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We study the energy distributions of dipion transitions �ð5SÞ to �ð1S; 2S; 3SÞ�þ�� in the final-state

rescattering model. Since the �ð5SÞ is well above the open bottom thresholds, the dipion transitions are

expected to mainly proceed through the real processes �ð5SÞ ! Bð�Þ �Bð�Þ and Bð�Þ �Bð�Þ !
�ð1S; 2S; 3SÞ�þ��. We find that the energy distributions of �ð1S; 2S; 3SÞ�þ�� markedly differ from

that of�ð5SÞ ! Bð�Þ �Bð�Þ. In particular, the resonance peak will be pushed up by about 7–20 MeV for these

dipion transitions relative to the main hadronic decay modes. These predictions can be used to test the

final-state rescattering mechanism in hadronic transitions for heavy quarkonia above the open flavor

thresholds.
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I. INTRODUCTION

Hadronic transitions between heavy quarkonia are im-
portant for understanding both the heavy quarkonium dy-
namics and the formation of light hadrons (for recent
reviews see, e.g. [1]). Particularly, in recent years, the
dipion and single pion transitions have proved to be a
very efficient way to discover new or missing charmonium
or charmoniumlike states, the so-called ‘‘X, Y, Z’’ mesons,
by Belle, Babar, and CLEO collaborations (see [2] for a
recent review and related references). To search for the
partners of X and Y in the b �b sector, say Xb and Yb, a
similar approach was also suggested [3]. More recently,
Belle has found a very striking result [4] that signals of
�ðmSÞ�þ�� with m ¼ 1, 2, 3 collected at the energy of
10 870 MeV, i.e. at the peak of �ð5SÞ, indicate that the
partial widths of �ð5SÞ ! �ðmSÞ�þ�� are larger than
that of�ð4SÞ ! �ð1S; 2SÞ�þ�� by 2 orders of magnitude
or more if the �ð5SÞ is the sole source of the observed
dipion transition events.

If the peak at �ð10 870Þ is identified with the �ð5SÞ
resonance, we will have to answer the question: what is the
essential difference between the �ð5SÞ and �ð4SÞ in their
dipion transitions. To answer this question, in an earlier
paper [5] we use the final-state rescattering model [6] to
study the dipion transitions of �ð5SÞ and �ð4SÞ. In this

model, the�ð5S=4SÞ first decays to Bð�Þ �Bð�Þ, and then the B
meson pair turns into a lower� state and two pions through

exchange of another Bð�Þ meson. Since the real rescattering
contributions are expected to be dominant in these pro-
cesses, the difference between �ð5SÞ and �ð4SÞ dipion
transitions can be explained mainly by the difference in

available phase space for the�ð5S=4SÞ ! Bð�Þ �Bð�Þ decays.
Although sharing the same quantum numbers and having
similar leptonic widths, the �ð5SÞ and �ð4SÞ are dramati-
cally different in their hadronic transitions. In the real
rescattering process where the b �b resonance is above the
open bottom threshold, the amplitude is basically propor-

tional to the probability of the corresponding open bottom
decay, which is proportional to the P-wave phase space
factor j ~p1j3 [5,7]. Here, ~p1 denotes the 3-momentum of

Bð�Þ or �Bð�Þ in the rest frame of �ð5S=4SÞ. Note that the p
value j ~p1j of the decay �ð5SÞ ! B �B is about 3.84 times
larger than that of �ð4SÞ ! B �B, and this fact will mainly
result in a huge difference, which is about a factor of 200–
600 in magnitude [5], between the partial widths of dipion
transitions of �ð5SÞ and �ð4SÞ. (Note that the j ~p1j6 factor
would give an enhancement of about 3200 for the �ð5SÞ
relative to �ð4SÞ but an effective form factor associated
with the coupling constants will lower the enhancement
factor by about an order of magnitude; see discussions in
next sections.) As a result of the rescattering mechanism, it
might be unnecessary to introduce an exotic interpretation
of �ð5SÞ resonance or a Yb state to account for the experi-
mental data [4].
To further clarify the issue mentioned above, it is useful

