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Non-Abelian strings in high-density QCD: Zero modes and interactions
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The most fundamental strings in high-density color superconductivity are the non-Abelian semi-
superfluid strings which have color-gauge flux tubes but behave as superfluid vortices in the energetic
point of view. We show that in addition to the usual translational zero modes, these vortices have
normalizable orientational zero modes in the internal space, associated with the color-flavor locking
symmetry broken in the presence of the strings. The interaction among two parallel non-Abelian
semisuperfluid strings is derived for general relative orientational zero modes to show the universal

repulsion. This implies that the previously known superfluid vortices, formed by spontaneously broken
U(1)g, are unstable to decay. Moreover, our result proves the stability of color superconductors in the

presence of external color-gauge fields.
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I. INTRODUCTION

Quark matter at high density is considered to exhibit
color superconductivity [1]. There are lots of phases pro-
posed in the color superconductivity and still there seems
to be no agreement on which is the true ground state [2].
However, when the quark chemical potential becomes
much larger than the strange quark mass w > my, the
color-flavor locking (CFL) phase is expected to be realized
[3]. In the CFL phase, the quark-quark pairing breaks the
symmetry of QCD as G = U(1)g X SU(N)c X SU(N)g —
H = SUWN)cip X Zy with N =3, where U(l)g is a
baryon number symmetry and SU(N)c, SU(N)g and
SU(N)c+p are color, flavor, and the color-flavor locked
symmetries, respectively. The breaking of U(1)g produces
the superfluid vortices [4,5] which may play a role in the
neutron star physics. It has been shown, however, that they
are not the fundamental strings in the color superconduc-
tivity [6]. The most fundamental strings are the semisuper-
fluid strings which are non-Abelian strings with color-
gauge flux tube. A superfluid vortex in three flavor QCD
can be topologically (and group-theoretically) decomposed
into three non-Abelian strings. It remains as a significant
open problem which is really energetically favored, three
separated non-Abelian vortices or one superfluid vortex as
a bound state of them.

In general, non-Abelian strings are strings which arise
for symmetry breaking G — H in which the unbroken
subgroup H is non-Abelian. This kind of string itself
attracts lots of attention these several years. Recently the
non-Abelian local strings have been found in superstring
theory [7] and in supersymmetric QCD [8]. For instance,
they have been used to show color confinement and non-
Abelian duality in supersymmetric QCD [9]. These strings
are Bogomol’nyi-Prasad-Sommerfield (BPS) monopoles,
namely, at critical coupling, there thus exists no static force
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between them and therefore the moduli space is admitted.
The most generic solutions and their moduli space have
been obtained [10] by introducing the method of the mod-
uli matrix [11,12]. Dynamics of strings such as reconnec-
tion (intercommutation) of two strings has been studied
using the moduli space approximation [13]. Non-Abelian
semilocal strings have also been extensively studied
[12,14]. As for non-Abelian global strings, there has not
been as much work, but they may be generated during the
chiral phase transition in high temperature QCD [15-17].
Different from Abelian strings, the distinct character of
non-Abelian strings is their internal degrees of freedom
which are called orientation. In the case of generalized
QCD where the number of flavor equals the number of
flavor, the presence of a string breaks the symmetry H
further as  SUN)cyg — SUWN — Deyp X U(Dcyp
Consequently the zero modes corresponding to

SU(N)c+r
SUN — Dy X U(Dcyp

~ CPN! (1)

appear along the string. Then we have a continuously
infinite number of strings with the same tension, which
are parametrized by the orientation, namely, a point in
CPN !, In the case of local (global) non-Abelian strings,
these orientational zero modes are (non-)normalizable be-
cause the transformation fixes [8] (changes [16,17]) the
boundary condition of the strings at infinity. In the case of
semisuperfluid strings, it is, however, a nontrivial problem
whether orientations are normalizable or not, because
U(1)g symmetry is a global symmetry, unlike the case of
local strings [8] where U(1)g is gauged.

In this paper, we first show that orientational zero modes
are in fact normalizable. We then calculate the force be-
tween two non-Abelian semisuperfluid strings with general
orientations. We find that the static force is always repul-
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sive and is 1/N of that between superfluid vortices. It does
not depend on the orientations of the strings, which is
somewhat surprising because the static force between
two global non-Abelian strings does depend on the orien-
tations [17]. Our result implies that a superfluid vortex of
U(1)g breaking found in Refs. [4,5] is actually unstable to
decay into N (three) non-Abelian strings by the repulsive
force between them.

