Fig. 1, where the gauge coupling
evolution is compared, using two-loop renormalization
group equations (RGEs), for the case of the MSSM plus
complete multiplets 10 + 10 and 5 + 5 of SU(5). If these
vectorlike matter fields do not acquire Planck-scale
masses, it appears quite plausible that they will end up
order TeV masses. R symmetries, for instance, can forbid
Planck-scale masses, but allow TeV-scale masses propor-
tional to the supersymmetric (SUSY) breaking scale. The
Higgs(ino) mass term (the p parameter) for the H, — Hy
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superfields is an example where this happens already in the
MSSM [5]. For the vectorlike matter to have any signifi-
cant effect on the “upper” bounds on m,, it is crucial that
they have masses of order TeV, otherwise their effects on
my, will decouple.

In studying this possibility of extending the MSSM, we
employ the perturbativity and grand unified theory (GUT)
unification constraints. It turns out that perturbative uni-
fication can be maintained if we introduce either (i) one
pair of (10 + 10), or (ii) up to four pairs of (5 + 5), or
(iii) one set of (10 + 10 + 5 + 5) [6], where the represen-
tations refer to SU(5). In addition, any number of SM
singlet fields are also allowed. Some particles in these
new supermultiplets couple to the MSSM Higgs doublet
H,, and with masses of order 0.5-1 TeV, their radiative
contributions alone can lift m;, to values as high as
160 GeV. This is achieved without requiring the standard
MSSM sparticles to be much heavier than their present
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FIG. 1 (color online). Gauge coupling evolution with the ef-
fective SUSY breaking scale Mg = 1 TeV and tan8 = 10. Solid
lines correspond to MSSM. Dashed lines correspond to
MSSM + 5 + 5. Dotted lines are for MSSM + 10 + 10. The
vectorlike masses for all these cases are set equal to 500 GeV.
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experimental lower bounds. We explore the impact of the
additional multiplets on the MSSM parameter space and
obtain the low energy sparticle spectrum in the mSUGRA
framework. A comparison is presented, using semianalytic
estimates, between the minimal and extended MSSM spar-
ticle spectrum. The impact of these new particles on the
little hierarchy problem is also discussed.

With the inclusion of these new vectorlike particles, the
lightest Higgs boson mass, as previously noted, can be
significantly increased. However, we find that resolving
the little hierarchy problem is somewhat more tricky. The
new Yukawa couplings of H, to vectorlike matter, which
helps in raising m;,,, also has the effect of raising the soft
Higgs mass parameter m%, which could exacerbate the
little hierarchy problem. If the new Yukawa couplings of
H, are relatively small, the little hierarchy problem im-
proves relative to the MSSM, since the cumulative effect of
the top Yukawa coupling y, on m%, becomes smaller than
in MSSM. This comes about since y, has a smaller value at
the GUT scale (y;, ~ 0.15) compared to the MSSM case
(y; ~ 0.5). Thus we identify two regions of the parameter
space as being of special interest: one where the little
hierarchy problem becomes worse than in the MSSM,
but where m; ~ 130-160 GeV can be achieved, and an-
other where the little hierarchy problem is relaxed, but
where m;, < 125 GeV. The latter possibility appears to
us to be quite interesting, as it assumes MSSM sparticle
masses to be moderate, of order 200-500 GeV.

II. NEW VECTORLIKE MATTER AND PRECISION
CONSTRAINTS

It is well known that one can extend the matter sector of
the MSSM and still preserve the beautiful result of gauge
coupling unification provided that the additional matter
superfields fall into complete multiplets of any unified
group which contains the SM, such as SU(5). Such ex-
tended scenarios with TeV-scale matter multiplets are well
motivated. Within string theory, for instance, one often
finds light (TeV-scale) multiplets in the spectrum [7], and
even within the framework of GUTs one can find extra
complete multiplets with masses around the TeV scale [6].

An important constraint on GUT representations and
how many there can be at low (~ TeV) scale comes
from the perturbativity condition, which requires that the
three MSSM gauge couplings remain perturbative up to
M. One finds that there are several choices to satisfy this
constraint: (i) one pair of (10 + 10), (ii) up to four pairs of
(5+35)’s, or (iii) the combination, (5+ 5 + 10 + 10).
Here all representations refer to multiplets of SU(5). In
addition, any number of MSSM gauge singlets can be
added without sacrificing unification or perturbativity.
Option (iii), along with a pair of MSSM gauge singlets,
fits nicely in SO(10) models.

Cases (1) and (iii) have been studied before in the litera-
ture. For example, the authors in [8] conclude that the mass
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of the lightest CP even Higgs mass could be pushed up to
180 GeV, consistent with all perturbativity constraints.
When updated to account for the recent electroweak pre-
cision data, specifically the T parameter, and the current
value of the top-quark mass, and improved to include two-
loop RGE effects and finite corrections to the Higgs boson
mass, we find that these scenarios admit m,, only as large
as 160 GeV, which is significantly smaller than the bounds
in [8].

It is clear that new matter will contribute at one-loop
level to CP-even Higgs mass if there is direct coupling
among new matter and the MSSM Higgs field. In case (i), a
new coupling 10 - 10 - H,, is allowed, analogous to the top-
quark Yukawa coupling, but involving the charge 2/3
quark from the 10-plet. (Here we use for simplicity SU
(5) notation, but with the understanding that H, and H, are
not complete multiplets of SU(5).) This new Yukawa cou-
pling can modify the upper limit on mj, which we will
study in detail, taking into account perturbativity con-
straints. By itself, case (ii) does not allow for any new
Yukawa coupling unless the new states in the 5 are mixed
with the usual d°-quarks and lepton doublets. Such a
possibility is even more strongly constrained (by flavor
violation and wunitarity of the Cabibbo-Kobayashi-
Maskawa (CKM) matrix, among others), and so we will
forbid all such mixing. Once we add gauge singlets 1,
couplings such as 5H,1 are allowed (only the leptonlike
doublets from 5 will be involved in this Yukawa coupling.)
We will analyze the effects of such couplings on my in
detail. Case (iii) is a combination of (i) and (ii), which will
also be studied in detail.

