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Chiral properties of baryon fields with flavor SU(3) symmetry
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We investigate chiral properties of local (nonderivative) fields of baryons consisting of three quarks
with flavor SU(3) symmetry. We construct explicitly independent local three-quark fields belonging to
definite Lorentz and flavor representations. Chiral symmetry is spontaneously broken and therefore the
baryon fields can have different chiral representations. Because of the color antisymmetric and spatially
symmetric structure of the local three-quark fields, the allowed chiral representations are strongly
correlated with the Lorentz group representations. We discuss some implications of the allowed chiral
symmetry representations on physical quantities such as the axial coupling constants.
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L. INTRODUCTION

As the chiral symmetry of QCD is spontaneously bro-
ken, SU(N;), ® SU(N,)r — SU(N,)y (N being the num-
ber of flavors), the observed hadrons are classified by the
residual symmetry group representations of SU(Ny)y. The
full chiral symmetry may then conveniently be represented
by its nonlinear realization and this broken symmetry plays
a dynamical role in the presence of the Nambu-Goldstone
bosons to dictate their interactions.

Yet, as pointed out by Weinberg [1], there are situations
when it makes sense to consider algebraic aspects of chiral
symmetry, i.e. the chiral multiplets of hadrons. Such had-
rons may be classified in linear representations of the chiral
symmetry group with some representation mixing. One
such situation becomes realistic in the symmetry restored
phase which is expected at high temperatures and/or den-
sities [2]. If hadrons belong to certain representations of
the chiral symmetry group, physical properties such as the
axial coupling constants are determined by this symmetry.
Therefore, the question as to what chiral representations,
possibly with mixing, the hadrons belong to is of funda-
mental interest [3-5].

Another point of relevance is that the chiral representa-
tion can be used as a theoretical probe for the internal
structure of hadrons. For instance, for a gg spin-one me-
son, the possible chiral representations are (8, 1) and (3, 3)
and their left-right conjugates for flavor octet mesons. As a
matter of fact, for the multiquark hadrons, the allowed
chiral representations can be more complicated/higher di-
mensional with increasing number of quarks and anti-
quarks. Hence the study of chiral representations may
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provide some hints to the structure of hadrons, extending
possibly beyond the minimal constituent picture [6—11].

Motivated by these arguments, we have recently per-
formed a complete classification of baryon fields con-
structed from three quarks in the local form with two
light flavors (the so-called SU(2) sector) [12]. Such baryon
fields are used as interpolators for the study of two-point
correlation functions in the QCD sum rule approach and in
the lattice QCD [13-18]. Strictly speaking, however, the
chiral structure of an interpolator does not directly reflect
that of the physical state when chiral symmetry is sponta-
neously broken. But the minimal configuration of three
quarks provides at least a guide to the simplest expecta-
tions for baryons. Any deviation from such a simple struc-
ture may be an indication of higher Fock-space
components, such as the multiquark ones [19].

Another reason for such a study of chiral classifications
is related to the number of independent fields. In principle,
the correlation functions, when computed exactly, should
contain all information about the physical states.
Practically, however, one must rely on some approxima-
tion, and it has been observed in previous studies, that the
results may depend significantly on the choice of the
interpolators, which are generally taken as linear combi-
nations of the independent ones [5,15,20].

In this paper, we perform a complete classification of
baryon fields written as local products (without deriva-
tives) of three quarks according to chiral symmetry group
SU@3), ® SU(3)g. This is an extension of our previous
work for the case of flavor SU(2) [12]. The SU(3) algebra
introduces not only several technical complications, but
also brings some physically relevant difference from the
case of SU(2). For SU(2) the only allowed chiral represen-
tation for spin 1/2 baryon is the fundamental one of
(%, 0) o (0, %), while for SU(3), two representations (8, 1) &
(1,8) and (3,3) ® (3,3) become possible. Indeed, they
predict different F/D ratio for the axial couplings of octet
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baryons. Thus, here we attempt a systematic classification.
We derive the chiral transformation rules for the baryon
fields and do their classification, utilizing the Fierz trans-
formations in order to implement the Pauli principle
among the three quarks.

As in the previous paper [12], we first establish a clas-
sification under the ordinary (vector) flavor SU(3) symme-
try, and then investigate the properties under the full chiral
symmetry group. The method is based essentially on the
tensor method for the SU(3) group representations, while
the Fierz method for the Pauli principle associated with the
structure in the color, flavor, and Lorentz (spin) spaces is
utilized when establishing the independent fields. It turns
out that for local three-quark fields, the Pauli principle puts
a constraint on the structure of the Lorentz and chiral
representations. This leads essentially to the same permu-
tation symmetry structures as in the case of flavor SU(2)
symmetry, with the one important difference being the
existence of flavor singlets in the present case.

This paper is organized as follows. In Sec. II, we estab-
lish the independent local baryon interpolating fields, and
investigate their flavor SU(3) symmetry properties. In
Sec. III, we investigate the properties of the baryon fields
under chiral symmetry transformations SU(3); ® SU(3)g.
We find that both flavor and chiral symmetry properties are
related to the structure of the Lorentz group. Eventually, in
Sec. IV, we find that this can be explained by the Pauli
principle for the left- and right-handed quarks, which puts
a constraint on permutation symmetry properties of three
quarks. Some complicated formulas are shown in
appendices.

II. FLAVOR SYMMETRIES OF THREE-QUARK
BARYON FIELDS

Local fields for baryons consisting of three quarks can
be generally written as

B(x) ~ €,:(q5T (x)CT 1 ¢4 (x))T & (x), (1

where a, b, ¢ denote the color and A, B, C the flavor
indices, C = iy, is the charge-conjugation operator,
ga(x) = (u(x), d(x), s(x)) is the flavor triplet quark field
at location x, and the superscript T represents the transpose
of the Dirac indices only (the flavor and color SU(3)
indices are not transposed). The antisymmetric tensor in
color space €,,., ensures the baryons’ being color singlets.
For local fields, the space-time coordinate x does nothing
with our studies, and we shall omit it. The matrices I'; , are
Dirac matrices which describe the Lorentz structure. With
a suitable choice of I'|, and taking a combination of
indices of A, B and C, the baryon operators are defined
so that they form an irreducible representation of the
Lorentz and flavor groups, as we shall show in this section.

We employ the tensor formalism for flavor SU(3) a la
Okubo [21-25] for the quark field g, although the explicit
expressions in terms of up, down and strange quarks are
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usually employed in lattice QCD and QCD sum rule stud-
ies. We shall see that the tensor formulation simplifies the
classification of baryons into flavor multiplets and leads to
a straightforward, but lengthy derivation of the Fierz iden-
tities and the chiral transformations of baryon operators.
This is in contrast to the Ny = 2 case where we explicitly
included isospin/flavor into the I';, matrices and thus
produced isospin invariant/covariant objects [12].

A. Flavor SU(3) ; decomposition for baryons

For the sake of notational completeness, we start with
some definitions. The quarks of flavor SU(3) form either
the contra-variant (3) or the covariant (3) fundamental
representations. They are distinguished by either upper or
lower index as

u
q* €q= (d), aa €Eq' = W' d"s*). (2
s
The two conjugate fundamental representations transform
under flavor SU(3) transformations as

q— exp(z&&)q, gt — ¢t exp(—iﬁc?), 3)

2 2
where ay (N =1, ---,8) are the octet of SU(3)r group
parameters and AV are the eight Gell-Mann matrices. Since
the latter are Hermitian, we may replace the transposed
matrices with the complex conjugate ones. The set of eight
AV = —(AM)T = —(AM)* matrices form the generators of
the irreducible 3 representation.