In the case of usual superconductors, the interaction
between two strings is important; the repulsion (attraction)
between strings in type II (I) superconductors implies their
(in)stability in the presence of an external magnetic field.
The universal repulsion found in this paper ensures the
stability of color superconductors in the presence of exter-
nal color-gauge fields, regardless of whether they are of
type I or II.

II. NON-ABELIAN SEMISUPERFLUID STRINGS

Let us start from constructing the general form of the
Ginzburg-Landau Lagrangian [18] on the basis of the
generalized QCD symmetry: G = SU(N)c X SU(N)g X
U(1)g, where we set the number of flavor equals to the
number of flavor and SU(N)¢ is the gauge symmetry. For
this purpose, we first introduce an N by N matrix field ®;
(a,i=1,--+,N) where a(i) denote the color(flavor) in-
dices. @ belongs to [N, N] representation of SU(N)¢ X
SU(N)g. The symmetry G transforms the matrix field as
® — U ®UL, where Uc and Ug are independent
SU(N) matrices and e'® is a global U(1)g rotation associ-
ated with the baryon number conservation.

In the case of color superconductivity, ® field corre-
sponds to the pairing gap; the spin-zero pairing of the
positive energy quarks in antisymmetric combinations of
colors and flavors [19]. We may write & as &, ~
€apy€ijt{W; P Cysi]), where ¢ is the quark field and we
assumed that the ground state is the positive parity state
which would be determined by the instanton effect. Then

the most general 3-d Ginzburg-Landau Lagrangian up to
O(d?) is:

L = t(DP)N(DDP) — m? (DT D) — A, (rdt D)2

— L u[(PTD)?] — {FeFai, 2
where D = 9 — ig ,A“T,, is the covariant derivative for the
color symmetry, and 7, (¢ = 1,2, - - N?— 1) are the
generators of SU(N)¢ in the fundamental representation
which we normalize as Tr{T,T,} = 8,,. Here g, is the
gauge coupling and FY; = 9;AY — 9;A] + gsfabCAf?Aj is
the field strength [20].

The stability condition of vacua enforces A; + A,/N >
0. When m? < 0 and A, > 0, the vacuum expectation value
takes (@) = vl = ®, where v =+ —m?/2(NA; + A,).
The symmetry G is broken to H = SU(N)cyp X Zy.
This condensation is called the color-flavor locking
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(CFL) in the case of the color superconductivity. The
action of H on (®) is (P)— U (D)UL with
(€, U, UL) = (w, 0 'U, UY): @ € Zy, U SUN).
The coset space G/H = U(N) has the nontrivial first ho-
motopy group r[U(N)]=Z, which develops non-
Abelian as well as Abelian strings. In the vacua, only the
U(1)g Nambu-Goldstone boson remains massless with the
rest Higgsed. From now on, we will take v =1 for
simplicity.

Here we concentrate on the most fundamental string out
of which all the other string configurations are made, and it
actually has the lowest energy configuration with a non-
trivial loop. Since the common element Zy of SU(N)cr
and U(1)g provides the warp points to make the nontrivial
loops therein, the fundamental string (non-Abelian string)
is generated by both SU(N)cr and U(1)g generators. To
make this statement clear, we consider the cylindrically
symmetric string configuration along the z-axis. In the
polar coordinates (p, #) in the x-y plane, an isolated
fundamental string has the form

D0, p) = ei(l/N)aefiTNz,l\/(Nfl)/Nﬁdiag(f’ g2

= diag(e’f, 8,- . 8). (3)
We take the basis so that the (N> — 1)th generator is
= 1 ; — ce -

mdlag(l N, 1, ,1). f and g are func
tions of p, and f(0) = 0 and f(o0) = g(o0) = 1 at bounda-
ries. At sufficiently large distance from the core, where
p > A (A = m~! the coherence length), the profile of the
string is well described by

Ty

D(0, p) = diag(e?, 1, -+, 1). 4)
One can see that the nontrivial loop must be made from
both generators of SU(N) and U(1)g. Although from a
topological reason we could use either SU(N)- or
SU(N)g or both of them for SU(N), the energy considera-
tion forces us to use the gauge symmetry SU(N)c to
minimize the energy of the covariant derivative term.
Therefore, we use both global U(1)g and local SU(N)c
symmetries to construct the string. The name semisuper-
fluid originates this fact.

