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We investigate the effects of the purely toroidal magnetic field on the equilibrium structures of the

relativistic stars. The basic equations for obtaining equilibrium solutions of relativistic rotating stars

containing purely toroidal magnetic fields are derived for the first time. To solve these basic equations

numerically, we extend the Cook-Shapiro-Teukolsky scheme for calculating relativistic rotating stars

containing no magnetic field to incorporate the effects of the purely toroidal magnetic fields. By using the

numerical scheme, we then calculate a large number of the equilibrium configurations for a particular

distribution of the magnetic field in order to explore the equilibrium properties. We also construct the

equilibrium sequences of the constant baryon mass and/or the constant magnetic flux, which model the

evolution of an isolated neutron star as it loses angular momentum via the gravitational waves. Important

properties of the equilibrium configurations of the magnetized stars obtained in this study are summarized

as follows: (1) For the nonrotating stars, the matter distribution of the stars is prolately distorted due to the

toroidal magnetic fields. (2) For the rapidly rotating stars, the shape of the stellar surface becomes oblate

because of the centrifugal force. But, the matter distribution deep inside the star is sufficiently prolate for

the mean matter distribution of the star to be prolate. (3) The stronger toroidal magnetic fields lead to the

mass shedding of the stars at the lower angular velocity. (4) For some equilibrium sequences of the

constant baryon mass and magnetic flux, the stars can spin up as they lose angular momentum.
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I. INTRODUCTION

There is growing evidence for the existence of so-called
magnetars, supermagnetized neutron stars with the mag-
netic fields of �1014–1015 G (e.g., [1,2]). Although such
stars are estimated to be only a subclass (� 10%) of the ca-
nonical neutron stars with �1012–1013 G [3], much atten-
tion has been paid to the objects because they pose many
astrophysically exciting but unresolved problems. Giant
flaring activities in the soft gamma repeaters observed for
the last two decades have given us good opportunities to
study the coupling of the interior to the magnetospheric
structures of magnetars [4,5], but the relationship between
the crustal fraction and the subsequent star quarks has not
yet been clarified (see [6,7]). The origin of the large
magnetic field is also a big problem, whether generated
at postcollapse in the rapidly rotating neutron star [8] or
descended from the main sequence stars [9]. Assuming
large magnetic fields before core collapse, researches
have recently performed extensive magnetohydrodynamic
(MHD) stellar collapse simulations [10–15] in order to
understand the formation mechanism of magnetars, with
different levels of sophistication in the treatment of equa-
tions of state (EOSs), the neutrino transport, and general
relativity (see [16] for a review). Here it is worth mention-
ing that the gravitational waves from magnetars could be
a useful source of information about magnetar interiors

[17,18]. From a microscopic point of view, the effects of a
magnetic field larger than the so-called QED limit of
�4:4� 1013 G, on the EOSs (e.g., [1]) and the radiation
processes have been also extensively investigated (see [19]
for a review). For the understanding of the formation and
evolution of the magnetars, it is indispensable to unify
these macroscopic and microscopic studies, albeit not an
easy job.
When one tries to study the above interesting issues, the

construction of an equilibrium configuration of magnetars
may be one of the most fundamental problems. In spite of
the many magnetized star investigations that have so far
been carried out, with different levels of sophistication in
the treatment of the magnetic field structure, EOSs, and
gravity [20–27], there still remains room for more so-
phistication in the previous studies in which stellar struc-
tures are obtained within the framework of Newtonian
dynamics. Since we are interested in magnetar structures,
the general relativistic treatment due to the strong gravity
of magnetars is required in constructions of a magnetar
model. However, fully general relativistic means construct-
ing a stellar model with arbitrarily magnetic structure are
still not available. In most studies on the structures of
relativistic magnetized stars, weak magnetic fields and/
or purely poloidal magnetic fields have been assumed.
Bocquet et al. [20] and Cardall et al. [28] have treated
relativistic stellar models containing purely poloidal mag-
netic fields. Konno et al. [24] have analyzed similar models
using a perturbative approach. Ioka and Sasaki have in-
vestigated structures of mixed poloidal-toroidal magnetic

*kiuchi@gravity.phys.waseda.ac.jp
+yoshida@astr.tohoku.ac.jp

PHYSICAL REVIEW D 78, 044045 (2008)

1550-7998=2008=78(4)=044045(21) 044045-1 � 2008 The American Physical Society

http://dx.doi.org/10.1103/PhysRevD.78.044045


fields around a spherical star by using a perturbative tech-
nique [22].

As shown in core-collapse supernova MHD simulations
(see, e.g., [16]), the toroidal magnetic fields can be easily
amplified because of the winding up of the initial seed
poloidal fields as long as the core is rotating differentially.
(As argued by Akiyama et al. [29], the magnetorotational
instability [30] could be another effective mechanism
for generating large magnetic fields inside proto-neutron
stars.) After core bounce, as a result, the toroidal fields
dominate over the poloidal ones in some proto-neutron star
models even if there is no toroidal field initially. This
winding up amplification of the toroidal magnetic fields
therefore indicates that some neutron stars could have to-
roidal fields much higher than poloidal ones. As mentioned
before, however, no effect of a strong toroidal magnetic
field has been taken into account in relativistic magnetized
stellar models. In order to elucidate the effects of strong
toroidal magnetic fields on neutron star structures, in this
paper, we concentrate on magnetic effects due to purely
toroidal fields on structures of relativistic stars as a first
step. Within the framework of the Newtonian dynamics,
Miketinac has obtained highly magnetized stars containing
purely toroidal magnetic fields [31]. In this study, we
extend Miketinac’s models so as to include the effects of
general relativity and rotation.

First of all, we derive basic equations for obtaining
relativistic rotating stellar models having purely toroidal
magnetic fields. The basic equations obtained are con-
verted into integral expressions and solved numerically
with a self-consistent field scheme similar to the Komatsu-
Eriguchi-Hachisu scheme for equilibrium structures of rel-
ativistic rotating stars [32]. Using the numerical scheme
written in the present study, we construct a large number of
equilibrium stars for a wide range of parameters. As shown
by Trehan and Uberoi [33], the toroidal magnetic field
tends to distort a stellar shape prolately. This is because
the toroidal magnetic field lines behave like a rubber belt,
pulling in the matter around the magnetic axis. Such a
prolate-shaped neutron star may be an optimal source of
gravitational waves if the star rotates [18]. In this gravita-
tional wave emission mechanism, one important parameter
is degree of prolateness, which determines the amount of
gravitational radiation. Thus, we pay attention to the defor-
mation of the star. We also construct sequences of the equi-
librium stars along which the total baryon rest mass and/or
the magnetic flux with respect to the meridional cross sec-
tion keep constant. These equilibrium sequences are avail-
able for exploring evolutionary sequences because the total
baryon rest mass and the magnetic flux are well conserved
in quasisteady evolution of isolated neutron stars.

This paper is organized as follows. The basic equations
for obtaining equilibrium configurations of rotating stars
with purely toroidal magnetic fields are derived in Sec. II.
The numerical scheme for computing the stellar models is

briefly described in Sec. III. Section IV is devoted to
showing numerical results. Summary and discussion fol-
low in Sec. V. In this paper, we use geometrical units with
G ¼ c ¼ 1.

II. BASIC EQUATIONS

A. Matter equations

The rotating relativistic stars containing purely toroidal
magnetic fields are considered in this paper. Assumptions
to obtain the equilibrium models are summarized as fol-
lows: (1) Equilibrium models are stationary and axisym-
metric, i.e., the spacetime has the time Killing vector, t�,
and the rotational Killing vector,’�, and Lie derivatives of
the physical quantities of the equilibrium models with re-
spect to these Killing vectors vanish. (2) The matter source
is approximated by a perfect fluid with infinite conductiv-
ity. (3) There is no meridional flow of the matter. (4) The
equation of state for the matter is barotropic. By virtue of
assumption (3), the matter four-velocity is reduced to

u� ¼ u0ðt� þ�’�Þ; (2.1)

where � is the angular velocity of the matter. We further
assume that the magnetic field of the star has toroidal parts
only, so that the Faraday tensor, F��, obeys the conditions,

given by

F��t
� ¼ 0; F��’

� ¼ 0: (2.2)

Note that since Eq. (2.2) includes five independent con-
ditions, we see that the Faraday tensor has one independent
component only. Thanks to the conditions assumed above,
one of the Maxwell equations and the perfect-conductivity
condition,

F½��;�� ¼ 0; (2.3)

F��u
� ¼ 0; (2.4)

are automatically satisfied, and we need not consider them
any further. The stress-energy tensor of the perfectly con-
ductive fluid is given by

T�� ¼ ð�0 þ �0eþ PÞu�u� þ Pg��

þ 1

4�

�
B�B�

�
u�u� þ 1

2
g��

�
� B�B�

�
; (2.5)

where �0 is the rest energy density, e the specific internal
energy, P the pressure, and g�� the inverse of the metric
g��. Here, we have defined the magnetic field measured by

the observer with the fluid four-velocity u� as

B� ¼ �1
2�

����u�F��; (2.6)

where ����� stands for the contravariant Levi-Civita ten-
sor with �0123 ¼ �1=

ffiffiffiffiffiffiffi�g
p

. Here g denotes the determi-

nant of the metric. By using Eqs. (2.1), (2.2), (2.4), (2.5),
and (2.6), we can prove that the circularity condition, i.e.,
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t�T
�½�t�’	� ¼ ’�T