Now for three quarks, we show flavor SU(3) irreducible
decomposition 3®3®3 =18 &8 ®10 explicitly in
terms of three quarks. It can be done by making suitable
permutation symmetry representations of three-quark
products g4qgqc-

(1) The totally antisymmetric combination which forms

the singlet,

Wiagc) = N(9aqp9c + 99cqa + 4cqaq5
— qgqaqc — 9a9cq9s — 9cqpqa)- 4)

The normalization constant here is N = 1/4/6. In
the quark model this corresponds to A(1405). In
order to represent this totally antisymmetric combi-
nation, we can use the totally antisymmetric tensor
€BC_ Then the flavor singlet baryon field A can be
written as:

A = EABCEahc(qXTCFqu)F2qE~ (5)

(2) The totally symmetric combination which forms the
decuplet,
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Yiasey = N(9aq89c + 49cqa + 909495
+ qpqadc t 9aqcqs + 4cqpqa). (6)

The normalization constant depends on the set of
quarks for baryons. For example, for g4, g5, gc =
u,d, s, N = 1//6, while itis 1/6 for ¢4, g5, qc =
u, u, u. In order to represent this totally symmetric
flavor structure, we introduce the totally symmetric
tensor S48€ (P =1,---, 10). Then the flavor dec-
uplet baryon field A can be written as:

AP = §85C%€,,,.(q4T CT 15T g6 @)

The nonzero components of S48¢ (= 1) are sum-
marized in Table I. The rest of components are just
zero, for instance, S}!2 = 0.

(3) The two mixed symmetry tensors of the p and A
types are defined by

Vimo = N(Q24aqs9c — 989c9a — 909445
—2qpqaqc + 9aq9cqs + 9cqpqa)
Vimer = N(2qaqs9c — 489c9a — 4cdaqs

+ 295949c — 9a9cqs — 9c9B9A)-
(8)

Here the two symbols in {} are first symmetrized and
then the symbols in [] are antisymmetrized. The
normalization constant depends again on the num-
ber of different kinds of terms. The correspondence
of the octet fields of (8) and the physical ones can be
made first by taking the following combinations

Ng, = GABD()‘N)DC‘PEJA{BJC}’

N, = PPN Whs

)]

where N is an octetindex N = 1, 2, - - -, 8. This kind
of “double index” (DC for Né\fo and DA for NY))

notation for the baryon flavor has been used by
Christos [26]. In our discussions, we shall use the
following form for the flavor octet baryon field

NN = eABP(AN) b€ (g5 CT1g3)Taqs.  (10)

It is of the p type. But after using Fierz transforma-
tions to interchange the second and the third quarks,
the transformed one contains A type also, as we shall
show in the following. The octet of physical baryon
fields are then determined by
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N'x£iN>~3%  N*~30  N8~A
N*+ N> ~E~, p, N6+ iN7 ~ 5O n,
11
or put into the 3 X 3 baryon matrix
30 L A3 +
At 2
N=| > —% + g—g n (12)
=- =0 _ 2 AS
. =1 7(-)

B. Counting the (in)dependent fields

In this section we investigate independent baryon fields
for each Lorentz group representation which is formed by
three quarks. The Clebsch-Gordan series for the irreducible
decomposition of the direct product of three (3, 0) @ (0, 1)
representations of the Lorentz group (the three quark Dirac
fields) is

(0@ 0]~ (00 ))e(ly)eG1)
® (3 0)@(0,3), (13)

where we have ignored the different multiplicities of the
representations on the right-hand side. The three represen-
tations ((%, 0) ® (0, %)), ((1,%) ® (%, 1)), ((%, 0) @ (0, %)) de-
scribe the Dirac spinor field, the Rarita-Schwinger’s
vector-spinor field and the antisymmetric-tensor-spinor
field, respectively. In order to establish independent fields
we employ the Fierz transformations for the color, flavor,
and Lorentz (spin) degrees of freedom, which is essentially
equivalent to the Pauli principle for three quarks. Here we
demonstrate the essential idea for the simplest case of the
Dirac spinor, (},0) ® (0,1). Other cases are briefly ex-
plained in Appendices A and B.

1. Flavor singlet baryon

Let us start with writing down five baryon fields which
contain a diquark formed by five sets of Dirac matrices, 1,

Ys5s Yusr YuVs> and O uys

TABLE I. Nonzero components of S32€(= 1).

P 1 2 3 4 5 6 7 8 9 10
ABC 111 112 113 122 123 133 222 223 233 333
Baryons At At St A0 340 =+0 A- S - O
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A= fabcfABC(QﬁTqué)qucc,
A, = EabcfABC(QXTC?’sCIg)(]E,
A3 = €. €*(q5T Cy uysa3) v* 45 (14)
Ay = €€ (g5 Cy LaB) v vsqe
As = EahcEABC(qXTCU-/,Lng)O-MVY5QE'

Among these five fields, we can show that the fourth and
fifth ones vanish, A4 s = 0. This is due to the Pauli princi-
ple between the first two quarks, and can be verified, for
instance, by taking the transpose of the diquark component
and compare the resulting three-quark field with the origi-
nal expressions [26]. The Pauli principle can also be used
between the first and the third quarks, so we construct the
primed fields where the second and the third quarks are
interchanged, for instance,

Aj = €€’ (qiT Cag)yvsds.
Now expressing A; in terms of the Fierz transformed fields
A, we find the following relations (see Appendix C),
A= —;{A’l - %A’z - %Ag,
A, = _%Ai - A—I‘A’2 + %Ag,
Ay = —AL + AL +3AL
On the other hand, by changing the indices B, C and b, c,
for instance,
All = eachEACB(CIXTng‘)'ySQE’
= €ace" (g4 Cap)ysac,
we see that the primed fields are just the corresponding
unprimed ones, A} = A;. Consequently, we obtain three

homogeneous linear equations whose rank is just one, and
we find the following solution

A3 :4A2: _4A1, A4:A5 = 0.

We see that there is only one nonvanishing independent
field, which in the quark model corresponds to the odd-
parity A(1405).

2. The flavor decuplet baryons

Among the five decuplet baryon fields formed by the five
different y-matrices, only two are nonzero:

AL = €,,.S85(q5T Cy wa%) Y vsq¢.

0y
AL = €ueSHP (a8 COuah) o v3 e

Performing the Fierz transformation and with the relation
APr = — AP (€, 538 = —€,,.535C), we find that there
is only a trivial (null) solution to the homogeneous linear
equations. Therefore, the Dirac baryon fields (fundamental
representation of the Lorentz group) formed by three
quarks cannot survive the flavor decuplet.

PHYSICAL REVIEW D 78, 054021 (2008)
3. The flavor octet baryon fields

Let us start once again with five fields, which have three
potentially nonzero ones

NY = €, €*PP AN (g4 Cq)ysqfs

NY = €., P AN (q5T Cysql)ge.

NY = €, PP A8 (g5 Cy uysaB) v g (16)
NY = €, €8P AY (g5 Cy a3 y* vsqi = 0,

NY = €€ PP Apc(ai Co ) o, Y506 = 0.

These octet baryon fields have been studied in Refs. [13—
15], where the independent ones are clarified. As before,
we perform the Fierz rearrangement to obtain five equa-
tions with the primed fields, while N}’ and N are not
zero. For the first three equations, N, 3 on the left-hand
side should be expressed by the primed fields. To this end,
we can use the Jacobi identity

eBPAN .+ eBCPAN  + eCAPAY . =0, 17)

which can be used to relate the original fields NV and
primed ones NlN ! for instance,

(ABD AN, + €BCDAN | - eCAD AN (46T Cgb)ysgt. = 0,
from which we find
MY = 3y,

and the same relations for NQ’ ;- There are no relations
between NQ’ s and NQ’ £. Altogether, we have five equations.
The equations related to N} and Ngv are also necessary
because the corresponding primed ones are not zero. They
can be solved to obtain the following solutions:

INY' =NY=NY-NY,  NY'=-3W)+NY)),

which indicates that there are two independent octet fields,
for instance, N\ and NY. Thus we have shown the same
result just as in the two-flavor case [12]. In the following
sections we shall show that the difference between the two
fields N, and N, lies in their chiral properties: NV — NY
together with A belong to (3,3) @ (3,3), and the other
NV + NY belongs to (8,1) & (1, 8).

