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Dyons with potentials: Duality and black hole thermodynamics
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A modified version of the double potential formalism for the electrodynamics of dyons is constructed.
Besides the two vector potentials, this manifestly duality invariant formulation involves four additional
potentials, scalar potentials which appear as Lagrange multipliers for the electric and magnetic Gauss
constraints and potentials for the longitudinal electric and magnetic fields. In this framework, a static dyon
appears as a Coulomb-like solution without string singularities. Dirac strings are needed only for the
Lorentz force law, not for Maxwell’s equations. The magnetic charge no longer appears as a topological
conservation law but as a surface integral on a par with electric charge. The theory is generalized to curved
space. As in flat space, the string singularities of dyonic black holes are resolved. As a consequence all
singularities are protected by the horizon and the thermodynamics is shown to follow from standard

arguments in the grand canonical ensemble.
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L. INTRODUCTION

Reissner-Nordstrgm black holes with both electric and
magnetic charge

ds2 — _N2dt2 + N_erz -+ rz(dﬁz + Sil’lzed(,bz)y

J oM O+ P? (4.1
N=q1 -2+ 70
r r

A= - %dt + P(1 — cos)d¢p (1.2)

are generally excluded in a discussion of uniqueness the-
orems and geometric derivations of the first law because
the gauge potential is singular along a string that intersects
the horizon and goes to infinity [1,2]. Exceptions can be
found in [3] for stationary and axisymmetric perturbations
and in [4] where dipole charge contributions to the first law
for five dimensional black ring solutions are investigated
by dealing directly with divergent potentials on the hori-
zon. Dyonic solutions were also excluded in an investiga-
tion of duality of electric and magnetic black holes using
Euclidean methods [5].

Nevertheless, for variations of the three parameters the
first law

M = 8£5;4 + ¢80 + Uy 6P, (1.3)
o

where

— M+ VA,

A=M—(Q°+ P, re (1.4)
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can easily be inferred from the purely electric case by using
a duality argument. Furthermore, electric-magnetic black
hole duality has been extended to the case of dyons in the
canonical ensemble by using the manifestly duality invari-
ant double potential formalism [6]. In its original version
[71, this formalism involves as dynamical degrees of free-
dom two vector potentials. An independent rederivation
[8] has been written with two additional scalar potentials
which are spurious because they appear only as a part of
a total derivative of the action. In the black hole context
[6], coupling to external static sources can be made either
through fixed strings, spherically symmetric nondynamical
longitudinal fields, or intermediate combinations. Finally,
the coupling to dynamical dyons with the help of dynami-
cal strings has been studied in detail in [9,10], including a
proof of equivalence with Dirac’s original theory [11,12]
and a derivation of the appropriate quantization condition
[13,14].

What we will do in this paper is introduce potentials for
longitudinal components of electric and magnetic fields.
This has the effect of making the two scalar potentials non-
spurious as they now appear as the Lagrange multipliers for
the divergence constraints on electric and magnetic fields.
We thus increase the redundancy of the description in such
a way as to have twice as much gauge invariance as in
standard Maxwell theory.
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Now, taking into account all the results described above,
this extension of the double potential formalism is rather
straightforward and seems hardly worth the effort. We beg
to differ.

First of all, the electric and magnetic potentials pro-
duced by a static dyon both appear as Coulomb-like solu-
tions in a single, manifestly duality invariant formulation
without any stringlike singularities. In this framework Di-
rac strings are only needed in order to produce the correct
Lorentz force law from an action principle for dynamical
point-particle dyons.

In curved space, the new formulation is ideally suited for
the description of black hole dyons. As in flat space, their
string singularity is resolved and a geometric derivation of
the first law can be done along standard lines because all
singularities are now protected by the horizon. This is a
direct consequence of the intriguing transmutation into a
surface integral of the magnetic charge which appears as
a topological conservation law in the standard approach.
Since there is no quantization condition on magnetic or on
electric charge for a single dyon and because of the pres-
ence in the formalism of both chemical potentials, thermo-
dynamics and Euclidean computations can be performed in
the grand canonical ensemble, thus circumventing argu-
ments of [2,5].

In the next section, we discuss our formulation in
Minkowski space in the case of fixed external sources.
Section III is devoted to Dirac strings and dynamical
point-particle dyons. We finally write down and analyze
the appropriate action for curved space and discuss appli-
cations in the context of black hole physics.

