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We investigate quantum entanglement of a scalar field in the inflationary universe. By introducing a

bipartite system using a lattice model of scalar field, we apply the separability criterion based on the

partial transpose operation and numerically calculate the bipartite entanglement between separate spatial

regions. We find that the initial entangled state becomes separable or disentangled when the size of the

spatial regions exceed the Hubble horizon. This is a necessary condition for the appearance of classicality

of the quantum fluctuation. We further investigate the condition for the appearance of the classical

distribution function and find that the condition is given by the inequality for the symplectic eigenvalue of

the covariance matrix of the scalar field.
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I. INTRODUCTION

Inflation provides a mechanism of generation of primor-
dial inhomogeneity, which is needed for the formation of
large-scale structures in our present universe. During the
qusi-de Sitter expansion stage of the inflationary universe,
short wavelength quantum fluctuations of the inflaton field
are generated by particle creations and then they are
stretched by the cosmic expansion and their wavelength
exceeds the Hubble horizon beyond which the physical
process proceeds independently. After the wavelength of
generated quantum fluctuations become larger than the
Hubble horizon, the quantum nature of the fluctuation is
expected to be lost and the statistical property of fluctua-
tions is replaced by the classical distribution function. This
is the assumption of the quantum to classical transition of
the quantum fluctuation generated during the inflation.
Once this assumption is adopted, we can use generated
‘‘classical’’ fluctuations as initial perturbations for the
large-scale structure formation, which obeys deterministic
classical dynamics.

We must explain or justify this assumption of the quan-
tum to classical transition of primordial fluctuation and
many investigations have been done on this subject so far
[1–12]. A rough outline of the classicalization mechanism
proposed in researches [1,5–9] is as follows: In the infla-
tionary universe, particle creations occur due to the accel-
erated expansion of the Universe and the quantum field
becomes a highly squeezed state. For such a highly excited
state as a squeezed state, noncommutativity between can-
onically conjugate variables can be neglected and the
operator nature of variables are effectively lost when we
evaluate the expectation value of quantum variables. This
means we can regard operators as c-numbers. Furthermore,
it can be shown that there appears a sharp peak around a
line of the Wigner function for the state of quantum fluc-
tuations, and this indicates establishment of classical cor-

relation between canonically conjugate variables on the
phase space. At this stage, the Wigner function itself can
be interpreted as a classical probability distribution func-
tion, and the quantum fluctuations themselves can be
treated as classical stochastic variables. Hence, after suffi-
cient squeezing, we can represent the nature of the quan-
tum fluctuations by the classical stochastic variables with
an appropriate probability distribution function of which
property is determined by the state of the quantum fluctua-
tions. For the classicality of the quantum system, we also
need the mechanism of decoherence and the studies along
this line have been done with the assumption of an appro-
priate coupling between the system and the environment
[2–4,10–12].
However, these analysis do not pay attention to an

important aspect of quantum mechanics, quantum entan-
glement, which definitely distinguishes a quantum world
from a classical one. When we calculate a correlation
function of observables between spatially separated two
regions, we have a possibility that the quantum correlation
function cannot be reproduced using a local classical
probability distribution function if these two regions are
entangled [13,14] and the classical locality is violated. In
other words, we cannot regard the quantum fluctuations as
the classical stochastic fluctuations as long as the system is
entangled. Therefore, it is important to clarify the relation
between the entanglement and the appearance of the clas-
sical nature to fully understand the mechanism of the
quantum to classical transition of primordial fluctuations.
In this paper, we consider the entanglement of quantum

field between two spatially separated regions in a de Sitter
universe and aim to understand the mechanism of the
quantum to classical transition of fluctuation from the
viewpoint of quantum entanglement. This paper is organ-
ized as follows: We introduce the concept of entanglement
and separability in Sec. II. In Sec. III, we calculate the
bipartite entanglement of a scalar field in the de Sitter
universe. In Sec. IV, we discuss the relation between the
entanglement and the quantum to classical transition in the*nambu@gravity.phys.nagoya-u.ac.jp
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inflationary universe. Sec. V is devoted to summary and
conclusion. We use units in which c ¼ @ ¼ 8�G ¼ 1
throughout the paper.