There are two ways to construct the octet baryon fields.
One is done already as shown in Egs. (16), whose flavor
structure is the same as the p type baryon field N,’g\; in

Egs. (9):
38303—-(3®3)©3—-3®3—8,. (18)

The other A type baryon field NY, is complicated when
used straightforwardly:

383983—-(3©3)®3—-6®3—38,. (19)

Therefore, we use another way based on
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38383—-30(3®3)—3©3—8, (20

This contains partly 8,, and it is easily to verify that (18)
and (20) compose a full description of octet baryon which
is also fully described by using (18) and (19). The way 8,
leads to octet fields NV lN , and the other way 8;, leads to other
five ones

NY = €€ P AN5(q5" Cal)vsat

NY = €ace*PApp(as’ Cysap)ag,
€abc € P App(a5T CYuysap) Y qc
Ni\’ = €ube eACD)\gB(q,IZTC’Y;ng)'y# 75‘]2‘7

vV — ACD )N aT b g
N5 = €4pc€ /\DB(CIA Co—/.LVQB)a-,U,V’)/SqLC'

21

=
w=
Il

However, these fields can be related to the previous ones by
changing the flavor and color indices B, C and b, c:

In nearly all the cases, the octet baryon fields from the
second way can be related to the ones from the first way.
Therefore, we shall omit the discussion of the second octet.
One exception which concerns the chiral representation
(3,3) ® (6, 3) is discussed in Appendix D.

C. A short summary of independent baryon fields

Properties of spin 3/2 baryons fields expressed by the
Rarita-Schwinger fields with one Lorentz index and those
of the antisymmetric tensor-spinor fields with two Lorentz
indices are discussed in Appendices A and B, respectively.
Here we shall make a short summary of independent
baryon fields for all cases constructed from three quarks.
For simplicity, here we suppress the antisymmetric tensor
in color space €., since it appears in all baryon fields in
the same manner. Furthermore, it is convenient to intro-
duce a “‘tilde-transposed” quark field g as follows

g =q"Cys. (22)

which differs from the two-flavor definition in Ref. [12] by
the absence of the flavor (G-parity) matrix.

As we have shown already, for Dirac fields without
Lorentz index, there are one singlet field A and two octet
fields NV and NY:

Ay = €*8(Gaysqp)vsac

NY = e*BPAN (Gavsqs)vsqc,

N} = e*BPAY (Gagp)qc.
For the Rarita-Schwinger fields with one Lorentz index,

we would consider one singlet, three octet, and one dec-
uplet fields:

PHYSICAL REVIEW D 78, 054021 (2008)

Ay, = € 5(Gaysap) v dc

N{V,L = PP A5c(Gaysq8) Y udc
Ny, = PP A5 (Gaqp) Y Y590
Névu = _GABD/\IL\)’c(glAYMQB)YS(Ic,
AL = =535y uysas)dc-

However, we find that A, = vy, ¥sA, Ny, = v, ¥sNY,
and Ny, = v,ysN5. So, there are two nonvanishing in-
dependent fields: one octet field N ﬁf and one decuplet field
A ,,. By using the projection operator:

P = (gur — 37070, (23)

they can be written as
vy = PV
= —(8ur — $YuY)EBPAY (GaY aB)VsdC
= Ny, + 1y ys(NY — NY),
AL = PUIAL, = —(2, — 7,70 S85CGaY uYsa8)ac
= AL,
For tensor fields with two antisymmetric Lorentz indi-

ces, we would have one singlet, three octet, and two
decuplet fields:

Ay = €5(Gaysa) 0 Y540

Ny, = —€BPAN (GaY,uq8)Vvdc + (n = v),
N%,w = GABD)‘%C(QAYSQB)U,LV%CIC’
N{le,v = GABD/\%C(QAQB)U,U,VQG

AL, = —S85Gay,ysap) Vo ysac + (m < ),

A;;u» SB(Ga0 0 Ysa8) Vs4c-

But in this case, we can show that there is only one non-
vanishing field A ,,:

AL, = FMMBA%V = rreBSaBC(Ga0,,v5q8)Ysdc

i i
= A!/),uv - E'Y/L’)/SAI;/ + E')/V')/SA?M’

where
[uvap = (gragrh — LovBymya 4 LonByrya
+ 1ghv gaf) (24)

III. CHIRAL TRANSFORMATIONS

In this section, we establish the chiral transformation
properties of the baryon fields which we have obtained in
the previous section. Technically, this leads to somewhat
complicated algebraic results. However, the final result
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will be understood by making the left- and right-handed

decomposition, which we shall perform in the next section.
Let us start with the chiral transformation properties of

quarks which are given by the following equations:

/\O

U(Dy: g — eXp( i-dag )q =gq + g,

AL
SUQ)y: g — eXp< is a)q =g + &g,
(25)

A

U(1)p: g — exp(m’s?b )q =q + 854,
A

SUB)a: g — CXP(WS > )q =q+ 3561,

where A° = {/2/31, X are the eight Gell-Mann matrices
and 1 is a 3 X 3 unit matrix. Here a° is an infinitesimal
parameter for the U(1)y transformation, d the octet of
SU(3), group parameters, b° an infinitesimal parameter
for the U(1), transformation, and b the octet of the chiral
transformations.

The U(1)y chiral transformation is trivial which picks up
a phase factor proportional to the baryon number. The
U(1), chiral transformation is slightly less trivial, and the
baryon fields are transformed as

65A = _l.')’sJ%bOA,

= —iysySNY = NY),

S5(NY + NY) = iysy BNV + VD),

8s(NY — NY)
8sNY = iysyfLONY, (26)
85A% = iysylb0AL,
85AL, = iysyBOAL,.
We note that the combinations of N + NJ' form different
representations.

Under the vector chiral transformation, the baryon fields
are transformed as

8°A =0,  8NY = —aMfNMOND,
55N§/ — _(leNMONO 8[1N’l1>/ — —aMfNMONN
3i " 3i
5iAP = 2l aVgtMOAQ iAL, = 2laM LN
@7

where f4BC is the standard antisymmetric structure con-
stant of SU(3), and g4%¢ is defined in Table IL
Equations (27) show nothing but the flavor charge of the
baryons. For example, we can show explicitly:

PHYSICAL REVIEW D 78, 054021 (2008)

i
— < asn,

3:13 —
"o

8Bp = +%a3p,

3
5a3A++ zéa3A++,,,

The transformation rule under the axial-vector chiral
transformations are rather complicated as they are no
longer conserved and reflect the internal structure of bary-
ons. To start with, we have the axial transformation of the
three-quark baryon fields such as

SN = €, €5 (q4T Cqh)y5(82 %)
+ (q4TC(8% b)) ysqs + ((82q4T)Cql)ysqs]

The calculation is complicated, but rather straightforward.
Here, we show therefore the final result of the axial trans-
formation:

SEA = %ysbN(N{V — NY),
SENY = NY) = % ysb A + iysb M HO(NE — N9)
SLINY + NY) = —ysb™ fNMO(NO + N9),
SIS;NQ' _ l-,yst(dMNO _ %fMNO)Ng

+ l',yst MNPAP’

SEAP = —2iyshMgPMONO + yst MONQ
; 3i
85AL, = 5 vsbMg7MOAL. (28)
The coefficients d45€ are the standard symmetric structure

constants of SU(3). For completeness, we show the follow-
ing equation which define the d and f coefficients

= AN, MM} 0 + AN, AM ],
—25NM g+ (AVMO 4 [ fNMO)\O
(29)

