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In the framework of the seesaw models with triplets of fermions, we evaluate the decay rates of� ! e�

and � ! l� transitions. We show that although, due to neutrino mass constraints, those rates are in general

expected to be well under the present experimental limits, this is not necessarily always the case.

Interestingly enough, the observation of one of those decays in planned experiments would nevertheless

contradict bounds stemming from present experimental limits on the � ! eee and � ! 3l decay rates, as

well as from � to e conversion in atomic nuclei. Such detection of radiative decays would therefore imply

that there exist sources of lepton flavor violation not associated to triplet fermions.
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I. INTRODUCTION

The search for flavor changing rare leptonic decays, in
particular, for � ! e�, � ! ��, and � ! e� decays, has
been the object of intense experimental investigations for
decades [1]. With respect to the present experimental upper
limit, Brð� ! e�Þ< 1:2� 10�11 [1], Brð� ! ��Þ<
4:5� 10�8 [2], Brð� ! e�Þ< 1:1� 10�7 [1], new experi-
ments are expected to improve in the near future their
branching ratios by as much as three orders of magnitudes
for the first decay mode [3] and by one or two for the two
others [4].

The recent experimental evidence for neutrino masses
has shown that lepton flavor is violated in the neutrino
sector and that, consequently, in a model independent way,
these decay rates are predicted to be different from zero.
The actual predicted rate, however, turns out to be highly
model dependent. There are three basic models which can
explain the neutrino masses at tree level, from the ex-
change of heavy states, through the seesaw mechanism.
The above rare decays have been studied at length in the
framework of two of these seesaw models, with right-
handed neutrinos [5] (type I seesaw [6]) and with one or
several Higgs triplets [7] (type II seesaw [8]). In this paper
we perform the calculation of these decay rates in the
framework of the third seesaw model, with heavy triplets
of fermions (type III seesaw [9]). This model has been
studied in detail, both from the theoretical and phenome-
nological point of view, in Ref. [10], where the result on
these rare decays has already been presented without the
detailed calculation. This paper also contains a determi-
nation of the constraint that � to e conversion in atomic
nuclei implies on the type III seesaw model.

II. THE TYPE III SEESAW LAGRANGIAN

The type III seesaw model consists in the addition to the
standard model of SU(2) triplets of fermions with zero

hypercharge, �. In this model at least two such triplets
are necessary in order to have two nonvanishing neutrino
masses. A nonvanishing l1 ! l2� rate can nevertheless be
induced already with only one fermionic triplet. In the
following, we will not specify the number of triplets so
that our calculation is valid for any number of them. Being
in the adjoint representation of the electroweak group, the
Majorana mass term of such triplets is gauge invariant. In
terms of the usual and compact two-by-two notation for
triplets, the beyond the standard model (SM) interactions
are described by the Lagrangian (with implicit flavor sum-
mation)

L ¼ Tr½ ��i 6D�� � 1
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Without loss of generality, in the following we will assume
that we start from the basis whereM� is real and diagonal.
In order to consider the mixing of the triplets with the
charged leptons, it is convenient to express the 4 degrees of
freedom of each charged triplet in terms of a single Dirac
spinor

� � �þc
R þ ��

R : (3)
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The neutral fermionic triplet components on the other hand
can be left in two-component notation, since they have
only 2 degrees of freedom and mix with neutrinos, which
are also described by two-component fields. This leads to
the Lagrangian

L ¼ ��i@6 �þ ��0
Ri@6 �0
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The mass term of the charged sector shows then the usual
aspect for Dirac particles
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with v � ffiffiffi
2

p h�0i ¼ 246 GeV. The symmetric mass ma-
trix for the neutral states is on the other hand given by
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A. Diagonalization of the mass matrices

To calculate the l1 ! l2� decay rates, we will work in
the mass eigenstates basis. As it happens with any Dirac
mass, the charged lepton mass matrix can be diagonalized
by a bi-unitary transformation

lL;R
�L;R

� �
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l0L;R
�0

L;R

� �
; (7)

where UL;R are (3þ n)-by-(3þ n) matrices, if n triplets

are present. On the contrary, the symmetric neutral lepton
mass matrix can be diagonalized by a single unitary matrix