�½�t�’	� ¼ 0, is satisfied in the pres-
ent situation [34]. Note that a similar argument about the
circularity has been given by Oron [35]. Therefore, there
exists a family of two-surfaces everywhere orthogonal to
the plane defined by the two Killing vectors t� and ’�

[36], and the metric can be written, following [32,37], in
the form

ds2 ¼ �e�þ�dt2 þ e2�ðdr2 þ r2d
2Þ
þ e���r2sin2
ðd’�!dtÞ2; (2.7)

where the metric potentials, �, �, �, and ! are functions
of r and 
 only. We see that the nonzero component of F��

in this coordinate is F12. It is convenient to define the
determinants of two two-dimensional subspaces for later
discussion,

g1 � g11g22 � ðg12Þ2 ¼ e4�r2;

g2 � �g00g33 þ ðg03Þ2 ¼ e2�r2sin2
;
(2.8)

where the determinant of the metric (2.7) is related to the
two determinants as g ¼ �g1g2. We then find a convenient
relation,

F12 ¼ g1F
12: (2.9)

Because of this relation, the four-current J� can, in terms
of F12, be written in the form,

J� ¼ 1

4�

1ffiffiffiffiffiffiffi�g
p @�ð ffiffiffiffiffiffiffi�g

p
F��Þ

¼ 1

4�

1ffiffiffiffiffiffiffiffiffiffi
g1g2

p
�
�@1

� ffiffiffiffiffi
g2
g1

s
F12

�
	�
2 þ @2

� ffiffiffiffiffi
g2
g1

s
F12

�
	�
1

�
:

(2.10)

The relativistic Euler equation,

u�r�u
� þ 1

�0h
r�P� 1

�0h
F��J

� ¼ 0; (2.11)

is reduced to

�@A lnu
0þ 1

�0h
@APþ 1

4��0hg2

ffiffiffiffiffi
g2
g1

s
F12@A

� ffiffiffiffiffi
g2
g1

s
F12

�
¼0;

(2.12)

where h ¼ 1þ eþ P=�0 is the specific enthalpy and we
have assumed the uniform rotation, i.e., � ¼ const. Here,
uppercase Latin indices (A; B; C; . . . ) run from 1 to 2. Note
that although the extension to the case of the differential
rotation is straightforward, we take the uniform rotation
law for the sake of simplicity. Integrability of Eq. (2.12)
requires ffiffiffiffiffi

g2
g1

s
F12 ¼ KðuÞ; u � �0hg2; (2.13)

where K is an arbitrary function of �0hg2. Integrat-
ing Eq. (2.12), we have the equation of hydrostatic
equilibrium,

lnh� lnu0 þ 1

4�

Z KðuÞ
u

dK

du
du ¼ C; (2.14)

where C is an integral constant. The nontrivial components
of the magnetic field are explicitly given by

B0 ¼ ��u0KðuÞ; (2.15)

B3 ¼ u0KðuÞ; (2.16)

in which we confirm that our definition of the toroidal
magnetic field (2.2) reasonably agrees with the Newto-
nian definition of the toroidal field.
With the metric (2.7), the four-velocity (2.1), the proper

velocity of the matter with respect to a zero angular mo-
mentum observer, v, the components of the magnetic field
(2.15) and (2.16), and the hydrostatic equilibrium equa-
tion (2.14) can be, respectively, written as

u� ¼ e�ð�þ�Þ=2ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� v2

p ðt� þ�’�Þ; (2.17)

v ¼ ð��!Þr sin
e��; (2.18)

B0 ¼ � e�ð�þ�Þ=2ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� v2

p �KðuÞ; (2.19)

B3 ¼ e�ð�þ�Þ=2ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� v2

p KðuÞ; (2.20)

lnhþ �þ �

2
þ 1

2
lnð1� v2Þ þ 1

4�

Z KðuÞ
u

dK

du
du ¼ C:

(2.21)

B. Einstein equations

Following [32,37], we may write the general relativistic
field equations determining �, �, and ! as

r2½�e�=2� ¼ S�ðr; �Þ; (2.22)

�
r2 þ 1

r
@r � �

r2
@�

�
½�e�=2� ¼ S�ðr; �Þ; (2.23)

�
r2 þ 2

r
@r � 2�

r2
@�

�
½!eð��2�Þ=2� ¼ S!ðr; �Þ; (2.24)

where r2 is the Laplacian of flat 3-space, and � ¼ cos
.
Here, S�, S�, and S! are given by
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S�ðr;�Þ ¼ e�=2
�
8�e2�ð�0 þ �0eþ PÞ 1þ v2

1� v2
þ r2ð1��2Þe�2�

�
!2

;r þ 1��2

r2
!2

;�

�
þ 1

r
�;r � �

r2
�;�

þ �

2

�
16�e2�

�
Pþ jBj2

8�

�
� �;r

�
1

2
�;r þ 1

r

�
� 1

r2
�;�

�
1��2

2
�;� ��

���
; (2.25)

S�ðr; �Þ ¼ e�=2
�
16�e2�

�
Pþ jBj2

8�

�
þ �

2

�
16�e2�

�
Pþ jBj2

8�

�
� 1

2
�2
;r � 1��2

2r2
�2
;�

��
; (2.26)

S!ðr; �Þ ¼ eð��2�Þ=2
�
�16�e2�

ð��!Þð�0 þ �0eþ PÞ
1� v2

þ!

�
�8�e2�

�ð�0 þ �0eþ PÞð1þ v2Þ
1� v2

� P� jBj2
8�

�

� 1

r

�
2�;r þ 1

2
�;r

�
þ �

r2

�
2�;� þ 1

2
�;�

�
þ 1

4
ð4�2

;r � �2
;rÞ þ 1��2

4r2
ð4�2

;� � �2
;�Þ

� r2ð1��2Þe�2�

�
!2

;r þ 1��2

r2
!2

;�

���
; (2.27)

where jBj denotes the magnitude of the magnetic field,
given by

jBj ¼ jKje��

r sin

: (2.28)

Since S�, S�, and S! do not include the second-order
derivative of the metric potentials, the three equa-
tions (2.22), (2.23), and (2.24) are all elliptic-type par-
tial differential equations. We can solve these equations
iteratively with appropriate boundary conditions by using a
self-consistent field method [32].
The fourth field equation determining � is given by

�;� ¼ � 1

2
ð�;� þ �;�Þ � fð1��2Þð1þ r�;rÞ2 þ ½�� ð1��2Þ�;��2g�1

�
1

2
½r2ð�;rr þ �2

;rÞ � ð1��2Þð�;�� þ �2
;�Þ�

� ½��þ ð1��2Þ�;�� þ r�;r

�
1

2
�þ�r�;r þ 1

2
ð1��2Þ�;�

�
þ 3

2
�;�½��2 þ�ð1��2Þ�;�� � rð1��2Þ

� ð�;r� þ �;r�;�Þð1þ r�;rÞ � 1

4
�r2ð�;r þ �;rÞ2 � r

2
ð1��2Þð�;r þ �;rÞð�;� þ �;�Þ þ 1

4
�ð1��2Þð�;� þ �;�Þ2

� r2

2
ð1��2Þ�;rð�;r þ �;rÞð�;� þ �;�Þ þ 1

4
ð1��2Þ�;�½r2ð�;r þ �;rÞ2 � ð1��2Þð�;� þ �;�Þ2�

þ ð1��2Þe�2�

�
1

4
r4�!2

;r þ 1

2
r3ð1��2Þ!;r!;� � 1

4
r2�ð1��2Þ!2

;� þ 1

2
r4ð1��2Þ�;r!;r!;�

� 1

4
r2ð1��2Þ�;�½r2!2

;r � ð1��2Þ!2
;��

��
: (2.29)

We can solve Eq. (2.29) by integrating it from the pole to
the equator with an initial condition, given by

� ¼ 1
2ð�� �Þ at � ¼ 1: (2.30)

C. Equation of state and function KðuÞ
In this study, we adapt a polytropic equation of state

P ¼ Kp�
1þ1=n
0 ; (2.31)

where n and Kp are the polytropic index and constant, re-

spectively. Because all the variables can be normalized by

the factor Kn=2
p , whose unit is of length, we define the fol-

lowing dimensionless quantities:

~r ¼ K�n=2
p r; ~! ¼ Kn=2

p !; ~� ¼ Kn=2
p �;

~�0 ¼ Kn
p�0; ~P ¼ Kn

pP; ~B� ¼ Kn=2
p B�:

For the arbitrary function K defined in (2.13), we take
the following simple form:

KðuÞ ¼ buk; (2.32)

where b and k are constants. Then, jBj and J� are reduced
into

jBj ¼ jbjð�0hÞkeð2k�1Þ�ðr sin
Þ2k�1; (2.33)
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J� ¼ bkeð2k�3Þ�

4�re2�
ð�0hÞk�1ðr sin
Þ2k�3

�½@
ð�0hr
2sin2
e2�Þ	�

1 � @rð�0hr
2sin2
e2�Þ	�

2 �:
(2.34)

Regularity of B� on the magnetic axis requires that k � 1.
As shown in Eq. (2.33), the magnetic fields vanish at the
surface of the star when k � 1, which we require from the
regularity of B� as mentioned above. Therefore, we need
not pay attention to the boundary condition at the stellar
surface for the magnetic field when k � 1.