II. SEPARABILITYAND ENTANGLEMENT

In this paper, we focus on a bipartite system composed
of two Gaussian modes described by canonical variables
ðq̂1; p̂1Þ and ðq̂2; p̂2Þ. This is the simplest case deriving
entanglement for continuous variable system. Let Alice
be in possession of mode 1 and let Bob be in possession
of mode 2. A quantum state �̂ of the bipartite system is
defined to be separable if and only if �̂ can be expressed in
the form [15]

�̂ ¼ X
j

pj�̂jA � �̂jB;
X
j

pj ¼ 1; pj � 0; (1)

where �̂jA and �̂jB are density operators of the modes of

Alice and Bob, respectively. If the state of the system
cannot be expressed in this form, the quantum state of
the system is called entangled. When the state is entangled,
the observables associated to the party A and B are corre-
lated and their correlations cannot be reproduced with
purely classical means. This leads to the phenomena pecu-
liar to the quantum mechanics such as the EPR correlation
[13] and the violation of Bell’s inequality [14].

For a bipartite Gaussian two mode system, we have
necessary and sufficient conditions for separability
[16,17] and we can judge whether the system is entangled
or not using these criteria. In this paper, we adopt a
criterion proposed by Simon [16], which uses the partial
transpose operation for a bipartite system. We define the
phase space variables as

�̂ ¼
q̂1
p̂1

q̂2
p̂2

0
BBB@

1
CCCA: (2)

Using these variables, the canonical commutation relations
are expressed as

½�̂�; �̂�� ¼ i���; �;� ¼ 1; 2; 3; 4;

� ¼ J 0
0 J

� �
; J ¼ 0 1

�1 0

� �
:

(3)

The Gaussian state is completely characterized by the
covariance matrix

V�� ¼ 1
2h�̂��̂� þ �̂��̂�i ¼ 1

2 trðð�̂��̂� þ �̂��̂�Þ�̂Þ; (4)

where we assume the state with h��i ¼ 0. For a physical
state, the density matrix must be non-negative and the
corresponding covariance matrix must satisfy the inequal-
ity [16]

V þ i

2
� � 0; (5)

which is the generalization of the uncertainty relation
between two canonically conjugate variables. The separa-
bility of the bipartite Gaussian state is expressed in terms
of the partial transpose operation defined by

�̂ 0 ¼ ��̂; � ¼ diagð1; 1; 1;�1Þ: (6)

This operation reverses the sign of Bob’s momentum. With
this operation, the covariance matrix transforms as

~V ¼ �V�T: (7)

The necessary and sufficient condition of the separability is
given by the inequality

~V þ i

2
� � 0; (8)

which represents the physical condition for the partially
transposed state. For an entangled state, this inequality is
violated and the partially transposed state becomes un-
physical. To measure the degrees of entanglement, we
introduce the logarithmic negativity via symplectic eigen-
values of the covariance matrix. The covariance matrix can
be diagonalized by an appropriate symplectic transforma-
tion S 2 Spð4; RÞ, S�ST ¼ � as follows: [18,19]

SVST ¼ diagð�þ; �þ; ��; ��Þ; �þ � �� � 0; (9)

where �� are symplectic eigenvalues. In terms of sym-
plectic eigenvalues, the physical condition (5) can be ex-
pressed as

�� � 1
2 (10)

and the separability condition (8) can be expressed as

~�� � 1
2: (11)

The logarithmic negativity is defined by

EN ¼ �min½log2ð2~��Þ; 0�: (12)

For an entangled state, ~�� < 1=2 and we have EN > 0. For
a separable state, ~�� � 1=2 and we have EN ¼ 0.
Practically, the symplectic eigenvalues can be obtained as
eigenvalues of the matrix i�V [18,19].