There are constraints on the couplings and masses of
new matter fields. Most important are the constraints from
the S and T parameters which limit the number of addi-
tional chiral generations. Consistent with these constraints,
one should add new matter which is predominantly
vectorlike.

In the limit where the vectorlike mass is much heavier
than the chiral mass term (mass term arising from Yukawa
coupling to the Higgs doublets), the contribution to the T
parameter from a single chiral fermion is approximately

[9]:
2
R Lo I o S
107sin?6ym3, L\My, My

where « is the new chiral Yukawa coupling, v is the
vacuum expectation value (VEV) of the corresponding
Higgs field, and N counts the additional number of SU(2)
doublets. For instance, N = 3 when 10 + 10 is considered
at low scale, while N = 1 for the 5 + 5 case. From preci-
sion electroweak data T = 0.06(0.14) at 95% CL for m;, =
117 GeV (300 GeV) [10]. We will take 6T <O0.1 as a
realistic bound and apply it in our analysis. We then see
from Eq. (1) that with My around 1 TeV, the Yukawa
coupling « can be O(1).
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II1I. HIGGS MASS BOUND
A. MSSM + 10 + 10

The representation 10 + 10 of SU(5) decomposes under
the MSSM gauge symmetry as follows:

10+ 10 = Q403,28 + 010(3,2, =) + U;p(3, 1, =3
+ 010(3, 1,2) + Epo(1,1,1) + Elo(l, 1, —1).
)

We assume for the vectorlike matter 10 + 10 the same R
parity as the MSSM Higgs chiral superfields. So there is no
mixing of this new matter with quarks, but they couple to
the Higgs doublets. The contribution to the superpotential
from these couplings is

W = k10Q10U10H, + 100100 10H,
+ My(Q10Q10 + UygUyo + EjoE)p), 3)

where, for simplicity, we have taken a common vectorlike
mass (at the GUT scale M). Thus the up quarklike pieces
of the 10 and 10 get Dirac and vectorlike masses, while
leaving the Eq-lepton-like pieces with only vectorlike
masses. We assume that «j, 3> k), because the contribu-
tion coming from the coupling «}, reduces the light Higgs
mass similar to what we have with the bottom Yukawa
contribution which becomes prominent for large tanB [11].

Employing the effective potential approach we calculate
the additional contribution from the vectorlike particles to
the CP-even Higgs mass at one-loop level. A similar
calculation was carried out in Ref. [12].

[m3] = —M%cos22,8< Kl()tv)

3 1
4 — K‘l‘ov sin B[tv + 2XK10], 4
where we have assumed My >> M. The corrected expres-
sion for X, ~(compare the result in Ref. [8]) is given as

follows:
4A,2<10(3MS +2M3) — A% — 8MIMY — 10M}
o 6(M3 + M3)?
(5)
and
M3 + M3
ty =1 Siv) 6
\4 Og( M%/ ( )
where AKIO = Ay, — mcotB, A, is the Q19 — Uy soft

mixing parameter and p is the MSSM Higgs bilinear
mixing term. Mg = 75, where mp,  and M. are
the stop left and stop right soft SUSY breaking masses at
low scale.

For completeness we present the leading 1- and 2- loop
contributions to the CP-even Higgs boson mass in the
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MSSM [13,14]

[\S]

3
[m%]MSSM = M%COSZZL';(I - ﬂt)

87 v
3 m?[ 1
+— |t +=X
472 v? 2
1 /3 m,2 5
where
M5 247 A?
= 1og(—§), X, = —5(1 - —’2) (8)
M; M5 12M5
Also A, = A, — u cot3, where A, denotes the stop left and

stop right soft mixing parameter.
In our model for the light Higgs mass we have

mj = [m3vssm + [m3 10 9)

From Eq. (4) we can see that the Higgs mass is very
sensitive to the value of x5, which we cannot take to be
arbitrarily large because the theory should be perturbative
up to the GUT scale. We therefore should solve the follow-
ing RGE for k;, to make sure that it remains perturbative
up to the GUT scale:

dKl() Kio 16 13
dr 2(4 )2<( 83+382 1581_6K10_3Yr)

I (3913 , 33, 128
( + +——g3 t+8ig

T @mp\as0 8T 28 g
136 2
+ s digh+ seie + (Sat + 63ty

4
+ (g g+ 16g%)(y? + Kk3) = 90} + k)
— 9K%0(y,2 + K%O) — 4K?0)), (10)

where g3, g,, and g, are strong, weak, and hypercharge
gauge couplings, respectively, and y, denotes the top
Yukawa coupling. Because the new matter couples to H,,
[see Eq. (3)] there are additional contributions to the RGE
for y, at two-loop level:

dy, v <(16 2 13 )
= +3 —6y2 3

dt 2(477_)2 g3 g2 15 gl yl KIO
1 (3913 4, 33 128

- (== gt 4
(477_)2 430 81 282 9 g% 8182
36 2
+ 23 ——g183 +8g343 + (5 g+ 6g%>y?

4
+ (g g7+ 16g%)(y? + k) = 90¢ + «fy)

=907 + ki)~ 4rt)). (11
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The additional vectorlike matter fields also modify the
RGEs for the MSSM gauge couplings and the correspond-
ing beta functions can be found in [15].

In our calculation, the weak scale (M,) value of the
gauge and top Yukawa couplings are evolved to the scale
M via the RGE’s in the DR regularization scheme, where
the scale M is defined to be one where g, = g;. We do not
enforce an exact unification of the strong coupling g; =
g» = g at scale M, since a few percent deviation from
the unification condition can be assigned to unknown GUT
scale threshold corrections. At the scale M; we impose
K19 = 2, in order to obtain the maximal value for «, at
low scale, which is consistent with the T parameter con-
straints. In this case we can generate, according to Eq. (9),
the maximal plausible values for the Higgs mass. Our goal
is to achieve the maximal value for the CP-even Higgs
mass and, as we show in Eq. (27), the Higgs mass is
proportional to k7,. The coupling k, along with the gauge
and top Yukawa couplings, are evolved back to M. In the
evolution of couplings, for the SUSY threshold correction
we follow the effective SUSY scale approach, according to
which all SUSY particles are assumed to lie at an effective
scale [16]. Below Mgysy we employ the non-SUSY RGEs.
All of the couplings are iteratively run between M, and M
using two-loop RGEs for both the Yukawa and gauge
couplings until a stable solution is obtained. Note that
Mg and Mgqygy are distinct parameters. As pointed out in
Ref. [16], one can have a different set of values for stop
squark masses for a given effective Mgygy and so corre-
spondingly one considers different values of Mg for
MSUSY = 200 GeV.