III. NUMERICAL METHOD

A. Cook-Shapiro-Teukolsky scheme

As shown in the last section, our basic equations are
quite similar to those for rotating relativistic stars in the
sense that the type and rank of the differential equations are
the same. The difference is the emergence of the new func-
tion KðuÞ, which can be treated in the same way as that of
� for differentially rotating stars. In order to solve our ba-
sic equations, therefore, we can straightforwardly adapt a
numerical method for computing rotating relativistic stel-
lar models. In this study, we extend the Cook-Shapiro-
Teukolsky scheme [37] to incorporate the effects of purely
toroidal magnetic fields. The Cook-Shapiro-Teukolsky
scheme is a variant of the Komatsu-Eriguchi-Hachisu
scheme [32], which is a general relativistic version of the
Hachisu self-consistent field scheme for computing New-
tonian equilibrium models of rotating stars [38]. In the
Cook-Shapiro-Teukolsky scheme, a new radial coordinate
s 2 ½0; 1�, defined as

~r ¼ ~re

�
s

1� s

�
; (3.1)

where ~re is the dimensionless radius of the surface at the
equator and this transformation maps radial infinity to the
finite coordinate locations s ¼ 1, is introduced so as to in-
clude all the information of spacetime on the hypersurface
of t ¼ const. Since our numerical scheme is quite simi-
lar to the Cook-Shapiro-Teukolsky scheme, the details are
omitted here.

B. Global physical quantities

After obtaining solutions, it is useful to compute global
physical quantities characterizing the equilibrium configu-
rations to clearly understand the properties of the sequen-
ces of the equilibrium models. In this paper, we compute
the following quantities: the gravitational mass M, the
baryon rest massM0, the proper massMp, the total angular

momentum J, the total rotational energy T, the total mag-
netic energyH, the quadrupole momentum Ixx, Izz, and the
magnetic flux �, defined as

M ¼
Z
ð�2T0

0 þ T�
�Þ ffiffiffiffiffiffiffi�g
p

d3x

¼ 2�
Z �

2Pþ �þ P

1� v2
ð1þ v2 þ 2e��r sin
v!Þ

þ jBj2
4�

�
e2�þ�r2 sin
drd
; (3.2)

M0 ¼
Z

�0u
0 ffiffiffiffiffiffiffi�g
p

d3x

¼ 2�
Z �0ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� v2
p e2�þð���Þ=2r2 sin
drd
; (3.3)

Mp ¼
Z

�u0
ffiffiffiffiffiffiffi�g

p
d3x

¼ 2�
Z �ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� v2
p e2�þð���Þ=2r2 sin
drd
; (3.4)

J ¼
Z

T0
3

ffiffiffiffiffiffiffi�g
p

d3x

¼ 2�
Z
ð�þ PÞ v

1� v2
e2�þ���r3sin2
drd
; (3.5)

T ¼ 1

2

Z
�T0

3

ffiffiffiffiffiffiffi�g
p

d3x

¼ �
Z
ð�þ PÞ v�

1� v2
e2�þ���r3sin2
drd
; (3.6)

H ¼ 1

8�

Z
B�B�u

0 ffiffiffiffiffiffiffi�g
p

d3x

¼ 1

4

Z jBj2ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� v2

p e2�þð���Þ=2r2 sin
drd
; (3.7)

Ixx ¼ �
Z

�r4 sin
ð1þ cos2
Þdrd
; (3.8)

Izz ¼ 2�
Z

�r4sin3
drd
; (3.9)

� ¼
Z

F12drd
 ¼
Z e2���

sin

Kdrd
: (3.10)

The definition of the magnetic energy and flux are given in
Appendix A. The gravitational energyW and the mean de-
formation rate �e are, respectively, defined as

jWj ¼ Mp þ T þH �M; (3.11)

�e ¼ Izz � Ixx
Izz

: (3.12)
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C. Virial identities

Bonazzola and Gourgoulhon have derived two different
kinds of virial identities for relativistic equilibrium con-
figurations [39,40]. These virial identities provide us a
means to estimate the error involved in the numerical
solutions of the equilibrium configurations. Let us define
two quantities �2 and �3, given by

�2 ¼ 8�
Z 1

0

Z �

0

�
Pþ ð�þ PÞ v2

1� v2

� jBj2
8�

�
e2�rdrd


�Z 1

0

Z �

0

�
1

4
@ð�þ �Þ@ð�þ �Þ

� 3

4
e�2�r2sin2
@!@!

�
rdrd


��1
; (3.13)

�3 ¼ 4�
Z 1

0

Z �

0

�
3Pþ ð�þ PÞ v2

1� v2
þ jBj2

8�

�
e2�þð���Þ=2r2 sin
drd


�Z 1

0

Z �

0

�
@ð�þ �Þ@ð�þ �Þ � @�@ð�� �Þ

þ ð1� e2���þ�Þ 1
r

�
�2�;r � 2 cot


r
�;
 þ 1

2
ð�� �Þ;r þ cot


2r
ð�� �Þ;


�

� 3

2
e�2�r2sin2
@!@!

�
eð���Þ=2r2 sin
drd


��1
; (3.14)

where @�@� is the abbreviation of

@�@� ¼ �;r�;r þ 1

r2
�;
�;
: (3.15)

Then we may define two error indicators, gravitation
(GRV) given by

GRV2 � j1� �2j; (3.16)

GRV3 � j1� �3j; (3.17)

which vanish if the virial identities are strictly satisfied. In
all the numerical computations shown in the next section,
GRV2 and GRV3 are monitored to check accuracy of the
numerical solutions. A typical value of GRV2 and GRV3 is
10�4–10�3, showing that the numerical solutions obtained
in the present study have acceptable accuracy. The explicit
values of GRV2 and GRV3 are not shown here.

IV. NUMERICAL RESULTS

To compute specific models of the magnetized stars, we
need to specify the function forms of the EOS and the
function K, which determines the distribution of the mag-
netic fields. The polytrope index n is taken to be unity in
this study because the n ¼ 1 polytropic EOS reproduces a
canonical model of the neutron star. As in Ref. [41], the
polytropic constant Kp in cgs units is set to be

KP ¼ 1:6� 105; (4.1)

with which the maximum mass model of the spherical star
is characterized by M ¼ 1:72M� and Rcir ¼ 11:8 km,
where Rcir denotes the circumferential radius of the star
at the equator (see Table I). As for the functionK, we chose
two different values of k, k ¼ 1 and k ¼ 2, to investigate
how the equilibrium properties depend on the shape of the
impressed magnetic fields. From Eq. (2.33), it can be seen
that the concentration of jBj around its maximum value
becomes deeper as the value of k increases.
In the numerical scheme, the central density �c and the

strength of the magnetic field parameter b [see Eq. (2.32)]

TABLE I. Global physical quantities for the maximum gravitational mass models of the constant magnetic flux sequences of the
nonrotating stars.

� ð1022 WbÞ �c ð1015 g=cm3Þ M ðM�Þ M0 ðM�Þ Rcir ðkmÞ Bmax ð1018 GÞ H=jWj �e

k ¼ 1
0:000� 100 1:797� 100 1:719� 100 1:888� 100 1:180� 101 0:000� 100 0:000� 100 0:000� 100

1:616� 100 2:032� 100 1:843� 100 2:014� 100 1:457� 101 1:008� 100 1:253� 10�1 �4:284� 10�1

2:155� 100 2:026� 100 1:935� 100 2:107� 100 1:667� 101 1:129� 100 1:737� 10�1 �6:933� 10�1

2:694� 100 1:914� 100 2:041� 100 2:210� 100 1:951� 101 1:168� 100 2:186� 10�1 �1:012� 100

k ¼ 2
0:000� 100 1:797� 100 1:719� 100 1:888� 100 1:180� 101 0:000� 100 0:000� 100 0:000� 100

1:077� 100 2:032� 100 1:855� 100 2:055� 100 1:361� 101 8:023� 10�1 8:068� 10�2 �3:874� 10�1

1:347� 100 2:039� 100 1:920� 100 2:128� 100 1:444� 101 8:630� 10�1 1:024� 10�1 �5:315� 10�1

1:616� 100 2:126� 100 1:990� 100 2:210� 100 1:516� 101 9:205� 10�1 1:198� 10�1 �6:721� 10�1
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have to be given to compute the nonrotating models, i.e.,
the � ¼ 0 models. For the rotating models, one need
specify the axis ratio rp=re in addition to �c and b, where

rp and re are the polar and equatorial radii, respectively. To

explore properties of the relativistic magnetized star mod-
els, we construct a large number of the specific models: for
the nonrotating cases, 26� 301 models in the parameter
space of ð�c; bÞ, and for the rotating cases, 26� 31� 8
models in the parameter space of ð�c; b; rp=reÞ.