to study other features of the final-state rescattering mecha-
nism. In this paper, we will show that a distinct and
important consequence of the final-state rescattering
mechanism is the peak shift effect, which is related to the
unique energy dependence of the cross section of eþe� !
�ð5SÞ ! �ðmSÞ�þ��. As a result of the final-state re-

scattering process Bð�Þ �Bð�Þ ! �ðmSÞ�þ��, the energy
distributions of the �ð5SÞ ! �ðmSÞ�þ�� events will

differ from that of �ð5SÞ ! Bð�Þ �Bð�Þ. In particular, the
observed resonance peak in �ð5SÞ ! �ðmSÞ�þ�� is ex-
pected to be pushed up to higher energies markedly com-

pared with that of �ð5SÞ ! Bð�Þ �Bð�Þ. The physical reason
for this peak shift is quite evident that at higher energies
around the �ð5SÞ resonance peak the rescattering process
will acquire more phase space and then get a larger rate.
This peak shift effect is an inevitable result of the final-
state rescattering, and therefore it can serve as a crucial test
for this mechanism. In the following, we will study this
effect in a more quantitative way.
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II. THE RESCATTERING MODEL

As in Ref. [5], we assume that in the �ð4S; 5SÞ dipion
transitions the two pions are produced mainly via scalar

resonances coupled to intermediate Bð�Þ mesons due to the
long-distance final-state interactions. The typical rescatter-
ing diagrams for �ð4S; 5SÞ ! �ð1S; 2SÞS are shown in
Fig. 1, and the others can be related to those in Fig. 1 by
charge conjugation transformation B$ �B and isospin
transformation B0 $ Bþ and �B0 $ B�. Here, S denotes
scalar resonance � or f0ð980Þ (perhaps also f0ð1370Þ),
which will decay to ��ðK �KÞ eventually.

In Fig. 1, the intermediate states Bð�Þ �Bð�Þ can be real or
virtual, which corresponds, respectively, to the imaginary
part or the real part of the amplitude. In Ref. [5], we argued
that in general it is the real rescattering process that is
dominant unless the resonance is very close to the open
flavor threshold. More quantitatively, we used the disper-
sion relation to estimate the virtual rescattering contribu-
tions and found that they are extremely small for �ð5SÞ
because �ð5SÞ is far above the B �B threshold, whereas for
�ð4SÞ, they can be comparable to the real ones but with
large uncertainties [5]. Nevertheless, this does not affect
the calculated large difference between the transition
widths of �ð5SÞ and �ð4SÞ. (In contrast, in the case of
Xð3872Þ [8] or Zð4430Þ [9], the virtual rescattering effects
could be dominant due to the extreme closeness between
the resonance mass and the open flavor threshold.)

In the real rescattering processes, the amplitudes of
Fig. 1(a)–1(d) are dominated by their absorptive (imagi-
nary) parts, which can be derived by the Cutkosky rule as
[5]

Abs i ¼ j ~p1j
32�2m�ðnSÞ

Z
d�Aið�ðnSÞ

! Bð�Þ �Bð�ÞÞCiðBð�Þ �Bð�Þ ! �ðmSÞSÞ; (1)

where i ¼ ða; b; c; dÞ, and d� and ~p1 denote the solid

angle of the on shell Bð�Þ �Bð�Þ system and the 3-momentum

of the on shell Bð�Þ meson in the rest frame of �ðnSÞ,
respectively.
The amplitudes Ai and Ci are determined by the effec-

tive Lagrangians [5]

L�BB ¼ g�BB��ð@�BBy � B@�ByÞ; (2a)

L�B�B ¼ g�B�B

m�

"����@���ðB��@$�B
y � B@

$
�B
�y
� Þ; (2b)

