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We develop the Hadamard renormalization of the stress-energy tensor for a massive scalar field theory
defined on a general spacetime of arbitrary dimension. Our formalism could be helpful in treating some
aspects of the quantum physics of extra spatial dimensions. More precisely, for spacetime dimensions up
to six, we explicitly describe the Hadamard renormalization procedure and for spacetime dimensions from
7 to 11, we provide the framework permitting the interested reader to perform this procedure explicitly in
a given spacetime. We complete our study (i) by considering the ambiguities of the Hadamard
renormalization of the stress-energy tensor and the corresponding ambiguities for the trace anomaly,
(ii) by providing the expressions of the gravitational counterterms involved in the renormalization process,
and (iii) by discussing the connections between Hadamard renormalization and renormalization in the
effective action. All our results are expanded on standard bases for Riemann polynomials constructed

from group theoretical considerations and thus given on irreducible forms.
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I. INTRODUCTION

In semiclassical gravity, spacetime is considered from a
classical point of view, i.e., its metric g v is treated clas-
sically, while all the other fields propagating on this back-
ground (from matter fields to the graviton field at one-loop
order) are assumed to be quantized. In the last 30 years, this
approximation of quantum gravity, usually called quantum
field theory in curved spacetime, has permitted us to obtain
very interesting results concerning more particularly
(i) quantum black hole physics in connection with
Hawking radiation, (ii) early universe cosmology, (iii) the
Casimir effect, and (iv) quantum violations of classical
energy conditions in connection with both the singularity
theorems of Hawking and Penrose and the existence of
traversable wormholes and time-machines. We refer to the
monographs of Birrell and Davies [1], Fulling [2], and
Wald [3] as well as to references therein for various aspects
of semiclassical gravity. We also refer to a recent review by
Ford [4] which is a short but rather up to date introduction
to semiclassical gravity and to its applications. We finally
refer to Sec. II.B of Ref. [5] for a very interesting critical
account about the status and the domain of applicability of
semiclassical gravity and to Refs. [6,7] for an extension of
semiclassical gravity, the so-called semiclassical stochastic
gravity, which also permits us to discuss and investigate its
validity.

For a quantum field in some normalized state |i/), the
expectation value with respect to |¢) of its associated
stress-energy-tensor operator 7,,, denoted <¢|T/w|‘//>’
plays a central role in semiclassical gravity. Indeed:
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(1) In curved spacetime, the particle concept is in gen-
eral very nebulous. Here, we adhere completely to
the point of view developed by Davies in Ref. [8]. It
is then nonsense to speak about the particle content
of the quantum state |¢). From the physical point of
view, it is more objectively described by a quantity
such as the expectation value (|7, |1).

(@i1) It is rather natural to conjecture that the classical
metric g, is coupled to the quantum field according
to the semiclassical Einstein equations

Gy = 87GWIT ., 1) (D

where G, is the Einstein tensor R, — %gWR +
Ag,, (here A and G denote, respectively, the cos-
mological constant and Newton’s gravitational con-
stant) or some higher-order generalization of this
geometrical tensor. The expectation value
(WIT,,, 1) which acts as a source in Eq. (1) then
governs the backreaction of the quantum field on the
spacetime geometry.

As a consequence, in semiclassical gravity, it is funda-
mental to be able to obtain an expression of the expectation
value (¢|T,,|¢) showing in detail the influence of the
background geometry but also of the quantum state |¢).
But it is well-known that this is not really obvious [1-3].

The stress-energy tensor T',,,, is an operator quadratic in
the quantum field which is, from the mathematical point of
view, an operator-valued distribution. As a consequence,
the operator 7', is ill defined and the associated expecta-
tion value (4T, ) is formally infinite. To deal with such
a difficulty, renormalization is required. Much work has
been done since the mid-1970s in order to renormalize the
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stress-energy tensor and/or to extract from the expectation
value (|7, i) a finite and physically acceptable contri-
bution which could act as the source in the semiclassical
Einstein equations (1) (see, Ref. [1] for the state of affairs
of the literature concerning this subject before 1982).
Among all the methods employed, the axiomatic approach
introduced by Wald [9] is certainly the most general and
the most powerful. It is an extension of the ““point-splitting
method” [10-12] and it has been developed in connection
with the Hadamard representation of the Green functions
by Wald [9,13], Adler, Lieberman, and Ng [14,15]; Brown
and Ottewill [16]; and Castagnino and Harari [17]. We
refer to the monographs of Fulling [2] and Wald [3] for
rigorous presentations of this approach which is usually
called Hadamard renormalization. It permitted us to ob-
tain, in the most general context, the explicit expressions of
the renormalized expectation value of the stress-energy
tensor for the scalar field theory [18-20] but also for
some gauge theories such as (i) electromagnetism [18],
(i1) quantum gravity at one-loop order [21] (here the theo-
ries described by the standard effective action as well as by
the reparametrization-invariant effective action of
Vilkovsky and DeWitt were both considered), and
(iii) two- and three-form field theories [22] (in this context,
the Hadamard formalism allowed us to treat carefully the
phenomenon of ghosts for ghosts).

Hadamard renormalization has been exclusively consid-
ered for field theories defined on four-dimensional curved
spacetimes. (However, it should be noted that a recent
work has been achieved in a two-dimensional framework
[23] but it is incorrect due to a wrong expression for the
Hadamard representation of the Green functions.)
According to the “‘recent’ physical theories such as super-
gravity theories, string theories, and M theory, which were
developed in order to understand gravity in a quantum
framework and to provide a unified description of all the
fundamental interactions, we should live in a spacetime
with more dimensions than the four we observe, a scenario
which is a resurgence of the old Kaluza-Klein theory
[24,25]. Because all the previously mentioned theories
are still at an early stage of development and are far from
being well understood, it is rather difficult to make pre-
dictions by using them directly. In fact, people studying the
consequences of supergravity and string theories in cos-
mology or in black hole physics often develop analysis
based on semiclassical approximations or more precisely
use the methods of quantum field theory in curved space-
time taking into account the extra dimensions. In this
context, it seems to us crucial to extend the powerful
Hadamard renormalization procedure to be able to deal,
as generally as possible, with quantum fluctuations and
with their backreaction effects. In this paper, we shall take
some steps in this direction.

It is important to note that many recent articles have
already been devoted to the role as well as to the calcu-
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lation of the expectation value of the stress-energy tensor in
the presence of extra spatial dimensions. For example:

(i) In the context of the Randall-Sundrum braneworld
models [26,27] introduced in order to solve the
hierarchy problem [28-30], i.e., to eliminate the
large hierarchy between the electroweak scale and
the gravity scale. The vacuum expectation value of
the stress-energy tensor and the associated vacuum
energy have been called upon to stabilize the size of
the extra dimensions. There is extensive literature on
the subject. We refer more particularly to Ref. [31]
where backreaction effects are in addition consid-
ered and to Ref. [32] where cosmological consider-
ations in connection with the inflationary scenario
are in addition discussed (see, also, Refs. [33-37]
and references therein).

(i) In the context of the vacuum polarization induced by
topological defects such as monopoles [38-40] or
cosmic strings (see, Ref. [37] and references
therein).

(iii) In the context of the AdS/CFT correspondence [41-
43] which asserts the existence of a duality between
a theory of gravity in the (D + 1)-dimensional anti-
de Sitter (AdS) space and a conformal field theory
living on its D-dimensional boundary (for a review,
see, Ref. [44]) and which could provide a concrete
realization of the holographic principle [45,46]. A
new renormalization procedure, the so-called holo-
graphic renormalization, has been developed. More
precisely, it has been shown that the regularized
expectation value of the stress-energy tensor corre-
sponding to the conformal field theory living on the
boundary can be obtained from the ‘“‘regularized”
action of the gravitational field living in the bulk
[47,48] (see, also for a review, Ref. [49] as well as
references therein for complements and Refs. [50-
60] for related approaches as well as extensions).
The counterterm subtraction technique developed in
this context permits us to obtain the stress-energy
tensor, at large distance, for higher-dimensional
black holes such as Kerr-AdSs, Kerr-AdS4, and
Kerr-AdS; [61,62].

(iv) In the context of the validity of semiclassical gravity
but also of the avoidance of the singularities pre-
dicted by the singularity theorems of Hawking and
Penrose [63]. Fluctuations of the stress-energy tensor
induce Ricci curvature fluctuations (see, for ex-
ample, Ref. [64]) or in other words fluctuations of
the gravitational field itself. The existence of these
fluctuations places limits on the validity of semiclas-
sical gravity but also could lead to important effects
on the focusing of a bundle of timelike or null geo-
desics. The study of such fluctuations in the presence
of compact extra spatial dimensions has been dis-
cussed more particularly in Ref. [65].
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All these works have however been carried out under
very strong hypotheses: flat (or conformally flat) space-
times with extra dimensions or maximally (or asymptoti-
cally maximally) symmetric spacetimes as well as
massless or conformally invariant field theories. Of course,
it is necessary, from a physical point of view, to be able to
deal with situations presenting a lower degree of symmetry.
With this aim in view, the Hadamard renormalization
procedure could be very helpful.

Finally, it should be noted that some mathematical as-
pects of the Hadamard renormalization procedure for a
scalar field in a general “‘spacetime” of arbitrary dimen-
sion have been already considered by Moretti in a series of
recent articles [66—70]. He has provided a rigorous proof of
the symmetry of the off diagonal Hadamard coefficients,
i.e., of the coefficients corresponding to the short-distance
divergent part of the Hadamard representation of the Green
functions for the Euclidean and Lorentzian scalar field
theories [67,69]. He has also established a connection
between the zeta- and Hadamard-regularization procedures
in the Euclidean framework [66,68] and he has finally
discussed the possible elimination of the ambiguities pla-
guing the Hadamard renormalization procedure by using
microlocal analysis in the context of the algebraic ap-
proach to quantum field theory [70]. In fact, the results
we present in this article are very different from those of
Moretti. We do not focus our attention on the mathematical
aspects of Hadamard renormalization as he did but on its
practical aspects: from our results, the interested reader
should be able to obtain explicitly the renormalized ex-
pression of the expectation value with respect to a given
state |¢/) of the stress-energy-tensor operator associated
with the scalar field theory if he/she knows (exactly or
asymptotically in a sense defined below) the Feynman
propagator corresponding to [¢). With this aim in view,
we have provided in Sec. III a step-by-step guide for the
reader who simply wishes to calculate this regularized
expectation value and is not specially interested in follow-
ing the derivation of all our results.

Our article is organized as follows. In Sec. II, we de-
velop as generally as possible the Hadamard renormaliza-
tion of the stress-energy tensor associated with a massive
scalar field theory defined on a general spacetime of arbi-
trary dimension. In Sec. III, we explicitly describe this
procedure for arbitrary spacetimes of dimension from 2
to 6. This is done by using recent results we obtained in
Ref. [71] and which concern the covariant Taylor series
expansions of the Hadamard coefficients. For spacetime
dimension from 7 to 11, we provide the framework permit-
ting the interested reader to perform this regularization
procedure explicitly in a given spacetime. In Sec. IV, we
complete our study (i) by considering the ambiguities of
the Hadamard renormalization of the stress-energy tensor
and the corresponding ambiguities for the trace anomaly,
(i1) by providing the expressions of the gravitational coun-
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terterms involved in the renormalization process, and
(iii) by discussing the connections between Hadamard
renormalization and renormalization in the effective ac-
tion. Finally, in Sec. V, we briefly discuss possible exten-
sions of our work as well as possible applications. In a
short appendix, we provide the traces of various conserved
local tensors of rank 2 and orders 4 and 6. These results are
more particularly helpful in order to discuss the ambiguity
problem for the trace anomaly considered in Sec. IV.

In this paper, we use units with 7z =c =1 and the
geometrical conventions of Hawking and Ellis [72] con-
cerning the definitions of the scalar curvature R, the Ricci
tensor R,,, and the Riemann tensor R, ,,. We also ex-
tensively use the commutation of covariant derivatives in
the form

Tp.,.a _ Tp...a_' )

v +Rp7',u1/

— R, — . (D)

VM TTmo'.,. +...

It is furthermore important to note that all the results we
provide in Secs. III and IV are given on irreducible forms:
indeed, by using some of the geometrical identities dis-
played in our recent unpublished report [73], our results
have been systematically expanded on the standard bases
constructed from group theoretical considerations which
have been proposed by Fulling, King, Wybourne, and
Cummings (FKWC) in Ref. [74]. A reader who would
like to follow or to check our calculations is invited to
have in hand these two papers and more particularly
Ref. [73] which displays, in addition to a list of useful
geometrical identities, the slightly modified version of the
FKWC bases we used in the present article.