Requiring 87 < 0.1 with 10 + 10 masses at M, =
1 TeV, we find that «;o(My) < 1.142 at (My) scale using
the formula from Ref. [9]. The corresponding «;, at GUT
scale in this case is «;o(Mg) = 2. We find that the
S-parameter constraint is automatically satisfied once the
T-parameter constraint is met.

We can see from Egs. (4)—(8) that to maximize the
CP-even Higgs boson mass we should not only take the
maximal allowed value for «;y, we also need to have the
maximal values for the parameters X, and X, . According
to Eq. (5) we find that X, = 2.95, with Mg = 500 GeV
and My =1 TeV. The value for X, increases (X, =
3.42) if we consider Mg = 1 TeV and My, = 1 TeV, while
Xy, = 3.95 for Mg =2 TeV and My = 1 TeV.

We find that My, = 1 TeV is somehow the optimum
value for the vectorlike particle mass, especially because
the T-parameter constraint almost disappears for this value
of My. On the other hand Eq. (22) does not allow very low
values for M if significant corrections are to be realized.
This is the reason why we choose Mg = 0.5, 1, and 2 TeV
for our analysis.

In Fig. 2 we present the upper bounds for the CP-even
Higgs boson mass vs tanB with different maximal or
minimal values of X;, X, ~when Mg = 500 GeV and
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FIG. 2 (color online). Upper bounds for the lightest CP-even
Higgs boson mass vs tanf3, for different maximal and minimal
values of X;, X, , with Mg =500 GeV, My =1 TeV, and
M, = 172.6 GeV. The dotted line corresponds to the MSSM
(X, = 0). The dashed-double dotted line describes the MSSM
with (X, = 6). The dashed-dotted curve is for MSSM + 10 +
10. k1o = 2 at M. The dashed line shows Higgs mass with
X0 =295 and X, = 0. The solid line corresponds to X;, =
2.95 and X, = 6. The solid horizontal line denotes the LEP2
bound m; = 114.4 GeV.

My =1 TeV, and we compare to the MSSM case. We
take at scale M, k;y = 2 to obtain the maximal effect for
the lightest Higgs boson mass. As we see from Fig. 2, for
this choice of parameters the maximal values for Higgs
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FIG. 3 (color online). Upper bounds for the lightest CP-even
Higgs boson mass vs tang for different maximal and minimal
values of X;, X, , with Mg =1TeV, My =1 TeV, and M, =
172.6 GeV. The dotted line corresponds to the MSSM (X, = 0).
The dashed-double dotted line describes the MSSM with (X, =
6). The dashed-dotted curve is for MSSM + 10 + 10. ko = 2 at
Mg. The dashed line shows Higgs mass with X, = 2.95 and
X, = 0. The solid line corresponds to X, = 2.95 and X, = 6.

K10
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FIG. 4 (color online). Upper bounds for the lightest CP-even
Higgs boson mass vs tanS for different maximal and minimal
values of X;, X, , with Mg =2 TeV, My = 1 TeV, and M, =
172.6 GeV. The dotted line corresponds to the MSSM (X, = 0).
The dashed-double dotted line describes the MSSM with (X, =
6). The dashed-dotted curve is for MSSM + 10 + 10. «;, = 2 at
Mg. The dashed line shows Higgs mass with X, = 3.95 and
X, = 0. The solid line corresponds to X, = 3.95 and X, = 6.

mass is 141 GeV. In Fig. 3 we present the results for the
case in which the mass for vectorlike matter is My =
1 TeV and Mg =1 TeV too. In this case the CP-even
Higgs mass can be as large as 148 GeV. Finally in Fig. 4
we consider the My, = 1 TeV and Mg = 2 TeV case and
obtain the maximal value of 158 GeV for the Higgs mass.

B. MSSM + 5+ 5

In this subsection we consider the case in which at the
TeV scale we have extra matter which belongs to the five-
dimensional representation of SU(S). This decomposes
under the MSSM gauge symmetry as follows:

5+5=1Ls(1,2.) + Ls(1,2. =) + Ds(3, 1)
+ Ds(3, 1, —)). (12)

Our goal is to generate new trilinear couplings of this
extra matter with the MSSM Higgs fields. The 5 + 5 itself
cannot generate this kind of coupling. However, if we
introduce an MSSM singlet S, then Yukawa couplings of
the form (in SU(5) notation) 5-S-H, and 5- S - H, are
permitted. In this case the MSSM superpotential has the
following additional contribution:

W= K5L5SHu + K/SI:SSHd + Mv(SS + I:5L5 + D_5D5).
(13)

We take k5 > K/5, for the same reason mentioned in the
previous section. We also assume that there is an additional
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symmetry which forbids the mixing of the vectorlike par-
ticle with the MSSM matter fields. With this assumption
the singlet field S cannot be identified with the right-
handed neutrino.

Using the effective potential approach we calculate the
additional contribution to the CP-even Higgs mass at one-
loop level. [A similar calculation was done in Ref. [12].]

1
(s = ~Mo0'26(5 s v
Loyoeo 1
+ P Ksvsin“ B ty, + EXKS , (14)

where we have assumed My > Mp and

_4AL BM5 + 2M7) — A%, — 8MEMY, — 10M§

. 6(M3 + M3})?
(15)
and
M3 + M;
ty = log(%). (16)
\%4

Here AKS = A, — pcotB, A, is the Ls — § soft mixing
parameter, and w is the MSSM Higgs bilinear mixing term.
The RGE for «5 has the following form:

dKS Ks 3
— 3 2+_ 2_4 2_3 2>
d[ 2(477_)2(( g2 Sgl K5 Vi
1 (237 , 21 , 9
_ + 4+7 2.2
(4m)? (750 81 2*82 58182

6 4
+(Sat + 63 )d + (3a + 1662 )7
=33y} + k) = 3k2By7 + k3) — 4K§)). 17

Because the new matter fields couple to H,, [see Eq. (13)],
there are additional contributions to the RGE for y, which
to two-loop level is given by

dy, v, <(16 5 13
— +3 2 + 2 _ 6 2 2)
dt  2(4m)? 3_83 82 15 81 Vi — K5
1 3133 , 21 32
_ + 4 + 4 + 2,2
(477)2<450 ST s TS T as
136 2
45 8ies + 8g3el + (5 g+ 6g%>y?