�L

�0c
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It is convenient to write the mixing matrices in terms of
three-leptons-plus-n-triplets sub-blocks

UL � ULll ULl�
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 !
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In the following we will calculate the decay rates at
OððY�v=M�Þ2Þ, which is a good approximation as long
asM� is sufficiently big compared to Y�v. In order to do so
it can be checked that it is enough to calculate all the
mixing matrix elements at order Oð½ðY�v;mlÞ=M��2Þ.
We obtain
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UPMNS is the lowest order Pontecorvo-Maki-Nakagawa-
Sakata (PMNS) mixing matrix which is unitary. Note that
� is nothing but the coefficient of the unique low energy
dimension-six operator induced by the triplets, once they
have been integrated out [10].1 Equation (10) shows as
expected that the (3þ n)-by-(3þ n) mixing matrices
UL;R;0 are unitary but the various submatrices are not.

The neutrino mass matrix in this model is given by2:

m� ¼ �v2

2
YT
�

1

M�

Y�: (11)

B. Lagrangian in the mass basis

After the diagonalization of the mass matrices, we ob-
tain the following Lagrangian in the mass basis (omitting
from now on the primes on the mass eigenstate fields):

L ¼ LKin þLCC þLNC þLH;� þL�� ; (12)

where
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1The �0 contribution does not appear in the low energy
effective theory as it involves external �’s.

2As for the masses of the charged leptons, they are essentially
unaffected by the presence of the �’s as the difference between
the physical masses of the l0 and the ones of the l’s, ml, is of
order mlY

2
�v

2=M2
�.
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The dots in Eqs. (21)–(24) refer to�-� interactions which
we omit here since they do not contribute to the one-loop
l1 ! l2� rates.

III. � ! e� AND � ! l� DECAYS

In the following we perform the calculation of the � !
e� rate. The � decay rates will be obtained straightfor-
wardly from it later on. As it is well-known, the on shell
transition � ! e� is a magnetic transition so that its
amplitude can be written, in the me ! 0 limit, as:

Tð� ! e�Þ ¼ A� �ueðp� qÞ½iq�"	
	�ð1þ �5Þ�u�ðpÞ;
(26)

with " the polarization of the photon, p� the momentum of

the incoming muon, q� the momentum of the outgoing

photon, and 
�� ¼ i
2 ½��; ���. Using the Gordon decom-

position we can rewrite it as

Tð� ! e�Þ ¼ A� �ueðp� qÞð1þ �5Þð2p � "�m� 6�Þ
� u�ðpÞ: (27)

In the following we will calculate only the p � " terms. The
terms proportional to 6� can be recovered from the p � "
terms through Eq. (27). All in all, this gives

�ð� ! e�Þ ¼ m3
�

4�
jAj2: (28)

In the mass eigenstate basis, from the Lagrangian
of Eqs. (13)–(16), there are 14 diagrams contributing to
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� ! e�, as shown in Fig. 1. The detailed calculation is
presented in the Appendix.3 In the limit in which M� �
MW , at OððY�v

M�
Þ2Þ, the total amplitude is given by

Tð� ! e�Þ ¼ i
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where C ¼ �6, 56, and x�i
� m2

�i

M2
W

. Note that the second

term is the usual contribution from neutrino mixing [12],
while the first one is the explicit contribution of the fer-
mion triplet(s). As is well-known, a Glashow-Iliopoulos-
Maiani cancellation operates in the second term. The total
decay rate is then given by
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and the branching ratio reads
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: (31)

� ! l� decays can be obtained from Eq. (31) by replacing
� by �, e by l, and by multiplying the obtained result by
Brð� ! e�� ��eÞ ¼ ð17:84� 0:05Þ � 10�2 [1].