II. HADAMARD RENORMALIZED STRESS-
ENERGY TENSOR: GENERAL CONSIDERATIONS

In this section, we shall describe from a general point of
view the renormalization of the stress-energy tensor asso-
ciated with a massive scalar field theory defined on a
general spacetime of arbitrary dimension D = 2. We shall
assume that the scalar field is in a normalized quantum
state of Hadamard type and we shall consider that the
Wald’s axiomatic approach (see, Refs. [3,9,13]) developed
in the four-dimensional framework remains valid in the
D-dimensional one. We shall in fact extend various con-
siderations previously developed in the four-dimensional
framework (see, Refs. [9,13-22]).

A. Some aspects of the classical theory

We begin by reviewing the classical theory of a “free”
massive scalar field ® propagating on a D-dimensional
curved spacetime (M, g,,) in order to emphasize some
results which shall play a crucial role at the quantum level.
We first recall that the associated action is given by
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s=-3 [ xR, 0, + 020 4 gRD?)
M
(3)

where m is the mass of the scalar field and £ is a dimen-
sionless factor which accounts for the possible coupling
between the scalar field and the gravitational background.
We furthermore assume that spacetime has no boundary,
i.e., that 0M = @. S is a functional of the scalar field ® and
of the gravitational field g,,, ie., S = S[®, g,,]. The
functional derivative of S with respect to ® is given by

8S _ —iq_ 2
5O V=8O —m*> = ER)D “4)

and its extremization provides the wave (Klein-Gordon)
equation

(O - m? — éER)® = 0. (5)

The functional derivative of S with respect to g, permits
us to define the stress-energy tensor T, associated with
the scalar field ® (see, for example, Ref. [72]). Indeed, we
have

;-2 0
MY \/—_gﬁg“”

and by using that in the variation

S[P, g4, (6)

8uv— 8uv t 084 (7)

of the metric tensor we have (see, for example, Ref. [75])

grY — gttt + o (8a)
Jg—Jg+8/7¢g (8b)
R— R+ SR (8¢)

with
ogh” = —g"’g" 88,4 (8d)

878 =3/788"" 68, (8e)

OR = —RMV(Sg/“/ + (8g,u,1/);'uy - (gl“/(sg,u,v);p;pr (Sf)
we can explicitly find that
T,u,v = (1 - 26)(1);#(1);1/ + (2‘5 - %)g,u,vgpo—q);pq);a'
— 26D, + 2£g,, BOD
+ 'f(R,uV - %g,uvR)q)z - %g,uvmzq)z- )]

It is well-known that the stress-energy tensor is con-
served, 1.e., it satisfies

™., =0. (10)
This result could be obtained directly from Eq. (5) by using

the expression (9). However, it is more instructive from the
physical point of view to derive it from the invariance of
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the action (3) under spacetime diffeomorphisms and there-
fore under the infinitesimal coordinate transformation

Xt — x* + e with |e*| < 1. (11)

Indeed, under this transformation, the scalar field and the
background metric transform as

- D+ 6 (12a)
Zuv = &ur T 084y (12b)
with
ob=L_D=—-€e'D, (12¢)
6g,u1/ = -E—Eg,uv = TE€uy T €up (12d)

where L __ denotes the Lie derivative with respect to the
vector — €. The invariance of the action (3) leads to

fm de[(g%)Bdb + (%)@W] -0  (13)

which implies
T, = ®H[O — m? — ER]D (14)

by using (12). Then, from (5) we obtain immediately (10).
It is also well-known that for

m?>=0 and &= &.(D) (15)
with
1/D -2
£.(D) = Z(m) (16)

the stress-energy tensor is traceless, i.e., it satisfies
T*, =0. a7

This result could be obtained directly from Eq. (5) by using
the expression (9). In fact, from the physical point of view,
it is more instructive to derive it by noting that for the
values of the parameters m” and & given by (15) the scalar
field theory is conformally invariant (see, for example,
Appendix D of Ref. [76]). As a consequence, the action
(3) is invariant under the so-called conformal transforma-
tion

d— b =0 D12p

8ur = 8uv = Q%8s

(18a)
(18b)

and therefore under the infinitesimal conformal transfor-
mation

b=+ 5D (19a)
8ur = 8ur = 8uv + 08 (19b)
with
2-D
odb = 5 ed (19¢)
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08uv = 2€8,, (19d)

which corresponds to ) = 1 + € with |e|] < 1. The in-
variance of the action (3) leads to (13) which now implies

D-2
™, = T‘D[D — ¢.(D)R]® (20)

by using (19). Then, from (5) with (15), we obtain imme-
diately (17).

B. Hadamard quantum states and Feynman propagator

From now on, we shall assume that the scalar field
theory previously described has been quantized and that
the scalar field ® is in a normalized quantum state |¢) of
Hadamard type. The associated Feynman propagator

G (x, x') = YT (x)D ()| ) 21

(here T denotes time ordering) is, by definition, a solution
of

(0, — m? — éR)GF(x, x') = —8P(x, x') (22)

with 8P (x, x') = [—g(x)]"/2(x) 8P (x — x/). It is symmet-
ric in the exchange of x and x’ and its short-distance
behavior is of Hadamard type. Its precise form for x'
near x depends on whether the dimension D of spacetime
is even or odd (see, Refs. [77-79] or the articles by Moretti
[66-70] as well as our recent article [71] for more details).
It involves the geodetic interval o(x, x') and the biscalar
form A(x, x') of the Van Vleck-Morette determinant [80].
Here we recall that 207(x, x) is a biscalar function which is
defined as the square of the geodesic distance between x
and x’' and which satisfies

20 = oto,,. (23)

We have o(x, x') <O if x and x’ are timelike related,
o(x, x') = 0 if x and x’ are null related, and o(x, x’) >0
if x and x’ are spacelike related. We furthermore recall that
A(x, x') is given by

Ax, ') = —[—gW)] ™2 det(— 0,0 (x, ¥)[—g ()] 71/

(24)
and satisfies the partial differential equation
O,0 = D — 207 12A12, gin (25a)
as well as the boundary condition
limA(x, x') = 1. (25b)

x'—x

For D = 2, the Hadamard expansion of the Feynman
propagator is given by

GY(x, x') = %(V(x, ) In[o(x, x') + i€] + W(x, x))
(26)

where V(x, x') and W(x, x') are symmetric biscalars, regu-
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lar for x’ — x and which possess expansions of the form

+o0

V(x, x') = Z V,(x, x)o"(x, x),
n=0
+o0

Wi(x, x') = Z W, (x, x")o" (x, x').
n=0

(27a)

(27b)

For D even with D # 2, the Hadamard expansion of the
Feynman propagator is given by
U(x, x')
[o(x, x') + i€]P/271

i
F : N — D(
G (x x)——2

+ Vi(x, x)

X In[o(x, x') + ie] + W(x, x’)) (28)

where U(x, x'), V(x, x'), and W(x, x') are symmetric bisca-
lars, regular for x’ — x and which possess expansions of
the form

D/2-2

Ux, x') = Z U,(x, x)a"(x, x'), (29a)
n=0
+o00

V(x,x') = Z V,(x, x")o" (x, x'), (29b)
n=0
+o00

W(x, x') = Z W, (x, x')o" (x, x'). (29¢)

n=0

For D odd, the Hadamard expansion of the Feynman
propagator is given by
U(x, x')
[o(x, x) + ie]P/271
where U(x, x') and W(x, x’) are again symmetric and regu-

lar biscalar functions which now possess expansions of the
form

i
GF(x, x' =—D(
(x, x') >

+ W(x, x’)) (30)

+ o0

U, x') = Y U,(x, x)o"(x, x'),
n=0
+o0

Wi(x, x') = Z W, (x, x') o™ (x, x').
n=0

(31a)

(31b)

In Egs. (26), (28), and (30), the coefficient «, is given
by

_{1/(277') for D = 2,
ap =

T(D/2 - 1)/@mP? for D #2, O

while the factor ie with € — 0, is introduced to give to
G"(x, x') a singularity structure that is consistent with the
definition of the Feynman propagator as a time-ordered
product [see Eq. (21)].

For D = 2, the Hadamard coefficients V,(x, x') and
W, (x, x') are symmetric and regular biscalar functions.
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The coefficients V,(x, x') satisfy the recursion relations
200 + 1?V,iq + 2(n + DV,iy 0
—2(n + l)VnHA*l/zAl/z;Ma;“

+(d,—m?>—ER)V,=0 forneN  (33a)
with the boundary condition
Vo= —A2, (33b)

The coefficients W, (x, x') satisfy the recursion relations
2(n + 12°W,pq +2(n + DWW,y 0
—2(n + l)WnHA_l/zAl/zwa';/‘
+4(n+ DV, + 2V, 00
_ 2Vn+1A_l/2A1/2;M0';“
+ (0, —m*>— ER)W, =0 forneN. (34)

From the recursion relations (33a) and (34), the boundary
condition (33b), and the relations (23) and (25) it is pos-
sible to prove that G (x, x’) given by (26) and (27) solves
the wave equation (22). This can be done easily by noting
that we have

(0,—m> = EéRV =0 (35

as a consequence of (33) and
o(d, —m? — ERNW = =2V, o# + 2VATI2A12 gt
(36)

as a consequence of (33b) and (34).

For D even with D # 2, the Hadamard coefficients
U,(x, x), V,(x, x'), and W, (x, x') are symmetric and regu-
lar biscalar functions. The coefficients U, (x, x’) satisfy the
recursion relations

(n+1)2n+4—-D)U,; +(2n+4—-D)U, 0"

—(2n +4 = D)U, | A7 V2AV2 gir

+ (Dx —m? - fR)Un =0

forn=0,1,...,D/2 -3 (37a)
with the boundary condition
Uy = A'/2, (37b)

The coefficients V,,(x, x) satisfy the recursion relations
(n+1)Q2n+ D)V, +2n+ DV,py,, 0"
—2(n + DV, ATIV2AV2 g

+(d,—m?>—ER)V,=0 forneN  (38a)
with the boundary condition
(D = 2)Vy + 2V, 0F — 2VoATV2AL2, it
+ (0, —m* = éR)Upjr— = 0. (38b)
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The coefficients W, (x, x') satisfy the recursion relations
(n+1)Q2n+ D)W, +2(n+ DWW,y 0"
—2(n + YW, | ATV2AY2, gim
+@n+2+ D)V, + 2V, 0
— 2V,,+1A’1/2A1/2;M0;“
+ (O, —m>—EéRW, =0 forneN. (39

From the recursion relations (37a), (38a), and (39), the
boundary conditions (37b) and (38b), and the relations
(23) and (25) it is possible to prove that GF(x, x) given
by (28) and (29) solves the wave equation (22). This can be
done easily by noting that we have

(0, —m> = éRV =0 (40)
as a consequence of (38a) and
o0, —m? = ERW = —(0, — m?> — éERVUp -
—(D—-2)V -2V, 0"
+2VATI2AY2 g (41)

as a consequence of (38b) and (39).

For D odd, the Hadamard coefficients U,(x, x') and
W,(x, x') are symmetric and regular biscalar functions.
The coefficients U, (x, x') satisfy the recursion relations
(n+ 1)@n+4— D)y, +Qn+4—D)U,, ., 0"

— (2n+4—D)U, | A7'2AV2 g
n+1 M

+ ([, —m?>— ERU,=0 forn€e€N (42a)
with the boundary condition
Uy = A2 (42b)

The coefficients W, (x, x') satisfy the recursion relations
(n+ 1)Q2n+ D)W,y +2(n + DW, 4y, 0"
—2(n + YW, | ATV2AY2 gim
+(d,—m?>—EéRW, =0 forneN. (43)

From the recursion relations (42a) and (43), the boundary
conditions (42b) and the relations (23) and (25) it is
possible to prove that GF(x, x') given by (30) and (31)
solves the wave equation (22). This can be done easily
from

(0, —m?>— éERW =0 (44)

which is a consequence of (43).