Before describing the numerical results in detail, let us
survey the solution space for the equilibrium models of the
rotating magnetized stars, shown in Fig. 1. In this figure,
the x, y, and z axis are the central density �c, the magnetic
field strength b, and the axis ratio rp=re, respectively. All

these quantities are shown in units of Kn=2
p , as mentioned

before. A point inside the cubic region drawn by the solid
lines corresponds to a physically acceptable solution com-
puted in this study. Because we are interested in magne-
tized neutron stars, equilibrium solutions between the two
sides of the cube that are given as constant �c surfaces are
considered. The other four sides of the cube represent the
boundaries beyond which there is no physically acceptable
solution. The b ¼ 0 surface corresponds to the nonmagne-

tized limit, the upper surface of nearly rp=re ¼ const to the

nonrotating limit, and the lower surface of nearly rp=re ¼
const to the mass-shedding limit (MS limit). Here, the
mass-shedding limit means the boundary beyond which no
equilibrium solution exists because of too strong centrifu-
gal forces, due to which the matter is shedding from the
equatorial surface of the star. The sixth surface of the cube
corresponds to the nonconvergence limit beyond which
any solution cannot converge with the present numerical
scheme. In other words, for values of b larger than some
critical value, we fail to obtain a converged solution by
using our method of solution. The reason for this failure l
is unclear.
As mentioned before, the constant baryon mass and/or

the constant magnetic flux sequences of equilibrium stars
are important for studying quasistationary evolution of the
isolated neutron star. In Fig. 1, a set of equilibrium solu-
tions having the same total baryon rest mass construct the
surface embedded in the cube that is drawn with the dashed
line boundary. On this constant baryon rest mass surface,
the three dotted curves represent the constant magnetic flux
sequences of equilibrium stars.

A. Nonrotating models

First let us consider the static configurations for the fol-
lowing two reasons. (1) Since the magnetars and the high
field neutron stars observed so far are all slow rotators, the
static models could well approximate to such stars. (2) In
the static models, one can see purely magnetic effects on
the equilibrium properties because there is no centrifugal
force and all the stellar deformation is attributed to the
magnetic stress. In Fig. 2, we show distributions of the rest
mass density and the magnetic field in the meridional
planes for the two static equilibrium stars characterized
by (1) �c ¼ 6:7� 1014 ðg=cm3Þ, M ¼ 1:46M�, Rcir ¼
20:9 km, rp=re ¼ 1:15, �e ¼ �0:81, H=jWj ¼ 0:19,

and k ¼ 1, [Figs. 2(a) and 2(c)] and by (2) �c ¼ 6:7�
1014 ðg=cm3Þ, M ¼ 1:51M�, Rcir ¼ 18:0 km, rp=re ¼
1:14, �e ¼ �0:55, H=jWj ¼ 0:15, and k ¼ 2 [Figs. 2(b)
and 2(d)]. These two models have the same maximum
magnetic field strength of 5:0� 1017 G. In Fig. 2, as men-
tioned, we can confirm that the magnetic stress due to the
purely toroidal field makes the stellar shape prolate. This is
a great contrast to the magnetic stress due to the purely
poloidal field, for which the shape of the star deforms
oblately as shown in Ref. [42]. As for the dependence of k
on the stellar structures, it is found that the density distri-
butions of the stars with k ¼ 1 are prolately more concen-
trated around the magnetic axis than those of the stars with
k ¼ 2, as can be seen in Fig. 2. This feature is due to the
magnetic pressure distributions. As mentioned in the Intro-
duction, the toroidal magnetic field lines behave like a
rubber belt that is wrapped around the waist of the stars.
For the k ¼ 1 case, this tightening due to the toroidal fields
is effective even near the surface of the star. To see it
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FIG. 1 (color online). Solution space for the equilibrium mod-
els of the rotating magnetized stars. The x, y, and z axes are the
central density �c, the magnetic field strength parameter b, and
the axis ratio rp=re, respectively. A point inside the cubic region

drawn by the solid lines corresponds to a physically acceptable
solution computed in this study. The sides of the cube labeled
B ¼ 0 limit, � ¼ 0 limit, MS limit, and NC limit represent the
boundaries beyond which there is no physically acceptable
solution. The surface labeled by B ¼ 0 limit corresponds to
the nonmagnetized limit, the surface labeled by � ¼ 0 limit to
the nonrotating limit, the surface labeled by MS limit to the
mass-shedding limit, and the surface labeled by NC limit to the
nonconvergence limit beyond which any solution cannot con-
verge with the present numerical scheme. The surface embedded
in the cube that is drawn with the dashed line boundary shows a
set of equilibrium solutions having the same total baryon rest
mass. The three dotted curves represent the constant magnetic
flux sequences of equilibrium.
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clearly, in Fig. 3, we give the ratio of the magnetic pressure
to the matter pressure as functions of r for the two models
shown in Fig. 2. In this figure, we see that for the k ¼ 1
case, the magnetic pressure dominates over the matter
pressure near the stellar surface, while for the k ¼ 2
case, the matter pressure dominates over the magnetic
pressure there.

In Fig. 4, we show the gravitational mass M of static
models for several equilibrium sequences of constant �
and of constant M0 as functions of the central density �c.
Here, �22 means the flux normalized by units of 1022 Wb,
which is a typical value of the magnetic flux for a canonical
neutron star model. In this figure, the curves labeled by
their values ofM0 (�22) indicate the equilibrium sequence
along which the values of M0 (�22) are held constant. The
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FIG. 2 (color online). Distributions of the rest mass density and the magnetic field for the nonrotating magnetized stars whose
maximum magnetic field strength is 5:0� 1017 G. (a) Equi-rest-mass-density contours and (c) equi-Bð�Þ contours in the meridional

cross section for the M ¼ 1:46M�, Rcir ¼ 20:9 km, H=jWj ¼ 0:19, and k ¼ 1 models. (b) Equi-rest-mass-density contours and
(d) equi-Bð�Þ contours in the meridional cross section for the M ¼ 1:51M�, Rcir ¼ 18:0 km, H=jWj ¼ 0:15, and k ¼ 2 models. Thick

ellipses denote the stellar surface.
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filled circles in Fig. 4 indicate the maximum mass models
of the equilibrium sequences of constant �. The global
physical quantities of these maximum mass models, the
magnetic flux �22, the central baryon mass density �c, the
gravitational massM, the baryon rest massM0, the circum-
ferential radius at the equator Rcir, the maximum strength
of the magnetic fields Bmax, the ratio of the magnetic
energy to the gravitational energy H=jWj, and the mean
deformation rate �e are summarized in Table I. From this
table, we see that the strong toroidal magnetic fields of
1018 Gmake roughly 15% increase in the maximum gravi-
tational mass of the stars and the highly prolate stellar
deformation of �e � �0:7, even though the magnetic field
of 1018 G might be too strong even for a magnetar model.
The properties of the constant M0 sequences will be dis-
cussed in detail later.

B. Rotating models

Next, let us move on to the rotation models. For the static
stars with the purely toroidal magnetic field, as shown in
the last section, the ratio of the magnetic energy to the
gravitational energy H=jWj can be of an order of 10�1,
which is larger than a typical value of the ratio of the
rotation energy to the gravitational energy T=jWj for the
rotating nonmagnetized neutron star models. As shown in
[32], a typical value of T=jWj for the uniformly rotating
n ¼ 1 polytropic neutron star models having no magnetic
field is of an order of 10�2. This fact implies that a large
amount of the magnetic energy can be stored in the neutron
star with infinite conductivity because the mass-shedding-
like limit does not appear for the magnetic force unlike
the centrifugal force of the rotating star cases as argued in
[28]. In this paper, as mentioned, we are concerned with
equilibrium properties of the strongly magnetized stars.
Thus, most stellar models treated here are magnetic-field-
dominated ones in the sense that H=jWj is larger than
T=jWj even for the mass-shedding models. In such models,
the effects of the rotation on the stellar structures are
necessarily supplementary and the basic properties do not
highly depend on the rotation parameter.

In Fig. 5, we display the typical distributions of the
rest mass density and the magnetic field for the two rotat-
ing equilibrium stars characterized by (1) �c ¼ 6:7� 1014

ðg=cm3Þ, M ¼ 1:53M�, Rcir ¼ 25:3 km, rp=re ¼ 0:75,

�e ¼ �0:24, H=jWj ¼ 0:15, T=jWj ¼ 3:7� 10�2, and
k ¼ 1, [Figs. 5(a) and 5(c)] and by (2) �c ¼ 6:7�
1014 ðg=cm3Þ, M ¼ 1:59M�, Rcir ¼ 21:2 km, rp=re ¼
0:78, �e ¼ �6:9� 10�2, H=jWj ¼ 0:12, T=jWj ¼ 5:07�
10�2, and k ¼ 2 [Figs. 5(b) and 5(d)]. These models have
the same maximum magnetic field strength of 4:5�
1017 G. Comparing Fig. 5 with Fig. 2, we see that basic
properties of the structures of the rotating models are
similar to those of the static models. The difference be-
tween them only appears near the equatorial surface of the
stars. As shown in Fig. 5, the density distributions are
stretched from the rotation axis outward due to the cen-
trifugal force and the shape of the stellar surface becomes
oblate, which can be seen from the values of the axis ratio
rp=re. On the other hand, the equidensity contours deep

inside the stars are oblate, which can be confirmed from the
values of the mean deformation rate �e. This is because the
centrifugal force is the most significant agent deforming
the stars near the equatorial surface of the star since, as
shown in Eq. (2.33), the anisotropic magnetic stress of the
present models vanishes at the surface of the star.

C. Constant baryon mass sequence

In this section, we concentrate on the constant baryon
mass sequences of the magnetized stars. In the static star
cases, this condition of the constant baryon mass picks out
a single sequence of the equilibrium stars. Along such an
equilibrium sequence, as mentioned, the magnetic flux of
the stars cannot be held constant. For the rotating star
cases, on the other hand, we can select a single sequence
of the equilibrium stars by keeping the baryon rest mass
and the magnetic flux constant simultaneously. The equi-
librium sequences along which the baryon rest mass and
the magnetic flux are conserved may model the isolated
neutron stars that are adiabatically losing angular momen-
tum via the gravitational radiation. It should be noted that
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here, we have omitted evolution of the function K, which
will change its function form during such a process of
losing angular momentum even though there has been no
way to determine it so far. Thus, the constant baryon mass
sequences considered in this study might be oversimpli-
fied for investigations of the adiabatic evolution of the
isolated neutron stars. However, the inclusion of the evo-
lution effects of the function K is beyond the scope of the
present study.