4
+(3a8 + 16637 30y + )~ 37 + )
- 4y;‘)). (18)

We can see from Eq. (17) that x5 cannot be as large at
M scale as ko was. The reason for this is that in the RGE
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FIG. 5 (color online). Upper bounds for the lightest CP-even
Higgs boson mass vs tanf for different maximal and minimal
values of X;, X, , with Mg =2 TeV, My = 1 TeV, and M, =
172.6 GeV. The dotted line corresponds to the MSSM with
(X, = 0). The dashed-double dotted line describes the MSSM
with (X, = 6). The dashed-dotted curve is for MSSM + 5 + 3.
ks = 2 at M. The dashed line shows Higgs mass with X, =
3.95 and X; = 0. The solid line corresponds to X,, = 3.95 and
X, =6.

for x5, in contrast to the case for kg, the strong gauge
coupling does not participate at one-loop level. Because of
this we find that x5(M;) = 0.74 for Mg =2 TeV and
My =1 TeV.

In Fig. 5 we present the upper bounds for the CP-even
Higgs boson mass vs tanB with different maximal or
minimal values of X,, X, with Mg =2 TeV and M, =
1 TeV and which we compare with the MSSM case. We
take k5 = 2 at scale My as before. For this choice of
parameters the maximal value for the Higgs mass is
127.5 GeV.

C.MSSM +5+5+10+10

In this section we will consider extra vectorlike matter
belonging to the representation 5 + 5 + 10 + 10 of SU(5).
There are two choices to consider here, namely, with or
without two SM singlet fields. This does not affect the
perturbativity condition, but the presence of the singlets
suggests an underlying SO(10) gauge symmetry.

Case 1. Without the singlet the MSSM superpotential
acquires the following additional contribution:

W = k,0,0UoH, + k2010DsH, + 300U 0H,
+ k4Q10DsHy + My(Q10Q10 + UoUyg + EfgE g
+ LsLs + DsDs). (19)

The new interaction yields the following additional con-
tribution to the MSSM CP-even Higgs boson mass:
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3
[mz]l = _M%COSZQ,B(W K%tv)
3 4.20in2 1
+4—772K1U Sin 18 tV +§XK] R
3
- M%COS223<W K%[‘/>

3 1
+ m ngzsinzﬁ[tv + EXKZ ], (20)

where we have assumed My > M|, and we defined

_4A% BM5 + 2M5) — Ay, — MMy — 10M

i 6(M3 + M3})? ’
(21)
and
M3 + M;
ty =1 M) 22
\4 Og( M%/ ( )

where i = 1, 2, AK,» = A, — pcotf and A, is the soft
mixing parameter.
In this case the lightest CP-even Higgs mass is

m3, = [m3} lussm + [m3];, (23)

where the expression for [m2 Jyssy is given in Eq. (7)
The RGEs for «; and k, are given to one-loop order by

dKl K1 16 13
= m<?g§ +3g3 + —lsg% — 6Kk] — 33 — 3y,2),
dK2 K> 16 7
T W<?g§ + 3¢5 + —lsg% — 6Kk3 — 3k} — 3y,2).

(24)

Because the new matter couples to H, [see Eq. (19)]
there is an additional contribution to the RGE for y, at one-
loop level:

dy, [dyt] 3 2 3 2
D [ Y K — vk (25
dt dt Jussm  2(4)? i 2(4m)? yirz ()

In Fig. 6 we present the upper bounds for the CP-even
Higgs boson mass vs tanS for different maximal or mini-
mal values of X, X, , X,,, with Mg = My = 2.41 TeV,
and compare it with the MSSM case. We take k; = 2 at M
as before. For the given choice of parameters the maximal
value of the Higgs mass is 144.5 GeV.

Case I1. Next we consider the case when at low scale we
have vectorlike particles in (16 + 16)-dimensional repre-
sentation of SO(10). The MSSM superpotential for this
case acquires the following additional contribution:
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FIG. 6 (color online). Upper bounds for the lightest CP-even
Higgs boson mass vs tanS for different maximal and minimal
values of X;, X, , X,,, with Mg = My, = 2.41 TeV, and M, =
172.6 GeV. The dashed-double dotted curve describes the log-
arithmical correction in the model. The dotted curve corresponds
to the maximum value of k; or k,. The dashed curve corre-
sponds to the maximum values of k; and k,. The solid curve
corresponds to the case when all corrections are taken to be
maximum.

W = k,Q10U1oH, + k,010DsH, + k3LsSH,
+ k4Q10DsHy + k50100 0Hy + keLsH S
+ My(Q10Q10 + UyoUyo + ErgE1g + LsLs

+ DsDs + S9). (26)

The new interactions provide the following additional
contribution to the MSSM CP-even Higgs boson mass

3
[m%l]z = _M%COSZZB(W K%tv)

3 . 1
+ ) K‘]‘vzsmz,BI:tV + EXK] ],

3
— 2 2 2
MZCOS 25(@ K2tv)
3 4..20in2 [ 1 ]
+4—7T2K2U sin”B| ty +§XK2 ,
1
- M%COS22B<W K%tv)
1 -

1 . [
+ mK%Uzslnzﬁ [V + EXK3 R

where we have assumed My > M), and defined

(27)

_4AZ BME + 2M3) — AL — 8MEIMS, — 10M¢
“ 6(M3 + M3)?