/\fAYB /\glc = (AVAM)4c

Furthermore, the following formulas define the coefficients
g3, &5 and g5, which are proved by using MATHEMATICA, a
software good at matrix calculation:

EADE)\][\)IB)\% — gNMO ABD)\O + gNMO ACDAO
+ gNMPsABC + giVMEABC
MO MO
SABD/\ Q ABDAO + gg GACDALO)B
MP M
+ gIMPSABC 4 gOM ABC (30)

where indices A ~ E take values 1, 2, and 3, N, M and O

-,8,and P and Q 1, - -, 10. The coefficients g3, g5,
and g5 are listed in Table II, where we use “0” instead of
“10.” Other coefficients can be related to d, f, g3, g5, and

87:
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TABLE II. g-coefficients defined by Egs. (30).
g3 133, 138, 144, 146, 254, 256, 272, 279, 439, 463, 468, 573, 578, 612, 619, 636 -1/3
162, 169, 313, 318, 349, 366, 414, 416, 524, 526, 643, 648, 722, 729, 753, 758 1/3
154, 179, 215, 233, 246, 269, 328, 359, 376, 424, 455, 478, 516, 563, 622, 658, 712, 743, 765 —i/3
125, 156, 172, 238, 244, 262, 323, 426, 473, 514, 539, 545, 568, 629, 653, 675, 719, 736, 748 i/3
183, 686, 818, 835, 849 —1/\3 167, 251, 277, 411, 570, 640 -1 342, 364 -2/3
188, 385, 489, 813, 866 1/\3 141, 460, 521, 617, 727, 750 1 432, 634 2/3
283, 288, 589, 876 —i/\3 177, 421, 470, 511, 560, 627 —i 352, 374 —2i/3
786, 823, 828, 859 i/\3 151, 241, 267, 650, 717, 740 i 532, 734 2i/3
gs 125, 141, 227, 261, 313, 346, 357, 414, 425, 614, 625 1/6 318, 668, 881, 984 1/2/3
663, 716, 727, 813, 846, 857, 927, 943, 961, 057, 064 381, 686, 818, 948 —1/2/3
114, 152, 216, 272, 331, 364, 375, 441, 452, 636, 641 -1/6 382, 678, 882, 985 i/2/3
652, 761, 772, 831, 864, 875, 916, 934, 972, 046, 075 328, 687, 828, 958 —i/2\/3
115, 124, 217, 226, 332, 347, 365, 424, 451, 615, 642 i/6 234, 436 1/3
673, 726, 771, 823, 856, 874, 953, 962, 971, 065, 074 243, 463 -1/3
142, 151, 262, 271, 323, 356, 374, 415, 442, 624, 637 —i/6 253, 473, 512, 554, 567 i/3
651, 717, 762, 832, 847, 865, 917, 926, 935, 047, 056 235, 437, 521, 545, 576 —i/3
583 1/3 538 —1/3
g7 112, 143, 232, 245, 263, 315, 362, 448, 465, 619 1/3 214, 333, 346, 412, 513, 518 2/3
636, 665, 714, 768, 815, 844, 916, 945, 046, 069 542, 549, 564, 566, 643, 869, 968
434, 939 -1/3 838 -2/3
372, 675, 724, 825, 854, 926, 955, 056, 079 i/3 422, 523, 552, 574, 653, 978 2i/3
122, 153, 255, 273, 325, 458, 475, 629, 778 —i/3 224, 356, 528, 559, 576, 879 —2i/3
131, 211, 341, 417, 640, 867, 960 1 181, 282, 484, 787 1/\/§
737 -1 686, 989 -1/3
221, 351, 877 i 080 -2//3
427, 650, 970 —i
MNO — _ aMNO _ L oMNoO posed into irreducible components by applying the four
g =—d N gf ’ kinds of operators: €,pc, €829, €APAY,, and SHEC,

MNO — JMNO _ 2 fMNO
3 ,

82
MN — __ 1 5MN
gi" = 70" 31)
ggMo _ _2g5QM0,
gyN =

Let us explain Egs. (30) a bit more. The quantities on the
left hand side have three indices A, B, and C, and therefore,
they are regarded as direct products of three fundamental
representations of SU(3): 3 ® 3 ® 3. They can be decom-

which correspond to 1, 8, 8, and 10 of SU(3), respectively.
Equations (26) and (28) imply that A and NY — NY are
together combined into one chiral multiplet, and N2 and
AZ are together combined into another chiral multiplet.
While NY + NJ and A%, are transformed into themselves
under chiral transformation. In our following discussion,
we will find that A and NY¥ — NY belong to the chiral
representation (3, 3) @ (3, 3), NI¥ + N} belongs to the chi-
ral representation (8, 1) @ (1, 8), Nif and A% belong to the
chiral representation (6, 3) ® (3, 6), and A¥, belongs to the
chiral representation (10,1) @ (1, 10). We show several
examples of the axial-vector chiral transformation:
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i i
8Bp_ = 5 Vsbsp— 8Bp, = 5 Vsbap+
5i 4i
52317# = €y5b3pﬂ - §75b3A;,

where p_ belongs to the octet baryon fields NV — NY, p.
belongs to Ny + N, and p, belongs to NJ [see

Egs. (11)].

IV. CHIRAL MULTIPLETS/REPRESENTATIONS

So far, we have performed classifications without ex-
plicitly taking into account the left- and right-handed
components of the quark fields. However, it does not
require great imagination to see that the chiral properties
are also conveniently studied in that language, since chiral
symmetry is defined as the symmetries upon each chiral
field. Hence, we define the left- and right-handed (chiral or
Weyl representation) quark fields as

1— 1+
Ys Ys g (32)

LEQLZTQ’ and R=gqp = 5

They form the fundamental representations of both the
Lorentz group and the chiral group,

L: Lorentz: (% 0), Chiral: (3, 1),

R: Lorentz: <O, %), Chiral: (1, 3).

It is convenient first to note that y-matrices are classified
into two categories; chiral-even and chiral-odd classes. The
chiral-even +y-matrices survive forming diquarks with
identical chiralities, while the chiral-odd ones form di-
quarks from quarks with opposite chiralities. The chiral-

even and -odd y-matrices are
chiral-even: 1, ys, 0, chiral-odd: y,, v,7s.

Therefore, we have six nonvanishing diquarks in the chiral
representations,

LTCL=—LTCysL

RTCR=+RTC75R} 0,009(0,0, 31D®(1,3),
L'c R=+L"Cy,R
RTC;ZQL:—RTC?;L} Ched ), (33e@33),
LCo,,L
RTCZM R} (LO)®(0,1), (6,1)e(1,6),
nv

where we have indicated the Lorentz and chiral represen-
tations of the diquarks.
For three quarks, we have

LLLE0)®(0), 1, 1)@ 1)e(81)e(10,1)
(L+ R)3—'{LLR(6,£) @(21,%), (3,3)®(6,3)
(33)

and together with the terms where L and R are exchanged.
Now we discuss the independent fields in terms of the

PHYSICAL REVIEW D 78, 054021 (2008)

chiral representations. Once again, for illustration we will
discuss here the case of the simplest Lorentz representation
(%, 0)® (0, %) for the Dirac fields.

A. Independent (LL)L fields

The (LL)L must belong to one of the following chiral
representations: (1,1) ® (8,1)  (8,1) & (10, 1). For each
chiral representation, there is one flavor representation
available.

For (1, 1) — 1, there are apparently two nonzero fields

Ay = € €*PC(LETCLE) ysLE,
Ay = €qpeBC(LET CysLy)LE, 34
Ay = fahcfABC(LZTCYMVSLg)YMLCC =0,
where A% vanishes because Y.7s is chiral-odd
L"Cy,ysL =0.

After performing the Fierz transformation to relate A;; and
A’ . as we have done before, and solving the coupled
equations, we find the solution that all such fields vanish.

