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The leading twist transverse momentum dependent parton distributions (TMDs) are studied in a light-

cone description of the nucleon where the Fock expansion is truncated to consider only valence quarks.

General analytic expressions are derived in terms of the six amplitudes needed to describe the three-quark

sector of the nucleon light-cone wave function. Numerical calculations for the T-even TMDs are presented

in a light-cone constituent quark model, and the role of the so-called pretzelosity is investigated to produce

a nonspherical shape of the nucleon.
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I. INTRODUCTION

In recent years much work has been devoted to study
semi-inclusive deep inelastic scattering (SIDIS) and Drell-
Yan (DY) dilepton production as powerful tools to under-
stand the nucleon structure. According to the factorization
theorem that separates the coherent long distance interac-
tions between projectile and target from the incoherent
short distance interactions [1–3], the physical observables
of such processes can be expressed as convolution of hard
partonic scattering cross sections, parton distribution func-
tions (PDFs), and parton fragmentation functions (FFs) [4–
6]. With respect to the usual inclusive deep inelastic scat-
tering (DIS) where PDFs only depend on the longitudinal
momentum fraction carried by the parton, now PDFs, as
well as FFs, also depend on the transverse momentum. At
leading twist there are eight transverse momentum depen-
dent PDFs (TMDs) [7–10], three of them surviving when
integrated over the transverse momentum and giving rise to
the familiar parton density, helicity and transversity
distributions.

TMDs contain rich and direct three-dimensional infor-
mation about the internal dynamics of the nucleon. In
particular, they can help in understanding how the nucleon
spin originates from the quark spins and the orbital angular
momentum of quarks and gluons. However, being typical
nonperturbative quantities, TMDs are not directly calcu-
lable in quantum chromodynamics (QCD), and their mod-
eling requires assumptions about the nucleon wave
function.

When dealing with high-energy scattering where had-
rons travel near the speed of light, the most natural tool to
describe the nucleon is the light-cone Fock state expansion
of its wave function. The hadronic state is decomposed in
terms of N-parton Fock states with coefficients represent-
ing the momentum light-cone wave function (LCWF) of
the N partons [11,12]. In principle there is an infinite
number of LCWFs in such an expansion. However, since
the constituent quark models work so well phenomenolog-
ically, there must exist a light-cone description of the

nucleon in which only the Fock components with a few
partons are necessary.
The quark distribution amplitudes defined in terms of

hadron-to-vacuum transition matrix elements of nonlocal
gauge-invariant light-cone operators and describing the
three-quark component of the nucleon have been studied
extensively in the literature [11,13–18]. In turn, the light-
cone Fock expansion of a hadron state is completely de-
fined by the matrix elements of a special class of equal
light-cone time quark-gluon operators between the QCD
vacuum j0i and the hadron [19]. The authors of Refs. [20–
22] considered the wave-function amplitudes keeping full
transverse-momentum dependence of partons and pro-
posed a systematic way to enumerate independent ampli-
tudes of a LCWF given a particular parton combination. If
one truncates the light-cone expansion of the proton state
to the minimum Fock sector with just three valence quarks,
one can write down the matrix elements of a class of three-
quark light-cone operators which serve to define a com-
plete set of light-cone amplitudes within the truncation.
These matrix elements can be simplified using color, fla-
vor, spin, and discrete symmetries [20–22], and at the end
one finds that six amplitudes are needed to describe the
three-quark sector of the nucleon LCWF. Depending on the
imposed gauge fixing conditions such amplitudes are real
or complex. In the latter case, the amplitudes contain final
state interaction effects.
With such amplitudes one can calculate nucleon observ-

ables. One could choose a phenomenological approach
parametrizing and fitting them to data. Here, the wave-
function amplitudes are modeled in a light-cone constitu-
ent quark model (CQM) which has been successfully
applied in the calculation of the electroweak properties of
the nucleon [23], generalized parton distributions [24–27],
and spin densities [28]. This representation is well suited to
disentangle the contribution from the different orbital an-
gular momentum components of the nucleon wave func-
tion, and therefore to study the spin-spin and spin-orbit
correlations encoded in the different TMDs.
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The paper is organized as follows. After a brief review of
the definition of TMDs in Sec. II and the resulting light-
cone amplitudes when considering only three active quarks
in Sec. III, the proton wave function is constructed in
Sec. IV where the representation for the nucleon ampli-
tudes in terms of the light-cone CQM is derived. Time-
even TMDs are then calculated in Sec. V confining explicit
expressions for the light-cone amplitude overlap represen-
tation of both time-even and time-odd TMDs in the
Appendix. Numerical results are presented in Sec. VI,
and concluding remarks are given in Sec. VII.

II. TRANSVERSE MOMENTUM DEPENDENT
PARTON DISTRIBUTIONS

In this section we review the formalism for the definition
of TMDs, following the conventions of Refs. [7–10]. The
quark-quark distribution correlation function appearing in
SIDIS is defined as

�ijðx; k?; SÞ ¼
Z d��d2�?

ð2�Þ3 eiðkþ���k?��?ÞhP; Sj � jð0Þ
�Un�

ð0;þ1ÞU
n�
ðþ1;�Þ ið�ÞjP; Sij�þ¼0; (1)

where kþ ¼ xPþ, and here and in the following we omit
flavor indices. U is the Wilson link connecting the two
quark fields and ensuring color gauge invariance of the
correlator [29]. The target state is characterized by its four-
momentum P and the covariant spin vector S ¼
ðSþ; S�;S?Þ (P2 ¼ M2, S2 ¼ �1, P � S ¼ 0), where

Sþ ¼ �
Pþ

M
; S� ¼ ��

P�

M
: (2)

The TMDs enter the general decomposition of the cor-
relator �ijðx; k?; SÞ which, at the twist-two level, reads

�ðx;k?; SÞ ¼ 1

2

�
f1n6 þ � f?1T

�ijTk
i
?S

j
?

M
n6 þ þ�g1L�5n6 þ

þ ðk? � S?Þ
M

g1T�5n6 þ þ h1T
½S6 ?; n6 þ�

2
�5

þ�h?1L
½k6 ?; n6 þ�
2M

�5 þ ðk? �S?Þ
M

h?1T
½k6 ?; n6 þ�
2M

��5 þ ih?1
½k6 ?; n6 þ�
2M

�
; (3)

where nþ and n� are two lightlike vectors satisfying nþ �
n� ¼ 1, and �ijT ¼ ��þij, and the transverse four-vectors
are defined as v? ¼ ð0; 0;v?Þ. The nomenclature of the
distribution functions follows closely that of Ref. [7],
sometimes referred to as ‘‘Amsterdam notation’’: f refers
to unpolarized target; g and h to longitudinally and trans-
versely polarized target, respectively; a subscript 1 is given
to the twist-two functions; subscripts L or T refer to the
connection with the hadron spin being longitudinal or
transverse; and a symbol ? signals the explicit presence
of transverse momenta with an uncontracted index. Among

the eight distributions of Eq. (3), the Boer-Mulders TMD
h?1 [8] and the Sivers function f?1T [30] are T-odd, i.e. they
change sign under ‘‘naive time reversal,’’ which is defined
as usual time reversal, but without interchange of initial
and final states. All the TMDs in Eq. (3) depend on x and
k2?. These functions can be individually isolated by per-

forming traces of the correlator with suitable Dirac matri-

ces. Using the abbreviation �½�� � Trð��Þ=2, and
restricting ourselves to the T-even TMDs, we have

�½�þ�ðx; k?Þ ¼ f1; (4)

�½�þ�5�ðx; k?Þ ¼ �g1L þ ðk? � S?Þ
M

g1T; (5)

�½i�jþ�5�ðx; k?Þ ¼ Sj?h1T þ
kj?
M

�
�h?1L þ

ðk? � S?Þ
M

h?1T
�
;

(6)

¼ Sj?h1 þ�
kj?
M
h?1L þ Si?