The gauge fields associated with the string are deter-
mined by minimizing the kinetic energy as much as they
can. Note that, different from local strings, the covariant
derivative term does not vanish at infinity but it is finite,
which makes the energy of the string logarithmically di-
vergent as the system size is infinite, just like superfluid
vortices. Given Eq. (4), the form of the gauge field can be

deduced as AQ’Z*I — £hlp) ,
5P

gauge field vanish. Here the gauge field only has a nonzero
component for # direction, which we have denoted as Ay.
The function i(p) satisfies h(c0) = 1 at boundary. A con-
stant £ should be determined so as to minimize the Kinetic

and the other components of the
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energy density at infinity: tr|D®|> = [(£ + 1/1"7‘1)2 +
—1[%. The
kinetic energy then becomes 1/(Np?) which is 1/N of that
of the global U(1)g string [4]. Thus, at large distance over
the penetration depth A, = m, ' ~ g 'v™!, the gauge field
configuration becomes

. i (1-N 0
ig AV 1TNzlz—N—p( . 1N-1)' 5)

+1/p?. The minimization is achieved at & =

The numerical solution of f, g, and & for the semisuper-
fluid string in the color-flavor locked phase is found in
Ref. [6], where the color and electromagnetic fields are
mixed and only one of their linear combinations is relevant
for flux.

III. INTERNAL SPACE AND COLOR-GAUGE
TRANSFORMATION

Before going ahead, it is instructive to clarify the inter-
nal space of the string. The presence of the string (3) breaks
the symmetry H further to SUN)cig — SUWN — 1)cig X
U(1)c+p- The internal space corresponds to the coset space
(1). Zero modes parametrizing the space (1) appear along
the string, i.e., Eq. (3) denotes just one particular string of a
continuously infinite number of strings with the same
string tension (flux energy) which are parametrized by
the orientation in the CPV~!. Unlike the case of global
strings [16,17] these zero modes are normalizable as seen
below.

Here we consider a fundamental string with general
orientation in the internal space. We first take the funda-
mental string Eq. (3) as a reference string ¢,. Then the
string ¢ with general orientation in CP"~! relative to the
reference string should be obtained by SU(N)cyp trans-
formation to ¢,. However, there are some redundancies in
this transformation, i.e., only an SU(2)c.g(C SUN)c+p)
rotation is enough to be considered for orientation relative
to ¢, without loss of generality. This corresponds to a CP!
submanifold in the whole CPV~!. Furthermore, since any
regular color-gauge transformation does not change the
physical situation, we omit SU(2)¢ rotation to ¢ for the
moment. Thus we transform ¢ by an element U of flavor
SU (2)1::

ei@f 0 _1
b= Ui = (( 0 g)uF 0 ) (6)
0 gly-»

- a* —b

F=\p* a
(with |a]®> + |b|> = 1) is an element of SU(2)g. This is a
general expression for the fundamental string. However,

the flavor-rotated string configuration (6) can be trans-
formed back to the original form ¢ =~ diag(e, 1, -, 1)

where
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at a long distance by a twisted color-gauge transformation.
The explicit form of this (upper left 2 X 2 matrix €

SU(2)¢) is given by
— hi0F(p)
be " ) ()

a*

uc(6, p) = (b*eiap(p) a
where F(p) is an arbitrary regular function with boundary
conditions F(0) = 0 and F(oc0) = 1. The former condition
has been imposed to make the transformation regular at the
center of string. This is possible because of 7[SU(2)c] =
0. Then the upper left 2 X 2 minor matrix of ¢ in (6) is
transformed to

feif) 0) 1~<€i0 0)
uc( 0 up =\ g for p > A (8)

This result means ¢ = ¢, for p > A. Also, the fully
opposite orientation can be obtained for p >> A by another
color-gauge transformation to (8): diag(e ()
e0F(P))diag(e™®, 1) = diag(1, e?). Note that one cannot
change the topological number by use of this kind of
regular gauge transformation. We thus have seen that
spatial infinity of the string configurations is the same
and does not depend on the orientational zero modes.
This implies that the orientational zero modes are normal-
izable, unlike the case of global strings [16,17].