For D = 2, the Hadamard coefficients V,(x, x’) can be
formally obtained by integrating the recursion relations
(33a) along the unique geodesic joining x to x’ (it is unique
for x' near x or more generally for x' in a convex normal
neighborhood of x). Similarly, for D even with D # 2, the
Hadamard coefficients U, (x, x’) and V,(x, x') can be ob-
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tained by integrating the recursion relations (37a) and
(38a) along the unique geodesic joining x to x” while, for
D odd, the Hadamard coefficients U, (x, x) can be obtained
by integrating the recursion relations (42a) along the
unique geodesic joining x to x’. As a consequence, all these
Hadamard coefficients are determined uniquely and are
purely geometrical objects, i.e., they only depend on the
geometry along the geodesic joining x to x’. By contrast,
the Hadamard coefficients W, (x, x’) with n € N are nei-
ther uniquely defined nor purely geometrical. Indeed, the
first coefficient of this sequence, i.e., Wy(x, x'), is unre-
strained by the recursion relations (34) for D = 2, (39) for
D even with D # 2, and (43) for D odd. As a consequence,
this is also true for all the W,(x, x’) with n = 1. This
arbitrariness is in fact very interesting and it can be used
to encode the quantum state dependence in the biscalar
W(x, x') by specifying the Hadamard coefficient Wy (x, x').
Once it has been specified, the recursion relations (34) or
(39) or (43) uniquely determine the coefficients W, (x, x’)
with n = 1 and therefore the biscalar W(x, x’). In other
words, the Hadamard expansions (26)—(31) comprise a
purely geometrical part, divergent for x’ — x and given by

GF (5 ) = % (Vo ¥) In[or(x, &) + ie])  (45)
for D = 2, by
Gling (. %) = iaTD<[a'(x, x(’J)()i )zc'/e)]D At Ve )
X In[o(x, x') + ie]) (46)
for D even with D # 2 and by
iap U(x, x')

GE (x,x) = —(
smg( ) 2 [O'(X, x/) + iE]D/zfl

for D odd as well as a regular state-dependent part given by

) 7

Gl (x, ') = ’O‘TD W(x, ). 48)

It should be noted that, bearing in mind practical appli-
cations, it is very interesting to replace the Hadamard
coefficients by their covariant Taylor series expansions.
Here, we shall provide some associated results which
will be helpful afterwards. As far as the geometrical
Hadamard coefficients U, (x, x’) and V, (x, x') which deter-
mine the singular part of the Feynman propagator are
concerned, they are usually obtained by looking for the
solutions of the recursion relations defining them as cova-
riant Taylor series expansions for x’ near x given by

S
Ul ) = 0,0) + 35—t (3) - (49%)
p=1 ’

~+o00 (_l)p
Vol &) = v, (x) + Y o1 V(6 x) - (490)
p=l1 )
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where the u,,(p)(x, x') and vn(p)(x, x)with p=1,2,...are
all biscalars in x and x’ which are of the form

(49¢)

”n(p)(x’ x') = Una,..a, X))o (x, x) ... o5 (x, x')

V(X X') = vnal_._ap(x)a‘”'(x, x') ..o (x, x).  (49d)

This method, due to DeWitt [80,81], has been used in the
four-dimensional framework to construct the covariant
Taylor series expansions of Upy(x, x'), Vy(x, x'), and
V,(x, x') (see, for example, Ref. [18] and references therein
for the scalar field). In Ref. [71], we have recently dis-
cussed the construction of the expansions of the geometri-
cal Hadamard coefficients U, (x, x') and V, (x, x) of lowest
orders in the D-dimensional framework (with D = 3) and
we intend to use these results later. The case D = 2 has not
been explicitly treated in Ref. [71] but a comparison of
Eq. (23) of Ref. [71] with (33) permits us to express the
geometrical Hadamard coefficients V,,(x, x’) in terms of the
mass-dependent DeWitt coefficients A, (m?; x, x') [71]. We
have V,(x, x') = —((—1)"/(2"n"))A, (m?; x, x') and this re-
lation together with the covariant Taylor series expansions
of the mass-dependent DeWitt coefficients obtained in
Ref. [71] provide the covariant Taylor series expansions
of the geometrical Hadamard coefficients V, (x, x) of low-
est orders for D = 2.

As far as the biscalar W(x, x') which encodes the state
dependence of the Feynman propagator is concerned, its
covariant Taylor series expansion is written as

+o00 (_])p
W(x, x') = w(x) + z Tw(p)(x, x') (50a)
p=1 :

where the wy,)(x, x")with p = 1,2, ... are all biscalars in x
and x’ which are of the form

(50b)

Wi (6 27) = W, ()0 (5,2 .. 07 (3, ).

The coefficients w(x) and w,, o (x) with p = 1,2,... are

constrained by the symmetry of W(x, x’) in the exchange of
x and x' as well as by the wave equations (36) or (41) or
(44) according to the values of D. The symmetry of
W (x, x') permits us to express the odd coefficients of the
covariant Taylor series expansion of W(x, x') in terms of
the even ones. We have for the odd coefficients of lowest
orders (see, for example, Refs. [18,19] or Ref. [71])

Wa, = (l/z)w;al
Wa,aya; = (3/2)W(¢1102203) o (1/4)W:(01ﬂ203)'

(51a)
(51b)

The wave equation satisfied by W(x, x') for D even permits
us to write

(O, = m? = ER)W = —(D + 2)V; = 2V}, 0" + O(0).
(52)

This relation is valid for D = 2 as well as for D even with
D +# 2. 1t is obtained from (36) or (41) by using (27a) and
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(33b) or (29b) and (38b) as well as the following two
expansions (see, for example, Refs. [11,12] or Ref. [71])

AV2 =1+ (1/12)R, 0 0> + O(c?)  (53)
and

Ty

= 8uv = (1/3R 0 10, 0 T + O(¥?).  (54)

Then, by inserting the expansion of V| (x, x') given by (49b)
and (49d) and by using (54), we have

(0, —m? = ER)W = —(D + 2)v; + (D/2)vy,, 0"
+ O(o). (55)

By inserting the expansion (50a) and (50b) of W(x, x') up
to order ¢*/2 into the left-hand side of (55) and by using
(51) as well as (54) we find that

wP, = (m* + éER)w — (D + 2)v, (56a)
wlo, = (1/4)(@w),, + (/2w ., + (1/2)RP W,
— (1/2)(m* + éR)w,, + (D/2)vy,, (56b)

and by combining (56a) and (56b) we establish another
relation

Wpa;p = (1/4)(|:|W);a + (1/2)Rpaw;p
+ (1/2)éR. W — i (57)
which will be helpful in the next subsection. The wave

equation (44) satisfied by W(x, x’) for D odd can be worked
in the same manner. It leads to

wP, = (m* + ER)w (58a)
WPy, = (1/9(@w),, + (1/2)wP ., + (1/2)R? .,
— (1/2)(m? + éR)w,, (58b)
and to
wP ., = (1/4)[Ow)., + (1/2)R? ,w., + (1/2)€R,,w.
(59

C. Hadamard renormalization of the stress-energy
tensor

The expectation value with respect to the Hadamard
quantum state |¢#) of the stress-energy-tensor operator is
formally given as the limit

WIT,,, () = lim T (6 XN[=iG"(x, x)] (60)

where GF(x, x’) is the Feynman propagator (21) which is
assumed to possess one of the Hadamard form displayed in
the previous subsection. In Eq. (60), T uv(, X') is a differ-
ential operator which is constructed by point splitting from
the classical expression (9) of the stress tensor. It is a tensor
of type (0, 2) in x and a scalar in x'. It is given by
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T,u,v = (1 - zf)gvylv,u,vu’ + (25 - %)g,u.ugpg'/vpvu"
— 2§g#“/g,,”/vﬂlvv/ +2£8,,V,VP
+ E(R,uv - %g,uVR) - %g;u/mz (61)
where g, denotes the bivector of parallel transport from x

to x' (see Refs. [80,81]) which is defined by the partial
differential equation

guvpa? =0 (62a)
and the boundary condition

l/img/w/ = gur (62b)

X=X

Of course, because of the short-distance behavior of the
Feynman propagator, the expression (60) of the expecta-
tion value of the stress-energy-tensor operator in the
Hadamard state |¢) is divergent and therefore meaningless.
This pathological behavior comes from the purely geomet-
rical part of the Hadamard expansion given by (45) for
D = 2 or (46) for D even with D # 2 or by (47) for D odd.
More precisely, for D = 2 the terms in Ino and o lno
which are present in (45) induce divergences in 1/0 and
Ino in the expression (60) of (/|7 ,,|#). For D even with
D # 2, the terms in 1/0P/27! ... 1/0, Ino, and olno
which are present in (46) induce divergences in
1/aP’?, ... 1/0?, 1/0, and Ino in the expression (60) of
<(//|T,w|z/1) while, for D odd, the terms in
1/aP/271 . 1/0'/? and o'/? which are present in (47)
induce divergences in 1/0P/2...,1/c"? in this
expression.

With Wald [3,9,13] it is possible to cure the pathological
behavior of ([T, |4) given by (60) and to construct from
it a meaningful expression which can act as a source in the
semiclassical Einstein equations (1) and which can be
considered as the renormalized expectation value with
respect to the Hadamard quantum state |¢) of the stress-
energy tensor operator. The Hadamard regularization pre-
scription permits us to accomplish this in the following
manner: we first discard in the right-hand side of (60) the
purely geometrical part (45) or (46) or (47) of GF, i.e., we
make the replacement

lim T, (x, X)[—iG" (x, x')]
— % lim TM,,(x, XYW (x, x'). (63)

We then add to the right-hand side of (63) a state-
independent tensor © uv Which only depends on the pa-
rameters m” and & of the theory and on the local geometry
and which ensures the conservation of the resulting ex-
pression. The renormalized expectation value of the stress-
energy tensor operator in the Hadamard state [¢) is there-
fore given by
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WIT Oy = %}jﬂTﬂy(x, xYW(x, x') + (:)w,(x).
(64)

Bearing in mind practical applications, it is also interesting
to reexpress the previous result in terms of the lowest order
coefficients of the covariant Taylor series expansion of the
biscalar W(x, x'). By inserting (50a) and (50b) into (64) and
by using the expansions (54) and (see, for example,
Refs. [11,12] or Ref. [71])

_g'lw N (1/6)R,U«alwza-mla-;a2 + 0(0’3/2)
(65)

]
v J—
8y U;,uv’ -

as well as the relations (see, for example, Refs. [11,12])

g,u,p,gvp’ = 8ur (66a)
gVVIg,u,I/;p = _(I/Z)Ry,vpaa-;a + 0(0-) (66b)
gVV/gpp/g;u/’;p’ = _(1/2)R;4,1/pa0-;a + 0(0-) (660)

we obtain

Tl hen = 2 [ (i = 5 80007, )

2
+ l(1 —28w.,, + l(2§ — l)g Cw
2 K 2)°H
+ §<R —lg R)w —lg mzw]
134 2 1224 2 134
+0,, (67)

Now, by requiring the conservation of (¢/|T,,|¢).e, given
by (67), we find that © ,,, must satisfy

[0#” — (D/4)apg”'v,], =0 (68)
when D is even and
O, =0 (69)

when D is odd. Equations (68) and (69) are derived by
using (56a) and (57) for the former and (58a) and (59) for
the latter.

It is now possible to provide a definitive expression for
the renormalized expectation value of the stress-energy
tensor operator in the Hadamard state |¢). From (64) and
by taking into account (68), we have for D even

T (M = 52| 1 T 5 )W, )

X

D
+ Eg#,,vl] +0,,x). (70)

This result can be also written in the form

PHYSICAL REVIEW D 78, 044025 (2008)
a 1
<¢|T,u,y|(//>ren = TD[_W,U,V + 5(1 - 2§)W;,uv
1 1
+ 3 2¢& — 3 guw + ER W

- gpwvl] + ®,u,1/ (71)

which is obtained by inserting (56a) into (67) and by taking
into account (68). From (64) and by taking into account
(69), we have for D odd

AT (len = Z2 B T, 5, X)W (. 51) + 0,5, (),
2)

This result can be also written in the form

<¢|T,LLV|(//>I‘6I1 = %[_W,uu + %(1 - 2§)W;,uv

1 1
+ E(Zf - E)gMVDW + é:R,uVW] + ®,U«V
(73)

which is obtained by inserting (58a) into (67) and by taking
into account (69). In Egs. (70)—(73), the tensor ©® up only
depends on the parameters m> and & of the theory and on
the local geometry and it is now conserved, i.e., it satisfies

QL. = 0. (74)

To conclude this subsection, we think it is interesting to
recall to the reader that the two coefficients w(x) and
ww(x) which appear in the final expressions (71) and
(73) and which encode the state dependence are obtained
as Taylor coefficients of the expansion of the biscalar
W(x, x') but also more directly by the following two for-
mulas

w(x) = llim Wi(x, x') (75a)
Wy (x) = )}E{}(W(xy X v (75b)

which can be derived easily from (50a) and (50b) by using
(51a) and (54). They are useful to treat practical
applications.

D. Ambiguities in the renormalized expectation value of
the stress-energy tensor

As we have previously noted, the renormalized expec-
tation value (|7, |/)re, is unique up to the addition of a
local conserved tensor ®,,. This problem plagues the
Hadamard renormalization procedure since its invention
(see, Sec. III of Ref. [13]). It has been recurrently discussed
in the four-dimensional context: we refer to the mono-
graphs of Fulling [2] and Wald [3] and to references therein
as well as to more recent considerations developed in
Refs. [70,82—87]. In our opinion, this problem cannot be
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solved in the lack of a complete quantum theory of gravity.
As a consequence, it induces a serious difficulty with
regard to the study of backreaction effects, the right-hand
side of the semiclassical Einstein equation (1) being am-
biguously defined.