II. EXTENDED DOUBLE POTENTIAL
FORMALISM IN FLAT SPACE

In this section we present an action principle for elec-
tromagnetism in the presence of electric and magnetic
sources which is manifestly duality invariant. Both electric
and magnetic Gauss constraints are dynamical and appear
in the action with their corresponding Lagrange multi-
pliers. For a static dyon, the solution of the field equations
is Coulomb-like, both in the electric and the magnetic sec-
tor. We show that the theory can be gauge fixed so as to
coincide with standard electromagnetism and conclude the
section by showing that Lorentz invariance, while not
manifest, is nevertheless realized through canonical gen-
erators very much as in the standard Hamiltonian for-
mulation of electromagnetism. This suggests, as we will
explicitly show in the last section, that the theory can be
generalized to curved space.

A. Action, duality, and gauge symmetries

The dynamical fields of the theory are A%, C*, a = 1, 2.
Here, A}, = (A, Z,,) are the standard and new potentials.
The additional fields C* = (C, Y) make up the longitudinal
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parts of magnetic and electric fields B* = (B, E) accord-
ing to

B =V X A" + V(e @2.1)

The external magnetic and electric currents j** = (k*, j*)
are conserved, o wJ = 0. In this section, we assume that

they correspond to the currents produced by a single point-
particle dyon. We consider the action

I[AS, C?] = Iy [A%, C*] + I[A%; j*]

oo

2.2)

where

1 . N o
IlAg, €1 =3 [ d*x[e, (B + V) - (9,A° — VAD)

— B B,] (2.3)
is the substitute for the usual Maxwell action and
AL )= [ dienan 2.4)

is the ““interaction” action. Here €,, is skew-symmetric
with €, = 1, and indices a, b, ... raised and lowered with
the Kronecker delta. The action (2.2) is manifestly invari-
ant under simultaneous duality rotations on (A‘;L, Ca; jor)

SpAl = €A, 5pC* = e C,, °s)
Spj = e jt. '
It is also gauge invariant under
0)Af, = 9,79, 6,C=0. (2.6)

B. Equations of motion and point-particle dyon

The Euler-Lagrange equations of motion associated
with (2.3) are easily shown to be equivalent to Maxwell’s
equation with magnetic and electric currents. Indeed, vari-
ations with respect to A§ give the constraints

V- B* = V2ce = joa, 2.7
Variations with respect to C* imply the equations
vzca = Eah(6 . a()A)b - vag) (28)

The fields A%, C* are auxiliary in the sense that, under
suitably boundary conditions at spatial infinity, their equa-
tions of motion can be solved for Ag, C% in terms of all
other fields, without the need for initial conditions.

Variations with respect to A yield Maxwell’s equations
in the form

- Gabaoéb + % X B)a = Eabjb. (29)

As a consequence, if the electromagnetic field tensor F
is expressed in the usual way in terms of electric and mag-
netic fields, Fo; = —B?, F;; = €;;B'%, it follows that both
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dF and d*F vanish outside of sources on account of the
Euler-Lagrange equations of motion.
In the case of a single point-particle dyon at the origin
with charges Q% = (P, Q), for example,
JH(x) = 47 Q58 83(x), (2.10)

instead of (1.2), Maxwell’s equations in the above form are
now solved by

ab a
€0, dr, 0

At = — Ct = ——. (2.11)
r r

This solution resolves the string-singularity of the standard
formulation. It is unique in the transverse gauge
V - A® = 0 with vanishing boundary conditions on A%, C9.

C. Canonical structure and degrees of freedom

By using integrations by parts and decomposing A
AT + VM, with M® = (M4, M), the free action (2. 3)
can be written in the form

IM[A)LZT, Ag, Ma, Ca] = [d4x[—6 X ZT : (")()A)T

+ VYoM, — V2CoyM,

1 d =d 1 - -
——E-E——-B-B—AV?Y

2 2 0
+ 7Z,V2C], (2.12)

where E=V X Z + VY, B = VXA+VC This shows
that the canonically conjugate pairs are (AT, —V X ZT)
(V2Y, M,), and (—V?>C, M) so that there are 4 conjugate
pairs per spacetime point.