L�B�B� ¼ g�B�B� ð���B��@$�B
�y
� þ��B��@�B�y�

���@�B
��B��yÞ; (2c)

LSBB ¼ gSBBSBBy; (2d)

LSB�B� ¼ �gSB�B�SB� � B�y; (2e)

where @
$ ¼ @

!� @
 
. Here, the heavy quark symmetry and

chiral symmetry in (2) are basically ensured by the kine-
matic conditions.
Following Ref. [5], we choose the on shell coupling

constants

g�ðmSÞBð�ÞBð�Þ ¼ 24; m � 4 (3)

g�ð5SÞBB ¼ 2:5; (4)

g�ð5SÞB�B ¼ 1:4� 0:3; (5)

g�ð5SÞB�B� ¼ 2:5� 0:4; (6)

where the values in (3)–(6) are determined by the measured

widths �ð�ð4SÞ ! B �BÞ and �ð�ð5SÞ ! Bð�Þ �Bð�ÞÞ, respec-
tively. On the other hand, the coupling constants gSBð�ÞBð�Þ
can be related to the well-known one gD�D� [8] by heavy
quark flavor symmetry and chiral symmetry, and we
choose [5]

g�BB ¼ g�B�B� ¼ 10 GeV;

gf0BB ¼ gf0B�B� ¼ 10
ffiffiffi
2
p

GeV:

To account for the off shell effect of the exchanged Bð�Þ
meson in Fig. 1, one need introduce form factors, such as
[6]

F 1ðmi; q
2Þ ¼ ð�þmiÞ2 �m2

i

ð�þmiÞ2 � q2
; (7)

to the vertexes SBB and �ðmSÞBB. We will fix the cutoff
� ¼ 660 MeV [5] in our numerical analysis in the next
section.
We treat the scalar resonance S as a narrow one and use

the Breit-Wigner distribution

FIG. 1. Typical diagrams for �ðnSÞ ! Bð�Þ �Bð�Þ ! �ðmSÞS.
Other diagrams can be obtained by charge conjugation trans-
formation B$ �B and isospin transformation B0 $ Bþ and
�B0 $ B�.
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F SðtÞ ¼ 1

�

ffiffi
t
p

�SðtÞ
ðt�m2

SÞ2 þm2
S�SðtÞ2

(8)

to describe the resonance in the calculation of cross sec-
tions, as the treatment of � resonance in Ref. [8]. In (8), the
variable t denotes the momentum squared of S, and the
function �SðtÞ is given by

�SðtÞ ¼ p�gS��
8�t

þ pKgSKK
8�t

; p� ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t

4
�m2

�

r
;

pK ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t

4
�m2

K:

r (9)

The resonance parameters in (8) and the coupling constants
in (9), which are listed in Table I, are chosen mostly from
Ref. [11], except for mf0ð980Þ from PDG2006 [10].

Although the Breit-Wigner description (8) for the scalar
resonance is somehow rough, especially for the �, it is
efficient enough to get the order of magnitude of the widths
�ð�ð4S=5SÞ ! �ðmSÞ��Þ correctly [5]. Moreover, since
the final-state phase space (FSPS) of �ð5SÞ ! �ðmSÞS is
smeared by the large width of S, one would not expect that
this FSPS could bring on large energy dependence of the
cross section, unless it happens to be near the threshold,
such as the case of �ð5SÞ ! �ð3SÞ�. We will discuss this
further in the next section.

III. PEAK SHIFTS IN �ð5SÞ DIPION TRANSITIONS

In the absorptive part Absi in (1), the amplitude Ai is
proportional to j ~p1j since it involves an on shell P-wave

vertex �ðnSÞBð�ÞBð�Þ. Furthermore, a hidden factor j ~p1j
will emerge after performing the integral in (1) explicitly.
As a result, the amplitude Absi is proportional to j ~p1j3. As
we have mentioned above, this brings on the strong s

dependence of the cross section of eþe� ! �ð5SÞ !
Bð�Þ �Bð�Þ ! �ðmSÞ�þ��, and may change the distribution
of the �ðmSÞ�þ�� signals significantly around the peak
of �ð5SÞ resonance.