In the present subsection, we shall not consider the
ambiguity problem from a general point of view. We shall
only discuss the standard ambiguity associated with the
choice of a mass scale M—the so-called renormalization
mass—introduced in order to make the argument of the
logarithm in Eq. (28) dimensionless. We intend to provide
a more general (but still incomplete) discussion in Sec. I'V.
The ambiguity associated with the renormalization mass
only exists when the dimension D of spacetime is even. It
corresponds to the replacement of the term V(x, x’) X
In[o(x, x') + i€] by the term V(x, x) In[M>*(o(x, x') +
i€)] and therefore to an indeterminacy in the function
W(x, x') previously considered which corresponds to the
replacement

W(x, x') — W(x, x') — V(x, x') InM? (76)

for which the theory developed in Sec. II C remains valid.
This indeterminacy is therefore associated with the term

OM (x) = — % imT ,,(x x)V(x <) M2 (77)
By using Egs. (29b), (49b), and (49d), we can see also that
the transformation (76) leads to the replacement

(78a)
(78b)

w— w — vy InM?

Wuv 7 Wup — (UO[LV + g,uuvl)lan

"

into Eq. (71) and thus we have

o 1
@%}2} == TD[_(UOMV + g/.LVvl) + E(l - 25)”0;#1}

1 1
+ 5(25 - E)g/“’DvO + fRMVU()iI lan. (79)

As a consequence, the knowledge of the first Taylor co-
efficients of the purely geometrical Hadamard coefficients
Vo(x, x') and V;(x, x') permits us to treat partially the
ambiguity problem. It should be finally recalled that the
renormalization mass can be fixed by imposing additional
physical conditions on the renormalized expectation value
of the stress-energy tensor, these conditions being appro-
priate to the problem treated.

E. Trace anomaly

Here, we shall assume that the renormalized expectation
value of the stress-energy tensor (1//|TM,,|¢/>ren is given by
(71) for D even with the geometrical tensor 0 ,, which
reduces to @’,‘f,z, given by (79) and by (73) for D odd with
the geometrical tensor ©,,,, which vanishes. We neglect all
the other possible contributions (see however Sec. [V A for
a more general discussion).
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By using (56a), we can show that the trace of
(WIT,,, | ¥ren is then given by

WAT# |y = “2[=mPw + (D = D(E = £,(D)DOw
+2v,] + g””@%,z, (80)

for D even and by using (58a) that it reduces to

WAT# 1y = Z2[=mPw + (D = D(E = £.D)0w]
@81

for D odd. Furthermore, we have
2 o
g"" O}, = = —PL=mvy + (D = 1)(€ = £.(D)Dv]
X InM? (82)

which is obtained from (79) by using vy*, = —Dv; +
(m? + ER)vy, this last relation being easily derived from
(35) or (40).

For m> = 0 and & = £,.(D), i.e,. when the scalar field
theory is conformally invariant, the trace g””@%i vanishes
and Eq. (80) yields

<¢|Tﬂﬂlw>ren = apv; (83)

for D even. After renormalization, the expectation value of
the stress-energy tensor has acquired a nonvanishing or
“anomalous” trace even though the classical stress-energy
tensor is traceless [see, Eq. (17)]. We refer to the mono-
graphs of Birrell and Davies [1], Fulling [2], and Wald [3]
as well as to references therein for various discussions and
considerations concerning trace anomalies in quantum
field theory in curved spacetime. For D odd, m?> = 0, and

& = £.(D), Eq. (81) yields
WITH | h)en = 0 (84)

and it appears that the trace anomaly does not exist when
the dimension of spacetime is odd.

III. HADAMARD RENORMALIZED STRESS-
ENERGY TENSOR: EXPLICIT CONSTRUCTION

In this section, we shall mainly discuss the practical
aspects of the Hadamard renormalization of the expecta-
tion value of the stress-energy tensor. This section is writ-
ten for the reader who simply wishes to calculate this
renormalized expectation value in a particular case and is
not specially interested in the derivation of all the previous
general results.

We assume that we know the explicit expression of the
Feynman propagator GF(x, x') associated with a given
Hadamard quantum state |¢). We first obtain the state-
dependent Hadamard biscalar W(x, x’) from the relation

Wis o) = ——[GF(o ) = GE (6 )] (89)
ap ’
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where Gt (x, x') is given by (45) or (46) or (47) according

sing
to the dimension D of spacetime. Of course, we need only
the covariant Taylor series expansion of W(x, x') up to
order ¢ and therefore we do not need to know the terms
of the expansion of ngg(x, x') which vanish faster than
o(x, x') for x' near x. For the same reason, the Feynman
propagator G¥(x, x’) does not need to be known exactly: we
need only its asymptotic expansion for x’ near x and we do
not need to know the terms of this expansion which vanish
faster than o (x, x') for x’ near x. From the expansion up to
order o of the biscalar W(x, x’) we then obtain the Taylor
coefficients w(x) and w ,, (x) either directly or by using the
relations (75). This permits us to finally construct the
renormalized expectation value in the Hadamard quantum
state |i) of the stress-energy tensor by using (71) and (79)
or (73) according to the parity of D. Of course, for D even,
we must in addition construct the geometrical tensor @)’}‘f,z,
from the Taylor coefficients v, vy,,, and v, in order to do
this last step.

In the subsections below, we shall provide for spacetime
dimension from D = 2 to D = 6 the explicit expansion of
Gfing(x, x') and for D = 2, 4, and 6 we shall in addition
give the explicit expression of the geometrical tensor @’l‘f,z,
as well as of the trace anomaly. We shall use some of the
results we obtained in Ref. [71]. We have simplified them
from the geometrical identities displayed in our unpub-
lished report [73]. These geometrical identities are helpful
to expand the Riemann polynomials encountered in our
calculations on the FKWC bases constructed from group
theoretical considerations in Ref. [74]. They have permit-
ted us to provide irreducible expressions for all our results.
For spacetime dimension from 7 to 11, we shall describe
the method permitting the interested reader to construct
explicitly G§,,(x, x') (as well as O when it is necessary)
in a given spacetime by using the results obtained in
Ref. [71].

A.D =2

For D = 2, the expansion of the singular part

GF (r4)) = —— (V(x ) [0, x') + i€])  (86)
4

sing

of the Feynman propagator is obtained, up the required
order, for

V="V, + Vo + 0(c?) (87)
with
1
Vo = vg — vo, 0% + Ev()aba';“o*b + 0(c?)  (88)
V, = v, + 0(a'/?). (89)

The Taylor coefficients appearing in Egs. (88) and (89) are
given by

PHYSICAL REVIEW D 78, 044025 (2008)

vy = —1 (903_)
oy =0 (90b)
voar = —(1/12)Rg (90¢)

and
vy = —(1/2)m* — (1/2)(¢ — 1/6)R. oD
The geometrical tensor @%,2, which is associated with the
renormalization mass is obtained from (79) by using (90a),
(90c), and (91) and is given by
InM?
411
The trace anomaly (83) is obtained by using m*> = 0 and
&= £.(2) = 0into (91). It reduces to [1,88]

R
<¢|T'u,u,|lp>rcn = m (93)

QM = [—(1/2)m%g,,,]) (92)

B.D=3
For D = 3, the expansion of the singular part
i U(x, x)
GE (x, x) = ( ’
e = B ot ) + 16172

of the Feynman propagator is obtained, up the required
order, for

) (94)

U=Uy+ U+ 0(c? (95)
with
Uy = uy — up, 0" + Zuot,b(r;“o*b
— %u()abca';"cr;ba'?c + 0(0?) (96)
Uy =u —u, o+ 0(o). 97)

The Taylor coefficients appearing in Egs. (96) and (97) are
given by

uy =1 (98a)
up, =0 (98b)
Uoap = (1/6)R (98c)
Uoape = (1/4)R(ab;c) (98d)
and
u, =m*>+ (£ —1/6)R (99)
U, = (1/2)(€ = 1/6)R.,. (100)
C.D=4
For D = 4, the expansion of the singular part
i U(x, x')

GE (o) = (o)

sing (6 X 872 (O'(X, x) + ie
+ V(x, x')In[o(x, x") + ie]) (101)
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of the Feynman propagator is obtained, up the required
order, for

U=U, (102)
V="V,+ Vio+ 0(?) (103)
with
Uy = uy — Uy, 0 + — ug,,07%a? — lu ool g
0 0 Oa 2 Oab 31 Oabc
+ 7 H0abea®” ‘gbgcad + 0(a?) (104)
1

Vo = vg — vp, 0% + Ev()ab(r aoib + 0(03/%)  (105)
V, = v, + O(a'/?). (106)

The Taylor coefficients appearing in Egs. (104)-(106) are
given by

uy = 1 (107a)
=0 (107b)
Uoapy = (1/6)R (107¢)
Uoabe = (1/HR(qp:c) (107d)

Uoabed = (3/10)R(picay + (1/12)R(4pR )
+ (/1R g R?. 7, (107¢)
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and

vo = (1/2)m? + (1/2)(¢ — 1/6)R (108a)
= (1/4)(£ — 1/6)R,, (108b)
Vo = (1/12)m2Ry;, + (1/6)(€ — 3/20)R 4
— (1/120)0R,, + (1/12)(¢ — 1/6)RR,,
+ (1/90)R? ,R ., — (1/180)RP“R g
— (1/180)RP9" ,R gy (108c)

and

vy = (1/8)m* + (1/4)(£ — 1/6)m2R — (1/24)(£ — 1/5)00R
+(1/8)(& — 1/6)2R? — (1/T20)R , RV

+(1/720)R . RP"S. (109)

pars

The geometrical tensor @’l‘f,z, which is associated with the

renormalization mass is obtained from (79) by using
(108a), (108c), and (109) and is given by

InM?
0, = 2(112 )2[ (1/2)(é = 1/6)m’R,,, + (1/2)[€* — (1/3)é + 1/30]R.,, — (1/120)0R,,, — (1/2)(€ — 1/6)’RR,,,,
+ (1/90)R? ,R,, — (1/180)RPIR ., — (1/180)RP9" ,R .., + 8,.,(1/8)m* + (1/4)(¢ — 1/6)m*R
— (1/2)[€2 — (1/3)¢ + 1/40]00R + (1/8)(¢€ — 1/6)*R? — (1/720)R,,,R?9 + (1/720)R . RP1")]. (110)
The trace anomaly (83) is obtained by using m? = 0 and o gl b 1 b
&= £.(4) = 1/6 into (109). It reduces to [1,88] Uo = tty = a0 + 7 0ap 007 = lhoape 0070
1
WITH | )ren = (2 B [(1/720)00R — (1/720)R,,,R" + 41 Hoapea @ o oo
1
+ (1/720)R,,,, RP7"]. (111) ~ 5 — Upapede Tl TP T o + O(07) (114)
D.D =35
For D = 5, the expansion of the singular part Uy=u —u,o+ X Uiy 0P
i Ul(x, x') ) 1 e 5
112 — — U pe 00l 0 + O(0?) (115)
Gring 6, X) = 161272 ([o(x x') + ie]/? (112) 3y tab
of the Feynman propagator is obtained, up the required
order, for Uy = uy — up,0 + O(0o). (116)

U=U,+ U,o+ Uyo*+ 0(c?) (113)

with

The Taylor coefficients appearing in Egs. (114)—(116) are
given by
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o = 1 (1172)
=0 (117b)
uoay = (1/6)R,, (117¢)
Ugabe = (1/HR (qp:c) (117d)
Uoabed = (3/10)Rapcay + (1/12)R(apReay + (1/15)R y(algnRP 4 ) (117e)
Uoabede = (1/3)R(apicae) + (5/12)R(@pReae) T (1/3)R pialqloR” 4 4., (1171)
and

w = —m?2—(£—1/6)R (118)
U, =—(1/2)(€ - 1/6)R, (118b)

gy = —(1/6)m*R,, — (1/3)(é —3/20)R.,;, + (1/60)T0R,, — (1/6)(€ — 1/6)RR,), — (1/45)RP ,R
+( /90)RMRW + (1/90)RPT R (118¢)

—(1/15)R C)+(1/60)R RP,1 o+ (1/60)R, RP 4, + (1/30)R 0 aR . | (118d)

p(a pgila (a bic) pqr(a

and

uy = —(1/2)m* — (¢ — 1/6)m?R + (1/6)(£ — 1/5)00R — (1/2)(¢ — 1/6)*R* + (1/180)R ,,R"?