2ki?k
j
? � k2?�

ij

2M2
h?1T; (7)

where j ¼ x; y is a transverse index, and

h1 ¼ h1T þ
k2?
2M2

h?1T: (8)

The correlation function �½�þ�ðx; k?Þ is just the unpo-
larized quark distribution, which integrated over k? gives
the familiar light-cone momentum distribution f1ðxÞ. All
the other TMDs characterize the strength of different spin-
spin and spin-orbit correlations. The precise form of this
correlation is given by the prefactors of the TMDs in
Eqs. (5)–(7). In particular, the TMDs g1L and h1 describe
the strength of a correlation between a longitudinal/trans-
verse target polarization and a longitudinal (circular)/trans-
verse (linear) parton polarization. After integration over
k?, they reduce to the helicity and transversity distribu-
tions, respectively. By definition the spin-orbit correlations
described by g1T , h

?
1L and h

?
1T involve the transverse parton

momentum and the polarization of both the parton and the
target, and vanish upon integration over k?.
If one calculates these distributions in the light-cone

gauge Aþ ¼ 0 using the advance boundary condition for
the transverse component of the gauge field, the gauge
links in the quark-quark correlator can be ignored [31–
33]. However, in this case the wave-function amplitudes
are not real and, apart from the structural information on
the hadron, they also have an imaginary phase mimicking
the final state interactions.
By using for the quark fields the canonical expansion in

terms of Fock operators, one can write the T-even TMDs as

fq1 ðx; k2?Þ ¼ hP�jX
�

qy�ð~kÞq�ð~kÞjP�i; (9)
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�gq1Lðx; k2?Þ ¼ hP�jX
�

ð�1Þðð1=2Þ��Þqy�ð~kÞq�ð~kÞjP�i;

(10)

ðk? � S?Þ
M

gq1Tðx; k2?Þ ¼ hPS?j
X
�

ð�1Þðð1=2Þ��Þ

� qy�ð~kÞq�ð~kÞjPS?i; (11)

hq1ðx; k2?Þ ¼
1

2

X
�

½hPSxjqy��ð~kÞq�ð~kÞjPSxi

þ ihPSyj½signð�Þ�qy��ð~kÞq�ð~kÞjPSyi�; (12)

�
kj?
M
h?q1L ðx;k2?Þ¼�ðiÞjþ1

�hP�jX
�

½signð�Þ�jþ1qy��ð~kÞq�ð~kÞjP�i;

(13)

ðk2x�k2yÞ
M2

h?q1T ðx;k2?Þ¼
X
�

½hPSxjqy��ð~kÞq�ð~kÞjPSxi

�ihPSyj½signð�Þ�qy��ð~kÞq�ð~kÞjPSyi�;
(14)

where x > 0, and q�ð~kÞ (qy�ð~kÞ) is the annihilation (crea-
tion) operator of a quark of flavor q with helicity � and

momentum ~k ¼ ðkþ; k?Þ.

III. THREE-QUARK LIGHT-CONE AMPLITUDES

In this section we reproduce the main results of Ref. [20]
for the classification of the three-quark LCWF of the
nucleon with helicity � in terms of the total parton light-
cone helicity � or, equivalently, in terms of the angular
momentum projection lz ¼ �� � which follows from
angular momentum conservation. For a proton with helic-
ity � ¼ 1=2, the complete three-quark light-cone Fock
expansion has the following structure:

jP "i ¼ jP "ilz¼0 þ jP "ilz¼1 þ jP "ilz¼�1 þ jP "ilz¼2:

(15)

The different angular-momentum components of the state
in Eq. (15) are given by

jP "ilz¼0 ¼
Z
d½1�d½2�d½3�ð ð1Þð1;2;3Þ

þ i��	T k1�k2	 
ð2Þð1;2;3ÞÞ�

ijkffiffiffi
6

p uyi"ð1Þðuyj#ð2Þdyk"ð3Þ

�dyj#ð2Þuyk"ð3ÞÞj0i; (16)

jP "ilz¼1 ¼
Z
d½1�d½2�d½3�ðkþ1? ð3Þð1; 2; 3Þ

þ kþ2? 
ð4Þð1; 2; 3ÞÞ �

ijkffiffiffi
6

p ðuyi"ð1Þuyj#ð2Þdyk#ð3Þ

� dyi"ð1Þuyj#ð2Þuyk#ð3ÞÞj0i; (17)

jP "ilz¼�1 ¼
Z
d½1�d½2�d½3�ð�Þk�2? ð5Þð1; 2; 3Þ �

ijkffiffiffi
6

p uyi"ð1Þ

� ðuyj"ð2Þdyk"ð3Þ � dyj"ð2Þuyk"ð3ÞÞj0i; (18)

jP "ilz¼2 ¼
Z
d½1�d½2�d½3�kþ1?kþ3? ð6Þð1; 2; 3Þ �

ijkffiffiffi
6

p uyi#ð1Þ

� ðdyj#ð2Þuyk#ð3Þ � uyj#ð2Þdyk#ð3ÞÞj0i; (19)

where �, 	 ¼ 1; 2 are transverse indexes and k�i? ¼ kxi �
kyi . In Eqs. (16)–(19), the integration measures are defined
as

d½1�d½2�d½3� ¼ dx1dx2dx3ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x1x2x3

p �

�
1�X3

i¼1

xi

�

� d2k1?d2k2?d2k3?
½2ð2�3Þ�2 �

�X3
i¼1

ki?
�
; (20)

where xi are the fraction of the longitudinal nucleon mo-
mentum carried by the quarks, and ki? are their transverse

momenta. Furthermore, uyi�ðui�Þ and dyi�ðdi�Þ are creation

(annihilation) operators of up and down quarks with helic-

ity � and color i, respectively, and  ðjÞ are functions of
quark momenta with argument i representing xi and ki?,
and the dependence on the transverse momenta is of the
form ki? � kj? only.

The proton state with negative helicity is given in terms

of the same wave-function amplitudes  ðjÞ, except that the
quark helicities are flipped, kx � iky become kx � iky, and
some signs are added:

jP #ilz¼0¼
Z
d½1�d½2�d½3�ð� ð1Þð1;2;3Þ

þ i��	T k1�k2	 
ð2Þð1;2;3ÞÞ�

ijkffiffiffi
6

p uyi#ð1Þðuyj"ð2Þdyk#ð3Þ

�dyj"ð2Þuyk#ð3ÞÞj0i; (21)

jP #ilz¼�1 ¼
Z
d½1�d½2�d½3�ðk�1? ð3Þð1; 2; 3Þ

þ k�2? 
ð4Þð1; 2; 3ÞÞ �

ijkffiffiffi
6

p ðuyi#ð1Þuyj"ð2Þdyk"ð3Þ

� dyi#ð1Þuyj"ð2Þuyk"ð3ÞÞj0i; (22)
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jP #ilz¼1 ¼
Z
d½1�d½2�d½3�ð�Þkþ2? ð5Þð1; 2; 3Þ �

ijkffiffiffi
6

p uyi#ð1Þ

� ðuyj#ð2Þdyk#ð3Þ � dyj#ð2Þuyk#ð3ÞÞj0i; (23)

jP #ilz¼�2¼
Z
d½1�d½2�d½3�ð�Þk�1?k�3? ð6Þð1;2;3Þ�

ijkffiffiffi
6

p uyi"ð1Þ

�ðdyj"ð2Þuyk"ð3Þ�uyj"ð2Þdyk"ð3ÞÞj0i: (24)

As the previous results are derived within light-front
quantization, we implicitly assumed to work in the light-
cone gauge Aþ ¼ 0. However, this last condition does not
fix the gauge completely, and additional boundary condi-
tions must be specified. Depending on whether the addi-
tional gauge condition satisfies time reversal or not, the
wave-function amplitudes are real or complex [20] (see
also [34]).