In general, neglecting radiative corrections and the
beam-energy spread, the cross section for the process
eþe� ! resonance r! hadronic final statefat the center-
of-mass energy

ffiffiffi
s
p

can be approximately expressed by the
Breit-Wigner form

�ðsÞ ¼ 12�
�ee
r � �f

r ðsÞ
ðs�m2

rÞ2 þm2
r�rðsÞ2

; (10)

where the resonance r is parameterized by its mass mr, the
total width �r, the electronic width �ee

r , and the partial

width �f
r for the decay channel f. For the�ð5SÞ, in (10) we

have neglected the weak s dependence of mr, �ee
r .

However, for the final states f ¼ �ð1S=2S=3SÞ�þ��,
the s dependence of �f

r is as strong as j ~p1ðsÞj6, and there-
fore cannot be neglected at all.
As a first step, we will neglect the energy dependence of

the total width of �ð5SÞ as well. Thus, for the final state,
such as f ¼ light hadrons, the energy distribution of the
cross section of �ð5SÞ will peak at m5S exactly as that
shown in Fig. 2 by the dashed line. We call this the naive
Breit-Wigner distribution. In Fig. 2, the resonance parame-
ters of �ð5SÞ have been chosen from PDG2006 [10] with
the following central values of m5S and �5S:

m5S ¼ 10 865 MeV; �5S ¼ 110 MeV: (11)

Then, we can compare the naive Breit-Wigner distribution

with the one where �f
5SðsÞ � j ~p1ðsÞj6. For the B �B inter-

mediate state, the result is shown in Fig. 2 with the solid

line. One can see that the strong s dependence of �f
5S

pushes the resonance peak up with a energy shift of about
15 MeV.

The two-body decay modes Bð�Þ �Bð�Þ and Bð�Þs �Bð�Þs , which
are dominant ones of�ð5SÞ [10], will bring on large energy
dependence of �5S and change the distributions in Fig. 2
consequently. For simplicity, we will choose the main
decay mode B� �B� to estimate the energy dependence of

TABLE I. Resonance parameters of � and f0ð980Þ [10,11].
mS ðMeVÞ gS�� ðGeVÞ �S�� ðMeVÞ gSKK ðGeVÞ �SKK ðMeVÞ

� 526� 30 3.06 302� 10
f0ð980Þ 980� 10 1.77 61� 1 2.70 12� 1

10800 10825 10850 10875 10900 10925 10950

s MeV

0

0.2

0.4

0.6

0.8

1

FIG. 2. Resonance line shapes of the naive Breit-Wigner dis-

tribution (dashed line) and the one with �f
r ðsÞ � j ~p1ðsÞj6 and B �B

as the intermediate state (solid line). The maximums are nor-
malized to one, respectively.
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�5S. That is,

�5SðsÞ � �B� �B�
5S ðsÞ �

sþ 3m2
B�

s

0
@

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s� 4m2

B�

q
2

1
A3

; (12)

which can be derived from the effective Lagrangian (2c)
with g�ð5SÞB�B� being treated as a constant independent of s.
Here, �5Sðm5SÞ is normalized to be 110 MeV, like that in
(11).