Variation with respect to the Lagrange multipliers Z,
imposes the first class constraint V2C = 0. Partial gauge
fixing to the standard covariant description can be achieved
by requiring the longitudinal part of the second vector po-
tentials to vanish, M, = 0, and gives back the usual Ham-
iltonian description of electromagnetism. Complete gauge
fixation is then achieved, as usual, by solving the electric
Gauss constraint V?Y = 0 associated with the Lagrange
multiplier A, together with the gauge condition M, = 0.
The gauge fixed theory contains 2 physical degrees of free-
dom per spacetlme point described by the transverse vec-
tor potential A" and its canonically conjugate variable
—E'=-Vx 7", as it should.

For later use, we note that

{A“(x), B (x')} = — € 8" 8% (x, x'),
{C*(x), B"(x)} =0,

{M(x), CP(x')} = €V 28 (x, x'),
{B%(x), Bb(x')} = € €7*9,83(x, x').

(2.13)
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D. Duality, gauge, and Poincaré generators

The Hamiltonian and constraints associated with the first
order action I,[A%, C*] are

1 > > el >
H= [d»*sz“ - B", g, =€,V B’ (2.14)
The duality generator is the SO(2) Chern-Simons term [7]
suitably extended to the longitudinal potentials,

D— _% [ Ex(B +VC) A, (215

It commutes with the Hamiltonian and the other Poincaré
generators introduced below, but is only weakly gauge
invariant,

{gw D} = eabgh' (216)
The duality transformations (2.5) on the canonical
variables A¢, C* are generated through 6,A¢ = {A¢, D},
8pC* = {C% D}. The extension to the Lagrange multi-
pliers is dictated by (2.15) and the requirement that the
first order action I,[A%, C%] is invariant. In the same way,
the gauge transformations &, in (2.6) are generated by

Y[A] = [d3xga)\“. (2.17)

In this expression, the generators are smeared with the
arbitrary functions A? defining the gauge transformation
in (2.6).
A general Poincaré generator may be written as
T(w,a) = —w I —a, P, (2.18)
Here J#” and P* are the individual Poincaré generators,
and w,,, a, the corresponding parameters defining the
transformation. The generator of time translations is the
Hamiltonian, P* = H. The Lorentz generators may be
decomposed as

1 v — 1 ijk _ i
—(UI_U,J'U' = Ewijej Jk inK .

1 (2.19)

The Poincaré generators are related to the symmetric
energy-momentum tensor with complete electric and mag-
netic fields as follows:

T = Y + B?), T = (E X B)i, (2.20)

Pr = [ BxTH0, e = — f Bx(PT™ — X' THO),
(2.21)

where J; = J, and K' = K — xP,
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> 1 > >
P = ~3 fd3xeabB“ X B,

S 1> >
K= [d%ci(zB“ . B“).

(2.22)

j= f dxe,, B - B)

One can then show by direct computation of the Poisson
brackets that these generators form a representation of the
Poincaré algebra, up to terms involving the constraints. We
will prove this explicitly in Sec. IV C and show that

{T(w, a), T(6, b)} = T([w, 0], wb — 6a) + Y[[£, n]5].

(2.23)
where
fw, a)* = —wHx' + at,
n(6, b)* = —6* x' + bH, (2.24)
[& nl§ = Beé/n* — €“B (7' — n°€).
If we then define
al = a; + wyx" (2.25)

and all other parameters unchanged, the conserved Noether
charges generating the Poincaré transformations as canoni-
cal transformations on the fields are

O(w,a) =T (w, d). (2.26)

Indeed, deriving (2.23) in terms of a’(a) with respect to b,
and putting 6 = 0 gives

{H, O(w, a)} = %Q(w, a) — jd3xgae“bBbi§i(a), a).

(2.27)

As a consequence, the Noether charges are conserved
on the constraint surface, as they should, and the Poin-
caré transformations of the canonical variables, 6,C* =
{C% 0} and 6,pA¢ ={A{, O}, can be extended to the
Lagrange multipliers so as to leave the action invariant.
Explicitly, with the understanding that ¢ = £(w, a'(a)),

5,00 =0, (2.28)
8oAf = 9;A, — € B0 — €36/ B, (2.29)

8QB? = _eijkaj(eabBbké:O) - GJ(B‘”fl) + aj(Bmfj)’

(2.30)
Ay = doAb + €BE, (2.31)

where
/\‘é = —E“bvfzéi(Bégo) + szai(eijkB;fk). (232)
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III. DYNAMICAL POINT-PARTICLE DYONS

We show in this section that for sources that correspond
to dynamical point-particle dyons, a consistent action prin-
ciple that makes the dyons evolve according to the Lorentz
force law needs Dirac-type strings and requires a veto giv-
ing rise to the standard quantization condition. We then
show equivalence with Dirac’s original, manifestly Lorentz
invariant formulation.