>

(28)

and

PHYSICAL REVIEW D 78, 055017 (2008)

M) (29)

ty =1

\4 Og( M%/
Here i =1, 2, 3 and ANK,- = A,, — pcotB. The lightest
CP-even Higgs mass is

m} = [m2lyssm + [m2 1, (30)

where the expression for [m? ]yssm is given in Eq. (7).
The RGEs for «; are given by

d 16 13
T (—g§ +3g5 + 287 — 6Kk — 3K3

dt  2(4m)*\3 15
— K3 - 3y2>,
dK2 Ky (16 2 7
— = —g3 +3g3 + gt — 6K3 — 3K3
di  24mP\3 8 708 T s e TG
— K3~ 3y?>,
dk K 3
(3 et a6 -3 38 - 3).
(€20)
The RGE for y, is modified as follows:
dy, _ [@] _ 3 2 _ 3 2
dr di ussu 22" 2@m2 e
1
- m%"% (32)

In Fig. 7 we present the upper bounds for the CP-even
Higgs boson mass vs tang for different maximal and
minimal values of X;, X, , X,,, X,,, with Mg = M, =
2.41 TeV, and compare it with the MSSM case. We take

145
140 MS=MV =2.41TeV,K1=K2=K3=2 1
135 Bt
130 [ 2

125

> 120F [/ eeemeememmm T -

o

< 115

éc .'/./
110t [i - ]

i (Xt X, s Xy s Xy ) = (6,341, 3.41,3.41)
105 i = = (X, X, Xy s Xy ) = (0,341, 3.41,3.41) ]
100 ;:’ (X2 Xy s Xy » Xy ) =(0,3.41,3.41,0)
o5 | == (X, X Xy X )= (0, 3.41,0,0)
o ] == (X, X 0 Xy s X)) =(0,0,0,0)
0 5 10 15 20 25 30
tan B

FIG. 7 (color online). Upper bounds for the lightest CP-even
Higgs boson mass vs tanfB for different maximal and minimal
values of X;, X,., X,,, Xi,, with Mg = My = 2.41 TeV and
M, = 172.6 GeV.
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k; = 2 at M as before. For the given choice of parameters
the maximal value of the Higgs mass is 143.9 GeV. It is
worth noting that the resultant Higgs mass bound for
Case Il more or less coincides with what we found for
Case I (see Fig. 6). This stems from the fact that the
contribution at “low” scale from the new coupling «; is
small due to the absence of the strong coupling [see
Eq. 31)].

IV. LITTLE HIERARCHY PROBLEM

A. MSSM

As discussed in Sec. III, in the MSSM at tree level the
lightest CP-even Higgs boson mass is bounded from above
by the mass of the Z boson

m3 < M2 cos2. (33)

It requires large radiative corrections in order to push the
lightest Higgs mass above the LEP2 limit. We can see that
there are two kinds of corrections [see Eq. (7)], one pro-
portional to mj log(M3/m?), where Mg = fi; my,, and
the second proportional to A,. As we can see from Fig. 8,
if the Higgs mass turns out to be much heavier than
114.4 GeV, we need not only a large trilinear soft SUSY
breaking A, term but also heavy stop quark masses.

On the other hand, the mass of the Z boson (M, =
91 GeV) is given from the minimization of the scalar
potential as (for tan8 = 5)

and the radiative correction to the soft scalar mass squared
for H, is proportional to top squark masses

PHYSICAL REVIEW D 78, 055017 (2008)

2(M A
—MMé In—, (35)

2 —
A’/nHu(A4Z) - 477_2 MS

where A is a more fundamental scale, such as M.

Thus, in the MSSM one needs to have heavy top squarks
to generate the lightest Higgs mass above the LEP2 bound,
while on the other hand from Eqgs. (34) and (35) we see that
some fine-tuning is needed to get the correct Z boson mass.
This is known as the little hierarchy problem. To see how
much fine-tuning is needed to satisfy Eq. (34) we per-
formed a semianalytic calculation for the MSSM sparticle
spectra with the following boundary conditions:

{ag, Mg, v,(Mg)} = {1/24.32,2.0 X 10'6,0.512}. (36)

We express the MSSM sparticle masses at the scale M, in
terms of the GUT/Planck-scale fundamental parameters
(mg, my 5, A,)) and the Higgs bilinear mixing term u, by
integrating the one-loop renormalization group equations
[17]. For example, the gaugino masses at M, scale are

{Ml (Mz), Mz(Mz), M3 (Mz)} = {0412, 0822, 2844}”’!1/2

(37)
The scalar particle masses, A, and w at the M, scale are
given by

- m%,u (M) = 2.72m%/2

- 0.43m1/2A,0, (38)

+0.091m3 + 0.142

m3, (Mz) = 5.71m3 ,, + 0.64m — 0.033A2

0.50 0.75 1.00 1.25 1.50 1.75 2.00

1500 | 11800
1400 R \ 11400
1300 . \ {1300
1200 . \ {1200
1100 . Y {1100
—~ 1000 . \ 11000
2 .
S 900 . \ {800
O .
— 800 . \ 1800
» . \
{700
s 700 . \
600 . N 1600
500 - m, = 1144 GeV N 1500
4007 | - — m =119 Gev .. ~ 1400
3001 | — m, =123 Gev . 1300
200 1200
050 075 100 125 150 175 2.00

A I Mg

+0.15m, A, (39)
my (M) = 4.2m2 , + 0.27m3 — 0.07A2 + 0.29m, A,
(40)

A(My) = —23m, ), + 0.27A,, 41)

ngm (M) = 6.79m%/2 + md, (42)

m%/u(MZ) = 6.37m%/2 + md, (43)

mp,,,(Mz) = 6.32m3 ,, + mg, (44)

m}, | (Mz) = 0.52m2, + m, 45)

m}, | (My) = 0.15m2,, + m}, (46)

pr(Mz) = 1.02u}, (47)

where the subscript 1, 2, 3 are families indices and w is
the value of u at M.

Using Eq. (34) we can also express the dominant con-
tribution to Z boson mass in terms of fundamental parame-

FIG. 8 (color online). Mg versus A,/Mg for different values of
the CP-even Higgs mass in MSSM. The dotted, dashed, and
solid line corresponds to Higgs mass m;, = 114.4, 119, and
123 GeV, respectively, and tan = 10.
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ters:

M3 = —2.04u% + 5.44m? , + 0.183m3 + 0.242
- 0.87m1/2At0. (48)

The magnitude of |my, | shows how much fine-tuning is
needed to satisfy the minimization condition in the MSSM
[see Eq. (34)]. We present in Fig. 9 |my, | versus the
CP-even Higgs mass for different values of M. In each
case A, varies in the interval 0 < |A,/Mg| < +/6. This is the
reason why we find different values for the Higgs masses
for a different choice of M.