Furthermore, one need introduce form factors for every

�ð5SÞBð�Þ �Bð�Þ vertex in Fig. 1. Following Ref. [12], we
choose the form factor

F ðsÞ ¼ expð��j ~p1ðsÞj2Þ
expð��j ~p1ðm2

5SÞj2Þ
; (13)

which is normalized to 1 at s ¼ m2
5S, since we have ex-

tracted the on shell coupling constants g�ð5SÞBð�ÞBð�Þ in (4)–

(6) at this energy point. This form factor, which is asso-

ciated with the effective �ð5SÞBð�Þ �Bð�Þ coupling, can be
understood as the consequence of the overlap integral of

the wave functions of �ð5SÞ and the two Bð�Þ mesons, and
the scale factor � can be related to the effective radius of
the interaction, R, by � ¼ R2=6 [12]. It is this form factor
(or others of a similar form) that plays the role to naturally
balance the otherwise over-increased decay rates with in-
creased phase space. Namely, this form factor is a sort of
‘‘cutoff’’ for the high momentum of the final-state mesons.
The momentum dependence of the effective couplings can
partially explain why the coupling constants g�ð5SÞBð�ÞBð�Þ
are smaller than the one g�ð4SÞBB, though for � ¼
0–1 GeV�2 the suppression from the form factor is not
strong enough to account for the large difference between
the values in (3) and in (4)–(6). This suppression may be
additionally due to the node structure of the wave function
of highly excited �ð5SÞ [5].

Needless to say, the form factor in (13) should also

change the energy dependence of the width �Bð�Þ �Bð�Þ
5S ðsÞ

and the total width �5SðsÞ in (12) subsequently. Such �
dependence of �5SðsÞ is shown in Fig. 3. One can see that
the energy dependence is significantly weakened when� is
about 0:6 GeV�2 (solid line in Fig. 3). As a result, the
distribution of �ð5SÞ with f ¼ B� �B� and � ¼ 0:6 GeV�2,
which is shown in Fig. 4 with the dashed line, is very close
to the naive Breit-Wigner one.

With � ¼ 0:6 GeV�2 [12], the distributions for f ¼
�ð1SÞ�þ�� can be evaluated numerically. Since here
we only focus on the line shape and the peak shift, which
are almost independent of the parameters except � and
�5Sðm5SÞ, it is quite safe to choose the central values for
other parameters introduced in the last section. The distri-
bution for f ¼ �ð1SÞ�þ�� is illustrated in Fig. 4 with the
solid line. Compared with the distribution for f ¼ B� �B�
(the dashed line), the peak shift is about 7 MeV. If we
choose the channel B �B as the main hadronic channel, the

peak shift can be as large as 11 MeV for the �ð1SÞ�þ��
channel.
The energy distribution for f ¼ �ð2SÞ�þ�� has simi-

lar line shape to that for f ¼ �ð1SÞ�þ�� within the
energy region of 10 780–10 950 MeV. Furthermore, since
the transition �ð5SÞ ! �ð3SÞ�þ�� is also observed [4]
with a large rate and quite high statistical significance
(3:2�), we also evaluate its energy distribution in Fig. 4
with the dotted line. We find there is an additional peak
shift of about 12 MeV relative to the distribution for f ¼
�ð1SÞ�þ��. This is just because the role of the scalar
resonance in Fig. 1. In our model [5], the final-state �þ��
are assumed to be dominated by the scalar resonance

10800 10825 10850 10875 10900 10925 10950

s MeV

60

80

100

120

140

160

180

FIG. 3. The energy dependence and � dependence of �5SðsÞ.
The dashed line, solid line, and dotted line are evaluated with
� ¼ 0:0, 0.6 and 1:0 GeV�2, respectively.
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FIG. 4. Resonance line shapes for f ¼ B� �B� (dashed line) and
the one for f ¼ �ð1SÞ�þ�� (solid line), and for f ¼
�ð3SÞ�þ�� (dotted line) with � ¼ 0:6 GeV�2. The maximums
are normalized to one, respectively.
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Sð�; f0ð980Þ . . .Þ [11], which can be described by the
Breit-Wigner distribution (8) at the cross section level. If
the mass of the � resonance is chosen as m� ¼ 526 MeV
given in Table I, then one can easily find that the mass
difference m5S �m3S � 510 MeV happens to be in the
center of the distribution in (8). As we have mentioned in
the end of the last section, this brings on another strong s
dependence to the cross section for f ¼ �ð3SÞ�ð�þ��Þ.
Thus, the distribution for f ¼ �ð3SÞ�þ�� is pushed up
farther than those for f ¼ �ð1S; 2SÞ�þ��. Similarly,
there will be a long tail in the distribution for f ¼
�ð2SÞ�þ�� within the energy region of 10 950–
11 100 MeV due to the emergence of the scalar resonance
f0ð980Þ.