- (1/180)qurstqrs (1 193.)
Ury = —(1/2)(€ = 1/6)m*R,, + (1/12)(€ — 1/5)(TIR),, — (1/2)(& — 1/6)°RR,, + (1/180)R,,R"4,
— (1/180)R ,,, RP?" . (119b)
[
U, = _ a 4 1 sa b 1 b
E.D=6 1= U T U, O o Hiap T 3,u1am0' ‘oot
— . . 1
For D = 6, the expansion of the singular part n n Uiy TP FC o + O(a5)) (124)
(o x') = i ( U(x, x')
X, X
““g 1673 \[o(x, x') + ie]?
. 1 -
+ V(X, x/) 11’1[0'()6, Xl) + lE]) (120) VO = U() - UOQO"a + Z—!UOah(T’aO”b + 0(0'3/2) (125)
of the Feynman propagator is obtained, up the required
der, f
oraet, fot V, = v, + O(c'/2), (126)
U=Up+ Ui (121) The Taylor coefficients appearing in Eqs. (123)—(126) are
given by
V=V, +Vio+ 0(c? 122
0+ Vi + 0™ (122) Uy = 1 (1272)
with Uy, = 0 (127b)
1 L, 1 ) ttoas = (1/6)Rq (127¢)
Uy = uy — up, 0" + — gy, 0°o — Upape T O 0°
21 31
d
4' Moabcdo' O'bU' O'd an
! S p—— toape = (1/4)Rape) (127d)

_guoabcdea"(f groTo

6'u0adeef0' agbgeogdgeqs + 0(a/?)  (123)
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Uoabed = (3/10)Rapcay + (1/12)R(pRegy + (1/15)R y(alg s R? 4 ) (127¢)

Uoabede = (I/B)R(ab;cde) + (5/12)R(abRcd;e) + (1/3)Rp(a|q|bRpch;e) (127f)

Uoabedef = (5/14)R(ab sedef) + (3/4)R(abRcd sef) + (4/7)Rp(a|q|bRpch sef) + (5/8)R(ab cRde i) + (15/28)Rp(a|q|b CR d e:f)

+ (5/T2)R@RcaRep) + (1/6O)R@uR? 4 R pletgly) + 8/63R? 1w RY 11 uR 1) (127g)
and
up = —(1/2)m* — (1/2)(é — 1/6)R (128a)
u, = —(1/4)(¢ — 1/6)R,, (128b)
Ulap = _(l/lz)mzRab - (1/6)(§ - 3/20)R ;ab + (I/IZO)DRab - (1/12)(§ - 1/6)RRab - (1/90)Rpapr
+ (1/180)RPYR g + (1/180)RPV R (128¢)

Urape = —(1/8)m*Rigp:) — (1/8)(€ — 2/15)R. (abc) + (1/80)(ER (4p).c) — (1/8)(§ — 1/6)R. (o Ry

—(1/8)(& — 1/6)RR(ab;c) (1/30)R pal ;C) + (1/120)qu;(aprqC) + (1/120)quRp(aqb;C)

+ (1/60)R o RV, (128d)
Uraped = —(3/200m° Riapsecay = (1/20)m* R(apReay = (1/30)m° R a1 g1s RP 4 4 — (1/10)(€ — 5/42)R (apea)

+ (1/70)(|:|R(ah);cd) - (1/6)(§ - 3/20)R;(athd) - (3/20)(§ - 1/6)RR(ab sed) + (l/lzo)R(abDRcd)
— B/TO0R? (Ripipreay + (1/210)R? Ry + (1/TOR s R? oy = 2/ 105)R (g R”

+ (1/T0R 1, R piefglay + (1/10)R pgR? 9, + 2/10SIRPT  Ripripcay — (1/D(E = 1/6)R Ry

— (11/420)R? Ry = (3/1400R? ., Regyy + (17/1680)R 1, 7 Regyp + (1/60)R R,

+ (1/2100R (a1l R, 0 (1/56)R”‘/ (abR|,,q,|Cd) + (1/280)R” 9, " Ripteigtarr — (1/24)(€ = 1/6)RR R )

= (1/900R @ R” cRipla) + (1/180)R(ap RP Rypielgiay + (1/90)R? (R Ripiciglay — (1/30)(& = 1/OIRRP (9, Rypielglay
+ (1/180)R @ RP Ripgrtay + (1/315)Ry(RP Rierstay — (1/315)R R 7 R,

— (2/315)R 4R 4R ) — (1/315)RP 9, R™

r|c d)

leRirsqlay + (4/31R? R ™ Riyra) (128¢)

and

vy = —(1/8)m* — (1/4)(€ — 1/6)m>R + (1/24)(¢ — 1/5)0R — (1/8)(¢ — 1/6)°R? + (1/720)R ,,R"?

— (1/720)R g RP7 (129a)
vo, = —(1/8)(€ = 1/6)m*R,, + (1/48)(¢ — 1/5)(TR),, — (1/8)(¢ — 1/67RR,, + (1/T20)R,,,R,,
— (1/720)R s RPT™, (129b)

and
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Voab =

and

—(1/48)m*R, — (1/12)(¢ — 3/20)m*R.,, + (1/240)m*CIR,, — (1/24)(€ — 1/6)m*RR, — (1/180)m*R ,,R?,,
+ (1/360)m>RPIR 0 + (1/360)m2RPV (R ., + (1/80)(¢ — 4/21)(TIR).q, — (1/3360)0I0IR,,

— (1/12)(& = 1/6)(¢§ — 3/20)RR.,, + (1/144)(€ — 1/5)(TOR)R,;, + (1/360)(§ — 1/T)R ,( R?

+ (1/240)(€ — 1/6)ROIR,;, + (1/1008)R ., IR, + (1/1680)RPIR ) + (1/1260)RPIR (410,

— (1/1680)RPIR .5, + (1/180)(€ — 3/14)RPIR 0 — (1/2520)(ORPR 0, + (1/630)RPET Ry

+ (1/420)R? 7Ry g1y — (1/12600RPIR iy — (1/16)(€ = 1/6)*R Ry, — (1/120)(€ — 3/14)R ,R? .
+ (1/120)(¢ — 17/84)R,,R ;7 + (1/1440)R",R . — (1/5040)R” ;. R, + (1/1008)R” ., RY,

— (1/25200RP%"R 4 iy = (1/1680)RPER gy — (1/1344)RPIS (R, — (1/1680)RPY (R ¢

— (1/48)(¢ — 1/6)*R2R,;, — (1/180)(& — 1/6)RR ,,R?, + (1/4320)RPR , Ry, — (1/3780)RPIR ,,R,,

+ (1/360)(€ = 1/6)RRPIR 5, + (1/TS60)R”" R, R o, + (1/TS60)RPUR”  Rirgpii)

+ (1/360)(€ — 1/6)RRPI" Ry — (1/4320)R, RPI™R s — (1/ 1890)RP(uRq”|qu,s|b)

—~ (1/3780)R1"1R"“paqub + (1/1890)R ), RP"4* R 4 — (1/T560)R ,,RP" R,

+ (1/3780)RPI™R oy, + (1/378)RPR! R, — (1/3780)RP4" qur,R (129¢)

vy = —(1/48)mS — (1/16)(€ — 1/6)m*R + (1/48)(& — 1/5)m* TR — (1/16)(£ — 1/6>m>R> + (1/1440)mR,,R"
— (1/1440)m?R ., RP9™ — (1/480)(£ — 3/14)TI0R + (1/48)(¢ — 1/6)(¢ — 1/5)RCIR
— (1/720)(& — 3/14)R.,,RP9 — (1/5040)R ,,IRP? + (1/840)R .., R"®* + (1/96)[£2 — (2/5)€ + 17/420]R., R
— (1/20160)R ., RP%" — (1/10080)R ., RP"7 + (1/4480)R 1y RPI™H — (1/48)(€ — 1/6)3R3

+ (1/1440)(¢ — 1/6)RR ,,RP4 + (1/45360)R ,,R? .R4" — (1/15120)R R, R?™%* — (1/1440)(¢ — 1/6)RR
+ (1/2160)R ,,R? ;, RY"" — (1/56T0)R

quSqurs
prgsRP 1, RSV (130)

pgrsRPIR™ ,,, — (11/11340)R

The geometrical tensor @fﬁ which is associated with the renormalization mass is obtained from (79) by using (129a),

(1290¢),

M2
0y, =

and (130) and is given by

2
Jéﬁi)a [(1/8)(& = 1/6)m*R,,, = (1/4)][& = (1/3)¢ + 1/30Jm*R,,,, + (1/240)m*CR,,
+ (1/4)(€ = 1/6)°m*RR ., = (1/180)m° Ry, R”, + (1/360)m PRy 10, + (1/360)m° RP , R,

+(1/24)[€ — (2/5)¢ + 3/70](TR). ., — (1/3360)000R,,, — (1/4)(§ — 1/6)[£* = (1/3)¢ + 1/30]RR. ,,
—(1/24)(§ = 1/6)(¢ — 1/5)(OR)R,,, + (1/360)(& — 1/T)R,,(, R? , + (1/240)(§ — 1/6)RUIR,,,

+ (1/1008)R,,(, CIR? , + (1/360)(£ = 2/T)RPR 0y + (1/1260)RPIR .10, — (1/1680)RP4R .,

+ (1/180)(& = 3/14)RPIR .., = (1/2520)(RPR 1 + (1/6300RPE  Ryyiy + (1/4200RP 4R 1)

— (1/360)(¢ = 3/19)RPR iy — (1/4)(E = 1/6)2(£ = 1/HR R, — (1/120)(& = 3/14)R R .,

+ (1/120)(& — 17/84)R.,R,,, 7 + (1/360)(¢ — 1/4)RP.,R ., — (1/S040)R? . R, + (1/1008)R? ., R

— (1/2520)RP4"R gy — (1/1680)RPETR e — (1/360)(€ — 13/56)RPIS R e,y — (1/1680)RPI” . R o,

SHEEpqrsiv pqrv

+(1/8)(¢ — 1/6)3R2RM,, —(1/180)(¢ — 1/6)RR,,R?, — (1/720)(¢ — 1/6)RPIR ,,R ,,, — (1/3780)R?R ,, R

pp= qv

pa;(uv

pq=puv
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+ (1/360)(€ = 1/6)RRPR .4, + (1/T560)R”"RY,R , ., + (1/TS60)RPIR” |, Ripgpisy + (1/360)(& = 1/6)RRPI" 4R,
+ (1/720)(€ = 1/6)R,,, RP™ R 5,y — (1/1890)R? RIS — (1/3780)RPIR™ R s, + (1/1890)R , RP™ "R, .,
— (1/7560)R ,,RP" ,RY,,,, + (1/3780)RPU*R .. R, ', + (1/378)RP™R' . Ry, — (1/3780)RPY (R, R® )",

+ gw(—(l/48)m6 —(1/16)(é —1/6)m*R + (1/4)[ &> — (1/3)é + 1/40]m>CIR — (1/16)(& — 1/6)*>m>R?

+ (1/1440)m>R ,,RP9 — (1/1440)m>R . RP9™ — (1/24)[ £ — (2/5)€ + 11/280]000IR + (1/4)(¢ — 1/6)

X [€2 = (1/3)¢ + 1/40]ROIR — (1/720)(¢ — 3/14)R.,,R?* — (1/360)(¢& — 5/28)R ,, IR

R

pqrs grslv)

+ (1/90)(€ = 1/T)R s RP™* + (1/4)[ €3 — (13/24)€% + (17/180)¢ — 53/10080]R., R

— (1/360)(¢ — 13/56)R,,,.,R?"" — (1/10080)R .,

RP19 + (1/360)(¢ — 19/112)R
+ (1/1440)(€ — 1/6)RR ,,R?" + (1/45360)R ,,R? .R4" — (1/15120)R ,,R,,RP"** — (1/1440)(£ — 1/6)RR
+ (1/180)(€ = 1/6)R ,,R? ,,, R4 — (1/360)(& — 47/252)R

RParst — (1/48)(€ — 1/6)°R?

pqrs;t

pququrs

Rpuqurusv)].
(131)

RrawRrs,  —(1/90)(¢& —41/252)R

pqrs prqs

The trace anomaly (83) is obtained by using m> = 0 and ¢ = £.(6) = 1/5 into (130). It reduces to

1

WITH [ )en = =—5[(1/33600)T00R + (1/50400)R.,,R?? — (1/5040)R ,,(IR?? + (1/840)R

@2m)?
+ (1/201600)R.,R"” — (1/20160)R

g RPET — (1/10080)R

pairs R

pqr R4+ (1/4480)R )y, RPV

— (1/1296000)R* + (1/43200)RR,,,R?4 + (1/45360)R ,,R? ,RY" — (1/15120)R , R, RP"%S

— (1/43200)RR
— (11/11340)R

pqrs
RP 4 Rrusv]‘

prqs u v

F.D=17,8,9,10,11

The complexity of the explicit expressions of Gfing (x, x')
and of the geometrical tensor @%,2, greatly increases with
the dimension D of spacetime. That clearly appears in the
previous subsections. For this reason, we cannot write
them explicitly for spacetime dimension from D = 7 to
D = 11 even though we have at our disposal all the tools
permitting us to carry out all the necessary calculations.
Indeed, in the appendices of Ref. [71], we have obtained
the covariant Taylor series expansions of the Van Vleck-
Morette determinant Up(x, x') = A2(x, x') up to order
o'1/2 and of the bitensor o*”(x, x') up to order o/2. We
have also developed the general theory permitting us to
construct the covariant derivative and the d’ Alembertian of
an arbitrary biscalar F(x, x') symmetric in the exchange of
x and x'. From a theoretical point of view, all these results
could permit us to solve the recursion relations (37) and
(38) for D even and the recursion relations (42) for D odd
and therefore to obtain the explicit expressions of
Gfing (x, x) up to the required order and of the geometrical
tensor @%,2, when necessary. Of course, this could be
realized but at the cost of odious calculations in a general
spacetime.