We find that the new Yukawa couplings of H, to the
vectorlike matter, which helps in raising m,,, also has the
effect of raising the soft Higgs mass parameter m%, , which
tends to exacerbate the little hierarchy problem. However,
when the new Yukawa couplings of H, are relatively small,
the little hierarchy problem improves relative to the
MSSM, since the cumulative effect of the top Yukawa

coupling y, on the running of m%,u becomes smaller than

in the MSSM. This comes about since the value of y, is
smaller at the scale M; compared to MSSM for certain
values of the new Yukawa coupling. This result is dis-
played in Fig. 10 for the MSSM + 10 + 10 case. There
is also a contribution from the radiative correction involv-
ing the gluon and gluino, since, as we show in Fig. 1,
introducing new vectorlike matter at low scale slows the
running of the strong coupling compared to the MSSM
case. As a result the cumulative effect of the strong inter-
action to the running of colored particle masses is smaller
than in MSSM. These two effects, as we show in the next

2400 |
— Mg =200 GeV -—/
2200 — - Mg =250GeV )
-
2000 t s Mg=400GeV Pt
—- Mg =600 GeV -—/.
1800 —-- Mg =1000 GeV /__,
- 1600 - |
® - )
® 1400 s P
— 1200 _/__/ —.—.’./
T .
£ 1000 —
sol—-—="" L.
600 ................
a0l o em=o- L
200 —

115 116 117 118 119 120 121 122 123
m, (GeV)

FIG. 9 (color online). ImHUI versus CP-even Higgs mass in the
MSSM for different values of Mg. The solid, dashed, dotted,
dashed-dotted, and dashed-dotted-dotted curve corresponds to
Mg =200 GeV, 250 GeV, 400 GeV, 600 GeV, and 1000 GeV,
respectively. In each case A, varies in the interval 0 < |A,/M| <

V6.

PHYSICAL REVIEW D 78, 055017 (2008)

1.0

> 05l | tanp=10 \\
MSSM o
04t | _ _ = .
10 A
03F ]| —--- I\I():1 1 \,\
. ® ® o = \~
0.2} K10 = Yt ~.
—_— k.. =0 °
01 L - 1‘0 - 8 X X X X X X X X I
2 3 4 5 6 7 8 9 10 11 12 13 14 15 16

Log,o(A/GeV)

FIG. 10 (color online). Top Yukawa y, coupling versus
Log,o(A/GeV) for tan8 = 10. The dashed, dotted, dashed-
dotted, and dashed-dotted-dotted lines correspond to MSSM +
10 + 10 with ;9 = 2, y,;, 0, 1.1, respectively. The solid line
corresponds to the MSSM case.

two sections, enable us to improve the little hierarchy
problem compared to the MSSM.

B. MSSM + 10 + 10

Next let us consider how the little hierarchy problem can
be improved in the MSSM + 10 + 10 case. We will con-
sider two extreme values for the coupling o, namely
Kio(Mg) = 2 and k;o(Mg) = 0 to show how much little
hierarchy has changed for this case.

Case 1. Using the boundary conditions

{CVG, MG, yl(MG)’ KIO(MG)} = {1/855, 2.0 X 1016, 094, 2}
(49)

and RGEs from Appendix A, we obtain the sparticle
spectrum. For the gaugino masses,

{M,(M7), My(M7), M3(M )} = {0.145,0.289, 1}m, /5,
(50)
while the MSSM scalar masses along with w2, A,, and A
are given by
- m%lu(Mz) = 3.85111%/2 +0.95mj + 0.04A%0
+ 0.012A2

K10

+0.06m; 24, — 0.043A, A, . (51)

K10

—0.12m, A

fo

m3, (Mz) = 2.98m3 ,, + 0.73m} — 0.031A2 — 0.002A2

K109

+ 0.11m1/2At0 - 0071m1/2A

K10

+ 0.026A, A (52)

fo* K10,
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my (M) = 2.04m3 , + 0.45m3 — 0.06242 — 0.003A2,,
+ 0.237”11/214[“ - 0. 14m1/2A
+0.0524, A

K10
KIOO ’ (53)

A(Mz) = =1.02m, ), + 024, = 0134, ,  (54)

Ay (Mz) = =0.71m; /5 — 0.0934,, + 0.0654,,,, (55)

m, (M) = 3.63m2,, + m, (56)
m%/u(MZ) = 3.33m%/2 + m3, (57)

w*(Mz) = 0.105ug, (58)
m,  (Mz) = m3 + 3.29m2 (59)
m (My) = m} +0.37n? ,, (60)
m,, (Mz) = m3 +0.122m? ,. ©1)

The spectrum for the vectorlike matter is given as

mgy,,(Mz) = 2.86m7 ,, + 0.62mg + 0.017A7 — 0.003A7

K10y

- 0.073}711/21410 + 0.051m1/2AK100

— 0.0114, A (62)

K10y’

my, (Mz) = 1.81m3 , + 0.25mG + 0.035A7 — 0.005A%,,

- 0. 15m|/2A,0 + 0.1m|/2AK]OU

—0.0234, A (63)

K10y’

m%lO(MZ) = m% + 0.122m%/2. (64)
For this case the dominant contribution of Z-boson mass
has the following expression:
M% ~ —0.21,41,(2) + 7.7m%/2 + 1.91m% + O.OSA%0
+ 0.024A?<l o " 0.24m; A, + 0.12m, A
—0.0944, A

K10,

(65)

K10y

We see that the coefficient of m% /2
increased as compared to the MSSM case [see Eq. (48)],
and so we expect fine-tuning to be worse in this case. This
is related to the value of ko(Mg). If we reduce ko(Mg),
v,(Mg) is reduced (see Fig. 10), and as a result the coef-

ficient of m7,, in the M7 expression is reduced. We find

in this expression has

that for some values of k;o(M;) the top Yukawa coupling
v,(M) is smaller than yMSSM(M;), its value in the MSSM.
This enables us to reduce the degree of fine-tuning for the
case MSSM + 10 + 10 compared to the MSSM.