A. Dyons and Dirac strings

We begin by reviewing the use of Dirac strings in the
theory of magnetic monopoles. Let us first fix conventions.
Define €, , = €1 to be totally skew-symmetric with
€., = 1. The Levi-Civita tensor is &,,_, = \/I—Heal_“u”.
Indices on this tensor are raised with the metric, which im-
plies that g91+% = CX ear-ar where o is the signature of

. 8l . .
the metric. Our convention for the dual is (*w?),, , , =

L b..b
O TIE boay.a,

Consider a (d + 1)-dimensional surface 3,,, in flat

4-dimensional spacetime parameterized by (7, oy, ..., 07y),
xt = vH(r, 0,..., 0y).

Associated with this surface, define the d + 1 form Hy "
with contravariant components

HlEL]"',U«dH(x) = [ 5(4)()6 —V)dutt A - A dotan,
b
3.1

It is straightforward to show that if 93, is the boundary of
>, then,
d*H “*H

2+t

(3.2)

%441

In the Dirac theory, the worldline I":x* = z#(7) of a mag-
netic pole of charge g defines the magnetic current
Jmag = gHF. (3.3)

The worldline is the boundary of the worldsheet of a Dirac
string X: x* = y*(7, o). Hence, if G*” = gH%”,

4G = " jimag- (3.4)
Dirac defines the electromagnetic field by
F=da+"G (3.5)

and gets the desired modified Bianchi identity dF = * j,,.
Note that we have used the lowercase a,, for the electro-
magnetic potential here. This is to distinguish it from the
potentials A¢ in our formalism [see Eq. (2.1)]. In particular,
A} in our formulation is not equal to a;, which arises in
other two-potential formulations to be discussed below.
In the Dirac formulation, the theory has an extra gauge
symmetry associated with the freedom of arbitrarily choos-
ing the position of the strings while keeping its boundary
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(worldline of monopole) fixed. To see this, consider the
displacement of a string defined by

xt = wht(7, o, A), (3.6)

where the initial string worldsheet 3 is at A = 0 and the
final, 2/, at A = 1. The boundary of the 3-dimensional
surface Y defined by (3.6) is AY = X — /. Hence, if

AHE" = HE” — HEY, (3.7)
then from (3.2),

*AG = d*K, (3.8)
where K*8Y = gH %ﬁ Y. Therefore, we see that the electro-
magnetic field F in (3.5) is invariant under the displace-
ment of the string if, while moving the string, we also vary
a by

Aa = —*K. 3.9

The Dirac action, which depends on the string only through
F#*” is invariant under this gauge symmetry, up to the
anomaly that gives rise to the quantization condition,
which will be explained in more detail below when dis-
cussing the double potential formalism.

In a manifestly duality invariant theory, magnetic and
electric charges are treated on the same footing. In general
one considers n dynamical dyons with magnetic and elec-
tric charges ¢ = (g,, ¢,). The current is then defined as

) = Sasttt 0= Fai [ 04— zazt,
m n " l"

n

(3.10)

where the sum in # is over the worldlines I',, of every dyon
of charge g¢ [parameterized by zi (7) with an arbitrary
parameter 7]. For the Dirac strings attached to them, we
define

G (x) = Y giH! ()

YT j S — y)dyE Adyl, (D)
n 2,,

where 2, is the worldsheet of the Dirac string whose
boundary is I, [parameterized by y} (7, o) with arbitrary
parameters 7 and o]. The analogs of Egs. (3.4) and (3.8) in
this case are

d*G ="*ja,  *AG® = d*K°, (3.12)

where

Ka aBy = ZqZHgﬁ)’)

n

(3.13)

and Y, is the surface defined by the displacement of the
string attached to the dyon g4%.