IV. NUCLEON WAVE FUNCTION IN A LIGHT-
CONE CONSTITUENT QUARK MODEL

In this section we derive the light-cone amplitudes  ðiÞ in
a light-cone CQM. Working in the so-called uds basis
[35,36], the proton state is given in terms of a completely
symmetrized wave function of the form

jP "i ¼ jP "iuud þ jP "iudu þ jP "iduu: (25)

In this symmetrization, the state jP "iudu is obtained from
jP "iuud by interchanging the second and third spin and
space coordinates as well as the indicated quark type, with
a similar interchange of the first and third coordinates for
jP "iduu.

Following the derivation outlined in Ref. [24], we find
that the uud component of the light-cone state of the
proton can be written as

jP;�iuud ¼
X
�i;ci

Z
d½1�d½2�d½3���;½f�

uud ðfxi; ki?;�igÞ

� �ijkffiffiffi
6

p uyi�1ð1Þuyj�2ð2Þdyk�3ð3Þj0i; (26)

where assuming SU(6) spin-flavor symmetry the LCWF

��;½f�
uud ðfxi; ki?;�igÞ is given by

��;½f�
uud ðfxi; ki?;�igÞ ¼ ~ ðfxi; ki?gÞ 1ffiffiffi

3
p ~��ð�1; �2; �3Þ:

(27)

In Eq. (27) the momentum dependent wave function is
defined as

~ ðfxi; ki?gÞ ¼ 2ð2�Þ3
�
1

M0

!1!2!3

x1x2x3

�
1=2
 ðfxi; ki?gÞ;

(28)

with  ðfxi; ki?gÞ symmetric under exchange of the mo-
menta of any quark pairs, !i the free-quark energy, and

M0 ¼
P

3
i¼1!i the mass of the noninteracting three-quark

system. The spin dependent part in Eq. (27) is given by

~��ð�1;�2;�3Þ¼
X


1
2
3

h1=2;
1;1=2;
2j1;
1þ
2i

�h1;
1þ
2;1=2;
3j1=2;�i
�D1=2�


1�1
ðRcfðx1;k1?ÞÞD1=2�


2�2
ðRcfðx2;k2?ÞÞ

�D1=2�

3�3

ðRcfðx3;k3?ÞÞ; (29)

where D1=2
�
 ðRcfðx; k?ÞÞ is a matrix element of the Melosh

rotation Rcf [37],

D1=2
�
 ðRcfðx; k?ÞÞ ¼ h�jRcfðx; k?Þj
i

¼
�
�

								
mþ xM0 � i� � ðẑ� k?Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðmþ xM0Þ2 þ k2?
q

								



:

(30)

The Melosh rotation corresponds to the unitary transfor-
mation which converts the Pauli spinors of the quark in the
nucleon rest frame to the light-front spinor. In particular,
the spin wave function of Eq. (29) is obtained from the
transformation of the nonrelativistic spin wave function
with zero orbital angular momentum component. The rela-
tivistic spin effects are immediately evident in the presence
of the spin-flip term i� � ðẑ� k?Þ in Eq. (30). Such a term
generates nonzero orbital angular momentum and, as a
consequence of total angular momentum conservation,
total quark helicity different from the nucleon helicity.
Making explicit the dependence on the quark helicities,
the spin wave function of Eq. (29) takes the following
values:

~�"ð"; "; #Þ ¼
Y
i

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Nðxi; ki?Þ

p 1ffiffiffi
6

p ð2a1a2a3 þ a1k
�
2 k

þ
3

þ a2k
�
1 k

þ
3 Þ; (31)

~�"ð"; #; "Þ ¼
Y
i

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Nðxi; ki?Þ

p 1ffiffiffi
6

p ð�a1a2a3 þ a3k
�
1 k

þ
2

� 2a1k
þ
2 k

�
3 Þ; (32)

~�"ð#; "; "Þ ¼
Y
i

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Nðxi; ki?Þ

p 1ffiffiffi
6

p ð�a1a2a3 þ a3k
þ
1 k

�
2

� 2a2k
þ
1 k

�
3 Þ; (33)

~�"ð"; #; #Þ ¼
Y
i

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Nðxi; ki?Þ

p 1ffiffiffi
6

p ða1a2kþ3 � k�1 k
þ
2 k

þ
3

� 2a1a3k
þ
2 Þ; (34)

~�"ð#; "; #Þ ¼
Y
i

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Nðxi; ki?Þ

p 1ffiffiffi
6

p ð�kþ1 k�2 kþ3 þ a1a2k
þ
3

� 2a2a3k
þ
1 Þ; (35)
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~�"ð#; #; "Þ ¼
Y
i

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Nðxi; ki?Þ

p 1ffiffiffi
6

p ða2a3kþ1 þ a1a3k
þ
2

þ 2kþ1 k
þ
2 k

�
3 Þ; (36)

~�"ð"; "; "Þ ¼
Y
i

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Nðxi; ki?Þ

p 1ffiffiffi
6

p ð�a1a3k�2 � a2a3k
�
1

þ 2a1a2k
�
3 Þ; (37)

~�"ð#; #; #Þ ¼
Y
i

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Nðxi; ki?Þ

p 1ffiffiffi
6

p ð�a2kþ1 kþ3 � a1k
þ
2 k

þ
3

þ 2a3k
þ
1 k

þ
2 Þ; (38)

where ai¼ðmþxiM0Þ, and Nðxi; ki?Þ ¼ ½ðmþ xiM0Þ2 þ
k2i?�.

Taking into account the quark-helicity dependence in
Eqs. (31)–(38), the nucleon state can be mapped out into
the different angular momentum components of Eq. (15).
After straightforward algebra, one finds the following rep-
resentation for the nucleon amplitudes in the light-cone
CQM

 ð1Þð1; 2; 3Þ ¼ ~ ðfxi; ki?gÞ
Y
i

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Nðxi; ki?Þ

p 1ffiffiffi
3

p ð�a1a2a3

þ a3k1? � k2? þ 2a1k1? � k2? þ 2a1k
2
2?Þ;
(39)

 ð2Þð1; 2; 3Þ ¼ ~ ðfxi; ki?gÞ
Y
i

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Nðxi; ki?Þ

p 1ffiffiffi
3

p ða3 þ 2a1Þ;

(40)

 ð3Þð1; 2; 3Þ ¼ � ~ ðfxi; ki?gÞ
Y
i

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Nðxi; ki?Þ

p
� 1ffiffiffi

3
p ða1a2 þ k22?Þ; (41)

 ð4Þð1;2;3Þ ¼ � ~ ðfxi;ki?gÞ
Y
i

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Nðxi;ki?Þ

p 1ffiffiffi
3

p

� ða1a2 þ 2a3a1 � k21? � 2k1? � k2?Þ; (42)

 ð5Þð1;2;3Þ ¼ ~ ðfxi;ki?gÞ
Y
i

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Nðxi;ki?Þ

p 1ffiffiffi
3

p ða1a3Þ; (43)

 ð6Þð1; 2; 3Þ ¼ ~ ðfxi; ki?gÞ
Y
i

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Nðxi;ki?Þ

p 1ffiffiffi
3

p a2: (44)

The results in Eqs. (39)–(44) follow from the spin and
orbital angular momentum structure generated from the
Melosh rotations, and are independent of the functional
form of the momentum dependent wave function which we
assumed symmetric under permutation of any quark pairs.