For (10, 1) — 10;, we would have again two nonzero

components:
ALy = €S LT Oy ysle o
AP = €, SHEC(LST Copy L) 07 ys L.

Performing the Fierz transformation to relate Af; and A%,
we obtain the solution that all such (LL)L fields vanish.
Finally for (8, 1) — 8¢, we may consider once again two

nonzero fields to start with
NY, = €, €*BPAY (L4TCLY)ysLE, G6)
NV, = €., €8P AN (L4 CysLY)LE.

Applying the Fierz transformation to relate N Z and N 2’!.’ ,
we obtain the solution

N _ NN
NL2 - NLI'

Therefore, there is only one independent (LL)L 8; field.

B. Independent (L L)R fields

The chiral representations of (LL)R are (3,3) & (6, 3).
We will study them separately in the following.

For (3,3) — 1;, there appears to exist two nonzero
components among the five fields,

Ay = eahCEABC(LZTCLg)75RCC’

Ayiy = €upc €8 (LT CysLY)RE,

Az = €apc € (LY CyysLy) Y RE = 0, (37
AM4 = EabceABC(LzTC'yMle%)'yM’YSRE‘ = Or

Ays = €upc €8 (L Co L) 0" ysRE = 0,

054021-8
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where M (mixed) indicates that the fields contain both left-
and right-handed quarks. Performing the Fierz transforma-
tion to relate Ay, and Aj;, we obtain the following rela-
tions

A§W4 = _A5W3 _2AM2 = 2AM]

We may consider other ten combinations formed by (LR)
and (RL) diquarks, (LR)L and (RL)L. However, they can
be related to the above ones of (LL)R by a rearrangement
of indices as well as the Fierz transformation, for instance,

AMG = €abCEABC(LiTCRZ)')’5LCC = A;VII (38)

Therefore, we have only one independent field.

For the chiral representation (6, 3) — 10;, we can write
five fields containing diquarks formed by five Dirac matri-
ces. However, we can show that after performing the Fierz
transformation all fields vanish. Therefore, this representa-
tion cannot support three-quark fields.

The baryon fields of chiral representations (3,3) — 8;
can be formed

Nyt = €anc€*PPAPC(LYT CLE)YsRE,

NV = €4 €8P AN (LAT CysLY)RE,

Nz = €apc € PP ALY CyysLE)Y*RE =0, (39)
Ny = €apc € BP AN (LT Cy, LY)y*ysRS = 0,

NYs = €4 €' BPAY (LY Ca LYo  ysRE = 0,

where we see that there are two nonzero fields. Applying
the Fierz transformation, we can verify that there is only
one independent field with the following relations

NAA/Zl = _NAA/;/B = _2NAA/;2 = ZNAA/;I’

Another chiral representation (6,3) — 8; can be con-
structed by the combinations similar to (39), for instance,

Nég,B)l — eabcEACD)‘NB{(LaTCL]bg)')’SRCC
+ (Lg CLY)ysRE) (40)

After similar algebra we can verify that all these fields
vanish.

C. A short summary of chiral representations

To summarize this section, we find that possible chiral
representations for Dirac spinor baryon fields without
Lorentz index are

A= EabCEABC(LaATCLg)ySR% + EabceABC(RgTCRIb?)YSLCC
= Ayy + (L < R), 41)

NY — N} = 2€,, €*BP A} (L4 CLY) ysRE.
+ 2€,.€*BP AL (R4TCRY) ys L.
= ZNII&I + (L — R), 42)

PHYSICAL REVIEW D 78, 054021 (2008)
NY + NY = 2€,, €*BP AN (L4T CLY) ysLE:
+ 264" PP AN (R4 CRY)ysRE
= 2N}, + (L < R). 43)

So we can see that the fields A and NY — N have a type of
LLR ® RRL, and belong to the chiral representation
(3,3) @ (3,3); while the field NY + NY has a type of
LLL ® RRR, and belongs to the chiral representation
8, 1) o (1,8).

The chiral properties of Rarita-Schwinger fields
(Lorentz rep.(1, %) ® (%, 1)) are listed in Appendix D. We
summarize the results here:

N = 264 PP Ay (LT Cy,, ysRE) YL
+ 26, €* P AN (RS Cy,, ysLY)ysRE:
+ %eabL ABD)\NC(LaTCL )’}’#RL
+ L€upc € P AN (R4TCRY)y , LE, (44)

AL = 2€,,.SFBC(LT Cy ,RY)LE
+ 26,545 (RYT Cy , L})RE.. (45)

So we see that Ny and A are of the type LLR ® RRL, and
belong to the chiral representation (6,3)®(3,6). The
(similar) results for A% . which is of the type LLL &
RRR, and belongs to the chiral representation (10,1) &
(1, 10), are omitted here.

V. AXTAL COUPLING CONSTANTS

As a simple application of the present mathematical
formalism, we can extract the (diagonal) axial coupling
constants g, for these baryons. All information is con-
tained in Egs. (26) and (28), from which one can extract
the Abelian U(1), axial coupling constant g4 and the non-
Abelian SU(3)y X SU(3), diagonal axial coupling con-
stants, g5 and g%. The latter two can be extracted from
the 62° and 6%® subset of chiral transformations Egs. (28),
respectively.

In general, the diagonal elements of the SU(3) g,’s can
be decomposed into so-called F and D components, which
are defined by the axial-vector current A}, (@ =0, 1,...8)

A4 = gitr(%yﬂys[%, Sﬁ]) + g8 tr(ﬁy 75{ 2 SJE})
(46)

where I is the 3 X 3 baryon octet matrix, Eq. (12).
Therefore, we have

=(gh +e0)pTp—ntn)
+2g5((ET)FET = (27)T30)
+ (gl —gNEHE - (EN)TE)., @D
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8 \/_F gg

A =( 3gh — )( *p+ntn)
u 84 A pp

ﬂ )+ + -\t S —
+\/§((2)2 + (7))

D
# (A - Sy s @ E

_ﬂA8+A8 48
\/§( )TAS, (48)

where we omit the Lorentz indices. In other words,

gy (N) ~ (g5 + g1, g3 (3) ~ 2481,

D
£(5) ~ (g5 — gD, g§<N>~J§g£—g—f§,
§(s) - 280 §(Z) ~ — J3oF _ B (49)
gA(E) \/g: gA(»—«) \/—gA \/3,

8oAy . _ 285
84 (A) \/’3 ,
for the octet parts. The operator I, is the third component
of isospin, whereas the SU(3) singlet term gg contains only
the D term and is therefore trivial.

For the decuplet baryons, the SU(3) coupling constants
contain only one SU(3) irreducible term because the SU(3)
Clebsch-Gordan series for 10 ® 10 ® 8 contains only one
singlet. In order to extract the coupling constants, we first
rewrite Egs. (26) and (28) in the following form, for all the
singlet, octet and decuplet baryon fields:

(1) The Abelian gg basically counts the difference be-

tween the numbers of left- and right-handed quarks
in a baryon of definite/positive chirality (helicity).
Several definitions of g5 can be found in the litera-
ture. No matter what convention we adopt, we must
make sure that it is consistent with the definition of
the SU(3) singlet vector current that counts the
baryon-, or the quark number. So, either we normal-
ize gg to the baryon number, or to the quark number.
Of course, the difference is just a multiplicative
factor (3), but inconsistent definitions will lead to
confusion later on when one constructs chirally
invariant interactions. At this time we shall adopt
the latter (quark number) normalization.
Because A, = A9, = AY; for g9, the chiral trans-
formations 05 are identical for all baryon fields
within the same chiral representation, so we may
define g4 by

A b iysh
8sB = iys 10 0p =040, 50
sB =iys—5—8a Nl (50)
where B represents the baryon field, such as A and
NV — N¥ etc. This convention is based on the quark

number, implying that the SU(3) singlet vector
charge of a nucleon is three ( + 3).