IV. INTERACTION BETWEEN TWO STRINGS

Here we consider the interaction between arbitrary two
strings named ¢, and ¢,. The situation we will consider is
sorted out as follows: (1) Strings ¢, and ¢, are placed at
(p, 0) = (a, m) and (a, 0) in parallel with the z-axis, re-
spectively. Their interval is much larger than both the
coherence length and the penetration depth: a > A, A,,.
(2) The configuration of the ¢, is given by the asymptotic
profile (4): ¢, = diag(e®, 1, - - -, 1), while the ¢, has the
profile (6) with general orientation relative to ¢ ;. At large
distance of our interest, however, it is equivalent to the
reference  string configuration (4), i.e., ¢, =
diag(e’®, 1, - - -, 1). (3) The total profile of the two string
system is given by the Abrikosov ansatz: @, = ¢, [21]
and Af, = AY + AJ. A, is the gauge field configuration
(5) accompanied with the single string system of ¢ ,. For
the antistring, ¢, , and A(f,z change their signs.

In order to evaluate the static force between two non-
Abelian strings with a general orientation, we first calcu-
late the interaction energy density F', which is obtained by
subtracting two individual string energies from the total
configuration energy. According to the above situation,

F(p, 0,a) = tr(ID® > = [D¢, > — |D,I?)

2 42 + 2

:i_[ i 3 - 2p2 ] ©)
a* + p* — 2a*p* cos(26)

N
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where we have used the fact that V(d,,) = V(¢,) =
V(¢,) =0 and F{;F*/ =0 at large distance [22]. Here
and below, the upper (lower) sign indicates the quantity for
string-string (string-anti-string) configuration.

The tension, the energy of the string per unit length, is
obtained by integrating the energy density,

27 a®+ L?

L 21
E(a, L) = =* d dOopF = = — In———

(10)
with L the IR cutoff for making the integral finite. The
force between the two strings is then obtained by differ-

entiating E by the interval

_ 0E 277'(1 a

Ly=—==x—[-——"—
fla, L) +26a N\a a*+12

2

~+ "

) = an
where the last expression is for a << L — o0. We can see
that the force is repulsive (attractive) for string-string (anti-
string-string) configuration. The overall factors 1/N in
Egs. (9)—(11) are attributed to the fact that the tension of
the fundamental non-Abelian string is reduced by 1/N
compared to the usual Abelian string, then leading to
1/N erosion in magnitude of the force.

Note that our result does not depend on whether the
superconductivity is of type I or II. This has an important
meaning in the case of color superconductivity since
although the perturbation theory indicates the color super-
conductivity is of type I for whole density regime [23], the
most fundamental strings, semisuperfluid strings, can be
stable at any density regime where the CFL is realized.
This result also implies that the global U(1)g superfluid
strings @ = diag(e'?, - - -, ¢'?) found in Refs. [4,5] as well
as the M, strings ® = diag(1, e =%, %) ~ (%%, 1, 1) sug-
gested in Ref. [6] are unstable to decay into N or 2 semi-
superfluid strings, respectively. It contrasts to the case of
global non-Abelian strings [17], where the U(1) Abelian
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string is marginally unstable, i.e., no force exists between
two strings with opposite orientations.

From all the above arguments we conclude that there
exists the long range force between two semisuperfluid
strings, which is independent of the orientations in the
internal space, and the sign of the force is determined by
the difference in their topological charges.

V. DISCUSSION AND OUTLOOK

The Abrikosov approximation employed here for a long
range force might not be applicable to describe a fine
structure of the force with a short interval, where the string
cores overlap. However, our conclusion of the instability of
U(1)g strings (or the stability of color superconductors) is
unchanged, i.e., even if the short range force is attractive
the U(1)g string will decay by long range repulsion
through large classical fluctuations, thermal fluctuations,
or the quantum tunneling effect.

As applications of our results, the universal repulsion
implies that a lattice structure appears in a many-string
system, e.g., during the rapid cooling of the protoneutron
stars or in response to an external magnetic field (or
rotation). This might have impacts on observables such
as the pulsar glitch phenomenon.

Another interesting issue is how the non-Abelian string
releases or interacts with the Nambu-Goldstone bosons
corresponding to the global U(1)g breaking. This may be
described using the two-index antisymmetric tensor repre-
sentation in which the Kalb-Ramond action appropriately
describes the string [24]. It is also interesting to explore
interactions between strings and other topological solitons,
e.g., U(1), domain walls [25], and Skyrmions as funda-
mental quarks in the CFL phase [26].

Note added—: Non-Abelian strings discussed in
Ref. [27] are completely different from ours, but are local
strings with gauged U(1)g.
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