V. TMDS IN A LIGHT-CONE CONSTITUENT
QUARK MODEL

General expressions of the TMDs can be derived under
the assumption that the light-cone Fock expansion can be
truncated to just the three valence quark contribution so
that the nucleon wave function can be expressed in terms of
six amplitudes. In terms of matrix element between proton
states with different orbital angular momentum compo-
nents, TMDs are given by the following expressions:

fq1ðx; k2?Þ ¼ lz¼0hP " jX
�

qy�q�jP "ilz¼0

þ lz¼1hP " jX
�

qy�q�jP "ilz¼1

þ lz¼�1hP " jX
�

qy�q�jP "ilz¼�1

þ lz¼2hP " jX
�

qy�q�jP "ilz¼2; (45)

gq1Lðx; k2?Þ ¼ lz¼0hP " jOgjP "ilz¼0

þ lz¼1hP " jOgjP "ilz¼1

þ lz¼�1hP " jOgjP "ilz¼�1

þ lz¼2hP " jOgjP "ilz¼2; (46)

hq1ðx; k2?Þ ¼ Re½lz¼0hP # jqy# q"jP "ilz¼0�
þ 2Re½lz¼�1hP " jqy# q"jP #ilz¼�1�; (47)

h?q1T ðx; k2?Þ ¼
k2x � k2y

2M2
ðRe½lz¼1hP " jqy# q"jP #ilz¼�1�

þ 2Re½lz¼0hP " jqy# q"jP #ilz¼�2�Þ; (48)

h?q1L ðx; k2?Þ ¼
2M

k2?
ðkxRe½lz¼1hP " jqy# q"jP "ilz¼0�

� ky Im½lz¼1hP " jqy# q"jP "ilz¼0�
þ kx Re½lz¼0hP " jqy# q"jP "ilz¼�1�
� ky Im½lz¼0hP " jqy# q"jP "ilz¼�1�
þ kx Re½lz¼2hP " jqy# q"jP "ilz¼1�
� ky Im½lz¼2hP " jqy# q"jP "ilz¼1�Þ; (49)

gq1Tðx; k2?Þ ¼
2M

k2?
ðkx Re½lz¼0hP " jOgjP #ilz¼�1�

þ ky Im½lz¼0hP " jOgjP #ilz¼�1�
þ kx Re½lz¼�2hP # jOgjP "ilz¼�1�
þ ky Im½lz¼�2hP # jOgjP "ilz¼�1�Þ; (50)

where Og ¼
P
�ð�1Þ1=2��qy�q�.

The unpolarized TMD fq1 , the helicity TMD gq1L, and the
transversity TMD hq1 in Eqs. (45)–(47) involve matrix
elements which are all diagonal in the orbital angular

TRANSVERSE MOMENTUM DEPENDENT PARTON . . . PHYSICAL REVIEW D 78, 034025 (2008)

034025-5



momentum, but probe different transverse momentum and
helicity correlations of the quarks inside the nucleon. In
particular, fq1 is defined in terms of the momentum density
operator, gq1L is sensitive to the difference of right and left

quark-helicity. Vice versa, hq1 involves a chiral-odd opera-

tor with a quark-helicity flip compensated by a flip of the
nucleon helicity in the same direction. The same chiral-odd

operator enters the definition of h?q1T and h?q1L in Eqs. (48)

and (49), respectively. In the case of h?q1T the nucleon

helicity flips in the direction opposite to the quark helicity,
with a mismatch of the orbital angular momentum between

the initial and final nucleon state of �lz ¼ 2, whereas h?q1L

is diagonal in the nucleon helicity, with the quark-helicity
flip inducing a change by one unit in the orbital angular
momentum of the initial and final nucleon state. Finally,
gq1T is defined in terms of the same helicity operator which

enters the definition of gq1L, but this time the nucleon
helicity flips, with a transfer of orbital angular momentum
by one unit.

If one inserts in Eqs. (45)–(50) the three-quark light-
cone amplitudes introduced in Eqs. (17)–(19) and (22)–
(25) of Sec. III, one obtains the general expressions of the
TMDs collected in the Appendix. These formulas can be
worked out in terms of the explicit representation of the
light-cone amplitudes obtained in the light-cone CQM of
Sec. IV. As we neglected gluon degrees of freedom, the
amplitudes in the light-cone CQM are pure real functions
and lead to the following results for the T-even TMDs:

fq1 ðx; k2?Þ ¼ Nq
Z
d½1�d½2�d½3� ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

x1x2x3
p

� �ðk� k3Þj ðfxig; fki?gÞj2; (51)

gq1Lðx;k2?Þ¼Pq
Z
d½1�d½2�d½3� ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

x1x2x3
p

��ðk�k3Þj ðfxig;fki?gÞj2
ðmþxM0Þ2�k2?
ðmþxM0Þ2þk2?

;

(52)

gq1Tðx; k2?Þ ¼ Pq
Z
d½1�d½2�d½3� ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

x1x2x3
p

� �ðk� k3Þj ðfxig; fki?gÞj2

� 2Mðmþ xM0Þ
ðmþ xM0Þ2 þ k2?

; (53)

hq1ðx; k2?Þ ¼ Pq
Z
d½1�d½2�d½3� ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

x1x2x3
p

� �ðk� k3Þj ðfxig; fki?gÞj2

� ðmþ xM0Þ2
ðmþ xM0Þ2 þ k2?

; (54)

h?q1T ðx; k2?Þ ¼ �Pq
Z
d½1�d½2�d½3� ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

x1x2x3
p

� �ðk� k3Þj ðfxig; fki?gÞj2

� 2M2

ðmþ xM0Þ2 þ k2?
; (55)

h?q1L ðx; k2?Þ ¼ �Pq
Z
d½1�d½2�d½3� ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

x1x2x3
p

� �ðk� k3Þj ðfxig; fki?gÞj2

� 2Mðmþ xM0Þ
ðmþ xM0Þ2 þ k2?

; (56)

where �ðk� k3Þ ¼ �ðx� x3Þ�ðk? � k3?Þ, and the flavor
factors Pu ¼ 4

3 , P
d ¼ � 1

3 , N
u ¼ 2, and Nd ¼ 1 are dic-

tated by SU(6) symmetry.
By inspection the above TMDs satisfy the following

relations:

2hq1ðx; k2?Þ ¼ gq1Lðx; k2?Þ þ
Pq

Nq f
q
1 ðx; k2?Þ; (57)

Pq

Nq
fq1 ðx; k2?Þ ¼ hq1ðx; k2?Þ �

k2?
2M2

h?q1T ðx; k2?Þ; (58)

h?q1L ðx; k2?Þ ¼ �gq1Tðx; k2?Þ: (59)

Equation (57) is a generalization of analogous relations
discussed in Ref. [26,38] and was also rederived together
with Eq. (58) in Ref. [39]. Equation (59) was already found
in the diquark spectator model of Ref. [40]. In QCD, TMDs
should be all independent of each other. The limitation to
three valence quarks implies that out of the six TMDs f1,
g1L, g1T , h1, h

?
1T , h

?
1L only three are linearly independent.

A similar situation occurs with the bag model [39]. In the
bag model there are only S- and P-wave components of the
proton wave function, whereas here also a D-wave con-
tributes. However, the relations (57)–(59) do not depend on
the different components of orbital angular momentum.
Their specific form is a consequence of the imposed SU(6)
symmetry which allows us to factorize the momentum
dependent wave function from the effects of the Melosh
rotation acting in the spin space and producing different
factors for the different TMDs, Eqs. (51)–(56). In the
diquark spectator model the relations (57) and (58) hold
only for the separate scalar and axial contributions, while
Eq. (59) is verified more generally for both u and d flavors.
Concerning what has been called the ‘‘pretzelosity’’

distribution, h?1T [39], from Eqs. (51), (52), and (55) one
easily verifies the positivity condition [41]								

k2?
2M2

h?q1T ðx; k2?Þ
									 1

2
ðfq1 ðx; k2?Þ � gq1ðx; k2?ÞÞ

	 fq1 ðx; k2?Þ: (60)

Furthermore, subtracting the relations (57) and (58) from
each other yields
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k2?
2M2

h?q1T ðx; k2?Þ ¼ gq1Lðx; k2?Þ � hq1ðx; k2?Þ: (61)

This result was already found in Ref. [39]. Integrating out
transverse momenta and going to the nonrelativistic limit
where helicity and transversity distributions coincide, one
finds that the first moment of h?1T vanishes identically.
Thus, relation (61) supports the statement that h?1T is a
measure of relativistic effects. Relativity, responsible for a
chiral-odd transversity distribution differing from a chiral-
even helicity distribution, exhibits the chirally odd nature
of h?1T . This is confirmed by the following relation that is
also satisfied within our model:

hð0Þ?q1T ðxÞ ¼ 3

ð1� xÞ2
~Hq
Tðx; 0; 0Þ; (62)

where the transverse moments of h?q1T are defined as

hðnÞ?q1T ðxÞ ¼
Z
d2k?