First we consider the constant baryon mass sequences
of the nonrotating stars to clearly understand the basic
properties of the simplest equilibrium sequences. Then we
move on to the rotating cases. As done in Ref. [37], we
divide the equilibrium sequences of the magnetized stars
into two classes, normal and supramassive equilibrium
sequences. In this study, the normal (supramassive) equi-
librium sequence is defined as an equilibrium sequence
whose baryon rest mass is smaller (larger) than the maxi-
mum baryon rest mass of the nonmagnetized and nonrotat-
ing stars. As shown in Fig. 4, the maximum baryon rest
mass of the nonrotating and nonmagnetized stars for the

present EOS is given by M0 ¼ 1:89M�. Therefore, the
normal (supramassive) equilibrium sequences are simply
defined as equilibrium sequences with M0 < 1:89M�
(M0 > 1:89M�).

1. Static cases

In Fig. 4, one can see how the constant baryon mass
sequences of the nonrotating stars are drawn on the �c-M
plane. In this figure, the two constant baryon mass se-
quences characterized byM0 ¼ 1:68M� and 1:78M� refer
to the normal equilibrium sequences, while the three
constant baryon mass sequences characterized by M0 ¼
1:99M�, 2:10M�, and 2:20M� refer to the supramassive
equilibrium sequences. In Fig. 4, one can confirm that the
two normal equilibrium sequences of M0 ¼ 1:68M� and
1:78M� indeed end at the equilibrium stars having � ¼ 0
(no magnetic field) and that the supramassive equilibrium
sequences never intersect with the curves given by � ¼ 0.
Note that all the end points of the equilibrium sequences of
the nonrotating magnetized stars correspond to the ‘‘NC
limit’’ in Fig. 1.
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FIG. 5 (color online). Distributions of the rest mass density and the magnetic field for the rotating magnetized stars whose maximum
magnetic field strength is 4:5� 1017 G. (a) Equi-rest-mass-density contours and (c) equi-Bð�Þ contours in the meridional cross section

for the M ¼ 1:53M�, Rcir ¼ 25:3 km, H=jWj ¼ 0:15, T=jWj ¼ 3:7� 10�2, and k ¼ 1 models. (b) Equi-rest-mass-density contours
and (d) equi-Bð�Þ contours in the meridional cross section for the M ¼ 1:59M�, Rcir ¼ 21:2 km, H=jWj ¼ 0:12, T=jWj ¼ 5:07�
10�2, and k ¼ 2 models. Thick ellipses denote the stellar surface.
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In Figs. 6 and 7, the global physical quantities �M,
�Rcir, ��c, and �e are given as functions of the maxi-
mum values of jBj inside the star, Bmax, for the normal
equilibrium sequences with M0 ¼ 1:68M� and for the
supramassive equilibrium sequences with M0 ¼ 2:10M�,
respectively. In these figures,

�QðBmax;M0Þ � QðBmax;M0Þ �QðjBj ¼ 0;M0Þ
QðjBj ¼ 0;M0Þ ; (4.2)

where Q stands for a physical quantity for the constant
baryon mass sequences of the nonrotating stars. Numerical
values of the global physical quantities, the magnetic flux
�, the central rest mass density �c, the gravitational mass
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FIG. 7 (color online). Same as Fig. 6, but for the supramassive sequence with M0 ¼ 2:10M�.
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M, the circumferential radius Rcir, the maximum strength
of the magnetic field Bmax, the ratio of the magnetic energy
to the gravitational energy H=jWj, and the mean deforma-
tion rate �e, for the selected models, which are displayed in
Figs. 6 and 7, are also summarized in Tables II and III.
From Figs. 6 and 7, we see that, qualitatively, basic behav-
ior of �M, �Rcir, ��c, �e does not highly depend on the
value of k. Comparing Fig. 6 with Fig. 7, we find that as the
value of Bmax is varied, the global changes in the global
physical quantities for the normal sequences are of oppo-
site directions to those for the supramassive equilibrium
sequences.

Before going to the rotating cases, in which we consider
the equilibrium sequences along which the baryon rest
mass and the magnetic flux are held constants, it is useful
to investigate nonrotating solutions referred to these equi-
librium sequences of the constant baryon rest mass and
magnetic flux. Plots given in Fig. 4 tell us the number of
such solutions. If the values of the baryon rest mass and
magnetic flux are specified, one can pick out two curves
corresponding to the constant baryon rest mass and the
constant magnetic flux. Then, the intersections of these two
curves indicate the members of the constant baryon rest
mass and magnetic flux sequences in the nonrotating limit.
For the solutions of the normal equilibrium sequences,
characterized by M0 < 1:89, it can be seen that there is a
single intersection of the two curves. (Note that we only

consider the solutions in the lower central density region,
even though there are other solutions in the higher central
density region.) For example, in the left panel of Fig. 4,
the M0 ¼ 1:78 curve intersects once to the �22 ¼ 1:61
curve. For the solutions of the supramassive equilibrium
sequences, characterized byM0 > 1:89, on the other hand,
we see that there are the following three possibilities.
(1) There is no intersection between the two curves, show-
ing that the nonrotating limit does not exist. (2) There is a
single intersection between the two curves, which is only
possible when one curve is tangent to the other. In this case,
a unique limit of no rotation exists. (3) There are two
intersections between the two curves, showing that there
are two different limits of no rotation in this case. For
example, in the left panel of Fig. 4, let us consider the
constant baryon rest mass sequence of M0 ¼ 2:10. If we
chose �22 to be 2.15, 2.05, and 1.61, then the numbers of
the intersection of the two curves are, respectively, 2, 1,
and 0, as can be seen from Fig. 4. Thus, it is found that the
supramassive equilibrium sequences with ðM0;�22Þ ¼
ð2:10; 1:61Þ, (2.10, 2.05), and (2.10, 2.15) have no non-
rotation limit, the single nonrotating limit, and double non-
rotation limits, respectively. One important consequence of
this fact is that there are two disconnected branches of the
equilibrium sequences characterized by the same baryon
rest mass and the magnetic flux for some supramassive
equilibrium sequences, as discussed in the next section.

TABLE III. Global physical quantities for the supramassive equilibrium sequences of the nonrotating stars with M0 ¼ 2:10M�.

� ð1022 WbÞ �c ð1015 g=cm3Þ M ðM�Þ Rcir ðkmÞ Bmax ð1018 GÞ H=jWj �e

k ¼ 1
2:178� 100 1:779� 100 1:936� 100 1:765� 101 1:048� 100 1:842� 10�1 �7:650� 10�1

2:430� 100 1:415� 100 1:958� 100 2:083� 101 9:368� 10�1 2:230� 10�1 �1:064� 100

2:650� 100 1:222� 100 1:974� 100 2:374� 101 8:659� 10�1 2:532� 10�1 �1:351� 100

2:838� 100 1:092� 100 1:987� 100 2:651� 101 8:102� 10�1 2:778� 10�1 �1:626� 100

k ¼ 2
1:250� 100 1:980� 100 1:896� 100 1:424� 101 8:360� 10�1 9:620� 10�2 �4:833� 10�1

1:365� 100 1:625� 100 1:909� 100 1:542� 101 8:044� 10�1 1:162� 10�1 �5:874� 10�1

1:460� 100 1:468� 100 1:918� 100 1:622� 101 7:897� 10�1 1:307� 10�1 �6:753� 10�1

1:538� 100 1:371� 100 1:925� 100 1:685� 101 7:793� 10�1 1:421� 10�1 �7:510� 10�1

TABLE II. Global physical quantities for the normal equilibrium sequences of the nonrotating stars with M0 ¼ 1:68M�.

� ð1022 WbÞ �c ð1015 g=cm3Þ M ðM�Þ Rcir ðkmÞ Bmax ð1018 GÞ H=jWj �e

k ¼ 1
0:000� 100 8:569� 10�1 1:551� 100 1:430� 101 0:000� 100 0:000� 100 0:000� 100

1:171� 100 8:538� 10�1 1:576� 100 1:786� 101 5:222� 10�1 1:307� 10�1 �4:975� 10�1

1:754� 100 7:371� 10�1 1:600� 100 2:340� 101 5:458� 10�1 2:225� 10�1 �1:151� 100

2:120� 100 6:400� 10�1 1:614� 100 2:885� 101 5:111� 10�1 2:772� 10�1 �1:758� 100

k ¼ 2
0:000� 100 8:569� 10�1 1:551� 100 1:430� 101 0:000� 100 0:000� 100 0:000� 100

7:239� 10�1 8:178� 10�1 1:566� 100 1:611� 101 4:761� 10�1 8:635� 10�2 �3:372� 10�1

9:424� 10�1 7:677� 10�1 1:575� 100 1:735� 101 5:089� 10�1 1:232� 10�1 �5:391� 10�1

1:074� 100 7:335� 10�1 1:580� 100 1:825� 101 5:170� 10�1 1:454� 10�1 �6:831� 10�1
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2. Rotating cases