IV. PHENOMENOLOGY

A. Bounds on �e�, ��� , and �e�

From the result above, it is not surprising that in general
we expect a very tiny � ! e� rate. For instance, omitting
flavor indices, for a given value of M� we would expect in

general from the seesaw formula that Y2
� ’ m�M�=v

2 	ffiffiffiffiffiffiffiffiffiffiffiffiffi

m2

atm

p
M�=v

2 	M�=ð1015 GeVÞ. This gives �	
m�=M� 	 10�25ð1015 GeV=M�Þ and x� 	 
m2

atm=M
2
W 	

10�24 which leads to Brð� ! e�Þ 	 10�52 �
ð1015 GeV=M�Þ2, far below the present upper limit 1:2�
10�11. In this case, even forM� as low as 100 GeV, we get
Brð� ! e�Þ 	 10�26. Similarly, for � ! �� and � ! e�,
we get both rates of order 10�53ð1015 GeV=M�Þ2, far
below the present upper limit 4:5� 10�8 and 1:1�
10�7Þ, respectively.
There are cases, however, in which the branching ratio

can be much larger without any fine-tuning of the Yukawa

FIG. 1. Diagrams contributing to � ! e�. ��, � are the three Goldstone boson associated with the W� and Z bosons. H stands for
the physical Higgs boson.

3General formulas for radiative fermion decays have been
derived in detail in Ref. [11], although restricted to the case in
which all fermion masses arise from the standard Higgs mecha-
nism. In consequence, isospin invariant mass terms as those
essential in seesaw models were not taken into account.
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couplings and mass parameters. This is the case if neutrino
masses are generated through ‘‘direct lepton violation’’
(see Ref. [10]), i.e., if neutrino masses are directly propor-
tional to a small lepton number violating scale rather than
inversely proportional to a high scale. Direct lepton viola-
tion appears naturally in the type II seesaw model, since
two scales are present there: the mass of the heavy scalar
triplet M� and the dimension-full trilinear coupling �
between the scalar triplet and two Higgs doublets. In this
case m� 	 Y��v2=M2

�, where Y� is the Yukawa coupling,

but Brð� ! e�Þ 	 Y4
�M

4
W=M

4
�. If the scale � is suffi-

ciently small to suppress neutrino masses, Y�=M� can be
large enough to generate visible effects in rare lepton
decays. A similar pattern can be realized also in the
type III seesaw, if besides a high scale M�, a low scale
�, responsible for lepton number violation, is present. This
has indeed been studied in the context of type I seesaw
[10,13], but it can be applied here as well. In this case the
�e� term in Eqs. (29)–(31) is enhanced to much larger

values and the x�i
term can be neglected.

With such a pattern the � ! e� branching ratio could
be as large as 	10�4 for the extreme case where the
Yukawa couplings would be as large as unity with triplets
as light as a few hundreds GeV. This shows that the present
experimental bound is already relevant to exclude too large
values of the Yukawas associated to too small values of the
triplet mass. The present experimental bounds on the
branching ratios give the following constraints on the
��� coefficients4:
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���������e
& 1:1� 10�4 (32)
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2

��������Yy
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1
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1
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Y�

����������
& 1:5� 10�2 (33)

j�e�j ¼ v2

2

��������Yy
�

1
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�

1

M�

Y�

���������e
& 2:4� 10�2: (34)

B. Comparison of l ! l0� and l ! 3l0 decays
The bounds of Eqs. (32)–(34) from l ! l0� decays turn

out to be on the same parameters � as the ones obtained
from � ! 3e or � ! 3l decays, derived in Ref. [10]. This
can be understood from the fact that, at order 1=M2

�, for

example, for � ! e� and � ! 3e, there is only one way
to combine two Yukawa couplings and two inverse M�

mass matrices to induce a �-e transition along a same
fermionic line: through the combination �e� (i.e., the flavor

structure of the � to e fermionic line is the same for both
processes, it corresponds to a � which mixes with a
fermion triplet which mixes with an electron). This can
also be understood from the related fact that the number of
independent parameters contained in the coefficients of the
dimension five operators (proportional to the neutrino mass
matrix) and dimension-six operators (encoded in the ���
[10]) of the low energy theory (obtained in the limit of
large fermion triplet mass) equals the number of indepen-
dent parameters of the original theory. This implies that
any physical transition studied at order 1=M2

�, necessarily

has to be proportional to the dimension-six operator coef-
ficients, and there is only one which gives a � to e
transition, �e�.