�
k2?
2M2

�
n
h?q1T ðx; k2?Þ; (63)

and ~Hq
Tðx; 0; 0Þ is the forward limit of a chiral-odd gener-

alized parton distribution (GPD) occurring in the case of
parton and nucleon helicity flip (see, e.g., Refs. [26,42]).
Equation (62) was first found in Ref. [43] to hold for the
scalar diquark model and in a quark target model of the
nucleon as a particular case of a general relation between
the moments of TMDs and the moments of GPDs.

By integrating over x the first moment of h?1T , from
Eq. (61) one obtains

Z
dxhð1Þ?q1T ðxÞ ¼ �q� �q; (64)

where �q and �q are the axial and tensor charges that
measure, for each flavor q, the net number of longitudi-
nally polarized valence quarks in a longitudinally polarized
nucleon and the net number of transversely polarized
valence quarks in a transversely polarized nucleon,
respectively.

VI. RESULTS

The full list of T-even quark TMDs was computed in
Ref. [40] (see also [44,45]) using the diquark spectator
model with scalar and axial-vector diquark. The analytic
form of TMDs was also derived in a quark target model
[43]. Here, the formalism described in the previous sec-
tions is applied in the following to a specific CQM adopt-
ing a power-law form for the momentum dependent part of
the light-cone wave function [46], i.e.

~ ðfxi; ki?gÞ ¼ 2ð2�Þ3
�
1

M0

!1!2!3

x1x2x3

�
1=2 N0

ðM2
0 þ 	2Þ� ;

(65)

with N0 a normalization factor. In Eq. (65), the scale 	, the
parameter � for the power-law behavior, and the quark

massm are taken from Ref. [46], i.e. 	 ¼ 0:607 GeV, � ¼
3:4 and m ¼ 0:267 GeV. According to the analysis of
Ref. [47] these values lead to a very good description of
many baryonic properties.
The results for fq1 , g

q
1L, and h

q
1 are shown in Fig. 1. They

are consistent with those obtained in Ref. [38] for the
corresponding PDFs indicating that fu1 and fd1 have the

same (positive) sign, whereas gu1L and hu1 have opposite
sign with respect to gd1L and hd1 , respectively. In addition,

the size of the TMDs for d quarks is smaller than that for u
quarks according to the flavor dependence of TMDs
through the factor Pq in Eqs. (52)–(56). It is remarkable
that the k2? dependence cannot be factorized as a Gaussian

function as often assumed. In all distributions the maxi-
mum (minimum) is around x ¼ 0:2 at k2? ¼ 0 and moves

to higher values of x with increasing k2?.
The TMDs h?q1L and h?q1T are shown in Fig. 2. The size of

both h?q1L and h?q1T is much larger than that of fq1 , g
q
1L, and

hq1 , a result in qualitative agreement with that obtained in

the bag model [43]. In particular, comparing hq1 and h?q1L

one deduces that the quark helicity flip is more favored in
the case of a longitudinally polarized nucleon with a trans-
fer of orbital angular momentum between initial and final

states. The shapes of the x-distributions of hq1 and h
?q
1L are

similar, but with opposite sign. On the other hand, h?q1T has

a narrower x-distribution with a faster falloff in k2?. The
pretzelosity h?q1T contributes when the quark and nucleon

helicity flip in opposite directions. It then requires an
overlap between wave-function components that differ by
two units of orbital angular momentum, either a PP or an
SD interference [see Eq. (48)]. The different partial wave

contributions to h?q1T are plotted in Fig. 3 where one may

notice the importance of also including the D-wave com-
ponent which is absent, e.g., in the bag model and the
diquark spectator model. While in the case of u quarks
the PP and SD interference terms add with the same sign,
in the case of d quarks they have opposite sign, indicating
that the SU(6) relation between u and d contributions
h?u1T ¼ �4h?d1T is valid for the total result but not for the

partial wave contributions.
The results presented in Figs. 1 and 2 are qualitatively

similar also to those obtained with the diquark spectator
model [40]. With respect to the results obtained in Ref. [40]
with scalar and axial masses MR ¼ 0:6 and 0.8 GeV, re-
spectively, and with a cutoff � ¼ 0:5 GeV, TMDs calcu-
lated with the light-cone CQM are peaked at smaller values
of xwith broader x and k2? distributions. As a consequence,

the transverse moments of the pretzelosity distribution may
be rather different in different models, as can be seen in
Fig. 4 where the light-cone CQM results with the momen-
tum wave function (65) are compared with similar calcu-
lations with another momentum wave function derived
within the hypercentral model [48,49] and with results of
the bag model and the spectator model of Ref. [40]. This

TRANSVERSE MOMENTUM DEPENDENT PARTON . . . PHYSICAL REVIEW D 78, 034025 (2008)

034025-7



sensitivity to the adopted model suggests that new data
could give useful insights to model the momentum depen-
dence of the nucleon wave function.

According to Eq. (59), gq1T is just the opposite of h?q1L .

Both TMDs gq1T and h
?q
1L involve matrix elements between

states that differ by one unit of angular momentum and one
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FIG. 2 (color online). The TMDs h1L and h
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finds here h?u1L < 0< h?d1L and gu1T > 0> gd1T , in agree-
ment with some expectation [50]. On the contrary, in our
model h?u1T and h?d1T are obtained with the reversed sign

predicted by qualitative arguments in Ref. [50] but in
agreement with the result within the bag model [43] and
the diquark spectator model [40].

In Ref. [51] approximate relations among TMDs were
studied. Taking advantage of the QCD equation of motion
and neglecting twist-three TMDs, Wandzura-Wilczek-type
approximations were proposed for the transverse moments

of gq1T and h?q1L , i.e.

gð1Þq1T ðxÞ 
 x
Z 1

x

dy

y
gq1ðyÞ; (66)

hð1Þ?q1L ðxÞ 
 �x2
Z 1

x

dy

y2
hq1ðyÞ: (67)

According to Eq. (59), gð1Þq1T and hð1Þ?q1L should be equal and
with opposite sign in the present model, whereas the
helicity and transversity distributions, gq1 and hq1 respec-

tively, are rather different [38]. As a consequence, in Fig. 5
one may appreciate how good is the Wandzura-Wilczek-
type approximation when considering an SU(6) symmetric
model as the one adopted here. In fact, the approximation
of neglecting twist-three contributions works better for

hð1Þ?q1L than for gð1Þq1T . In any case, the model results support

that the estimates for spin observables in SIDIS made in
Refs. [51,52] on the basis of the approximations (66) and
(67) have a useful accuracy.

The presence of a significant orbital angular momentum
component is suggesting a nonspherical shape of the nu-
cleon. According to Ref. [53] there is an infinite variety of
obtainable shapes depending on the contribution of the

pretzelosity h?1T . They can be found by looking at a suitable
spin-dependent quark density �̂RELT in a nucleon state
polarized in the transverse direction ST either parallel or
antiparallel to a given direction n. The transverse shapes of
the nucleon are then derived from the following relation:
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FIG. 3 (color online). The contribution to the TMD hu?1T from the Lz ¼ �1 wave components (left panel) and (right panel) from the
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�̂RELTðk?;nÞ=M
~f1ðk2?Þ

¼ 1þ
~h1ðk2?Þ
~f1ðk2?Þ

cos�n

þ k2?
2M2

cosð2���nÞ
~h?1Tðk2?Þ
~f1ðk2?Þ

; (68)

where � is the angle between k? and ST and �n is the
angle between n and ST . A tilde is placed over a given
quantity to define the x-integrated result, e.g.,

~f 1ðk2?Þ ¼
Z
dxf1ðx; k2?Þ: (69)

Assuming a struck u quark, the transverse shapes of the
proton are shown in Fig. 6 for ST parallel to n,�n ¼ 0, and

in Fig. 7 for ST antiparallel to n,�n ¼ �. The correspond-
ing results assuming a struck d quark are shown in Figs. 8

and 9, respectively. In our model ~fu1ð~fd1Þ and ~hu1ð~hd1Þ are of
the same (opposite) sign and similar size, so that the
contributions of the first two terms on the right-hand side
of Eq. (68) tend to cancel each other for �n ¼ � (�n ¼ 0)
emphasizing the role of the pretzelosity in producing de-
formation. For uðdÞ quarks the last term in Eq. (68) is
negative (positive) for � ¼ �n ¼ 0 and its size increases
(reduces) with the inclusion of the D-wave. This explains
the larger transverse deformation in the direction antipar-
allel (parallel) to ST for a struck u (d) quark, with a more
significant effect in the case of the u quark.