First, let us consider the normal equilibrium sequences
of the magnetized rotating stars. In Figs. 8 and 9, we show
the global physical quantitiesM, Rcir, �c, J, Bmax, and �e as
functions of � for the constant baryon mass and magnetic
flux equilibrium sequences with k ¼ 1 and k ¼ 2, respec-
tively. All the equilibrium sequences given in these figures
are of the normal equilibrium sequences characterized by
the constant baryon rest mass given by M0 ¼ 1:78M�. In
Figs. 8 and 9, each curve is labeled by its value of �22

which is held constant along the equilibrium sequence. For
the sake of comparison, the physical quantities for the
nonmagnetized equilibrium sequences (�22 ¼ 0) are also
given in Figs. 8 and 9. Note that the constant baryon rest
mass equilibrium sequences of the nonmagnetized poly-
tropic stars have been argued in detail in Ref. [37]. Nu-
merical values of the global physical quantities, the central
rest mass density �c, the gravitational massM, the circum-
ferential radius Rcir, the angular velocity �, the angular

momentum J, the ratio of the rotation energy to the gravi-
tational energy T=jWj, the ratio of the magnetic energy to
the gravitational energyH=jWj, the mean deformation rate
�e, and the maximum strength of the magnetic field Bmax,
for some selected models are tabulated in Tables IV and V
for the cases of k ¼ 1 and k ¼ 2, respectively.
In Figs. 8 and 9, as discussed, we see that all the normal

equilibrium sequences begin at the nonrotating equilibrium
stars and continue to the mass-shedding limits, at which the
sequences end, as the angular velocity increases. (In Figs. 8
and 9, the asterisks indicate the mass-shedding models.) It
is also found from these figures that the behavior of the
normal equilibrium sequences as functions of � are basi-
cally independent of the values of �22 and k. As the angu-
lar velocity is increased, the gravitational masses and the
circumferential radii increase, while the central densities
and the maximum strength of the magnetic fields decrease
because of the baryon rest mass constancy and of the mag-
netic flux constancy, respectively. The angular momenta
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FIG. 8 (color online). Global physical quantities M, Rcir, �c, J, Bmax, and �e for the constant baryon mass and magnetic flux
equilibrium sequences with k ¼ 1, given as functions of �. All the equilibrium sequences are referred to the normal equilibrium
sequences characterized by the constant baryon rest mass M0 ¼ 1:78M�. Each sequence is labeled by its value of �22. The asterisks
indicate the mass-shedding models.
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FIG. 9 (color online). Same as Fig. 8, but for k ¼ 2.

TABLE IV. Global physical quantities for the normal equilibrium sequences of the rotating stars with M0 ¼ 1:78M� and k ¼ 1.

�c ð1015 g=cm3Þ M ðM�Þ Rcir ðkmÞ � ð103 rad=sÞ cJ=GM2� T=jWj H=jWj �e Bmax ð1017 GÞ
�22 ¼ 0

5:745� 10�1 1:666� 100 2:235� 101 4:571� 100 1:905� 100 9:657� 10�2 0:000� 100 2:636� 10�1 0:000� 100

6:286� 10�1 1:661� 100 1:925� 101 4:552� 100 1:707� 100 8:224� 10�2 0:000� 100 2:310� 10�1 0:000� 100

7:864� 10�1 1:650� 100 1:616� 101 4:008� 100 1:179� 100 4:497� 10�2 0:000� 100 1:368� 10�1 0:000� 100

8:987� 10�1 1:644� 100 1:490� 101 3:230� 100 8:355� 10�1 2:444� 10�2 0:000� 100 7:764� 10�2 0:000� 100

1:073� 100 1:637� 100 1:356� 101 0:000� 100 0:000� 100 0:000� 100 0:000� 100 1:928� 10�4 0:000� 100

�22 ¼ 1:14
8:261� 10�1 1:674� 100 2:542� 101 3:627� 100 1:131� 100 4:242� 10�2 1:194� 10�1 �1:697� 10�1 4:957� 100

8:739� 10�1 1:670� 100 2:065� 101 3:386� 100 9:709� 10�1 3:279� 10�2 1:180� 10�1 �2:053� 10�1 5:162� 100

9:017� 10�1 1:668� 100 1:952� 101 3:154� 100 8:631� 10�1 2:663� 10�2 1:170� 10�1 �2:395� 10�1 5:275� 100

9:913� 10�1 1:663� 100 1:732� 101 2:035� 100 4:937� 10�1 9:463� 10�3 1:133� 10�1 �3:339� 10�1 5:621� 100

1:044� 100 1:660� 100 1:642� 101 0:000� 100 0:000� 100 0:000� 100 1:111� 10�1 �3:883� 10�1 5:809� 100

�22 ¼ 1:71
7:947� 10�1 1:692� 100 3:202� 101 2:554� 100 8:514� 10�1 2:516� 10�2 2:001� 10�1 �6:485� 10�1 5:671� 100

8:314� 10�1 1:689� 100 2:482� 101 2:227� 100 6:776� 10�1 1:690� 10�2 1:988� 10�1 �7:263� 10�1 5:871� 100

8:504� 10�1 1:687� 100 2:340� 101 1:957� 100 5:703� 10�1 1:230� 10�2 1:979� 10�1 �7:791� 10�1 5:977� 100

8:782� 10�1 1:686� 100 2:200� 101 1:453� 100 4:019� 10�1 6:310� 10�3 1:973� 10�1 �8:298� 10�1 6:125� 100

9:035� 10�1 1:684� 100 2:084� 101 0:000� 100 0:000� 100 0:000� 100 1:959� 10�1 �9:042� 10�1 6:258� 100
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are monotonically increasing functions of the angular ve-
locity, which implies that the angular momentum loss via
gravitational radiation results in the spin down of the star
for the normal equilibrium sequences.

Now consider the supramassive equilibrium sequences
of the magnetized rotating stars. Figures 10 and 11 give the
plots of the global physical quantities M, Rcir, �c, J, Bmax,
and �e as functions of � for the constant baryon mass

TABLE V. Global physical quantities for the normal equilibrium sequences of the rotating stars with M0 ¼ 1:78M� and k ¼ 2.

�c ð1015 g=cm3Þ M ðM�Þ Rcir ðkmÞ � ð103 rad=sÞ cJ=GM2� T=jWj H=jWj �e Bmax ð1017 GÞ
�22 ¼ 0:60

6:943� 10�1 1:668� 100 2:327� 101 4:191� 100 1:511� 100 6:772� 10�2 6:524� 10�2 6:091� 10�2 3:842� 100

7:115� 10�1 1:667� 100 2:133� 101 4:185� 100 1:464� 100 6:459� 10�2 6:483� 10�2 6:430� 10�2 3:898� 100

8:137� 10�1 1:658� 100 1:769� 101 3:742� 100 1:083� 100 3:949� 10�2 6:203� 10�2 �4:386� 10�2 4:245� 100

9:465� 10�1 1:650� 100 1:562� 101 2:503� 100 6:106� 10�1 1:373� 10�2 5:869� 10�2 �1:449� 10�1 4:617� 100

1:024� 100 1:646� 100 1:475� 101 0:000� 100 0:000� 100 0:000� 100 5:666� 10�2 �2:079� 10�1 4:837� 100

�22 ¼ 0:95

7:757� 10�1 1:670� 100 1:979� 101 3:156� 100 9:639� 10�1 3:195� 10�2 1:165� 10�1 �2:838� 10�1 5:052� 100

8:181� 10�1 1:667� 100 1:863� 101 2:811� 100 8:000� 10�1 2:291� 10�2 1:150� 10�1 �3:297� 10�1 5:222� 100

8:710� 10�1 1:663� 100 1:745� 101 2:112� 100 5:532� 10�1 1:146� 10�2 1:130� 10�1 �3:955� 10�1 5:428� 100

9:001� 10�1 1:661� 100 1:684� 101 7:827� 10�1 2:024� 10�1 4:036� 10�3 1:118� 10�1 �4:507� 10�1 5:541� 100

9:198� 10�1 1:659� 100 1:651� 101 0:000� 100 0:000� 100 0:000� 100 1:109� 10�1 �4:785� 10�1 5:607� 100
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FIG. 10 (color online). Global physical quantities M, Rcir, �c, J, Bmax, and �e for the constant baryon mass and magnetic flux
equilibrium sequences with k ¼ 1, given as functions of�. All the equilibrium sequences are referred to the supramassive equilibrium
sequences characterized by the constant baryon rest mass M0 ¼ 2:10M�. Each sequence is labeled by its value of �22. The asterisks
indicate the mass-shedding models.
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and magnetic flux equilibrium sequences with k ¼ 1 and
k ¼ 2, respectively. All the equilibrium sequences given
in these figures are of the supramassive equilibrium se-
quences characterized by the constant baryon rest mass
given by M0 ¼ 2:10M�. In Figs. 10 and 11, each curve is
labeled by its value of �22 which is held constant along
the equilibrium sequence. For the sake of comparison, the
physical quantities for the nonmagnetized equilibrium se-
quences (�22 ¼ 0) are also given in Figs. 10 and 11.
Numerical values of the global physical quantities, �c,
M, Rcir, �, J, T=jWj, H=jWj, �e, and Bmax, for some
selected models are summarized in Tables VI and VII for
the cases of k ¼ 1 and k ¼ 2, respectively.