III. ENTANGLEMENT OF QUANTUM FIELD IN
THE DE SITTER UNIVERSE

A. One-dimensional lattice model of scalar field

To comprehend the behavior of the entanglement of
quantum fields in the inflationary universe, we consider a
real massless scalar field � in the de Sitter universe. The
metric and the Lagrangian are
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ds2 ¼ að�Þ2ð�d�2 þ dx2Þ; a ¼ � 1

H�
;

�1<�< 0; L ¼
Z

d3x
ffiffiffiffiffiffiffi�g

p �
� 1

2
g	�@	�@��

�
;

(13)

where � is the conformal time and H is the Hubble
parameter, which is assumed to be constant in time. By
introducing a conformally rescaled variable q ¼ a�,

L ¼
Z

d3x
1

2

��
q0 � a0

a
q

�
2 � ð@iqÞ2

�
; (14)

and the equations of motion of the scalar field is

q00 � a00

a
q� @2i q ¼ 0; (15)

where 0 denotes the derivative with respect to the confor-
mal time �.

To investigate the property of the quantum entanglement
of the scalar field, we adopt a discrete lattice model of the
scalar field in this paper. This model introduces a cutoff of
short wavelength mode of the scalar field, which regular-
izes the ultraviolet divergence of the vacuum fluctuations.
The same model is used to investigate the spatial structure
of entanglement in a Minkowski spacetime [20]. To sim-
plify the analysis, we assume that the scalar field depends
only on one spatial coordinate and the space is one dimen-
sional. Then the lattice version of the scalar field
Lagrangian is

L ¼ �x

2

XN
j¼1

��
q0j �

a0

a
qj

�
2ð�xÞ2 � ðqj � qj�1Þ2

�
; (16)

where qj denotes the scalar field at the j-th lattice site, �x

is a lattice spacing andN is the total number of lattice sites.
The equation of motion is

q00j �
a00

a
qj þ 1

ð�xÞ2 ½2qj � �ðqjþ1 þ qj�1Þ� ¼ 0;

j ¼ 1; 2; � � � ; N; (17)

q0 ¼ qN; qNþ1 ¼ q1;

where we assume a periodic boundary condition for qj, and

the parameter � � 1 is introduced to regularize the infra-
red divergence, which appears in the correlation function
of the scalar field. This divergence is peculiar to one-
dimensional massless scalar field. The nonunity value of
the parameter � corresponds to adding a small mass to the
scalar field

m2 ¼ 2ð1� �Þ
ð�xÞ2 ; (18)

and we choose the value of � sufficiently close to unity so
that the our result of calculation does not depends on the

value of this cutoff parameter. By rescaling the time vari-
able as � ! ��x, the equation of motion can be written as

q00j �
a00

a
qj þ 2qj � �ðqjþ1 þ qj�1Þ ¼ 0: (19)

The Hamiltonian is

H ¼ XN
j¼1

�
1

2
p2
j þ q2j � �qjqj�1 þ a0

a
pjqj

�
: (20)

To quantize this system, we introduce the Fourier expan-
sion of the scalar field on the lattice as follows:

qj ¼ 1ffiffiffiffi
N

p XN�1

k¼0

~qke
i
kj; pj ¼ 1ffiffiffiffi

N
p XN�1

k¼0

~p�
ke

i
kj;


k ¼ 2�k

N
:

(21)

The equation of motion for the Fourier mode ~qk is

~q 00
k þ

�
!2

k �
a00

a

�
qk ¼ 0; !2

k ¼ 2ð1� � cos
kÞ:
(22)

Introducing creation and annihilation operators, the quan-
tized canonical variables are represented as follows:

q̂ j ¼ 1ffiffiffiffi
N

p XN�1

k¼0

ðfkâk þ f�kâ
y
N�kÞei
kj; (23)

p̂ j ¼ 1ffiffiffiffi
N

p XN�1

k¼0

ð�iÞðgkâk � g�kâ
y
N�kÞei
kj; (24)

½q̂j; p̂‘� ¼ i�j‘; ½âk1 ; âyk2� ¼ �k1;k2 ;

½âk1 ; âk2� ¼ ½âyk1 ; âyk2� ¼ 0;
(25)

f00k þ
�
!2

k �
a00

a

�
fk ¼ 0; gk ¼ i

�
f0k �

a0

a
fk

�
;

fkf
�0
k � f0kf

�
k ¼ i:

(26)

As the quantum state of the scalar field, we assume the
Bunch-Davis vacuum state, and it corresponds to the fol-
lowing form of the mode functions:

fk ¼ 1ffiffiffiffiffiffiffiffiffi
2!k

p
�
1þ 1

i!k�

�
e�i!k�; gk ¼

ffiffiffiffiffiffi
!k

2

r
e�i!k�:

(27)

The two point correlation functions between the canonical
variables on the lattice sites are given by
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gjj�‘j � 1

2
hq̂jq̂‘ þ q̂‘q̂ji ¼ 1

N

XN�1

k¼0

jfkj2 cosð
kðj� ‘ÞÞ;

(28)

hjj�‘j � 1

2
hp̂jp̂‘ þ p̂‘p̂ji ¼ 1

N

XN�1

k¼0

jgkj2 cosð
kði� ‘ÞÞ;

(29)

kjj�‘j � 1

2
hq̂jp̂‘ þ p̂‘q̂ji

¼ 1

N

XN�1

k¼0

i

2
ðfkg�k � f�kgkÞ cosð
kðj� ‘ÞÞ: (30)

Now, we define a bipartite system using this lattice
model. As we are interested in the correlation and the
entanglement between different spatial regions, we intro-
duce the following block variables by spatially averaging
the variables in given regions A and B (see Fig. 1).

q̂ A ¼ 1ffiffiffi
n

p X
j2A

q̂j; p̂A ¼ 1ffiffiffi
n

p X
j2A

p̂j;

q̂B ¼ 1ffiffiffi
n

p X
j2B

q̂j; p̂B ¼ 1ffiffiffi
n

p X
j2B

p̂j:

(31)

The regions A and B contain n lattice sites and the coarse-
grained field values are assigned to each regions. The
separation between A and B is d. The commutation rela-
tions between these coarse-grained variables are

½q̂A; p̂A� ¼ ½q̂B; p̂B� ¼ i; ½q̂A; p̂B� ¼ 0 (32)

and the set of canonical variables ðq̂A; p̂A; q̂B; p̂BÞ consti-
tutes a bipartite system. The covariance matrix of this
bipartite system is given by the following symmetric 4	
4 matrix:

V ¼ A C
C A

� �
; A ¼ a1 a3

a3 a2

� �
;

C ¼ c1 c3
c3 c2

� �
;

(33)

a1 ¼ hq̂2Ai ¼ hq̂2Bi ¼
1

n

X
i;j2A

gji�jj;

a2 ¼ hp̂2
Ai ¼ hp̂2

Bi ¼
1

n

X
i;j2A

hji�jj;

a3 ¼ 1

2
hq̂Ap̂A þ p̂Aq̂Ai ¼ 1

n

X
i;j2A

kji�jj;

c1 ¼ 1

2
hq̂Aq̂B þ q̂Bq̂Ai ¼ 1

n

X
i2A;j2B

gji�jj;

c2 ¼ 1

2
hp̂Ap̂B þ p̂Bp̂Ai ¼ 1

n

X
i2A;j2B

hji�jj;

c3 ¼ 1

2
hq̂Ap̂B þ p̂Bq̂Ai ¼ 1

n

X
i2A;j2B

kji�jj:

As we do not observe the degrees of freedom of outside the
regions A and B, the evolution of this bipartite system is
nonunitary. Thus, we take into account the effect of deco-
herence through our definition of bipartite system. Using
these components of the covariance matrix V, the sym-
plectic eigenvalues are given by

ð��Þ2 ¼ a1a2 � a23 þ c1c2 � c23 � ja1c2 þ a2c1 � 2a3c3j;
(34)

ð~��Þ2 ¼ a1a2 � a23 � c1c2 þ c23 � jða1c2 � a2c1Þ2
þ 4ða1c3 � a3c1Þða2c3 � a3c2Þj1=2; (35)

and we can apply the separability criterion (11) to judge
whether the system is separable or entangled.