PHYSICAL REVIEW D 78, 054021 (2008)

(2) For g3, because A3, = —A3,, the chiral transforma-
tion 623 is proportional to the isospin value of I,
which is factored out from the definition of g3
where the ellipsis - - - on the right-hand side denote
the off-diagonal terms.

(3) For g8, because A%, = A3,, the chiral transforma-
tions 628 is the same for the baryon fields belonging
to one isospin multiplet. We define it to be

sts g

23 84

B+ -

8
858 = iy A‘ébg BB+ -
(52)

The resulting axial coupling constants g%, g3, and g8 are
shown in Table III, where A is the (only) singlet field A;
then N_, 3_, E_ and A _ are the octet fields of the type
NY — NY;the N, 3., B, and A, are the octet fields of
the type NY + N¥’; the N 3, B, and A, are the octet
fields NY; the A,, 25, B} and Q, are the decuplet fields
AL AM,,, wvs By and Q,, are the decuplet fields AF,

From the values in Table III one can compute the F and
D couplings easily. The resulting F/D ratio,

g
g£+gA’

(53)

TABLE III. Axial coupling constants g%, gf\, and g%. In the
last column « = g2/(gh + g%).
SUB), ® SUB)x  SUQB)x 8 & & «a
1 A -1 - -
N_ -1 1 -1
33833 5. -1 0 2
8 E. -1 -1 -1 1
A —1 — =2
N, 3 1 3
pn 3 1 0
81e (1,8 8 = 3 1 -3 0
A 3 — 0
N, 1 5/3 1
2, 1 2/3 2
8 E. 1 -1/3 -3 3/5
A, 1 — =2
3,6)®(6,3) A, 1 1/3 1
2 1 /3 0
10 =5 1 /3 -1 —
Q, 1 — =2
A/.“’ 3 | 3
2w 3 1 0
(10,1) & (1,10) 10 E., 3 1 -3 —
Q,, 3 — -6
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is also tabulated in the last column of Table IIL
Empirically, @ ~ 0.6, which is fairly close to the SU(6)
quark model value. In the present formalism we see that
only the (3, 6) @ (6, 3) chiral multiplet/representation re-
produces this value. Previous works have shown that this
value is physically related to the coupling of the nucleon to
the A(1232), as demonstrated in the Adler-Weisberger sum
rule [27,28]. This was also shown algebraically by
Weinberg [1]. In both cases, saturation of the pion (axial-
vector) induced transition from the nucleon to the A(1232)
is essential [29]. In the present study, this is realized by the
chiral representation which includes both the nucleon (iso-
spin 1/2) and delta (isospin 3/2) states.

It is also interesting that Table III shows that g3(N) =
5/3, g4(N)=1 for (3,6)® (6,3), while g3(N)=1,
g4(N) = —1for (3,3)® (3,3).

The flavor singlet g4 corresponds to the so-called nu-
cleon spin value, as measured in polarized deep-inelastic
lepton scattering. A suitable superposition of the two chiral
representations may improve the nucleon axial coupling in
either the isovector and/or isosinglet sectors. The impor-
tance of such mixing for the isovector axial coupling
constant has been emphasized by Weinberg since the late
1960’s, Ref. [1].

VI. SUMMARY

In this paper we have performed a classification of flavor
vector and chiral symmetries, and established indepen-
dence of several types of relativistic SU(3) baryon inter-
polating fields. The three-quark fields may belong to one of
several different Lorentz group representations which fact
imposes certain constraints on possible chiral symmetry
representations. This is due to the Pauli principle and has
been explicitly verified by the method of Fierz
transformations.

As the present results reflect essentially the Pauli prin-
ciple, they can be conveniently summarized by using the
permutation symmetry group properties/representations, as
shown in Table IV. This table “explains’ also the previous
results for the case of isospin SU(2); X SU(2)g [12]. In the
real world, with spontaneous breaking of chiral symmetry,
physical states of pure chiral (axial) symmetry representa-
tion do not occur, but in general they can mix in a state
having a definite flavor symmetry. The present results show
that the three-quark structures accommodate only a few
(sometimes just one) chiral representations, for instance,

PHYSICAL REVIEW D 78, 054021 (2008)

for the total spin 1/2 field of Dirac spinor, there are two
allowed chiral representations, having the Young diagram
structures ([21], —) and ([1], [11]), where — indicates the
singlet. The ([21], —) Young diagram corresponds to the
(%, 0) and (8, 1) representations of SU(2) and SU(3),, re-
spectively, whereas the ([1], [11]) Young diagram corre-
sponds to the (%, 0) and (3,3) of SU(2) and SU(Q3),
respectively.

Note that the Ny = 2 chiral representations have the
same form as those of the Lorentz group. In this way, the
Lorentz (spin) and flavor structures are combined into a
general structure with total permutation symmetry. As
shown in the computation of g4, in general, various cou-
plings depend on the chiral representations.

We should conclude with a few historical remarks: the
two-flavor baryon fields’ Fierz identities have been known
since the early days of QCD sum rules [13], whereas the
three-flavor ones presented here seem to be the first ones.
Similarly, the chiral properties of the two-flavor baryon
fields’ have been known at least since the work of Christos
[30], but the three-flavor ones have been discussed by
Christos and H.q. Zheng [26], but not systematically
explored.
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APPENDIX A: RARITA-SCHWINGER FIELDS

In this appendix, we study the properties of Rarita-
Schwinger fields, in the form of

B, (x) ~ €uc(q5T (X)CT g4 (X)) 26 (x), (A1)

TABLE IV. Structure of allowed three-quark baryon fields.

Lorentz

J = Spin  Young diagram for Chiral rep. Axial U(1), charge g4

Chiral SU(2)  Chiral SU3)  Flavor SU(3)

([21], —) @ (-, [21])
(1] [11]) e ([11].[1])
21 1) e ([1].[2)
(3] -)e(=13)

G.0e© 3y 1/2

(LyeG, 1)  3/2
3,008 (0,3 3/2

3 G.0e0,3) @ 1De(l,3) 8
-1 3,3 @(3,3) 1,8

1 G.De(d) (G6e63) 8,10

3 3,00@(0,3) (10,1) @ (1,10) 10
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where there are eight possible pairs of I'; and I',,

(F]) FZ) = (1) 7#)) (75) 7#75))
Y'Ys Tu¥s) (Y 1),
(TuYs V"Ys)-

The fields formed by these (I';, I';) pairs are labeled by the
subscript i = (1, - - -, 8) with the ordering of Eq. (A2). The
discussion is separated into singlet, decuplet and octet
cases.

(Yu7¥s ¥s),
(’yv’ O.IU,V)’

(O ¥"), (A2)

1. Flavor singlet baryon

For flavor singlet fields, there are four apparently non-
zero fields

APq5" Cap)y gt

Ay = eabCGABC((]XTCYS‘]lé)YMVS‘ICC’
A3,u = eabceABC(qf‘TC7M7561%)75(12,

A4,U- = eabcGABC(qXTCyV75qg)O-MV75qE"

Al,u = €4pc€

(A3)

As before, the Fierz transformed fields (primed fields) are
just the corresponding unprimed ones, A’ = A, On the
other hand, by applying the Fierz rearrangement (see
Appendix. C), we obtain four equations

1 1 1 i
AI,LL = _ZAIIIL _ZAIZIU‘ +ZA{3,U, _ZAQILL,
1 1 1 i
1 1 1 i
A3M=ZAII#_ZA/2M_ZA§’M_Z a,u,

3i 3i 3i 1
A4M = ZAll,u - ZAIZ,M + ZAIZ'/L + ZAZW
Thus we find the following solution

i
w _§A4/.L = ’}/,LL’YSAI’

:AS/L =0.