As a result we obtain the following fixed ratios for these
branching ratios:

Brð� ! e�Þ ¼ 1:3� 10�3 � Brð� ! eeeÞ; (35)

Brð� ! ��Þ ¼ 1:3� 10�3 � Brð� ! ���Þ
¼ 2:1� 10�3 � Brð�� ! e�eþ��Þ; (36)

Brð� ! e�Þ ¼ 1:3� 10�3 � Brð� ! eeeÞ
¼ 2:1� 10�3 � Brð�� ! ���þe�Þ: (37)

The ratios are much smaller than unity because l ! 3l0 is
induced at tree level through mixing of the charged leptons
with the charged components of the fermion triplets [10],
while l ! l0� is a one-loop process. The results of
Eqs. (35)–(37) hold in the limit where M� � MW;Z;H, as

they are based on Eq. (31). Not taking this limit, i.e., using
Eq. (A26) of the Appendix, for values of M� as low as
	100 GeV, these ratios can vary around these values by up
to 1 order of magnitude. Numerically it turns out that the
bounds in Eqs. (32)–(34) are thus not as good as the ones
coming from � ! eee, � ! eee, and � ! ��� decays,
which give j�e�j< 1:1� 10�6, j���j< 4:9� 10�4,

j�e�j< 5:1� 10�4, respectively, [using the experimental
bounds: Brð� ! eeeÞ< 1� 10�12 [1], Brð� !
eeeÞ< 3:6� 10�8 [14], and Brð� ! ���Þ< 3:2�
10�8 [14]].5 This shows that even if the upper limits on
� ! e� and � ! l� are improved in the future by 3 or 2
orders of magnitude, respectively, the � ! 3e and � ! 3l
will still provide the most competitive bounds on the ���
ð� � �Þ. This can be clearly seen from the bounds,
Brð� ! e�Þ< 10�15, Brð� ! ��Þ< 4� 10�11, and

4Note that these bounds show that the approximation we made
in the above to work only at first order in Y2v2=M2

� is justified.

5Note that these bounds from � decays are better than the ones
quoted in Table 8 of Ref. [10], as we have used the new
experimental limits on � ! 3l decays of Ref. [14]. This also
leads to the new following bounds: j���j< 5:6� 10�4 [from
Brð� ! eþe���Þ< 2:7� 10�8] and j�e�j< 7:2� 10�4 [from
Brð� ! �þ��e�Þ< 4:1� 10�8]. We thank M. Nemevšek for
pointing to us the existence of Ref. [14].
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Brð� ! e�Þ< 5 � 10�11, that one obtains from Eqs. (35)–
(37) using the experimental bounds on the l ! 3l0 decays.

This leads to the conclusion that the observation of one
leptonic radiative decay by upcoming experiments would
basically rule out the seesaw mechanism with only triplets
of fermions, i.e., with no other source of lepton flavor
changing new physics. To our knowledge this is a unique
result.

This is different from other seesaw models. For instance,
in type I seesaw, for the same reasons as for the type III
model, the ratios of Eqs. (35)–(37) are also fixed at order
1=M2

N , but unlike for this type III model, both processes are
instead realized at one loop. As a result, generically, l !
l0� dominates over l ! 3l0 because the latter suffers an
extra � suppression. On the other hand, in type II seesaw,
no definite predictions for these ratios can be done, because
both types of decays depend on different combinations of
the parameters [10]. This stems from the fact that in the
type II model the Yukawa coupling Y� couples a scalar
triplet to two light fermions, so it carries two light lepton
flavor indices, instead of one in the type I and type III
models. As a result there are several combinations of the
Yukawa couplings which can lead to a � to e transition in
this model.6