In Figs. 10 and 11, we show the two different types of
the supramassive sequences, as argued before. One is the
equilibrium sequence that does not connect to the non-
rotating solutions, whose examples correspond to the se-
quences labeled by �22 ¼ 1:42 for the k ¼ 1 case and by
�22 ¼ 0:80 for the k ¼ 2 case. In this type of the equilib-
rium sequences, the sequences begin at the mass-shedding
limits with lower central density �c and move to other
mass-shedding limits with higher central density �c as the

angular velocity � increases. This feature is the same as
that of the supramassive equilibrium sequences of non-
magnetized stars (see, e.g., Ref. [37]). The other is the
equilibrium sequence composed of two disconnected se-
quences that begin at two different nonrotating stars and
move to the mass-shedding limits as the angular velocity
increases. This type of equilibrium sequences does not
appear in the nonmagnetized stars, in which all the equi-
librium sequences have a single limit of no rotation as long
as it exists. This type of the equilibrium sequences corre-
sponds to the sequences labeled by�22 ¼ 2:13 for the k ¼
1 case and by �22 ¼ 1:28 for the k ¼ 2 case. The basic
behavior of the global physical quantities for the supra-
massive sequences is nearly independent of�22 and k if we
do not consider the equilibrium sequences composed of
two disconnected sequences.
In Fig. 12, we show the solution space for the equilib-

rium models of the rotating magnetized stars (similar to
Fig. 1, in which some normal equilibrium sequences are
given) in order to clearly understand the properties of the
supramassive equilibrium sequences. In Fig. 12, a point
inside the cubic region drawn by the solid lines again
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FIG. 11 (color online). Same as Fig. 10, but for k ¼ 2.
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corresponds to a physically acceptable solution computed
in this study, and the surface drawn with the dashed curve
boundary shows a set of the supramassive solutions char-
acterized by the baryon rest mass M0 ¼ 2:10M�. In this
figure, the three dotted curves indicate the three equilib-
rium sequences of the constant baryon rest mass and

magnetic flux characterized by �22 ¼ 2:13, 1.42, and 0.
In Fig. 12, we see that the two sequences with�22 ¼ 0 and
1.14 do not have a nonrotating limit and terminate at the
mass-shedding limits and that the sequence with �22 ¼
1:71 is composed of the two disconnected equilibrium
sequences beginning at the nonrotating limits and termi-

TABLE VII. Global physical quantities for the supramassive equilibrium sequences of the rotating stars with M0 ¼ 2:10M� and
k ¼ 2.

�c ð1015 g=cm3Þ M ðM�Þ Rcir ðkmÞ � ð103rad=sÞ cJ=GM2� T=jWj H=jWj �e Bmax ð1017 GÞ
�22 ¼ 0:80

1:240� 100 1:923� 100 2:053� 101 5:362� 100 1:789� 100 6:045� 10�2 6:629� 10�2 3:648� 10�2 5:754� 100

1:590� 100 1:909� 100 1:607� 101 5:466� 100 1:477� 100 4:441� 10�2 5:989� 10�2 �9:328� 10�3 6:411� 100

2:022� 100 1:899� 100 1:461� 101 5:756� 100 1:343� 100 3:771� 10�2 5:365� 10�2 �3:089� 10�2 6:973� 100

2:520� 100 1:895� 100 1:417� 101 6:645� 100 1:417� 100 4:118� 10�2 4:831� 10�2 �8:473� 10�3 7:399� 100

3:038� 100 1:898� 100 1:593� 101 7:783� 100 1:619� 100 5:082� 10�2 4:427� 10�2 6:335� 10�2 7:682� 100

�22 ¼ 1:28
1:227� 100 1:930� 100 1:931� 101 3:946� 100 1:266� 100 3:308� 10�2 1:202� 10�1 �3:038� 10�1 6:928� 100

1:367� 100 1:921� 100 1:750� 101 3:535� 100 1:012� 100 2:238� 10�2 1:158� 10�1 �3:693� 10�1 7:296� 100

1:558� 100 1:912� 100 1:601� 101 2:758� 100 7:021� 10�1 1:138� 10�2 1:101� 10�1 �4:344� 10�1 7:725� 100

1:601� 100 1:910� 100 1:577� 101 2:596� 100 6:453� 10�1 9:524� 10�3 1:089� 10�1 �4:455� 10�1 7:807� 100

1:833� 100 1:900� 100 1:464� 101 0:000� 100 0:000� 100 0:000� 100 1:026� 10�1 �5:142� 10�1 8:226� 100

� ¼ 0 limit

2:884� 100 1:879� 100 1:308� 101 0:000� 100 0:000� 100 0:000� 100 8:380� 10�2 �4:594� 10�1 9:282� 100

2:905� 100 1:879� 100 1:308� 101 1:231� 10�1 2:363� 10�2 3:539� 10�4 8:353� 10�2 �4:559� 10�1 9:293� 100

3:274� 100 1:878� 100 1:314� 101 3:102� 100 5:531� 10�1 7:964� 10�3 7:940� 10�2 �3:768� 10�1 9:478� 100

3:335� 100 1:878� 100 1:318� 101 3:665� 100 6:491� 10�1 9:419� 10�3 7:882� 10�2 �3:609� 10�1 9:504� 100

TABLE VI. Global physical quantities for the supramassive equilibrium sequences of the rotating stars with M0 ¼ 2:10M� and
k ¼ 1.

�c ð1015 g=cm3Þ M ðM�Þ Rcir ðkmÞ � ð103 rad=sÞ cJ=GM2� T=jWj H=jWj �e Bmax ð1017 GÞ
�22 ¼ 0

9:817� 10�1 1:925� 100 1:945� 101 5:965� 100 2:312� 100 9:223� 10�2 0:000� 100 2:541� 10�1 0:000� 100

1:348� 100 1:913� 100 1:526� 101 6:383� 100 1:916� 100 6:952� 10�2 0:000� 100 1:991� 10�1 0:000� 100

1:797� 100 1:911� 100 1:387� 101 7:221� 100 1:831� 100 6:497� 10�2 0:000� 100 1:886� 10�1 0:000� 100

2:359� 100 1:918� 100 1:400� 101 8:775� 100 2:024� 100 7:646� 10�2 0:000� 100 2:242� 10�1 0:000� 100

2:421� 100 1:920� 100 1:460� 101 8:955� 100 2:055� 100 7:828� 10�2 0:000� 100 2:305� 10�1 0:000� 100

�22 ¼ 1:42
1:692� 100 1:925� 100 2:072� 101 5:289� 100 1:434� 100 4:181� 10�2 1:076� 10�1 �8:604� 10�2 8:365� 100

1:797� 100 1:922� 100 1:849� 101 5:374� 100 1:395� 100 3:990� 10�2 1:053� 10�1 �8:439� 10�2 8:668� 100

2:247� 100 1:916� 100 1:686� 101 6:014� 100 1:385� 100 3:926� 10�2 9:679� 10�2 �5:343� 10�2 9:797� 100

2:327� 100 1:916� 100 1:693� 101 6:185� 100 1:406� 100 4:020� 10�2 9:542� 10�2 �4:119� 10�2 9:985� 100

2:461� 100 1:915� 100 1:807� 101 6:462� 100 1:444� 100 4:195� 10�2 9:325� 10�2 �2:345� 10�2 1:027� 101

�22 ¼ 2:13
1:342� 100 1:955� 100 2:808� 101 3:336� 100 1:077� 100 2:441� 10�2 1:940� 10�1 �5:509� 10�1 8:626� 100

1:470� 100 1:948� 100 2:144� 101 2:977� 100 8:587� 10�1 1:635� 10�2 1:896� 10�1 �6:091� 10�1 9:183� 100

1:557� 100 1:944� 100 1:996� 101 2:649� 100 7:196� 10�1 1:175� 10�2 1:866� 10�1 �6:452� 10�1 9:539� 100

1:700� 100 1:938� 100 1:842� 101 2:035� 100 5:112� 10�1 6:072� 10�3 1:819� 10�1 �6:753� 10�1 1:010� 101

1:937� 100 1:930� 100 1:685� 101 0:000� 100 0:000� 100 0:000� 100 1:744� 10�1 �6:986� 10�1 1:095� 101

� ¼ 0 limit

2:495� 100 1:917� 100 1:535� 101 0:000� 100 0:000� 100 0:000� 100 1:597� 10�1 �6:066� 10�1 1:266� 101

2:841� 100 1:914� 100 1:522� 101 2:739� 100 5:283� 10�1 6:281� 10�3 1:526� 10�1 �4:973� 10�1 1:357� 101

3:080� 100 1:913� 100 1:542� 101 3:884� 100 7:404� 10�1 1:197� 10�2 1:483� 10�1 �4:133� 10�1 1:413� 101

3:366� 100 1:913� 100 1:618� 101 5:014� 100 9:548� 10�1 1:927� 10�2 1:437� 10�1 �3:114� 10�1 1:474� 101

3:370� 100 1:913� 100 1:621� 101 5:030� 100 9:579� 10�1 1:938� 10�2 1:436� 10�1 �3:098� 10�1 1:475� 101
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nating at the mass-shedding limits. (Compare with the
plots for the normal sequences in Fig. 1.)