Al,u = _AQ‘M = A3

A6 :A7

“ Iz

We see that there is only one nonvanishing independent
field. However, it has a structure of vy, A;. Therefore, they
are all Dirac fields, and there is no flavor singlet fields of
the Rarita-Schwinger type.

2. Flavor decuplet baryon

For flavor decuplet fields, we have four potentially non-
zero interpolators

AL = €SP Cy uaR) gt
AgM = €0 SABC(GET Cy? 4) e A
AL, = €SP Ca )y 4

AL, = € SPP(qs Copysay) v vsai.
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As before, the Fierz transformed fields can be related to the
corresponding unprimed ones, A}’ = —AP . On the other
hand, by applying the Fierz rearrangement to relate AZL
and A%, we obtain the solution

iw?
P — AP — _iAP — AP
ASM = iAg, = —iA7, = iAg,.
There are no Dirac decuplet fields. Therefore, we obtain

one extra nonvanishing field.

3. Flavor octet baryon

To study the octet baryon fields, we start with eight
baryon fields:

Niv,u, = eabcEABD)‘gc(QXTCCI%)')’MCICC,
NY, = €apc€*PP Ayc(a Cysap)yuvsae,
N, = € € BP AN (q5T Cyy5a3) Y5t

Ny, = €apc€ PP Apc(adT Cy v5q3) 0w ysae, AS
ABDAN ( )
D

NI, = €€ a4 Cyuap)qe =0,

ABD /\N
D

Névlu, = €4pc€ C(qZTC’qu%)O-,quCC = O,

Név,u = eabcEABDA%C(CIZTCO-MVq%)’quC =Y
Ny, = €apc€*BP AN (4T Cayysq) v vsqe =

There are four zero fields, but the corresponding Fierz
transformed ones are nonzero. By using the Jacobi identity
in Eq. (17), we obtain

NI — _1pN NI — _1nN
Nl/.L - 2N1/.L’ NZ,U. 2N2,u.’
NI — _1nN NI — _1pnN
N3,u 2N3,u’ N4,u 2N4y,‘

Similarly, performing the Fierz transformation to relate
Nﬁ; and N{)’L’ , we obtain the solution

Ny, = —iNY, +iNY, —iN},
NV = —lNN +1NN —lNN
Sp 2 1w 2 2 2 3w’
. . i
Ng’li = —zN{VM + 1N§VM + ENQ’W (A6)
NN = iNY, + %Ngvﬂ + Ny,

i
N _ b AN ATN AN
NSM 2N1M+1N2/L 1N3M.

Thus we have shown that there are three different kinds of
octets. However, N7, and N7, are nothing but y,ysN{
and yﬂy5N§V [see Egs. (16)]. Therefore, we only obtain
one extra octet baryon field. It is formed by using the
projection operator:

3/2
P/L/V = (g,uv - %')/M')’V),

as
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__ p3/2
Ny = PN,
= (g,u.v - %'}’,u')’y)fabcfABD/\gc(‘]XTc')’#75‘1%)7551%

= Ny, + {7, vs(NY — NY).

APPENDIX B: TENSOR FIELDS

In this appendix, we study the antisymmetric tensor
baryons fields J,,, with J,,,, = —J,,. For the tensor fields,
we can form nine three-quark fields where the possible
pairs of I'; and I', are
L) =W voys) — (o),  (vuvsv,) —(wew),

EMVpa(yp’ ,y(r), euvpa(yp Y5 7075)’

(1: UMV75)’ (75’ O uv)

(a-,u,w 75)r (O-,U,V’}/S’ 1)’ e_;Lypa'(o-pl’ O-U'l)' (Bl)
The fields formed by these (I';, I',) pairs are labeled by the
subscript i = (1, - - -, 9) with the ordering of Eq. (B1). The

discussion is separated into singlet, decuplet and octet
cases.

1. Flavor singlet baryon

The flavor singlet baryon fields have four potentially
nonzero interpolators among nine fields:

Aoy = €anc€P(qi" Cyysap)viae — (= v),

A4,u1/ = EabcfABcpro(QZTCYp7542)70—7546@ (B2)
As,w = fabcfABC(QXTC‘]g)UWVSCICC:

As,w = fabcfABC(QﬁTCYS(]Z)UWCICc-

As before, the Fierz transformed fields are just the corre-

sponding unprimed ones, A},, = A;,,. On the other hand,

by applying the Fierz rearrangement to relate A;,, and

inv
A;,,, we obtain the solution:
l.AZ;“, = A4l“’ = 2A5/“’ = _2A6;LI/'

Therefore, there is only one independent field. However, it
has a structure of o ,,A;. Therefore, there are no extra
fields.

2. Flavor decuplet baryon

The flavor decuplet baryon fields have five potentially
nonzero interpolators:

AT, = €S PG Cy uah) v ysae — (< v),
AL, = €S €0 (d CY a3 Y o4

AL, = €SP Ca ) ¥sqes (B3)
AL, = €SP Ca Ly ysaR)ae

P — ABC aT b iy
A‘);uz = €upcS E,uvpa-(QA Ca-pqu)o'o'lqz’-
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As before, the Fierz transformed fields can be related to the
corresponding unprimed ones, AP! = —Af . On the
other hand, by applying the Fierz rearrangement to relate

AP, and A/ , we obtain two independent fields: A{ , and
P
A%
P _iAP P _ AP P
A3,11,1/ - lAl,uV’ A8,11.1/ - lAl,uV + A7,u,1/’
P _iAP _ AP
A9,uv_ lAlW 2A7,UJ/'

The first one A?  can be related to the Rarita-Schwinger

luv
baryon fields, but the second one Aé’ v Cannot. Therefore,

we obtain one extra decuplet fields. It is formed by using
the projection operator:

PuraB = (gragrP — JarBylya 4 LonByrya
+ éo””a“ﬁ),
as
AZV = F#VQ'BA%W = F'uya'gEachABC(QXTCU,qu%)'ySqCC
i

SV
2

7#1} - 2 ’)/M’),SAg)y + 7V75A§M'

3. Flavor octet baryon

To study the octet baryon fields, we start with nine octet
baryon fields

NV, = €anc€BPAY (g4 CyuaR) v, ysqe — (u = v)
=0,
N, = €€ BP AR (g4 Cyuysah)vuae — (m = v),

Névﬂy = eabcGABDAgceuvpa(qiTcprg)Yqu‘ = 0’

Néllv,U«V = eabceABD)‘%Ce,qu(r(quc’Yp75‘1%)70’75‘1%)

N — ABD \N T b y
NS,MV = €apc€ /\DC(qﬁ CqB)O—,uV’)%qCC!
N — ABD \N T b .
N6,uv = €4pc€ /\Dc(q;‘l\ CYSqB)O-/LVq(C)
N — ABD \N T b —
N7 = €anc€®P Apc(ai Couqp)ysqe = 0,
N — ABD \N T b R
NS/U/ = €4pc€ /\DC(C]ﬁ CO-,U,V’YSqB)qCC - O,
N ABD \N T b —
N9,uy = €4pc€ /\DCE/LVpo(QfX CO—plQB)O'a'quC = 0.

(B4)

There are five zero fields, but the Fierz transformed ones
are nonzero. By using the Jacobi identity in Eq. (17), we
obtain

NI — _ 1N NI _ _1nN
NZ v 2N2 24 N4 v 2N4 v’
o u u "
NI — _1nN NI — _1yN
NS/LV - 2N5MI/’ Nﬁ,uv 2N6,uV‘

Similarly, performing the Fierz transformation to relate

N}, and N}/, we find that there are three independent
fields NQ’W, NQ'W and NQ’W. Here are the relations:
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Niyy = —iN3,, = N§,, + Ngy,,
Nil, = = 3N, + NS, = NG,
N3, = ENd = SV 5N
N, = = AN, = SN,

Ny, = AN, = 3N ML

=—N§V

my

— NN
Ny

(BS)

in our
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APPENDIX C: FIERZ TRANSFORMATION

In this appendix, we list the Fierz transformations used

calculation,

which are proved by using

MATHEMATICA [31]. Here we would like to show only the
change in the structure of Lorentz indices of direct prod-
ucts of two Dirac matrices under the Fierz rearrangement.
Therefore, in the following equations, we do not include
the minus sign which arises from the exchange of quark
fields. The formulas go for the three cases corresponding to

All these three fields can be related to the Dirac spinor and
Rarita-Schwinger fields. Therefore, there are no extra octet

fields.