PHYSICAL REVIEW D 78, 055017 (2008)

However, with smaller values of «;y(M), the value for
the Higgs mass m; will be lower. Thus, we need to find an
optimum value of «;y(Mg), between 2 and 0, which gives a
sufficiently large value for the Higgs mass, but at the same
time yields a smaller value of |my |.

Case 1I. We next study the changes brought about by
setting ko(Mg) = 0 and by applying the following bound-
ary conditions:

{ag, Mg, y(Mg), k10(Mg), A, (Mg)}
= {1/8.55,2.0 X 10'°,0.163, 0, 0}. (66)

For the MSSM spectrum and related quantities, we find
— my (My) = 2.59m?,, — 0.15m3 + 0.12A2
- 0.76m1/2A,0, (67)

m3 (M) = 2.64m? , + 0.72m3 — 0.04147,
+0.25m, A, (68)

m? (M) = 1.35m2, + 0.44m3 — 0.08242
+ O.51m1/2At0, (69)

A (M) = —2.14m, ), + 0.444, , (70)

Aw(Mz) = =3.02m;, —0.284, + A, (T1)

mZQ]}z(MZ) = 3.63m? ot m3, (72)
m%JI,Z(MZ) = 3.33m%/2 + md, (73)

wr(Mz) = 1.9u}, (74)
mp,,,(Mz) = mg + 3.29m3 ), (75)
m3, (Mz) = m3 + 0.374m? ,, (76)
m%mv}(MZ) =m} + 0.122m%/2, 77
mZQlO(MZ) = 3.63m%/2 + mj, (78)
m, (M7) = 3.33m2 , + m, (79)
m3, (M) = m3 + 0.122m% . (80)

The dominant contribution of Z-boson mass has the fol-
lowing expression:

M3 = —3.78uf + 5.19m7 , — 0.31mg + 0.25A7

fo

— 1.52m A, (81)
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FIG. 11 (color online). ImHU| versus the CP-even Higgs mass
my,, with Mg = 600 GeV. The solid line corresponds to the
MSSM case. The dashed and dotted curves correspond to
MSSM + 10 + 10, with ;o = 1.1 and &y = 0 at M.

In Fig. 11 we plot [my, | versus the lightest CP-even Higgs
mass my, with Mg = 600 GeV. We compare two cases,
when kjp = 1.1 and ko = 0 at M. The case k = 1.1 is
interesting in the sense that in this case the value of the top
Yukawa coupling is the same as in the MSSM. We can see
in Fig. 11 that for a Higgs mass less than 118 GeV, the fine-
tuning responsible for the little hierarchy problem is less
severe, while for larger than these values the situation
becomes worse. We do not display the case «;y = 2 for
which |m Hul exceeds 2 TeV. On the other hand one can see
how the fine-tuning condition for the little hierarchy prob-
lem is improved when « = 0 at the GUT scale.

/
/
8507 | Mg=4s0Gev
— - Mg =500 GeV
800F | —- Mg=600GeV
% 750 ¢
O]
"2 700t
£
, e
650 -
’/
.7 -
600 /,/ _- -
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1‘i5 1’i6 1‘i7 1‘i8 1“IQ 1é0 1é1 122
m, (GeV )

FIG. 12 (color online). |my, | versus m, for MSSM + 10 +
10, with (A, < 0). The solid, dashed, and dashed-dotted curves
correspond to Mg = 450, 500, and 600 GeV, respectively. For all
cases ko = 0 at M.
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In Fig. 12 we plot |my, | versus the m; for MSSM +

10 + 10, with A, <0. The solid, dashed, and dashed-
dotted curves correspond to Mg =450, 500, and
600 GeV, respectively. For all cases kg = 0 at Ms. We
see that the fine-tuning condition is relaxed compared to
the results in Fig. 9.

C.MSSM +5+35

In this section we consider MSSM + 5 + 5 and perform
an analysis similar to what we did for MSSM + 10 + 10.
Case I. Using the boundary conditions

{CYG, MG, yI(MG)J K5(MG)} = {1/1906, 2.0 X 1016, 057, 2},
(82)
we obtain the following spectrum:

{M,(M7), My(Mz), M3(M7)} = {0.323,0.645, 2.23}m, /5

(83)
and
M} = —1.26p3 + 5.32m? , + 0.94m3 + 0.18A7
+ OO4A’2(50 - 0.86m1/2A,0 + O.21m1/2AK50
—0.094,4, , (84)

—my, (Mz) = 2.66mj,, + 0.47Tmj + 0.09A7 + 0.024%
- 0.437’)’1]/214[0 + 0.1m1/2AK50
—0.0444, A, , (85)

sz,(MZ) = 4.68m%/2 +0.7m} — 0.04A7 + 0.003A,z<50
+ 0. 16m1/2A,0 - 0.O4m1/2AKSO
+0.0134, A, , (86)

ny (M) = 3.24m3 , + 0.39m3 — 0.072A2 — 0.006A2,
+ 0.32m1/2A,0 - 0.08m1/2AK50

+0.0264, 4, , (87)

Iy

A(Mz) = =2.17my 5 + 0.284, — 0.076A, ,  (88)

A (Mz) = 0.36m, ), = 0214, + 0.16A,,  (89)

szl,z(MZ) = 5.73m%/2 + md, (90)
m%JI,Z(MZ) = 5.36m%/2 + m%, 91)
p(Mz) = 0.63ug, (92)
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mlz)lvm(MZ) =m} + 5.31m%/2,
m,zdlym(MZ) = mj + 0.474m%/2,

mZEmy3 (M) = m% + 0.141m%/2.
For those particles outside the MSSM, we find
m%S(MZ) = 0.51m%/2
= 0.042m, A, + 0-015m1/2AK50

+0.0054,A,, ,

mg(Mz) = 0.073m3

— 0.088m,5A,, + 0.03mpA,, +0.01A, A, ,

m%)S(MZ) = mj + 5.31m%/2.