By contrast, in a given spacetime, i.e., if we know
explicitly the Riemann tensor R,,,, and therefore the

Ricci tensor R v and the scalar curvature R, interesting

RPS + (1/2160)R ,,R? . RI™" — (1/56T0)R

uv prs
pqerpq R uv

(132)

simplifications may occur, the construction of Gf(x, x')
and of @%,2, done explicitly and the renormalization of the
expectation value of the stress-energy tensor “easily”
achieved. For example, in D-dimensional Schwarzschild
black hole spacetimes where we have R = 0, R, = 0, and
more generally in Ricci-flat spacetimes, considerable sim-
plifications could permit us to obtain explicitly Gfing(x, x')
and ®’,‘f; even for D > 6. This certainly also happens in
D-dimensional spacetimes such as AdS, X S, with p +
qg = D where the covariant derivative of the Riemann
tensor  vanishes (R,,,sr =0) as well as in
D-dimensional de Sitter and Anti-de Sitter spacetimes,
i.e., in maximally symmetric spacetimes, where R

[R/D(D — )](gup8vs — &uo&vp) With R = Cte.

wvpo

IV.IMPORTANT REMARKS AND COMPLEMENTS

In this section, we shall complete our study by discus-
sing some aspects of the Hadamard renormalization of the
stress-energy tensor which are more or less directly related
to the explicit calculations described in Secs. II and III.
They are helpful in order to simplify some of the results
displayed above. Furthermore, they permit us to discuss
more generally the ambiguity problem and the trace anom-
aly as well as to clarify the links existing between the
Hadamard formalism and the more popular method based
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on regularization and renormalization in the effective
action.

A. Ambiguities and trace anomaly

As already noted in Sec. II, the renormalized expectation
value (|7, |);en is unique up to the addition of a local
conserved tensor ® - For D even, we have been able to
construct the standard ambiguity associated with the
choice of the renormalization mass M [see, Eq. (79)]
and, in Sec. III, we have explicitly obtained its expression
for D = 2,4, and 6 [see, Egs. (92), (110), and (131)]. In the
present subsection, following Wald’s arguments of
Ref. [13], we shall push further our discussion and provide
for D = 2,3,4,5, and 6, the bases (i.e., all the independent
conserved local tensors) permitting us to constructed the
most general expression for the tensor ©,,. Here, we
adhere to a conventional point of view [13] by discarding
ambiguities diverging as m> — 0. It should be however
noted that a less conventional point of view has been
considered by Tichy and Flanagan in Ref. [82].

In order to extend Wald’s arguments, it is important to
keep in mind that ©®,, is a local conserved tensor of
dimension (mass)” and that it can be obtained by func-
tional derivation with respect to the metric tensor from a
geometrical Lagrangian of dimension (mass)”. We note
also that g v is dimensionless while R, R and R
have dimension (mass)?.

v nrpo

1. D=2
For D = 2, there are only two “‘independent” geomet-
rical Lagrangians of dimension (mass)?> which remain
finite in the massless limit: £ =m?> and L =R.
However, by functional derivation, the latter does not
provide any contribution to ®,, because, in two dimen-
sions, the Euler number

d*x./~gR
[

is a topological invariant. ® ,, is then necessarily propor-
tional to the functional derivative of £ = m? and therefore
of the form

(133)

0, =Am2gw, (134)

where A is a dimensionless constant.

It is interesting to note that ® ,,, given by (134) vanishes
for m*> = 0 and therefore does not modify the trace anom-
aly (93).

2D=3

For D = 3, there are only two independent geometrical
Lagrangians of dimension (mass)® which remain finite in
the massless limit: £ = m3 and £ = mR. So, it is natural
to consider that © ,,, is necessarily a linear combination of
their functional derivatives m’g,,, /2 and m[(1/2)Rg,,, —

PHYSICAL REVIEW D 78, 044025 (2008)

R,,] ie., that

0, = Am3gw + Bm[R,, — (1/2)Rg,,]

where A and B are dimensionless constants.

It should be noted that ®,,, given by (135) vanishes for
m = 0. Thus, it cannot be used in order to modified (84). In
other words, the trace anomaly does not exist for D = 3
even if we take into account the possible ambiguities of the
Hadamard renormalization process.

(135)

3.D=4

For D = 4, there are five “independent” geometrical
Lagrangians of dimension (mass)* which remain finite in
the massless limit: £ =m*, L =m?R, L=R?, L=
R, R, and L =R, RP?. By functional derivation
Wlth respect to the metric tensor, they define the conserved
tensors m*g,,,/2, m*[(1/2)Rg,, — R,,] as well as the
three conserved tensors of rank 2 and order 4

18
@) _ [ D, —p2
2 A — dPx/~gR 136a
M =g 6g"" Jm 8 ( )
=2R.,, — 2RR,, + g,,[—20R + (1/2)R?],
(136b)
42 _ D ,
HY d R, R 137
1 = o [ (1372)
=R, —OR,, —2R"R,,,,
+ gM,,[—(l/Z)DR + (1/2)RMRP‘4], (137b)
agpo = L0 f dPx\J=gR,g R (1382)
1224 F ag‘u,j pqrs
=2R.,,—40R,, +4R? ,R,, —4R"R,,,,

= 2RP R g+ 8l (1/2)R g RPI™]. (138b)
)

v 18 therefore necessarily of the form

@ = Am gl“’ + Bmz[Rl“/ _ (]/Z)Rg,u,y] + C H(42)(l)

where A, B, C;, C,, and C; are dimensionless constants.
Here, it should be also noted that it is possible to simplify
the previous expression because, in a four-dimensional
background, the Euler number

[M d4x1/—g£(2),

where L) is the quadratic Gauss-Bonnet Lagrangian
given by

(140)

— pR2 s
L o) = R> = 4R, R" + R, RP"",

(141)

044025-17



YVES DECANINI AND ANTOINE FOLACCI

is a topological invariant. By functional derivation of (140)
we obtain

HE20

—4HGP? + B =0 (142

which could be helpful in order to eliminate one of the
three conserved tensors of rank 2 and order 4 into (139). In
other words, without loss of generality it is possible to use
C,=0o0r C, =0o0r C; =0 into (139).

It should be noted that the ‘“‘basis” exhibited above
which has permitted us to provide the general form for
the tensor ©,, can be used to simplify considerably the

expression (110) obtained for @ff,z,
Egs. (136)—(138), we can write

Indeed, from

2
o= G X (H1/2)¢ -

— (1/180)H? + (1/180)H Y

M? _

1/6)2H,(;},2)(1)

- (f - 1/6)m2[R,u,V - (1/2)Rg,u,v] + (1/4)m4g,uv)

(143)

Finally, it is interesting to note that ® ,, given by (139)
can be used in order to modify the trace anomaly (111).
Indeed, for m?> = 0 and by using Eqs. (A1)-(A3) with D =
4, we obtain

g0, =[-6C, —2C, — 2C5]0R. (144)
For example, by taking C; = 1/4320(27)> and C, =
C; =0, we can remove the [ IR term from (111). This
elimination can be achieved by adding a finite R? term to
the gravitational Lagrangian [see, Eq. (136)] and is in
accordance with the discussion we shall develop in
Sec. IVB. On the contrary, the R, ,RPY term and the
R, ,rsRPY™ term cannot be modified. We refer to Sec. 6.3
of Ref. [1] for various physical comments concerning the
possible modifications of the trace anomaly in a four-

dimensional gravitational background.

4D =5

For D =5, there are five independent geometrical
Lagrangians of dimension (mass)® which remain finite in
the massless limit: £ = m®, L = m’R, L = mR?, L =
mR,,RP?, and L = mR,,.;RP?". By functional deriva-
tion, they define the conserved tensors m’g uvl2,

m’[(1/2)Rg ., — R,,] as well as the three conserved ten-
sors of rank 2 and order 4 mHﬁf;,z)(l), mHEf;,Z)(z) , and
mHﬁf‘,,z)G). G} v is therefore necessarily of the form

0,, =Am’g,, + Bm’[R,, — (1/2)Rg,,]

(145)

where A, B, C;, C,, and C; are dimensionless constants.
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Here, the conserved tensors H}f’yz)(l), Hﬁf‘yz)(z), and Hfj‘;,z)(3 )
are still, respectively, defined by Eqgs. (136a), (137a), and
(138a) but now, in these equations, D = 4 must be replaced
by D = 5. Their explicit expressions (136b), (137b), and
(138b) remain unchanged. For D = 5, it is not possible to
simplify Eq. (145) by using (142). Indeed, for D > 4 this
topological constraint is not valid because the Euler num-
ber (140) does not remain a topological invariant.

It should be noted that © ,, given by (145) vanishes for
m = 0. Thus, it cannot be used in order to modify (84). In
other words, the trace anomaly does not exist for D = 5
even if we take into account the possible ambiguities of the
Hadamard renormalization process.

5D=6

For D = 6, there are 15 ‘“independent” geometrical
Lagrangians of dimension (mass)® which remain finite in
the massless limit: £ = m®, L = m*R and the three
Riemann polynomials of rank 0 and order 4 £ = m?R?,
L =m’R,,RM, L=m’R,, R as well as the ten
Riemann monomials of rank O and order 6 (see

Refs. [73,74]) L = ROR, L =R,,0R™M, L =R3, L =

RR, R, L= R,,R? R, L= R, R, RV, L=
RR ), RPI, L= quRp,s,Rq”’, L= R,y sRP1UR™,,),
L =R, ,R",9,R™". By functional derivation, they de-

fine the conserved tensors m®g,,/2, m*[(1/2)Rg,, —
R,,] and the three conserved tensors of rank 2 and order 4
m*H P m2H PP and m*HEP as well as the ten
conserved tensors of rank 2 and order 6

2,041) — D
HZ agW/ dPx/~gROR  (146)
1 o
2,043) _ j' D, =
HZIO = ~ | dPxy=gR,,O0R™ (147
g J=g dg* P
popn = 1 8 [ @ ass)
: V=8 884 Jm
1 1)

HOY?D = / dx./~gRR,,RP? (149
g V=8 68" Jm WTE g (149
630) _ — r

Hyy [—g 6gH” / dPx 8Rp R” R (150)

1
6.34) _ D
HS; dPx/~gR, R, RP"" (151
SN R I .[M * e (b

1
H,(LL();})(S)

J—g og*?

[ dPxJ=gRR s RV (152)
M

63)6) _ "
H'; J_ 5o [ dPx\J=gR, R . RI™" (153)
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(6,3)(7) — 1 6 D — uv prs
(154)
638 — 1 9 e P q prusy
H/U; = Tg Bg/“/ M d X _ngrqu u UR .

(155)

Here we do not provide the explicit expressions of these ten
tensors. They are very complicated ones and can be found
in Ref. [89] [see, Egs. (2.22)—(2.31) of this article]. As far

as the conserved tensors Hﬁf’f)(l), Hﬁj‘f)(z), and Hﬁf;,z)(3 ) are
concerned, they are still, respectively, defined by
Egs. (136a), (137a), and (138a) but now, in these equations,
D = 4 must be replaced by D = 6. Their explicit expres-
sions (136b), (137b), and (138b) remain unchanged. @W is
therefore necessarily of the form
— A 4 _

®,u.1/ = Am g,LLV + Bm [(I/Z)Rg,u,v R,u,V]

+ 2 HEPY + Com2HEP? + CmHEP)

2,01 2,043 6,3)(1

+ D HE + D, HZYS + py IV

+ DyH? + DsHE)Y + DeHE)W

+ D,HSY® + p a1 pyHEIT)

+ Dy HS® (156)

where A, B, C;, C,, and C; as well as Dy, ... Dg and Dy,
are dimensionless constants. Finally, it should be noted that
it is possible to simplify the previous expression for @,

InM?
(4m)?