V. �-TO-e CONVERSION IN ATOMIC NUCLEI

Beside l ! l0� and l ! 3l decays, fermion triplets can
also induce �-to-e conversion in atomic nuclei. The rele-
vant diagram turns out to be a tree level one, as for l ! 3l
decays, where � goes to eþ Zwith the Z connected to a u
or d quark fermion line. For the reasons given above, or
simply from the fact that this diagram involves exactly the
same �-e-Z vertex as the � ! eee decay, �-to-e conver-
sion gives a constraint on the same "e� parameter than

from � ! eee decay (or than from � ! e� decay). Using
the experimental upper bound for the �-to-e conversion
rate to total nucleon muon capture rate ratio for 4822Ti nuclei,
R�!e < 4:3� 10�12 [15], the bound one obtains actually
turns out to be even more stringent than from � ! eee

j"e�j< 1:7� 10�7: (38)

This bound can be straightforwardly obtained by determin-
ing the quark-lepton effective interaction induced by the Z
exchange

Leff ¼ � ffiffiffi
2

p
GFð�li��PLg

NC
LijljÞð �u��½ð1� 8

3sin
2�WÞ � �5�u

þ �d��½ð�1þ 4
3sin

2�WÞ þ �5�dÞ (39)

which using standard formula, for example, Eq. (2.16) of
Ref. [16], gives

R�!e ¼ 1:4� 101 � j"e�j2: (40)

This leads to the following fixed ratio predictions for 48
22Ti

Br ð� ! eeeÞ ¼ 2:4� 10�1R�!e (41)

Br ð� ! e�Þ ¼ 3:1� 10�4R�!e (42)

which allows further possibilities to test and/or exclude the
model. Results from the gold nuclei, which experimentally
gives R�!e < 7� 10�13 [17], are of same order of mag-
nitude. Note that the PRISM collaboration [18] is expected
to improve the experimental bound on R�!e for the 48

22Ti
nuclei by several orders of magnitude in the long term.

VI. SUMMARY

We have calculated the� ! e� and � ! l� decay rates
in the presence of one or more triplets of fermions. As with
right-handed neutrinos, the obtained rate is in general
extremely suppressed but in special cases (not necessarily
tuned) it can exceed the present experimental bounds.
Unlike for other seesaw models, the observation of a
leptonic radiative decay rate close to the present bounds,
would nevertheless be incompatible with bounds which
arise in this model from l ! 3l0 decays. Similarly it would
be incompatible with the bound from� to e conversion we
have determined. This provides an interesting possibility to
exclude this model as the unique low energy source of
lepton flavor changing new physics.
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APPENDIX

The 14 diagrams of Fig. 1 can be grouped according to
the fermion circulating in the loop. Performing the calcu-
lation in the ’t Hooft-Feynman gauge, after loop integra-

tion, the various amplitudes, at OððY�v
M�

Þ2Þ, are

6For instance the � ! 3e transition involves the combination
Y��eY

y
�ee while the � ! e� involve the combination Y��lY

y
�le

with l ¼ e, �, � see, e.g., [10].
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T��;W�
�i

¼ T��
�i

þ T��;W�
�i

þ TW�;��
�i

þ TW�
�i

¼ i
GSM

Fffiffiffi
2

p e

32�2
m� �ueðp� qÞð1þ �5Þð2p � "Þu�ðpÞ½ðU0�� ÞeiðUy

0��
Þi�F1ðx�i

Þ þ ð�U0��ÞeiðUy
0��

Þi�F2ðx�i
Þ

þ ðU0�� ÞeiðUy
0��

�Þi�F3ðx�i
Þ� (A1)