B. Numerical result

We calculated the logarithmic negativity of this system
numerically. The number of lattice sites isN ¼ 100 and the
value of the infrared cutoff parameter is chosen to be � ¼
0:9999.
Fig. 2 shows the logarithmic negativity EN as a function

of separation d between the regions A and B with the
region size n ¼ 4. Initially (� ¼ �10, the left panel),
EN � 0 for d ¼ 0, and EN ¼ 0 for d � 1. The regions A
and B are entangled for d ¼ 0 and separable for d � 1.
This implies that the system is intrinsically entangled at
this time because the choice of the separation d corre-
sponds to the choice of measurement; how to observe the
system. As the system evolves, the logarithmic negativity
becomes zero for any d (� ¼ �0:9, the right panel) and we
can say that the system becomes separable at this time.
This behavior is not changed for the other value of the
region size n. The spatial structure of entanglement for this
lattice model is simple and we only pay attention to the
behavior of entanglement for d ¼ 0.
Then, we consider the evolution of the entanglement.

Fig. 3 shows the evolution of symplectic eigenvalues ��
FIG. 1 (color online). A bipartite system in our one-
dimensional lattice model.
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and ~�� for d ¼ 0 with n ¼ 4. During the entire period of
evolution, the value of �� is greater than 1=2 and the
physical condition (10) is always satisfied. On the other
hand, the value of ~�� is smaller than 1=2 initially, then
increases and exceeds the value 1=2. Thus, the initial
entangled state changes into the separable state.

We interpret these symplectic eigenvalues behaviors
using the logarithmic negativity. Fig. 4 shows the logarith-
mic negativity for d ¼ 0 as a function of conformal time.
At some critical time �c 
 �1, the logarithmic negativity
EN becomes zero and the initially entangled state changes
into a separable state after �c. As the quantum state, we
assume the Bunchi-Davis vacuum, which imposes the
Minkowski vacuum state in the short wave length limit.
Thus, the entanglement of the scalar field before�c implies
the remnant of the entanglement of the Minkowski vac-
uum. After � ¼ �c, the regions A and B do not have
quantum correlation and we expect that the correlation

between two regions can be mimicked by an appropriate
classical distribution function. To understand what time
scale determines the critical time �c, we observed how
the critical time �c varies when we change the region size
n.
Fig. 5 shows the relation between the critical time �c

and the region size n. For small value of n, the relation
coincides with the line�c ¼ �n (dotted line). By restoring
the dimension of the variables, this relation corresponds to

að�cÞ 	 n�x ¼ 1

H
: (36)

Thus, the quantum entanglement between the regions A
and B disappears when the physical size of each region
exceeds the Hubble horizon length. We must keep in mind
that the physical size of each region grows as að�Þ 	 n�x
by the cosmic expansion. For larger values of n, the
relation deviates from the line �c ¼ �n and we suppose

FIG. 3 (color online). Evolution of symplectic eigenvalues for
d ¼ 0, n ¼ 4. The upper line represents �� and the lower line
represents ~��. The physical condition �� > 1=2 is always
satisfied.

FIG. 2 (color online). The dependence of the separation d on EN for region size n ¼ 4. The left panel is EN at � ¼ �10 and the right
panel is EN at � ¼ �0:9.

FIG. 4 (color online). ENðd ¼ 0Þ as a function of the confor-
mal time � for n ¼ 4 case. After � ¼ �c 
 �1, EN becomes
zero and the system is separable.
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this is due to the effect of the periodic boundary condition
we imposed for the lattice model. The appearance of
separability or disentanglement at the Hubble horizon scale
coincides with our naive classical picture of the separate
universe; the Hubble size inflationary domains evolves
independently and they can be treated as independent
Friedman-Robertson-Walker universes. As is shown here,
the quantum entanglement between the Hubble size re-
gions is lost and these regions do not have the quantum
correlation. This is quantum version of the separate uni-
verse picture. Hence, we can expect that the quantum
fluctuations in these regions behave classical.