It is worth emphasizing that the scalar resonance domi-
nance is just a simplification to study the effects of the
final-state rescattering mechanism in the �ð5SÞ !
�ð1S; 2S; 3SÞ�þ�� transitions [5]. Thus, the differences
between the distributions for f ¼ �ð1S; 2S; 3SÞ�þ��
tend to disappear if the nonresonance contributions and
their interference with the scalar resonances are important.
Therefore, to detect the differences between the distribu-
tions for f ¼ �ð1S; 2S; 3SÞ�þ�� can provide useful in-
formation on the role of the scalar resonances in these
transitions. More valuable information can also be given
by the measurements on the Mð��Þ spectrum and the
distribution of the helicity angle [4].

It is obvious that the position of the resonance peaks of
�ð5SÞ in �ð1S; 2S; 3SÞ�þ�� channels depend on the
value of the scale factor � in the form factor (13).
However, the energy distributions of �ð5SÞ in other main
hadronic decay channels (e.g., B �B . . . ) also depend on the
same factor �. So, it is essential to compare the line shape
for, e.g., f ¼ �ð1SÞ�þ�� with those main hadronic decay
channels with different choices of the value of the scale
factor. For � ¼ 0:0–1:0 GeV�2, the results are shown in
Fig. 5, where the B� �B� channel is used to serve as one of
the main hadronic channels again.

In Fig. 5, with a reasonable choice for the cutoff factor
�, say, 0:3–0:8 GeV�2, the relative peak shifts for f ¼
�ð1S; 3SÞ�þ�� are found to be almost independent of the
cutoff. Thus, we incline to conclude that there should be a
peak shift of about 7 MeV for the distribution of �ð5SÞ in
the �ð1SÞ�þ�� channel compared with that in the B� �B�
channel. Similar shift should be obtained in the
�ð2SÞ�þ�� channel. On the other hand, the shift in the
�ð3SÞ�þ�� channel could be 12 MeV larger than those in

the �ð1S; 2SÞ�þ�� channels, but this depends on the
assumption that the scalar resonance � dominates the
�ð3SÞ�þ�� transition. Furthermore, if the B �B is chosen
as the main hadronic channel, the peak shifts will be
enlarged by 3–4 MeV.

IV. SUMMARY

In summary, we study the energy distributions of dipion
transitions �ð5SÞ to �ð1S; 2S; 3SÞ�þ�� in the final-state
rescattering model. Since the �ð5SÞ is well above the open
bottom thresholds, the dipion transitions can proceed

through the real process �ð5SÞ ! Bð�Þ �Bð�Þ and the subse-

quent process Bð�Þ �Bð�Þ ! �ð1S; 2S; 3SÞ�þ��. This model
can not only explain the observed unusually large rates of
�ð5SÞ ! �ð1S; 2S; 3SÞ�þ�� [5], but also predict a
unique energy dependence of the cross sections of eþe� !
�ð5SÞ ! �ð1S; 2S; 3SÞ�þ��. We find that the energy
distributions of �ð1S; 2S; 3SÞ�þ�� markedly differ from

that of �ð5SÞ ! Bð�Þ �Bð�Þ, and, in particular, the resonance
peak will be pushed up by about 7–20 MeV for these
dipion transitions relative to the main hadronic decay
modes. These predictions can be used to test the final-state
rescattering mechanism in hadronic transitions for heavy
quarkonia above the open flavor thresholds.
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