T��;W�
�i

¼ T��
�i

þ T��;W�
�i

þ TW�;��
�i

þ TW�
�i

¼ i
GSM

Fffiffiffi
2

p e

32�2
m� �ueðp� qÞð1þ �5Þð2p � "Þu�ðpÞ

�
ðYy

�
M�1

� ÞeiðM�1
� Y�Þi� v2

2
F4ðx�i

Þ

þ ðYy
�
M�1

� ÞeiðM�1
� Y��Þi� v2

2
x�i

F5ðx�i
Þ þ 1

M2
W

�
ðYy

�
Þeið�0TY�Þi� v2

4
þ ðYy

�
ÞeiðM�1

� Y�
�m

T
�Þi�v2

�
F5ðx�i

Þ

þ 1

M2
W

�
ðYy

�
�0�ÞeiðY�Þi� v2

4
þ ðm�

�Y
T
�M

�1
� ÞeiðY�Þi�v2

�
F6ðx�i

Þ þ ð�Yy
�
M�1

� ÞeiðM�1
� Y�Þi� v2

2
x�i

F6ðx�i
Þ
�

(A2)

T
Z;H;�
�i

¼ TZ
�i

þ TH
�i

þ T
�
�i

¼ i
GSM

Fffiffiffi
2

p e

32�2
m� ��eðp� qÞð1þ �5Þð2p � "Þu�ðpÞ

�
ðYy

�
M�1

� ÞeiðM�1
� Y�Þi� v2

2
ðF7ðy�i

Þ þ F8ðz�i
ÞÞ

� ð�Yy
�
M�1

� ÞeiðM�1
� Y�Þi� v2

2
ðF8ðy�i

Þ þ F8ðz�i
ÞÞ � ðYy

�
M�1

� ÞeiðM�1
� Y��Þi� v2

2
ðF9ðy�i

Þ þ F9ðz�i
ÞÞ
�

(A3)

T
Z;H;�
li

¼ TZ
li
þ TH

li
þ T

�
li
¼ i

GSM
Fffiffiffi
2

p e

32�2
m� �ueðp� qÞð1þ �5Þð2p � "Þu�ðpÞ�e�Gðyli; zliÞ; (A4)

where x�i
� m2

�i

M2
W

, x�i
� m2

�i

M2
W

, yli ¼
m2

li

M2
Z

, zli ¼
m2

li

M2
H

, y�i
¼ m2

�i

M2
Z

, z�i
¼ m2

�i

M2
H

, and FiðxÞ and GðxÞ are the following functions:

F1ðxÞ ¼ 10� 43xþ 78x2 � 49x3 þ 4x4 þ 18x3 logðxÞ
3ð�1þ xÞ4 (A5)

F2ðxÞ ¼ 2ð5� 24xþ 39x2 � 20x3 þ 6x2ð�1þ 2xÞ logðxÞÞ
3ð�1þ xÞ4 (A6)

F3ðxÞ ¼ 7� 33xþ 57x2 � 31x3 þ 6x2ð�1þ 3xÞ logðxÞ
3ð�1þ xÞ4 (A7)

F4ðxÞ ¼ �38þ 185x� 246x2 þ 107x3 � 8x4 þ 18ð4� 3xÞx2 logðxÞ
3ð�1þ xÞ4 (A8)

F5ðxÞ ¼ 1� 6xþ 3x2 þ 2x3 � 6x2 logðxÞ
3ð�1þ xÞ4 (A9)

F6ðxÞ ¼ 7� 12x� 3x2 þ 8x3 � 6xð�2þ 3xÞ logðxÞ
3ð�1þ xÞ4 (A10)
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F7ðxÞ ¼ 40� 46x� 3x2 þ 2x3 þ 7x4 þ 18xð4� 3xÞ logðxÞ
3ð�1þ xÞ4 (A11)

F8ðxÞ ¼ xð�16þ 45x� 36x2 þ 7x3 þ 6ð�2þ 3xÞ logðxÞÞ
3ð�1þ xÞ4 (A12)

F9ðxÞ ¼ xð2þ 3x� 6x2 þ x3 þ 6x logðxÞÞ
3ð�1þ xÞ4 (A13)