IV. ENTANGLEMENTAND QUANTUM TO
CLASSICAL TRANSITION

To clarify the condition of quantum to classical transi-
tion of fluctuations in the inflationary universe, we consider
the relation between the disentanglement and the classic-
alization of quantum fluctuations. We can say that the
quantum fluctuations become classical if they are mim-
icked by appropriate classical stochastic variables and their
statistical nature cannot be distinguished from quantum
ones. More precisely, the bipartite quantum system under
the consideration is defined to be classical if there exists a
positive normalizable distribution function P on the phase
space and the following relation holds for any function F of
canonical variables:

hFðq̂A; p̂A; q̂B; p̂BÞi
¼

Z
dqAdpAdqBdpBP ðqA; pA; qB; pBÞFðqA; pA; qB; pBÞ:

(37)

The left-hand side of this relation is evaluated with respect
to the considering quantum state. If this relation holds, any
correlation function of quantum variables in the bipartite
system can be imitated by the classical distribution func-

tion P on the phase space and appropriate classical sto-
chastic variables.
As is shown by Simon [16] and Duan et al.[17], for a

bipartite two-mode Gaussian system, if the system is sepa-
rable then the state of the system can be written by the
following form of P representation: [21]

�̂ ¼
Z

d2�d2�Pð�;�Þj�;�ih�;�j; (38)

where j�;�i ¼ j�ij�i is the product of the coherent state
of A and B, and Pð�;�Þ is a positive normalizable function
called P function. For a Gaussian state with the covariance
matrix V, the P function is also a Gaussian function and
given by

Pð�Þ ¼ 1

4�2

ffiffiffiffiffiffiffiffiffiffiffi
detP

p
exp

�
� 1

2
�TP�

�
;

P ¼
�
V þ 1

2
�STS�T

��1
;

(39)

where S 2 Spð2; RÞ � Spð2; RÞ is the symplectic transfor-
mation that transforms the covariance matrix V to the
following standard form [17]:

VII ¼ SVST ¼

ar cr

a=r c0=r
cr ar

c0=r a=r

0
BBBBB@

1
CCCCCA;

r ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a� jc0j
a� jcj

s
:

(40)

From the definition of P function (39), we have

P ¼ ST

�
VII � I

2

��1
S (41)

and the existence of a positive normalizable P function is
guaranteed by the condition ðVII � I=2Þ � 0. In terms of
the components of VII, this condition is represented as

ða� jcjÞða� jc0jÞ � 1
4: (42)

On the other hand, the symplectic eigenvalues of V, which
is invariant under symplectic transformations, are

�2 ¼
� ða� jcjÞða� jc0jÞ; ðaþ jcjÞðaþ jc0jÞ; cc0 � 0
ða� jcjÞðaþ jc0jÞ; ðaþ jcjÞða� jc0jÞ; cc0 < 0

;

(43)

~� 2 ¼
� ða� jcjÞðaþ jc0jÞ; ðaþ jcjÞða� jc0jÞ; cc0 � 0
ða� jcjÞða� jc0jÞ; ðaþ jcjÞðaþ jc0jÞ; cc0 < 0:

(44)

Therefore, the condition of existence of positive normal-
izable P function is equivalent to the separability condition
(11) provided that the physical condition (10) is satisfied.
From the definition of P representation (38), if the system

FIG. 5 (color online). The relation between the critical time �c

and the region size n. The deviation from a linear relation
represents the effect of boundary condition.
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is separable, it is possible to calculate the quantum expec-
tation value of the normally ordered product of any opera-
tors using the P function as a distribution function

h:Fðq̂A; p̂A; q̂B; p̂BÞ:i
¼

Z
dqAdpAdqBdpBPðqA; pA; qB; pBÞFðqA; pA; qB; pBÞ:

(45)

However, the existence of P function is not sufficient for
the establishment of classicality of the system; it only
guarantees the existence of the distribution function for
the normally ordered quantities.