VII. CONCLUDING REMARKS

Quite general expressions have been derived for the
transverse momentum dependent parton distributions in a
light-cone description of the nucleon where the Fock ex-
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(down) quarks. Solid curves refer to the result obtained with the
light-cone CQM model; dashed curves refer to the Wandzura-
Wilczek-type approximation.

FIG. 6 (color online). Transverse shape of the proton
�̂RELTðk2?;nÞ=~f1ðk2?Þ assuming a struck u quark. The horizontal

axis is the direction of S? and n ¼ Ŝ?,�n ¼ 0. The shapes vary
from the outer circle to the internal line as k? is increased from 0
to 2.0 GeV in steps of 0.25 GeV. The left figure is the result when
only the contribution from the P-waves to ~h?1T is taken into
account, and the right picture shows the total results when the S-
and D-waves are also included.

FIG. 7 (color online). The same as in Fig. 6 except that �n ¼
�. The shapes vary from the inner circle to the external line as
k? is increased from 0 to 2.0 GeV in steps of 0.25 GeV.

FIG. 8 (color online). Transverse shape of the proton
�̂RELTðk?;nÞ=~f1ðk2?Þ assuming a struck d quark. The horizontal

axis is the direction of S? and n ¼ Ŝ?,�n ¼ 0. The shapes vary
from the inner circle to the external line as k? is increased from
0 to 2.0 GeV in steps of 0.25 GeV. The left figure is the result
when only the contribution from the P-waves to ~h?1T is taken into
account, and the right picture shows the total results when the S-
and D-waves are also included.

FIG. 9 (color online). The same as in Fig. 8 except that �n ¼
�. The shapes vary from the outer circle to the internal line as k?
is increased from 0 to 2.0 GeV in steps of 0.25 GeV.
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pansion is truncated to consider only valence quarks. They
are given in terms of matrix elements between nucleon
states with different orbital angular momentum so that one
can immediately appreciate the origin of each individual
TMD. In particular, combining the total parton light-cone
helicity with the nucleon helicity, angular momentum con-
servation requires the angular momentum projection of the
nucleon to run from �1 to 2, thus imposing S-, P-, and
D-wave components in the nucleon wave function.

The complete three-quark light-cone wave function in-
volves six amplitudes that can be either real or complex
depending on the gauge fixing conditions [20,21]. When
complex, they incorporate the effects of final state inter-
actions. The light-cone amplitudes have been used to ob-
tain a model independent light-cone amplitude overlap
representation of the T-even and T-odd TMDs, which
emphasizes the role of the different angular momentum
components. In the present approach where gluons are not
included, the six amplitudes are real and have been con-
structed by assuming a light-cone constituent quark model
with SU(6) spin-flavor symmetry. Analytic formulae have
been derived for the T-even TMDs in terms of the momen-
tum dependent part of the LCWF. By simple inspection of
such formulae we have found that among the six twist-two
T-even TMDs there are three relations, so that only three
TMDs are in fact independent when assuming SU(6) spin-
flavor symmetry in the three-quark sector of the Fock
expansion. Two such relations, Eqs. (57) and (58), were
already known [38,39], whereas the third one, Eq. (59),
was first found in the diquark spectator model [40] and
shown here to be valid in a larger class of relativistic quark
models with SU(6) symmetry.

Numerical calculations of the T-even TMDs have been
presented by adopting a power-law form of the momentum
dependent part of the LCWF. All distributions have either a
maximum or minimum at x� 0:2 and k2? ¼ 0 moving to

higher values of x with increasing k2?. This indicates that
the usual Gaussian ansatz for a factorized k2? dependence

of TMDs is not adequate. In any case, the formalism
described here is well suited to study the effects of the
momentum dependence of the nucleon wave function, in
particular, in phenomenological applications to SIDIS and
DY processes.
The role of the different orbital angular momentum

components in the nucleon wave function is best appreci-
ated by looking at the so-called pretzelosity h?1T and its
effect on the spin-dependent quark density producing a
nonspherical shape of the nucleon [53]. A larger deforma-
tion in the direction antiparallel (parallel) to the transverse
spin ST is found for a struck uðdÞ quark, with a significant
sensitivity to the presence of a D-wave component in the
nucleon wave function.
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APPENDIX: LCWF OVERLAP REPRESENTATION
OF TMDS

Explicit expressions of the T-even TMDs in terms of
overlap of the light-cone amplitudes of Sec. III are given in

this Appendix. The results for gq1T and h?q1L have already

been derived in Ref. [20], while the results for the other T-
even TMDs are given here for the first time. However, our

expressions for gq1T and h
?q
1L differ from the previous results

of Ref. [20] because we have corrected the wave-function

component with  ð5Þ according to Ref. [21].
The TMD fq1 ðx; k2?Þ reads

fq1 ðx; k2?Þ ¼
Z
d½1�d½2�d½3� ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

x1x2x3
p

F q; (A1)

where for the up quark we have

F u ¼ 2�3ðk� k1Þ ~ ð1;2Þð1;2;3Þ½ ~ ð1;2Þ�ð1;2;3Þþ ~ ð1;2Þ�ð3;2;1Þ�þ ½�3ðk� k3Þþ�3ðk� k2Þ�½ ~ ð1;2Þð1;2;3Þ ~ ð1;2Þ�ð1;2;3Þ�
þ 2�3ðk� k2Þ ~ ð3;4Þð1;2;3Þ½ ~ ð3;4Þ�ð1;2;3Þþ ~ ð3;4Þ�ð1;3;2Þ�þ ½�3ðk� k1Þþ�3ðk� k3Þ�½ ~ ð3;4Þð1;2;3Þ ~ ð3;4Þ�ð1;2;3Þ�
þ ½�ðk� k1Þþ�ðk� k2Þ�½ ~ ð5Þð1;2;3Þþ ~ ð5Þð2;1;3Þ�½ ~ ð5Þ�ð1;2;3Þ� ~ ð5Þ�ð1;3;2Þ�þ ½�ðk� k1Þþ�ðk� k3Þ�
� ½ ~ ð5Þð1;2;3Þþ ~ ð5Þð3;2;1Þ�½ ~ ð5Þ�ð1;2;3Þ� ~ ð5Þ�ð1;3;2Þ�þ ½�3ðk� k1Þþ�3ðk� k3Þ�½ ~ ð6Þð1;2;3Þþ ~ ð6Þð3;2;1Þ�
� ½ ~ ð6Þ�ð1;2;3Þ� ~ ð6Þ�ð1;3;2Þ�þ ½�3ðk� k1Þþ�3ðk� k2Þ�½ ~ ð6Þð1;2;3Þþ ~ ð6Þð2;1;3Þ�½ ~ ð6Þ�ð1;2;3Þ� ~ ð6Þ�ð1;3;2Þ�;

(A2)

with �3ðk� kiÞ ¼ �ðx� xiÞ�ðk? � ki?Þ and
~ ð1;2Þð1; 2; 3Þ ¼  ð1Þð1; 2; 3Þ þ i��	T k1�k2	 

ð2Þð1; 2; 3Þ; (A3)