Gðyli ; zliÞ ¼ 
ie

�
8

�
1

2
� cos2�W

� 4� 9yli þ 5y3li þ 6ð1� 2yliÞyli logðyliÞ
6ð�1þ yliÞ4

�

þ 
i�

�
zli

16� 45zli þ 36z2li � 7z3li � 6ð�2þ 3zliÞ logðzliÞ
2ð�1þ zliÞ4

þ 8

�
1

2
� cos2�W

� 4� 9yli þ 5y3li þ 6ð1� 2yliÞyli logðyliÞ
6ð�1þ yliÞ4

� 8ð1� cos2�WÞ
2ð�1þ y2li � 2yli logðyliÞÞ

ð�1þ yliÞ3

� yli
�20þ 39yli � 24y2li þ 5y3li þ 6ð�2þ yliÞ logðyliÞ

6ð�1þ yliÞ4
�
: (A14)

Since yli , zli , x�i

 1 it is a good approximation to take the lepton flavor conserving quantities yli and zli to zero and to

keep only the linear term in the flavor changing quantities x�i

F1ðx�i
Þ ’ 10

3 � x�i
(A15)

F2ðx�i
Þ ’ 10

3 � 8
3x�i

(A16)

F3ðx�i
Þ ’ 7

3 � 5
3x�i

(A17)

Gðyi; ziÞ ¼ C ¼ �6; 56: (A18)

Summing over i and neglecting terms of OððY�v=M�ÞnÞ with n > 2, we obtain

T��;W�
� ¼ X

i

T��;W�
�i

¼ i
GSM

Fffiffiffi
2

p e

32�2
m� �ueðp� qÞð1þ �5Þð2p � "Þu�ðpÞ

�
7

3
�e� �X

i

x�i
ðUPMNSÞeiðUy

PMNSÞi�
�

(A19)

T��;W�
�

¼X
i

T��;W�
�i

¼ i
GSM

Fffiffiffi
2

p e

32�2
m� �ueðp� qÞð1þ �5Þð2p � "Þu�ðpÞ

�
� 8

3
�e� þX

i

v2

2
ðYy

�
M�1

� ÞeiðM�1
� Y�Þi�Aðx�i

Þ
�

(A20)

T
Z;H;�
l ¼ X

i

T
Z;H;�
li

¼ i
GSM

Fffiffiffi
2

p e

32�2
m� �ueðp� qÞð1þ �5Þð2p � "Þu�ðpÞ�e� � C (A21)
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T
Z;H;�
� ¼ X

i

T
Z;H;�
�i

¼ i
GSM

Fffiffiffi
2

p e

32�2
m� �ueðp� qÞð1þ �5Þð2p � "Þu�ðpÞ

�
14

3
�e� þX

i

v2

2
ðYy

�
M�1

� ÞeiðM�1
� Y�Þi�ðBðy�i

Þ þ Cðz�i
ÞÞ
�
;

(A22)

where

Aðx�i
Þ ¼ �30þ 153x�i

� 198x2�i
þ 75x3

�i
þ 18ð4� 3x�i

Þx2�i
logx�i

3ðx�i
� 1Þ4 (A23)

Bðy�i
Þ ¼ 33� 18y�i

� 45y2�i
þ 30y3

�i
þ 18ð4� 3y�i

Þy�i
logy�i

3ðy�i
� 1Þ4 (A24)

Cðz�i
Þ ¼ �7þ 12z�i

þ 3z2�i
� 8z3

�i
þ 6ð3z�i

� 2Þz�i
logz�i

3ðz�i
� 1Þ4 : (A25)

The total amplitude is then

Tð� ! e�Þ ¼ i
GSM

Fffiffiffi
2

p e

32�2
m� �ueðp� qÞð1þ �5Þð2p � "Þu�ðpÞ

��
13

3
þ C

�
�e� �X

i

x�i
ðUPMNSÞeiðUy

PMNSÞi�

þX
i

v2

2
ðYy

�
M�1

� ÞeiðM�1
� Y�Þi�ðAðx�i

Þ þ Bðy�i
Þ þ Cðz�i

ÞÞ
�
: (A26)

This result is valid at OððY�v
M�

Þ2Þ. For x�i
, y�i

, z�i
� 1, the additional limit x�i

, y�i
, z�i

! 1 can be taken, which leads to
the result displayed in the text, Eq. (29).
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