To derive the condition of classicality of the quantum
field, we introduce a Wigner distribution function on the
phase space and its form for a Gaussian state is given by

Wð�Þ ¼ 1

4�2
ffiffiffiffiffiffiffiffiffiffiffi
detV

p exp

�
� 1

2
�TV�1�

�
: (46)

The normalizable Winger function exists for V � 0 and
this condition is weaker than the physical condition of the
state (5). Hence, there exists a normalizable Wigner func-
tion, which does not represent the physical state. The
Wigner function (46) for V � 0 is positive normalizable
and can be interpreted as a distribution function giving the
expectation value for the symmetrically ordered product of
operators

hfFðq̂A; p̂A; q̂B; p̂BÞgsymi
¼

Z
dqAdpAdqBdpBWðqA; pA; qB; pBÞFðqA; pA; qB; pBÞ:

(47)

If the difference between the P function and the Wigner
function is negligible, these distribution functions return
the same answer for the expectation value of any operator

F̂ and we have the relation

h:F̂:i 
 hfF̂gsymi 
 hF̂i: (48)

This means that noncommutativity between operators is
negligible and the P function or the Wigner function plays
a role of the classical distribution function, which repro-
duces the quantum expectation value for any operators.
Hence, the condition of classicality (37) is established.
We look for the condition for the establishment of the

relation (48). For this purpose, it is sufficient to consider
the condition for the standard form of the covariance
matrix VII because this form of the covariance matrix is
related to the original covariance matrix V via a symplectic
transformation. In terms of the covariance matrix, the
condition for the classicality P 
 W is given by

V �1
II 
 ðVII � I=2Þ�1: (49)

We write down the components of V�1
II and ðVII � I=2Þ�1

explicitly

V�1
II ¼

a=r

a2 � c2
� c=r

a2 � c2

ar

a2 � c02
� c0r
a2 � c02

� c=r

a2 � c2
a=r

a2 � c2

� c0r
a2 � c02

ar

a2 � c02

0
BBBBBBBBBBBBBB@

1
CCCCCCCCCCCCCCA
;

ðVII � I=2Þ�1 ¼

ða� 1=2rÞ=r
ða� 1=2rÞ2 � c2

� c=r

ða� 1=2rÞ2 � c2

ða� r=2Þr
ða� r=2Þ2 � c02

� c0r
ða� r=2Þ2 � c02

� c=r

ða� 1=2rÞ2 � c2
ða� 1=2rÞ=r

ða� 1=2rÞ2 � c2

� c0r
ða� r=2Þ2 � c02

ða� r=2Þr
ða� r=2Þ2 � c02

0
BBBBBBBBBBBBBBB@

1
CCCCCCCCCCCCCCCA
:
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Thus, if the condition

f1 � a2r2 ¼ a2
a� jc0j
a� jcj �

1

4
;

f2 � a2

r2
¼ a2

a� jcj
a� jc0j �

1

4

(50)

is satisfied, V�1
II 
 ðVII � I=2Þ�1 and the P function

equals the Wigner function. We rewrite the condition
(50) in terms of the symplectic eigenvalues. For cc0 > 0,
�2� ¼ ða� jcjÞða� jc0jÞ and

f1 ¼ a2�2�
ða� jcjÞ2 > �2�; f2 ¼ a2�2�

ða� jc0jÞ2 > �2�; (51)

and the condition (50) is satisfied if �� � 1=2. For cc0 <
0,

f1 ¼ a2~�2�
ða� jcjÞ2 > ~�2�; f2 ¼ a2~�2�

ða� jc0jÞ2 > ~�2�; (52)

and the condition (50) is satisfied if ~�� � 1=2. Combining
these two cases, we have the following result:

�� � 1
2;

~�� � 1
2 ) V�1

II 
 ðVII � I=2Þ�1()P 
 W:
(53)

Therefore, ��; ~�� � 1=2 is the sufficient condition for the
system can be treated as classical.