1 "] ')/5
Yu ® Y5
Ouy ® 0#Vys
Yu¥s ® yH

'}/5 ® 1

ab,cd

Bl= = W

(2) Products of two Dirac matrices with one Lorentz index:

1® y*
Y1
Vs ®YVuYs
Yu¥s®Ys
v ® Oy
Ouv ® Y
Y'Ys® 0L, Ys
Tur¥s®Y"ys )

\

ab,cd

~

NI [ Bl= ==

FN-

R R B

I NI | ENT | ENENT
NS ENT

Blea|e

| PRI .

2

-

_1

1

1 1
4 4
1

4

1

1

3 _3i
4 4
3 _3i
4 4
_3i

4

3i 3i
4 4

the Dirac, Rarita-Schwinger and tensor fields when applied
to three-quark fields.

(1) Products of two Dirac matrices without Lorentz
indices:

B

=

W = A=

| s
I

[
IS

[
N

FNEE NN

Bl— IS

[P

Bl

(3) Products of two Dirac matrices with two antisymmetric Lorentz indices:

1®0,,7;s
Vs ® 0y,
Tur®Ys
0,,Ys91

€ 0-p1®0-0'l

wrpc

Yu®YVuYs — (L= v)

YuYs® Yy — (L V)
€uvpo¥p ® Yo

E/.LVpU”)’p’YS ® YoVs /

~

ab,cd

T RN T
ol

=

s o s e S o

I~

B—= 1 ~.

D=

| m— s

| = | N~
N|— N~ —

1 1
4 4
1 1
4 4
L _1
4 4
r_1
4 4
-1 0
—1i

2 0
L

2l 0
o
5 0
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| Al

S O Ok~

B~ D~

IS

I

PO~ D] ~.

o oo | seni-
i

o |l s | s
FNER N

O O NI~

1 ® ’)/5
Yu® v“Ys
Oy ® oy,
YuYs ® yH

ys®1 ad,be

1® y*
y*e1
Y5 ® YVuYs
YuY5® Vs
v ® Oy
Tup ® 7"
Y'Y5® 0uYs
Ouv?s ® 7V75 ad,bc

)

| sl

| A=
NS

Bl

N—

EST

——

1®0,,Ys
Ys ® O uv
O-,uV ® Vs
(TMV’}/S ®1
E,u,vp(ro-pl ® Ol
Yu® VY5 — (n=v)
Yu¥s®Yy — (n =)
EMVppr ® Yo
e,u,vpo")’pYS ® Yo?s5

| A=
FNT

Oni—

\

O O NI~

(ChH

(€2

ad,bc

(C3)



CHIRAL PROPERTIES OF BARYON FIELDS WITH ...

APPENDIX D: CHIRAL PROPERTIES OF RARITA-
SCHWINGER FIELDS

In this appendix, we study the chiral properties of
Rarita-Schwinger fields. As previously described in
Sec. TV, we only need to study the properties of (LL)L,
(LL)R, (LR)L, and (RL)L.

1. Chiral properties of (LL)L

The chiral representations of (LL)L are (1,1) ® (8,1) &
(8,1) ® (10, 1). We will study them separately in the fol-
lowing.

(1) In principle, there are eight possibilities of making
the Rarita-Schwinger fields as shown in Eq. (A2).
However, the chiral representation (1, 1) has just two
nonzero fields:

AL]/J, = EabceABC(LflTCLllj?)’y,u,Lc(}’

(D1)
Apry = €upe €LY CysLy)y, ysLe.

Similarly performing the Fierz transformation to

relate Az;, and A7, , we obtain the solution that
all such kind of fields vanish.

(2) The chiral representation (10, 1) has two nonzero

fields:

ALs, = €upcSHPC(LST Ca L)y LY,
(D2)
AI{)S# = Each;\’BC(LXTCO-,uV’)/SL?})’YV’VSL%'

Similarly performing the Fierz transformation to

relate A7, and Af} , we obtain the solution that
all such kind of fields vanish.

(3) The chiral representation (8,1) has two nonzero

fields:

Nﬁ'm = €€ PP AN (LY CLY)y LG, %)
NLIYz,u = € € BPAY (LT CysLy)y , ysLé.
Similarly performing the Fierz transformation to
relate N7;, and N}/, we obtain the solution

NIvaM =N ILvl,u,‘

Others are just zero. There is only one nonvanishing
octet baryon field.

2. Chiral properties of (LL)R, (LR)L, and (RL)L
The chiral representations of (LL)R, (LR)L, and (RL)L
are (3,3) ® (6,3). We will study them separately in the
following.
(1) The chiral representation (3, 3) — 1; has two non-
zero components:

AMl,u = €abc EABC(LXTCLZ) YMRE,

ABC T b g (D4)
= €u4pc€ (L?\ C’YSLB)'}/,U.'}/SRLC

AMZ/.L
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Similarly performing the Fierz transformation to
relate Ay, and Ajy;,, we obtain the solution

AMl,u = _AMZ,u°

Others are just zero. There is only one nonvanishing
field. Others (LR)L and (RL)L can be related to this
one.
The chiral representation (6, 3) — 10; has two non-
Zero components:

AJILJ47M = eachABC(Lf\TCO-;LVLg)YVRE‘r

(D5)
Af/lS,u =

6achABC(LzT CO.,LLV’YSLg) VVVSRE“

Others are just zero. Similarly performing the Fierz
transformation to relate A}, and Ajj, . we obtain
the solution
P P
AM7,u - _AMS;/,'

There is only one nonvanishing field. Others (LR)L
and (RL)L can be related to this one.
The chiral representations (3, 3) — 8; has only two
nonzero interpolators:
NAA/gl,u = eahc6ABD’\%C(LXTCL§)7#R%’
(D6)
Ny = €apc€PPARALYT CysLy)y uysRe.

Similarly performing the Fierz transformation to
relate Njy,,, and Njy ., we obtain the solution

N — —_ NN
NMl,u,_ NMZ/J.'

In order to study the chiral representations (6, 3) —
8. we need to consider the second way (see the
discussion in Sec. II B 3) which leads to four non-
zero fields:

= eabceACD)‘]l\)/B(LZTCLg)'ylLR%’
NIA\/]IZM = eabceACDA%B(LzTC’YSLg)Y,uySRE‘x
Nirp = €apc€* P Apg(LY Coy, L)Y RE,
= eabcEACDA][\),B(LXTCO-/LVYSLZ)YV’)/SRE"
D7)
By using the Jacobi identity in Eq. (17), we obtain:
N%m = %NAA/;I,W N%zu = %va;zu-

Similarly performing the Fierz transformation to
relate N}y, and Ny, ,, we obtain the solution

v N — _NN — _1nN
NMZ;L - NMl,u, - ENMI;L’

All together there are two nonvanishing independent
fields: Ny, and Ny, . Njy,, is related to Ny, .,

and so belongs to the chiral representation ((3, 3)).
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However, the other N . ., cannot be related to N, w

and so contains some (6, 3) component. other Others
(LR)L and (RL)L can be related to (LL)R. Chiral

PHYSICAL REVIEW D 78, 054021 (2008)

properties of the tensor fields can be also explored in
completely the same procedure explained here.
Therefore, we do not show this case any more.
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