M
05, =
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because, in a six-dimensional background, the Euler num-
ber

/ d6x1/—g£(3), (157)
M

where L3 is the cubic Lovelock Lagrangian explicitly
given by

L3 =R — 12RR,,R" + 16R ,,R? ,R""

+ 24R, R, R"" + 3RR,,,,RPI"S
— 24R, RP,RI™" + 4R, RPI“VR'S
— 8RR, 1, R, (158)

is a topological invariant. By functional derivation of (157)
we obtain the relation

6,3)(1 6,3)(2 6,3)(3 6,3)(4
HEPW — 2H0)? + 161 + 24H5)
L 3HEIO) 246D 4 4p 630 gy _
(159)

Equation (159) could be helpful in order to eliminate into
(156) one of the conserved tensors of rank 2 and order 6.

Of course, the “basis” exhibited above and which has
permitted us to provide the general form for the tensor @ ,,,
can be used to simplify considerably the expression (131)
obtained for @,"ﬁ By using Egs. (2.22)—(2.31) of Ref. [89]
and after a tedious calculation, we obtain the compact
expression

X ([(1/12)¢2 — (1/30)¢ + 1/336]HZNY + (1/840)HENY — (1/6)(¢ — 1/6)3HEDY

+ (1/180)(¢ — 1/6)H 5 — (4/2835)H" + (1/945)H W — (1/180)(¢€ — 1/6)H{
+ (1/7560)HEY® + (17/45360)HS) D — (1/1620)HEY® — (1/2)(& — 1/6)*m*H PV

+ (1/180)m>*Hy> — (1/180)m*Hy + (1/2)(€ — 1/6)m*[R,,, — (1/2)Rg,,] — (1/12)mg ).

(160)

Finally, it is interesting to note that ® ,, given by (156) could permit us to modify the trace anomaly (132). Indeed, for
m? = 0 and by using Eqs. (A4)—(A7) and (A7)~(A13) with D = 6, we obtain

g0, =[—10D, — 3D,JO0R + 2D, — 30D; — 4D, — D¢/2 — 2D;]ROR + [—8D, — 4D, — 6Ds + 2D — 4D,
- Dg + 3D10/2]R;quPq + [2D2 - 10D4 - 3D5 - 6D6 - 2D8 - 3D10]RPqDRPq

+[8D, — 4D — 40D, — 14Dy — 24Dy + 3D, ]R

pPq:rs

Rprq\

+[=2D, —3D,/2 — 30D; — 6D, — 3Ds/2 — 3Dg/4 — 4D7 — Dg/2]R.,R? +[10D, — 10D, — 3Ds

- IODG - 8D8 - 12D9 - 3D10]qu;r

+[—18D, — 6D5 + 9D4 + 6Dg + 12Dy + 3D IR

RP4" +[—18D, — 6Ds + 9Dg + 6Dg + 12Dy + 3D IR

g R
RPr4 +[—10D7 — 2Dg — 3Dy + 3D1o/4]R s RPTS

pqr pqrs:t

+[=10D, — 6D5 + 5D + 3D11(R ,,R? ,RY" — R, R,;R?"®*) + [~ 10D; — 2Dg — 3Dy + 3D1/4]

X (2R, R? ;i RTS" = R 0 RPIVRTS , — 4R

pqrs

rusv
prqupuqu )

(161)

044025-19



YVES DECANINI AND ANTOINE FOLACCI

It should be noted that three of the ten scalar Riemann
monomials of order 6, namely R?, RR pgRP4, and
RR,,RP1", do not appear in (161). As a consequence, it
is impossible to remove such terms from the trace anomaly
(132). On the contrary, by choosing correctly the coeffi-
cients D;, it is possible to remove any other term from

(132).

B. Infinities and gravitational actions

In the previous sections, we have constructed the renor-
malized expectation value of the stress-energy operator for
a massive scalar field in a general spacetime of arbitrary
dimension by assuming that the Wald’s axiomatic ap-
proach (see, Refs. [3,9,13]) remains valid for all dimen-
sions. In the Wald’s axiomatic approach, the treatment of
the divergences present in the formal expression (60) does
not necessitate a particular study, i.e., absorption into
renormalized gravitational parameters. These divergences
are simply discarded and the cosmological constant A and
the Newton’s gravitational constant G (as well as the other
coupling constants associated with higher-order gravita-
tional terms if we need to consider such terms) appearing
in the semiclassical Einstein equations (1) are directly the
physical gravitational parameters while the expectation
value (|7, |)en constructed from the Hadamard bisca-
lar W(x, x') is automatically the physically meaningful
source.

In the present subsection, we shall depart from the path
marked out by Wald. We shall briefly describe one way to
deal with the divergent part of (60) by extending the
approach developed by Christensen in Refs. [11,12] (see,
also, Adler, et. al. in Refs. [14,15] for a related but slightly
different approach). We intend to discuss at more length
this very technical aspect of our work in a paper in prepa-
ration [90]. However, in order to be as complete as pos-
sible, we shall here provide partial results related to the
present work.

For a given spacetime dimension, we can formally
evaluate the divergent part of (60) and express the result
of our calculation as a power series in o*“(x, x’). By con-
sistently averaging this power series over all the angular
directions joining x” and x and by adding to it, for D even,
the opposite of (79) as well as —(D/4)apg,,, v, we find a
final divergent expression constructed from “‘simple” con-
served geometrical tensors which can be absorbed into a
bare gravitational Lagrangian. It is important to note that
the averaging process of the direction-dependant terms
adopted in Refs. [11,12,14,15]) must be modified in order
to take into account the spacetime dimension.

For D = 2, we obtain for the averaged divergent part of
(60) an expression of the form

uv
g

<¢|T,u,1/|lp>sing ~A

+ finite terms in m?g ,, and Rg,,. (162)

+ [Blngw, + BzRgW]ln(Mza')
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Here A, B, and B, are dimensionless constants. This
singular tensor cannot be absorbed into a bare gravitational
Lagrangian of Einstein-Hilbert type because, in two di-
mensions, the Euler number (133) being a topological
invariant, the tensor R,, — (1/2)Rg,, vanishes identi-
cally. However, this tensor can be absorbed into the
Polyakov nonlocal bare gravitational action

Saray = f dzx\/:_§<aBRiR - 2AB). (163)
M |

It should be noted that the nonlocal Lagrangian £ = R é R

provides, by functional derivation with respect to the met-

ric tensor, a contribution in 2Rg v but also a nonlocal

contribution proportional to

o), (20) (59), ool (29)
I o [y S\ 2gMVD p\H '
(164)

We think that these two contributions must be added to
(134). In the particular case of a two-dimensional back-
ground, it is not natural to follow Wald’s prescription and
to construct the conserved tensor ® ,,, from a purely local
Lagrangian.

For D = 3, we obtain for the averaged divergent part of
(60) an expression of the form

[Rp,v - (1/2)Rg,u,1/]
0.1/2

g
<¢|T,U,V|(//>sing ~A 0_?/1}2 +B

+ finite terms in m3g,, and

(165)

Here A and B are dimensionless constants. This singular
tensor can be absorbed into a bare gravitational action
given by

1

v = — d*x/—g(R — 2Ap). 166
Sgrdv 167TGB f.’M X g( B) ( )

For D = 4, we obtain for the averaged divergent part of
(60) an expression of the form

8uv | plRuy—(1/2)Rg,,]

<¢|T,uv|¢>sing ~A 0_2

+ CHE? + CHEY D) In(MP o)

+B +(C HGPY

+ finite terms in m*g ., m*
42)(1
X [R/_LV - (1/2)Rg/1,1/]7 H,ELV )( )!

HP® and HEPY. (167)

Here A, B, C;, C,, and C; are dimensionless constants.
This singular tensor can be absorbed into a bare gravita-
tional action given by
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1 1
Sgrav = 167Gy ,[m d*xJ=g(R — 2Ap + o}y R?
+ ag)ququ + “g)RquSqum)' (168)

In this bare gravitational action, the term in ag)R parsRPA™

could be removed because, as we have already noted, the
|

g,u.v

[RIU,V - (1/2)Rg,u.v] +

PHYSICAL REVIEW D 78, 044025 (2008)

Euler number (140) is a topological invariant in four
dimensions. Similarly, it would have been possible to
remove the H;f;,z)(‘” term from (167).

For D = 5, we obtain for the averaged divergent part of
(60) an expression of the form

(CLHEDD 1 CHEDD 4 o, g0

<¢/|TMV|,7[I>Sing -~ A 0_5/2 + B 0_3/2

o172

+ finite terms in m°g,,,, m*[R,,, — (1/2)Rg,,, ], mHEf’Vz)(l), mHﬁf;,z)(z) and me‘,,Z)(S). (169)

Here A, B, Cy, C,, and C; are dimensionless constants. This singular tensor can be absorbed into a bare gravitational action

given by

1
167TGB

N grav

2 3
fM BxJ=g(R —2A5 + ay'R* + aJ'R,,R? + 'R,

qrstqu)-

(170)

Of course, this bare gravitational action cannot be simplified because, for D > 4, the Euler number (140) does not remain a

topological invariant. Similarly, the Hﬁf‘yz)m

term cannot be removed from (169).

Finally, for D = 6, we obtain for the averaged divergent part of (60) an expression of the form

uv
<¢|Tﬂylw>sing ~A o3 + B P

[Ruv = (1/2)Rg ] | (CHEP + GHYP? + CHEY)
2

+ (D HEW + D,HEI
g

+ DsHG + DyHGY + DsHEGY + DeHGY + DaHG + Dy + Dol

+ DloHEf;,S)(S))ln(MZO') + finite terms in m®g,,,, m*[R,,, — (1/2)Rg ., ], mZHEf;,z)(l), mZHﬁf;,z)(z),
R HEDO R0 R0 630 630 63 g6IO gOIS gOIO gOIN 40y pEIE)

Here A, B, Cl’ Cz, C3, Dl’ ..
gravitational action given by

(171)

., Dg, and D are dimensionless constants. This singular tensor can be absorbed into a bare

1
Sewv = " TomGo /M dx /=R — 2A5 + ay'R? + 'R, R? + a' R, RP"" + BYR® + BY'RR R
+ BYR, R” RV + BY' R, R R"™ + BYRR,,RP" + BYR, R?, R + BYR,,, RPR
+ B Ryrgs RV LT R™™). (172)

This bare gravitational action could be simplified by
using the fact that the Euler number (157) is a topological
invariant. This result could be used to remove from the bare
gravitational action a term such as ﬂg)R prgsRP 4y RV,
Similarly, it would have been possible to remove the
Hﬁ?;,z)(g) term from (171).

To conclude this subsection, it is important to note that
the previous results must be taken with a grain of salt.
Indeed, Egs. (162), (165), (167), (169), and (171) are
formal relations: they display on a very condensed form
the true behavior of the averaged divergent part of (60) in
the limit of small o (for more details, we refer to Ref. [90]).

C. Hadamard renormalization versus renormalization
in the effective action

Field quantization in curved spacetime can be addressed
very efficiently by using the effective action [80,88,91].
This basic object contains, in principle, all the information
about a given quantum field theory but, unfortunately, it is
not usually possible to express it explicitly. Even in the
very simple case of the scalar field theory considered in the
present article, we have only an approximation for the
associated effective action, the so-called DeWitt-
Schwinger (DS) approximation [1,80,88,91-93], which
may be represented by the asymptotic series [88]
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WDS = fm de,/—g(x) X [72(4;)1)/2

oo d( ) —mZis .
X [0 W%e A(x,s):l

where A(x;s) is a purely geometrical object (see,
Ref. [88]) which satisfies

(173)

‘liI_P e s A(xy5) = 0

(174)

and which can be formally written for s — 0 on the form

Alx;s) = f a,(x)(is)k.

k=0

Here, a;(x) are the diagonal DeWitt coefficients. The four
first ones can be found in Refs. [88,94,95] and, because we
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have previously assumed that spacetime has no boundary,
we have for their global (or integrated) expressions

fm dPx[~gay = fm dPx. /=g, (176)
[, @xyga = [ a6 - 1/0R) (7)

[M dPxJ=ga, = [M dPxJ=gL(1/2)(& — 1/6/R:

fM dPx"gas = fM P =g ((1/12)€ — (1/30)€ + 1/336)R0R + (1/840)R,,,CIR? — (1/6)(¢ — 1/6)°R’

— (1/180)(¢ — 1/6)RR

pars

175) — (1/180)R,,R"
+ (1/180)R,,,, RP7"*], (178)
and
|
+ (1/180)(¢ — 1/6)RR ,,RP? — (4/2835)R,,,R" .R?" + (1/945)R, R, R""?*
RP™S + (1/7560)R ,,R? ;R
RPAR'S . — (1/1620)R ,,4sR? 7, R™"V). (179)

+ (17/45360)R g1

The DeWitt-Schwinger representation (173) of the effec-
tive action is a purely local geometrical object which
contains all the information on the ultraviolet behavior of
the quantum theory of the scalar field obeying the wave
equation (5) but which does not take into account its state
dependence. By functional derivation of (173) with respect
to the metric tensor, we can construct the formal stress-
energy tensor

2 SwWbS
JTg 8gh
Of course, it is also a purely local geometrical object which
is furthermore state independent. However, in spite of this
last drawback, it has been extensively used, in the four-
dimensional context, in order (i) to understand the regu-
larization and renormalization of the true (i.e., state-
dependent) stress-energy tensor (see, for example,
Ref. [1]) or (ii) to provide approximations valid in the
large mass limit for this true stress-energy tensor (see, for
example, Refs. [89,91,96,97]). In the present subsection,
we shall briefly discuss some aspects of the renormaliza-
tion of the formal stress-energy tensor (180) directly linked
to our propose in order to shed light, from a different point
of view, on the results obtained above but also to advocate,
with in mind practical applications, the use of the
Hadamard method we have developed.