V. DISCUSSION AND SUMMARY

A. Discussion

Important findings of the magnetic effects on the equi-
librium properties in this study are summarized as follows:
(1) The mean deformation rates �e for the strongly magne-
tized stars are basically negative, which means that the
mean matter distributions are prolate, even when the stars
rotate at the angular velocity of nearly the mass-shedding
limits (see Figs. 8(f), 9(f), 10(f), and 11(f)]. This im-
plies that rapidly rotating stars containing strong toroidal
magnetic fields could wobble due to their prolate matter
distributions and be potential sources of nearly periodic
gravitational waves for large-scale gravitational wave de-
tectors [18]. (2) The stronger toroidal magnetic fields lead
the mass shedding of the stars at the lower� or T=jWj (see
Tables IV through VII). This is because the central con-

centration of the matter rises as the toroidal magnetic fields
increase, as shown in Fig. 2. The larger central concentra-
tion of the matter then induces the mass shedding at the
lower T=jWj, as shown in the studies on the nonmagne-
tized rotating stars (see, e.g., Refs. [32,37]).
One of the astrophysically important features of the

constant baryon mass equilibrium sequences of the non-
magnetized rotating stars is the spin up of the stars as the
stellar angular momentum decreases, found by Shapiro
et al. [43] (see, also, Ref. [37]). This spin-up effect of the
relativistic stars containing purely poloidal magnetic fields
has also been found in [20]. Now, let us investigate whether
this spin-up effect can occur for the rotating stars hav-
ing purely toroidal magnetic fields, by examining the
relationship between the angular velocity and the angular
momentum of the stars. In Fig. 13, we show the angular
velocity� as functions of the angular momentum J for the
supramassive equilibrium sequences characterized by the
baryon rest mass M0 ¼ 2:10M�. Figures 13(a) and 13(b)
give the plots for k ¼ 1 and k ¼ 2, respectively, and each
curve is labeled by its value of�22, which is kept constant
along the equilibrium sequence. In Fig. 13, the plots for
the cases of �22 ¼ 0 (the nonmagnetized cases) are also
shown. From these plots, we confirm that for the non-
magnetized cases, the angular velocities increase as the
angular momentum decreases, as shown in [37]. It can be
also seen from this figure that similar spin-up effects in-
deed occur for the equilibrium sequences characterized by
�22 ¼ 0:47, 0.95, and 1.41 for the k ¼ 1 case and by
�22 ¼ 0:27, 0.53, for the k ¼ 2 case. The two equilibrium
sequences with �22 ¼ 2:27 for the k ¼ 1 case and with
�22 ¼ 1:28 for the k ¼ 2 case are special in the sense that
these sequences have a cusp at the point of ðJ;�Þ ¼ ð0; 0Þ.
The one branch of these equilibrium sequences is seem-
ingly continuous to the other branch. But, the two equilib-
rium stars having ðJ;�Þ ¼ ð0; 0Þ are totally different
solutions as discussed before (see, also, Figs. 10 and 11).
Thus, we have to treat these two branches as different
equilibrium sequences because they are discontinuous
at ðJ;�Þ ¼ ð0; 0Þ. As a result, there is no spin-up effect
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FIG. 12 (color online). Same as Fig. 1, but the surface em-
bedded in the cube that is drawn with the dashed line boundary
shows a set of supramassive equilibrium solutions having the
same total baryon rest mass. The three dotted curves represent
the constant magnetic flux sequences referred to these supra-
massive equilibrium solutions.
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for such equilibrium sequences. For the other equilibrium
sequences given in Fig. 13, on the other hand, we see that
the star initially spins down as it loses angular momen-
tum, and then it reaches the region of the spin-up effects
eventually.

Although, in this study, we employ the polytrope equa-
tion of state and simple functional forms of K, which
determines the magnetic field distributions inside the star,
the numerical scheme in this paper can be easily extended
to treat more complicated functions for K and realistic
equations of state. To perform more quantitative investiga-
tions, we plan to explore the effects of realistic equations of
state on the magnetized relativistic stars.

In this study, we assume the magnetic fields inside the
star to be purely toroidal because we are concerned with
the neutron stars whose toroidal magnetic fields are much
higher than the poloidal fields, which are likely to be pro-
duced in the core-collapse supernova, as suggested in some
MHD simulations. However, this assumption of the purely
toroidal magnetic fields oversimplifies the structures of the
magnetized neutron stars because there will be poloidal
magnetic fields in the neutron stars for the following two
reasons: (1) Seed poloidal magnetic fields and differential
rotation are necessary to amplify the toroidal magnetic
fields via the winding up mechanism. (2) It is likely that
the neutron stars observed so far have poloidal magnetic
fields, which will yield the spin down of the neutron stars
via electromagnetic radiation. Therefore, we need to ex-
tend the present study to incorporate the effects of the
poloidal magnetic fields in order to construct more realis-
tic models of the magnetized neutron stars, which will
be a very hard task. Note that similar extension within
the framework of Newtonian dynamics has already been
achieved [25–27]. The prime difficulty encountered is
related to the treatment of the spacetime around the stars
containing the mixed poloidal-toroidal magnetic fields. As
discussed in [44], we cannot employ the simple metric
(2.7) if the mixed poloidal-toroidal magnetic fields are
considered. Instead, we have to use a metric whose non-
zero components are increased in number and solve more
complicated Einstein equations than those of the present
study, which makes the problem intractable. As for the
stability of the stars obtained here, which is beyond the
scope of this article, some models obtained in this study
might be unstable because the toroidal magnetic field with
k ¼ 1 induces the kink instability near the magnetic axes
as shown in the Newtonian analysis [45]. However, such
instabilities are insignificant for the neutron star models if
the growing time scales of the instabilities are much longer
than the lifetime of the stars. Therefore, we have to inves-
tigate the detailed properties of the stability of the stars by
using linear perturbation analysis or numerical simulations
to see whether or not such instabilities are indeed effective
for the neutron star models. The two problems concerning
the magnetized star models mentioned above, however,
remain as future work of the greatest difficulty.

B. Summary

In this study, we have investigated the effects of the
purely toroidal magnetic field on the equilibrium structures
of the relativistic stars. The basic equations for obtaining
equilibrium solutions of relativistic rotating stars contain-
ing purely toroidal magnetic fields have been derived for
the first time. In our formalism, the distributions of the
magnetic fields are determined by an arbitrary function of
�0hg2, Kð�0hg2Þ, which can be chosen freely as long as
the boundary conditions for the magnetic fields on the
magnetic axis and the surface of the star are satisfied. To
solve these basic equations numerically, we have extended
the Cook-Shapiro-Teukolsky scheme for calculating rela-
tivistic rotating stars containing no magnetic field to in-
corporate the effects of the purely toroidal magnetic fields.
By using the numerical scheme, we have then calculated a
large number of the equilibrium configurations for a par-
ticular function form of K in order to explore the equilib-
rium properties. We have also constructed the equilibrium
sequences of the constant baryon mass and/or the constant
magnetic flux, which model the evolution of an isolated
neutron star as it loses angular momentum via gravitational
waves. Important properties of the equilibrium configura-
tions of the magnetized stars obtained in this study are
summarized as follows: (1) For the nonrotating stars, the
matter distribution of the stars is prolately distorted due to
the toroidal magnetic fields. (2) For the rapidly rotating
stars, on the other hand, the shape of the stellar surface
becomes oblate because of the centrifugal force. But, the
matter distribution deep inside the star is sufficiently pro-
late for the mean deformation rate �e to be negative. Here, a
negative value of �e means that mean matter distribution is
prolate. (3) The stronger toroidal magnetic fields lead to
the mass shedding of the stars at the lower � or T=jWj.
(4) For some supramassive equilibrium sequences of the
constant baryon mass and magnetic flux, the stars can spin
up as they are losing angular momentum.
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APPENDIX: MAGNETIC ENERGYAND FLUX
FOR THE STAR WITH PURELY TOROIDAL

MAGNETIC FIELDS

For the perfectly conductive fluid, the total energy-
momentum four-vector p� measured by the observers
with the matter four-velocity u� is given by
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p� ¼ T�
�u

� ¼ �
�
�0 þ �0eþ 1

8�
B�B�

�
u�: (A1)

Then, the total proper energy of the matter Eproper may be

defined as

Eproper ¼ �
Z

p�d3��

¼
Z �

�0 þ �0eþ 1

8�
B�B�

�
u�d3��

¼
Z �

�0 þ �0eþ 1

8�
B�B�

�
ut

ffiffiffiffiffiffiffi�g
p

d3x: (A2)

We see that the first, the second, and the third terms in the
last line of Eq. (A2) respectively represent the total baryon
rest mass, the total internal energy, and the magnetic en-
ergy of the system. We may therefore define the stellar
magnetic energy H as

H ¼ 1

8�

Z
B�B�u

t ffiffiffiffiffiffiffi�g
p

d3x: (A3)

Next, let us consider the magnetic flux. Since the two
conditions, given by

u�F½��;�� ¼ 0; (A4)

F��u
� ¼ 0; (A5)

are satisfied because of the Maxwell equation and infinite
conductivity of the fluid, we have

L �uF�� ¼ 0; (A6)

where Lu stands for the Lie differentiation with respect to
u�, and � denotes an arbitrary function. This implies that
the flux of F�� is conserved along any tube generated by

curves parallel to u�. In other words, the integral of F��,

defined as

� ¼
Z
�ð
Þ

F��dx
� ^ dx�; (A7)

where �ð
Þ is a two-dimensional surface comoving with
the fluid flow paramtrized by its proper time 
, is conserved
in the sense that

d�

d

¼ 0: (A8)

In the present situation, we can take as �ð
Þ the two-
surface orthogonal to the plane defined by the two
Killing vectors parametrized by r and 
. For the present
situation, we can then reduce � into

� ¼
Z 1

0
dr

Z �

0
d
F12; (A9)

which is frequently called the magnetic flux.
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