~ ð3;4Þð1; 2; 3Þ ¼ kþ1  
ð3Þð1; 2; 3Þ þ kþ2  

ð4Þð1; 2; 3Þ; (A4)
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~ ð5Þð1; 2; 3Þ ¼ k�2  ð5Þð1; 2; 3Þ; (A5)

~ ð6Þð1; 2; 3Þ ¼ kþ1 k
þ
3  

ð6Þð1; 2; 3Þ: (A6)

For the down quark, we obtain

F d ¼ �3ðk� k2Þ ~ ð1;2Þð1; 2; 3Þ½ ~ ð1;2Þ�ð1; 2; 3Þ þ ~ ð1;2Þ�ð3; 2; 1Þ� þ �3ðk� k3Þ½ ~ ð1;2Þð1; 2; 3Þ ~ ð1;2Þ�ð1; 2; 3Þ�
þ �3ðk� k1Þ ~ ð3;4Þð1; 2; 3Þ½ ~ ð3;4Þ�ð1; 2; 3Þ þ ~ ð3;4Þ�ð1; 3; 2Þ� þ �3ðk� k3Þ½ ~ ð3;4Þð1; 2; 3Þ ~ ð3;4Þ�ð1; 2; 3Þ�
þ �3ðk� k3Þ½ ~ ð5Þð1; 2; 3Þ þ ~ ð5Þð2; 1; 3Þ�½ ~ ð5Þ�ð1; 2; 3Þ � ~ ð5Þ�ð1; 3; 2Þ� þ �3ðk� k2Þ½ ~ ð5Þð1; 2; 3Þ þ ~ ð5Þð3; 2; 1Þ�
� ½ ~ ð5Þ�ð1; 2; 3Þ � ~ ð5Þ�ð1; 3; 2Þ� þ �3ðk� k2Þ½ ~ ð6Þð1; 2; 3Þ þ ~ ð6Þð3; 2; 1Þ�½ ~ ð6Þ�ð1; 2; 3Þ � ~ ð6Þ�ð1; 3; 2Þ�
þ �3ðk� k3Þ½ ~ ð6Þð1; 2; 3Þ þ ~ ð6Þð2; 1; 3Þ�½ ~ ð6Þ�ð1; 2; 3Þ � ~ ð6Þ�ð1; 3; 2Þ�: (A7)

The result for gq1Lðx; k2?Þ reads

gq1Lðx; k2?Þ ¼
Z
d½1�d½2�d½3� ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

x1x2x3
p

Gq
L; (A8)

where the function Gq
L for the up quark is

Gu
L ¼ 2�3ðk� k1Þ ~ ð1;2Þð1; 2; 3Þ½ ~ ð1;2Þ�ð1; 2; 3Þ þ ~ ð1;2Þ�ð3; 2; 1Þ� þ ½�3ðk� k3Þ � �3ðk� k2Þ�

� ½ ~ ð1;2Þð1; 2; 3Þ ~ ð1;2Þ�ð1; 2; 3Þ� � 2�3ðk� k2Þ ~ ð3;4Þð1; 2; 3Þ½ ~ ð3;4Þ�ð1; 2; 3Þ þ ~ ð3;4Þ�ð1; 3; 2Þ� þ ½�3ðk� k1Þ
� �3ðk� k3Þ�½ ~ ð3;4Þð1; 2; 3Þ ~ ð3;4Þ�ð1; 2; 3Þ� þ ½�ðk� k1Þ þ �ðk� k2Þ�½ ~ ð5Þð1; 2; 3Þ þ ~ ð5Þð2; 1; 3Þ�½ ~ ð5Þ�ð1; 2; 3Þ
� ~ ð5Þ�ð1; 3; 2Þ� þ ½�ðk� k1Þ þ �ðk� k3Þ�½ ~ ð5Þð1; 2; 3Þ þ ~ ð5Þð3; 2; 1Þ�½ ~ ð5Þ�ð1; 2; 3Þ � ~ ð5Þ�ð1; 3; 2Þ�
� ½�3ðk� k1Þ þ �3ðk� k3Þ�½ ~ ð6Þð1; 2; 3Þ þ ~ ð6Þð3; 2; 1Þ�½ ~ ð6Þ�ð1; 2; 3Þ � ~ ð6Þ�ð1; 3; 2Þ� � ½�3ðk� k1Þ
þ �3ðk� k2Þ�½ ~ ð6Þð1; 2; 3Þ þ ~ ð6Þð2; 1; 3Þ�½ ~ ð6Þ�ð1; 2; 3Þ � ~ ð6Þ�ð1; 3; 2Þ�; (A9)

and for the down quark is

Gd
L ¼ ��3ðk� k2Þ ~ ð1;2Þð1; 2; 3Þ½ ~ ð1;2Þ�ð1; 2; 3Þ þ ~ ð1;2Þ�ð3; 2; 1Þ� þ �3ðk� k3Þ½ ~ ð1;2Þð1; 2; 3Þ ~ ð1;2Þ�ð1; 2; 3Þ�

þ �3ðk� k1Þ ~ ð3;4Þð1; 2; 3Þ½ ~ ð3;4Þ�ð1; 2; 3Þ þ ~ ð1;2Þ�ð1; 3; 2Þ� � �3ðk� k3Þ½ ~ ð3;4Þð1; 2; 3Þ ~ ð3;4Þ�ð1; 2; 3Þ�
þ �3ðk� k3Þ½ ~ ð5Þð1; 2; 3Þ þ ~ ð5Þð2; 1; 3Þ�½ ~ ð5Þ�ð1; 2; 3Þ � ~ ð5Þ�ð1; 3; 2Þ� þ �3ðk� k2Þ½ ~ ð5Þð1; 2; 3Þ þ ~ ð5Þð3; 2; 1Þ�
� ½ ~ ð5Þ�ð1; 2; 3Þ � ~ ð5Þ�ð1; 3; 2Þ� � �3ðk� k2Þ½ ~ ð6Þð1; 2; 3Þ þ ~ ð6Þð3; 2; 1Þ�½ ~ ð6Þ�ð1; 2; 3Þ � ~ ð6Þ�ð1; 3; 2Þ�
� �3ðk� k3Þ½ ~ ð6Þð1; 2; 3Þ þ ~ ð6Þð2; 1; 3Þ�½ ~ ð6Þ�ð1; 2; 3Þ � ~ ð6Þ�ð1; 3; 2Þ�: (A10)

For hq1 we have

hq1ðx; k2?Þ ¼
Z
d½1�d½2�d½3� ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

x1x2x3
p

ReH q; (A11)

where for the up quark

H u ¼ 2f�3ðk� k1Þ½ ~ ð1;2Þð1; 3; 2Þ þ ~ ð1;2Þð2; 3; 1Þ� ~ ð1;2Þ�ð1; 2; 3Þ � �ðk� k1Þ½ ~ ð5Þð1; 2; 3Þ þ ~ ð5Þð2; 1; 3Þ� ~ ð3;4Þ�ð1; 2; 3Þ
þ �3ðk� k2Þ½ ~ ð5Þð1; 3; 2Þ þ ~ ð5Þð2; 3; 1Þ� ~ ð3;4Þ�ð2; 1; 3Þg; (A12)

with

~ ð1;2Þð1; 2; 3Þ ¼  ð1Þð1; 2; 3Þ � i��	T k1�k2	 
ð2Þð1; 2; 3Þ; (A13)

~ ð5Þð1; 2; 3Þ ¼ kþ2  ð5Þð1; 2; 3Þ: (A14)

For the down quark, we obtain
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H d ¼ f��3ðk� k3Þ ~ ð1;2Þð1; 2; 3Þ ~ ð1;2Þ�ð2; 1; 3Þ þ 2�ðk� k3Þ½ ~ ð5Þð1; 2; 3Þ þ ~ ð5Þð2; 1; 3Þ� ~ ð3;4Þ�ð3; 2; 1Þ
� 2�3ðk� k2Þ½ ~ ð5Þð1; 2; 3Þ þ ~ ð5Þð3; 2; 1Þ� ~ ð3;4Þ�ð2; 1; 3Þg

¼ �3ðk� k3ÞRef� ~ ð1;2Þð1; 2; 3Þ ~ ð1;2Þ�ð2; 1; 3Þ þ 2½ ~ ð5Þð1; 2; 3Þ þ ~ ð5Þð2; 1; 3Þ� ~ ð3;4Þ�ð3; 2; 1Þ
� 2½ ~ ð5Þð1; 3; 2Þ þ ~ ð5Þð2; 3; 1Þ� ~ ð3;4Þ�ð3; 1; 2Þg: (A15)

The result for gq1T is

gq1Tðx; k2?Þ ¼
M

k2?