We can check whether this condition is satisfied in our
lattice model. As is show in Fig. 3, before the critical time
�c 
 �1, �� > 1=2 and ~�� < 1=2 and the system is en-
tangled. After �c, the value of ~�� becomes greater than
1=2 and increases in time. In our lattice model, the relation
~�� < �� always holds. For �1 & �< 0, the behavior of
~�� is approximately given by

ð~��Þ2 � 1

4

 0:10 605

�2
� 0:115 144þOð�2Þ (54)

and after � ¼ �c, the condition ~�� � 1=2 is rapidly
realized. Hence, the difference between the P function
and the Wigner function becomes negligible in one
Hubble time after the system becomes separable at the
horizon crossing. As a subset of the separability condition
for VII, the inequality

a2 � 1
4 (55)

holds for the physical state and this corresponds to a
standard uncertainty relation. The condition of classicality
��; ~�� � 1=2 leads to a2 � 1=4 and this also implies the
noncommutativity between canonical variables can be ne-
glected when we evaluating the expectation values of
operators. This is consistent with the result obtained in
the paper [1,5–8]; for superhorizon scale quantum fluctua-
tions, the noncommutativity between canonical variables
becomes negligible because the growing mode solution is
dominant. In other words, we can neglect @ in the uncer-

tainty relation. We derived the equivalent condition for the
classicality from the condition of the existence of the
classical distribution function and the symplectic
eigenvalues.

V. SUMMARYAND CONCLUSION

We investigated the appearance of the classical distribu-
tion function for the quantum fluctuation in the inflationary
model using the lattice model of the scalar field. By
following the evolution of entanglement between two spa-
tially separated regions, we found the classicality of the
quantum field appears as follows: Initially, when the size of
the considering region is smaller than the Hubble horizon,
the quantum field is in the entangled state. As the Universe
expands, the quantum state becomes separable when the
size of the region equals the size of the Hubble horizon. At
this stage, the quantum correlation between neighboring
regions is lost. Then, within about one Hubble time after
the horizon crossing, noncommutativity of operators be-
comes negligible and the system can be treated as classical.
Any quantum expectation values can be evaluated using
the P function or theWigner function. In other words, there
appears classical stochastic nature for variables, which
mimics the original quantum dynamics. As we have
shown, disentanglement is not a sufficient condition for
the establishment of classicality of fluctuations. This con-
dition only guarantees the loss of EPR-type nonlocal cor-
relations, which are peculiar to quantum mechanics.
In our analysis, we defined a bipartite system as the

subsystem of the entire universe and we discard the unob-
served dynamical degrees of freedom outside of the ob-
served region. Thus, our bipartite system evolves in a
nonunitary way and this definition of our system effec-
tively takes into account the decoherence mechanism of
the considering region.
We comment on the relation of our analysis to the

stochastic approach of inflation [22], which treats the
quantum dynamics of inflaton fields as the classical sto-
chastic process. By coarse graining the scalar field on the
large scale ð�HÞ�1, � � 1, it can be shown that the coarse
grained field obeys the Langevin equation and the dynam-
ics of the quantum inflaton field is replaced by the classical
stochastic process. In the stochastic approach, the classical
nature of the inflaton field is guaranteed by the appropriate
small value of the coarse graining parameter �. However,
in this approach, the connection between the probability
distribution and the state of the inflaton field is not clear.
The stochastic approach assumes the existence of the
classical probability distribution from the first. However,
as we have shown in this paper, it is possible to define a
probability distribution function only when the system
becomes separable. We expect that the condition � � 1
corresponds to the condition ~� � 1=2, which is stronger
than the separability. Anyways, we must reconsider the
meaning of the probability in the stochastic approach from
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the view point of entanglement. Wewill report on this topic
in a separate publication.

In this paper, we assumed the Bunch-Davis vacuum
state. Previous analysis by J. Lesgourgues et al. [7] con-
sidered the nonvacuum initial states that are non-Gaussian
and concluded that the non-Gaussian nature of the state
does not affect the transition to the classicalbehavior.
However, from the viewpoint of the entanglement, the
condition of the separability for non-Gaussian states is
unknown and the determination of a classicality condition
for such states is an unsolved problem. Further, we con-
sidered the quantum to classical transition based on the
bipartite entanglement only. This is because the criterion

on the separability for the general N-partite system is
unknown [15]. However it is necessary to look for the
classicality condition for non-Gaussian states and the
N-partite system to fully understand the mechanism of
classical to quantum transition of primordial fluctuation.
This is a future problem to be tackled.
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