First, it is important to note that the effective action WPS
is divergent at the lower limit of the integral over s for all
the positive values of the dimension D. For D = 2 and

(T25) = (180)

D = 3, this divergent behavior is associated with the inte-
grated DeWitt coefficients (176) and (177); for D = 4 and
D =5, it is associated with the integrated DeWitt coeffi-
cients (176)—(178); and for D = 6, it is associated with the
integrated DeWitt coefficients (176)—(179). As a conse-
quence, from (180) and by using (136)—(138) and (146)—
(155), we can very easily obtain results analogous to those
described in Sec. IV B concerning the formal expression of
the divergent part of the stress-energy tensor.

The treatment of the divergent behavior of (180) can be
achieved by first regularizing the effective action (173),
then by absorbing its divergent part into a bare gravita-
tional action and finally by functionally deriving the re-
normalized effective action so obtained. By considering
the dimensionality D of spacetime as a complex number,
the effective action WPS can be regularized by analytic
continuation and its divergent part can be extracted coher-
ently and naturally absorbed into a bare gravitational ac-
tion [1,88]. The resulting renormalized effective action can
be written in the form

1
wey = [ e x| - 2(D/21)AmPP

X f()*‘”d(is)ln(47TM2iS)<%)D/2+l

X [e™™is A(x; s)]] (181)

for D even and in the form
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1
WDS — / Py~ g(x) % [
¢ M 8x) 2[0(D/2)/ /7 (4m)P/?

too d(is) (9 \P/2H1/20 Lo
X/;) (is)1/2<3(i5)) [e A(X,S)]]
(182)

for D odd. Formulas (181) and (182) generalize results
displayed in Ref. [88] for D = 2, 3, 4. In Eq. (181), M is an
arbitrary mass scale parameter (the renormalization mass)
which is necessary in dimensional regularization because
only dimensionless quantities can be analytically contin-
ued. M remains in the renormalized effective action for D
even. Now, by inserting (181) or (182) into (180), we can
obtain a renormalized stress-energy tensor for D even or D
odd. Of course, the object calculated in that way is only a
state-independent approximation of the true expectation
value of the stress-energy operator. Furthermore, because
in order to obtain (181) and (182) we have discarded not
only infinite terms involving the integrated DeWitt coef-
ficients but also finite ones which have been absorbed by
finite renormalization, this object is also ambiguously de-
fined. The corresponding ambiguities are obtained by func-
tional derivation of the integrated DeWitt coefficients and
are those displayed in Sec. IVA.

Let us now consider the part of the renormalized effec-
tive action (181) associated with the renormalization mass
M. By using (174) we obtain for its expression

InM> 9 _\Pr2
wit= 1, de\/%[2[(D/2)!](4W)D/ ’ <3("S))

X [e~™"s A(x; s)]:l B

(183)

and, from (175) and (180), it provides a geometrical am-
biguity associated with the stress-energy tensor given by

v M2 s ( o[

M 2(477-)0/2X\/—_g6g’“’ jMd xy—g(x)
E
x 3 S ) a0 (184)
k=0 K

This ambiguity is in fact equivalent to that obtained from
the Hadamard formalism in Sec. II [see, Eq. (79)]. Indeed,
for D = 2 it reduces to

@MZ _ th2 2 1)
w7 2am) T J7g 65"

X ( [M x|y () - m2ao(x)]) (185)

which permits us to recover (92) from (176) and (177). For
D = 4, it reduces to
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,  InM? 2
Ot = 3wy J—agwq dxy =gz

— m?a,(x) + (m4/2)a0(x)])

(186)

which permits us to recover (143) from (176)—(178) by
using (136)—(138). For D = 6, it reduces to

2 1nM2 2

— may(x) + (m*/2)ay (x) — <m6/6>ao<x>])
(187)

which permits us to recover (160) from (176)—(179) by
using (136)—(138) and (146)—(155).

We shall now conclude the present subsection by com-
paring the respective merits of the Hadamard formalism
developed in this article and of the approach based on
renormalization in the effective action. Renormalization
in the effective action is a powerful tool which permits us
to understand the structure of the ultraviolet divergences
contained in the unrenormalized expression of the stress-
energy tensor and to discuss the ambiguity problem.
Because it uses functional derivation with respect to the
metric instead of the point-splitting method, it permits us to
obtain very easily the results mentioned above with a
formalism which is rather independent of the dimension
of spacetime. Hadamard formalism, if we depart from the
axiomatic point of view advocated by Wald, does not seem
so interesting. Unfortunately, calculations based on renor-
malization in the effective action cannot permit us to take
into account the state dependence of the considered quan-
tum theory and therefore to obtain, in a general framework,
the full renormalized expectation value of the stress-energy
operator. In fact, bearing in mind practical calculations,
Hadamard formalism is much more efficient than the
method based on renormalization in the effective action
even if, at first sight and because of its use of the point-
splitting method, it seems rather heavier. It is also impor-
tant to note that, in the present article, we have achieved the
major part of the boring job. The reader who simply wishes
to calculate the renormalized expectation value of the
stress-energy tensor in a particular case must only extract
from the available Feynman propagator the first two co-
efficients of the biscalar W(x, x’) by using the formulas
displayed in Sec. III. If he/she wants furthermore to discuss
the ambiguities of the renormalized stress-energy tensor
obtained, he/she can used the expressions displayed in
Sec. IVA. He/she has nothing else to do.

V. CONCLUSION AND PERSPECTIVES

In this article, we have developed the Hadamard renor-
malization of the stress-energy tensor for a massive scalar
field theory defined on a general spacetime of arbitrary
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dimension. For spacetime dimensions up to 6, we have
explicitly described the renormalization procedure while
for spacetime dimensions from 7 to 11, we have provided
the framework permitting the interested reader to perform
this procedure explicitly in a given spacetime.

Our formalism is very general: we do not assume any
symmetry for spacetime and we do not limit our study to
the massless or the conformally invariant scalar fields. As a
consequence, we have provided a powerful formalism
which could permit us to deal with some particular aspects
of the quantum physics of extra spatial dimensions in a
rather general way or, more precisely, in a more general
way than usual (see, references in Sec. I). We think that this
formalism could be immediately used to discuss, from a
more general point of view, the consequence of the pres-
ence of extra spatial dimensions upon:

(1) The stabilization of Randall-Sundrum braneworld
models of cosmological interest (in connection
with the inflationary scenario and the dark energy
problem).

(i) The quantum violations of the classical energy con-
ditions (in connection with the singularity theorems
of Hawking and Penrose) as well as of the averaged
null energy condition (in connection with the exis-
tence of traversable wormholes and time machines).

(iii)) The fluctuations of the stress-energy tensor (in con-
nection with the validity of semiclassical gravity and
again with the singularity theorems of Hawking and
Penrose).

Furthermore, we think it would be very interesting to
revisit holographic renormalization from the point of view
of the Hadamard formalism and, above all, to use the
Hadamard renormalization procedure developed in this
article to perform calculations of stress-energy tensors
for higher-dimensional black holes. Indeed, even though
such a subject has been a central topic of four-dimensional
semiclassical gravity, very little has been realized in the
higher-dimensional framework. This is rather incompre-
hensible since string theory (or more precisely the so-
called TeV-scale quantum gravity [28-30]) predicts the
possibility of production of such black holes at CERN’s
Large Hadron Collider [98-100] with a production rate
around 1 Hz [101,102]. In this context, the semiclassical
Einstein equations (1) could permit us to partially describe
the black hole evaporation and to test TeV-scale quantum
gravity.

Of course, with the various applications previously men-
tioned in mind, it is necessary to extend our present work to
more general field theories and more particularly to the
graviton field. In order to perform such a generalization, it
is first of all necessary to carry out the program described at
the end of the conclusion of Ref. [71], i.e., to construct the
covariant Taylor series expansions for the off diagonal
Hadamard coefficients for these field theories by going
beyond the existing results.
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APPENDIX: TRACES FOR THE ANOMALOUS
TRACE OF THE STRESS TENSOR

In this appendix, we provide the expressions for the
traces of the three conserved tensors of rank 2 and order 4

Hﬁf;?)(l), Hif;,z)@), and H;f;,z)(‘%) and of the ten conserved
tensors of rank 2 and order 6 HE;,O}(I), HLZ;,O}B), HE?;?)(I),
Hﬁ?f)(z), Hiff)m’ HELG;})M), HE?;})(S), Hﬁf’f)(@, Hff}})m, and
H(6’3)(8)

uvo

From Egs. (136a), (137a), and (138a), we easily obtain

g HEPY = —2D - 2)OR + (D/2 —2)R%, (A1)

g HEP® = —(D/2)OR + (D/2 — 2)R,,RP1, (A2)

g HPY = —20R + (D/2 — 2)R RV

(A3)

pqrs

From Egs. (2.22)-(2.31) of Ref. [89], we obtain after
tedious calculations using results and geometrical identi-
ties of Ref. [73]

g HZ) = —(2p — 2)00R — 2ROR
—(D/2 = DR, ,R? (A4)
g H'® = —(D/2)00R + (4 — 2D)R., R
+(D—4)R,,OR™ + (2D — 4R ., R""®*

—(D/2~3/2)R,,R? +(5D/2 — 5)R ., RVG"
— (4D — 6)R ., R — (2D —2)R,,R” .R"
+(2D = 2)R,R,,R""* (AS)

gt He" = —(6D — 6)ROR — (6D — 6)R.,R”
+(D/2 - 3)R? (A6)

g HS)?® = —(D/2 + )ROR — (D — 2)R.,,R"

— (2D = 2)R,,00R?" — DR.,R"
— (2D = 2)R,,,RPT"
+ (D/2 — 3)RR ,,R" (A7)
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g HW)® = —(3D/2 — 3)R.,,R" — 3R,,OIR"

— (3D/8 — 3/4)R.,R” — 3R ., RPT"
— (3D/2 = 3)R,,,.,R""** — DR,,R” .RY"
+ (3D/2 = 3)R , R, RS (A8)

g HE)W = —(1/2)ROR + (D/2 — DR, R
— DR,,OOR?? = (D = 2)R y.rs
— (3/4)R.,R? — (2D — 2)R
+ (2D — 3)R

Rpras

parRP

pqsr

— (D/2 + 2)R R, RV (A9)
g’ H@)® = —2ROIR — 4R, ,RPY

— (8D = 8)R gy R4 — 4R, R

- (2D - 2)qurs;lqurS;t

+(D/2 = 3)RR gy RV

- (4D - 4)quRprsthrSt

+ (2D = 2R g RPR™S

+ (8D — 8)R s RP 4, RT (A10)

R4 + (D — 1)R,,R? .R?"
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63)6) _ _ _
g H ) = —R.,,R? — 2R, (IR

g H )" = —24R

—(2D+2)R
—(D+2)R,,.,
—(D/4+1/2)R
+(D/4+1/2)R
+(D+2)R

s R = (1/2)R, R

RPITT + Dqu;,Rpr;q
pqu;tqurs;t - 4quRprsthrSt
pququuersuv

RP 9, RSV (Al1)

prqs

RP™® — 12R . RP4"

pairs pa;r
+ 12R . RP™ — 3R . RPVS
— 6R y,R? ; RT*" + (D/2)R s RP“VR' ,,
+ 12R 0 RP 0, R (A12)
g HSP® = (3/2)R.,,RP — 3R,,00RP? + 3R ., RV

— 3R, ,RPT" + 3R, RV

+ (3/4)R pgrs: i RPI™ + 3R, R? .RY"

— 3R, Ry RP™ + (3/2)R yyRY 15 RO

— (3/4R 4 RPIR™ ,
R?,9,R™V.

+(D/2 — 6)R (A13)

prqs
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