Z
d½1�d½2�d½3� ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

x1x2x3
p

ReGq
T: (A16)

The function Gq
T for up quarks is

Gu
T ¼ 2f�3ðk� k1Þ ð1;2Þ�

j ð1; 2; 3Þ ð3;4Þ
j ð2; 1; 3Þ � �3ðk� k2Þ ð1;2Þ

j ð1; 2; 3Þ ð3;4Þ�
j ð2; 1; 3Þ þ ½�3ðk� k1Þ

þ �3ðk� k3Þ� ð1;2Þ�
j ð1; 2; 3Þ½ ð3;4Þ

j ð2; 1; 3Þ þ  ð3;4Þ
j ð2; 3; 1Þ� þ ½�3ðk� k1Þ þ �3ðk� k2Þ�

� ½ ð5Þ�ð1; 2; 3Þ ð6þÞð2; 1; 3Þ þ  ð5Þ�ð1; 3; 2Þ ð6þ0Þð3; 2; 1Þ�g; (A17)

where

 ð1;2Þ
j ð1; 2; 3Þ ¼  ð1Þð1; 2; 3Þkj � �ijT k

iðkx1ky2
� ky1k

x
2Þ ð2Þð1; 2; 3Þ; (A18)

 ð3;4Þ
j ð1; 2; 3Þ ¼ kj1 

ð3Þð1; 2; 3Þ þ kj2 
ð4Þð1; 2; 3Þ; (A19)

 ð6þ0Þð1; 2; 3Þ ¼ ðk22?k3? � k? þ k23?k2? � k?Þ
� ð ð6Þð2; 1; 3Þ þ  ð6Þð3; 1; 2ÞÞ
þ k21?k2? � k? ð6Þð2; 3; 1Þ
þ k21?k3? � k? ð6Þð3; 2; 1Þ; (A20)

 ð6þÞð1;2;3Þ ¼ �k21?k3? � k? ð6Þð1;2;3Þ
þ ðk22?k3? � k? þ k23?k2? � k?Þ ð6Þð2;1;3Þ
þ k21?k2? � k?ð ð6Þð1;3;2Þ þ ð6Þð2;3;1ÞÞ;

(A21)

with i, j ¼ x, y. For the down quark we obtain

Gd
T ¼ 2f�3ðk� k3Þ ð1;2Þ�

j ð1; 2; 3Þ ð3;4Þ
j ð2; 1; 3Þ

� �3ðk� k2Þ ð1;2Þ
j ð1; 2; 3Þ½ ð3;4Þ�

j ð2; 1; 3Þ
þ  ð3;4Þ�

j ð2; 3; 1Þ� þ �3ðk� k3Þ
� ½ ð5Þ�ð1; 2; 3Þ ð6þÞð2; 1; 3Þ
þ  ð5Þ�ð1; 3; 2Þ ð6þ0Þð3; 2; 1Þ�g: (A22)

As outlined in Ref. [20] the imaginary part of the function
Gq
T in Eq. (A16) gives the corresponding LCWF overlap

representation for the T-odd Sivers TMD f?q1T [30].

The result for h?q1L is

h?q1L ðx; k2?Þ ¼
M

�k2?

Z
d½1�d½2�d½3� ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

x1x2x3
p

ReH?q
L ;

(A23)

where the function H?q
L for the up quark is

H?u
L ¼ 2f��3ðk� k1Þ ð1;2Þ0

j ð1; 2; 3Þ½ ð3;4Þ�
j ð3; 2; 1Þ

þ  ð3;4Þ�
j ð3; 1; 2Þ� � �3ðk� k2Þ½ ð1;2Þ0

j ð1; 3; 2Þ
þ  ð1;2Þ0

j ð2; 3; 1Þ� ð3;4Þ�
j ð1; 2; 3Þ � �3ðk� k2Þ

� ½ ð5�Þ
j ð1; 2; 3Þ þ  ð5�Þ

j ð2; 1; 3Þ� ð1;2Þ�
j ð1; 2; 3Þ

þ �3ðk� k1Þ½ ð6;þÞ�ð1; 2; 3Þ ð3Þð1; 2; 3Þ
þ  ð6;þÞ�ð2; 1; 3Þ ð4Þð1; 2; 3Þ�; (A24)

where

 ð5�Þ
j ð1; 2; 3Þ ¼ kj2 

ð5Þð1; 2; 3Þ � kj3 
ð5Þð1; 3; 2Þ; (A25)

 ð1;2Þ0
j ð1; 2; 3Þ ¼ kj ð1Þð1; 2; 3Þ þ �ijT k

iðkx1ky2
� ky1k

x
2Þ ð2Þð1; 2; 3Þ: (A26)

The result for the down quark is

H?d
L ¼ 2f�3ðk� k3Þ ð1;2Þ0

j ð1; 2; 3Þ ð3;4Þ�
j ð1; 2; 3Þ

� �3ðk� k2Þ ð1;2Þ�
j ð1; 2; 3Þ½ ð5�Þ

j ð1; 2; 3Þ
þ  ð5�Þ

j ð3; 2; 1Þ� þ �3ðk� k1Þ
� ½ ð6;þÞ0�ð1; 2; 3Þ ð3Þð1; 2; 3Þ
�  ð6;þÞ�ð2; 3; 1Þ ð4Þð1; 2; 3Þ�g: (A27)

Note that by taking the imaginary part of the function
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H?q
L in Eq. (A23) one obtains the corresponding results

for the T-odd Boer-Mulders function h?q1 [8].

Finally, for the h?q1T TMD we obtain

h?q1T ðx; k2?Þ ¼
2M2

k2y � k2x

Z
d½1�d½2�d½3� ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

x1x2x3
p

ReH?q
T ;

(A28)

where H?q
T is given by

H ?u
T ¼ 2f�ðk� k2Þ ~ ð3;4Þð1; 2; 3Þ½ ~ ð3;4Þ�ð3; 2; 1Þ

þ ~ ð3;4Þ�ð3; 1; 2Þ� þ �3ðk� k1Þ½ ~ ð6Þð1; 2; 3Þ
þ ~ ð6Þð3; 2; 1Þ� ~ ð1;2Þ�ð3; 1; 2Þ � �3ðk� k2Þ
� ½ ~ ð6Þð1; 2; 3Þ þ ~ ð6Þð2; 1; 3Þ� ~ ð1;2Þ�ð1; 2; 3Þg;

(A29)

with

~ ð3;4Þð1; 2; 3Þ ¼ k�1  
ð3Þð1; 2; 3Þ þ k�2  

ð4Þð1; 2; 3Þ: (A30)

For the down quark, one finds:

H ?d
T ¼ �f�3ðk� k3Þ½ ~ ð3;4Þð1; 2; 3Þ ~ ð3;4Þ�ð2; 1; 3Þ�

þ 2�3ðk� k2Þ½ ~ ð6Þð1; 2; 3Þ
� ~ ð6Þð3; 1; 2Þ� ~ ð1;2Þ�ð1; 2; 3Þ þ 2�3ðk� k3Þ
� ½ ~ ð6Þð2; 3; 1Þ � ~ ð6Þð1; 2; 3Þ� ~ ð1;2Þ�ð1; 3; 2Þg:

(A31)
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