Case 11. Employing the boundary conditions

93)

94

95)

+0.45mg + 0.0247 — 0.03A7

(96)

— 0.11mg + 0.037A7 — 0.06A%_

7

(98)

{CYG, MG’ yt(MG)’ K5(MG)} = {1/1906, 2.0X 1016, 039, O},

we find

99)

{M (M), My(My), M3(M5)} = {0.323,0.645,2.23}m,

and

MZ = 2413 + 5.37m%/2

- 1. lml/zA,O,

m}y, (M) = 2.68m? , + 0.014m3 + 0.1147,

- 053m1/2A

1y’

+0.03m + 0.22A2

(100)

(101)

(102)

m3, (M7) = 4.68m? ,, + 0.66m3 — 0.04A7 + 0.18m, A,

+ 0.35m1/2At0,

+0.32m2 — 0.073A42

A (M) = —2.25m, ), + 0.324,,

A (Mz) = 0.23m, ), — 0344, + A, ,
szm(MZ) = 5.73m%/2 + md,
m%]lz(MZ) = 5.36m%/2 + md,

(M) = 1.2043,

(103)

(104)
(105)
(106)
(107)
(108)

(109)
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FIG. 13 (color online). |my, | versus m;, for MSSM + 5 + 5
(A, <0).

m, (M) = m} + 5.31m? (110)
m%‘l,Z&(MZ) = m(z) + 0.474m%/2, (111)
m%m(MZ) =m} + 0.141m%/2. (112)
Similarly,
mi (Mz) = 0.47m$/2 + md, (113)
mi(Mz) = mj, (114)
my (Mz) = md +5.31m? . (115)

In Fig. 13 we plot |my, | versus m,, with Mg =
600 GeV. We consider two cases, ks = 2 and x5 = 0 at
M. We can see from Fig. 13 that the fine-tuning condition
for the little hierarchy problem improves relative to the

900
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800 - - Mg=400Gev | .-~ ,
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FIG. 14 (color online). |my, | versus m;, for MSSM + 5 + 5
(A, <0).
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MSSM when «5 = 0, but improvement is not as significant
as for MSSM + 10 + 10. The reason is that the values for
vy, at M with k5 = 0 is large compared to y, for MSSM +
10 + 10 with ;9 = 0.

In Fig. 14 we plot |my, | versus mj, for MSSM + 5 + 5,
with (A, < 0). The solid, dashed, and dashed-dotted curves
correspond to Mg = 250, 400, and 600 GeV, respectively,
with k5 = 0 at M. We see that the fine-tuning condition is
relaxed compared to the results in Fig. 9.

V. CONCLUSION

We have shown that in an extended MSSM framework
with vectorlike supermultiplets, whose masses lie in the
TeV range, the mass of the lightest CP-even Higgs boson
can be as high as 160 GeV. Gauge coupling unification is
maintained in this approach with the three MSSM gauge
couplings remaining perturbative all the way to the GUT
scale M. As far as the little hierarchy problem is con-
cerned, the degree of fine-tuning in this extended MSSM is
severe for larger values of the Higgs mass. However, things
have improved somewhat compared to the MSSM if the
Higgs mass is found to be = 125 GeV.
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APPENDIX A: RGES FOR MSSM + 10 + 10

_ _ da; _
W =y,0,UH, + k9Qi10UioH, dtl = —b;a?

aM;
di

_bl‘C_lfl'Mi.

Here
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dm?, 16 _ 16 _
i (? &M + EQIM%)
= 2Y,(my, + my + my + AD),
du? o, 1
U= 3@ ga w30+ Ko
dm?, _ l_
—dt d — 3<Q2M§ + galM%)y
dm,zq _ 1_
a3 @+ @)
—3Y,(m}, + m} + m}y + A
- 3I<10(’/’12Q10 + m%]m + m%iu + A%‘“))’
dA 16 _ _ 13 —
—6Y,A — 3K10AK10’
dy, 16 13
= Y,<?d3 +3a, + B‘_”) — 6Y7 = 3Y,Ky,
dm? 16 !
o0 ~ _ _
. (Sa o)
- KlO(szm + m%/u) + mlzqu + Ailo)’
dm?, 16 16
- 0 (?@3M§ + E&]M%)
— 2K10(m2QlO + m%JIO + m%—l,( + A%m)’
dA 16 _ _ 13 —
—d:lo = —(? asM5 + 3a,M, + EalMl) - 6K10AK10

—3Y,A,

dt 3

dm> 16 _ 4 _
T = (Fam + fgan)

dK 16 13
il (U KIO(—d3 + 3a, + 1—5511) — 6K3, — 3Y,K),

Here

2 2

Vi Ko
Y, =5,  Kp=-2,
" (4ar)? 07 G2
= {35—3 1, —3} +{3,3, 3}
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APPENDIX B: RGES FOR MSSM + 5 + 5

W= thtUtHu + KSLSSHM’

dm? _ 1_
d—l‘L = 3(a2M% + galM%),
dm> 12 _
= (Gam)
dm?> 16 1
Ql —_ - - -
= Y(mg + my + my + A7),
dm? 16 _ 16 _
dr L= (?Q3M32, + ECYIM%)
= 2Y,(mg, + my + my + A7),
dp? 1
o 3(012 + gal)ﬂvz — (3Y, + Ks)p?,
dm%, ~ 1_
o d — 3(&2M% + galMlz),
dmi, _ 1_
—dl‘ L= 3(a2M% + galM%)
- 3Yt(m2Qt + m%]r + m%,u + A?)
— Ks(mg_+ mg + my + A7),
dA, 16 13
— = ——a3M; +3a,M, + —a,;M
di <3013 3 a My 15011 1)
—6Y,A, — K5AK5,
dy 16 13
d_tt - Yt(?C_Y3 + 3&2 +BC_YI) - 6Yt2 - YIKS’
dmi ~ 1_
- I(s(m%5 +m? + m%iu + A,%S),
dm?
dts — —2K5(m%5 + m% + m%,u + A,2<5),
dA

1
s —3(&2M2 + gaylMl) —4KsA,, — 3Y,A,
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dK _ 1_
—dts - 3K5<a2 + 5&1) - 4K§ - 3YtK5,
dm? 16 _ 4 _
ay (? M2 + +Ea1M%>.
Here
2 2
Vi K3
Y = ) K = y
" (@) > (@dm)y?
33
b, = {? 1, —3} +{1,1,1}.
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