When splitting space and time, as in the different mani-
festly duality invariant formulations, it is convenient to
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also split the space and time components of the string
currents, defining

a—leg. Gajk=*gGa
i =2€uG 04’

al = Bai =G4 0i — %Gijk*G;lk.
(3.14)

Explicitly,

N [ -
at= qu [2 84()( - yn)idyn X /\dyn’ (3.15)

B = Z‘Iﬁf 8*(x — y)dys A dy,, (3.16)
n En

where (dy, X Ady,); =
in (3.12) becomes

€;ixdy’ A dy’ and the first identity

V- B = je, VXat—a,B" =7  (3.17)

It is also convenient to work with the dual of K¢ ®A7 the
one-form v%. In terms of it, we may derive the way the

vectors @ and Ba in (3.14) transform under displacement
of the strings. Using the second identity in (3.12),

Aa? = *AGS[ = (dva)oi = a()Uia - E)ivg, (3]8)

ABY = L AGY, = Lel (dv®) ;= (V X 59). (3.19)

For dynamical dyons, the action must be supplemented
with the kinetic term

Lz ] = _Z_/-r { —dzndzy,.

The total action I’ that includes the dynamics of the dyons
and produces the correct Lorentz force law is

(3.20)

1 >
'A%, Co =1, + I, + I, + 3 f d*xe [2VCa’

— B%GP — BV X 9,81 3.21)

The constraints (2.7) and the electromagnetic Eqgs. (2.9) are
clearly unchanged, for the extra piece in the action does not
depend on Aj,. The equations obtained from the variation
of C* are modified with respect to the result of (2.8) to

V2C, = €,(V - [0,A” + a"] — V2AD).  (3.22)

For later use we note that, applying VX to (2.9) and using
(3.22), together with the boundary condition that B? falls
off at least as fast as ! at infinity,

B~ €u(00A" — VAL + @b + V2V X 9,8°). (3.23)

As a side remark, we also note that the definitions

Fo, =0,A% — 9,A% + G,  *GY = €0kCe,
(3.24)
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"Ga = af + VAV X 9,8, (3.25)
are such that
By = le Fif = "F . (3.26)
Furthermore, they allow us to write the on-shell
Egs. (3.23) as
By =~ €nFl; = —seiuea PP, (3.27)

while the equations of motion for Aj, take the covari-
ant form

a,Fh" = €, "%, 9, Fh" = —jt.

(3.28)

In the case of a single dyon, one assumes without loss of
generality that the string terms in the last line of (3.21) are
absent. Indeed, in this case one can perform a duality ro-
tation so that, say, the magnetic charge vanishes. The string
terms then reduce to — [ d*xVC'a? and can be dropped
because they only affect the irrelevant auxiliary equation
used to determine Aj. This justifies a posteriori the cou-
pling to the sources considered in the first section.

B. Lorentz force law and veto

We still need to vary y*, z* in action (3.21) in order to
derive the Lorentz force law. We will see below that in
order to obtain it, we need to impose the so called “Dirac
veto.” This demand was introduced by Dirac in his original
treatment of magnetic monopoles [12] to obtain the desired
classical equations. It consists of the requirement that no
electric charge can touch a Dirac string. At the quantum
level, Dirac showed that the veto modifies the topology of
phase space, giving rise to his celebrated quantization
condition. In our formalism the Dirac veto is required as
well, as we show below. The difference resides in that here
we will need to ask that no dyon can touch the string of any
other dyon. This generalized version of the Dirac veto was
also used in [9].

PHYSICAL REVIEW D 78, 025025 (2008)
Variations of I; with respect to z}; give
6.1 = S ewd] ] (9% — VAY) - (82dZ, — 67,d2Y)
n Fn
+ (VX A%) - (82, X dZ,)). (3.29)

Before varying I,, with respect to y’', we establish the
following identities. For all smooth vector fields V¢, W*
one has

fd4x\7b5),&b = Zqﬁ[[ V, - (8%, X dZ,)
n Fn
> 1
+ j (v V85, 2 (d5y X AdF,)
s, 2
— oV, - (5% X (dy2 A d5,)

- ay;’%(dfn X Ad;,,)))] (3.30)

and

[ o, B, =T [ oz, - sz,a - W,

d

" ] (6fn><(dy2Ad9n>
3,

— SO, X Ad5) - (x|
(3.31)

The variation of ;; with respect to y}, may be computed by
specializing for the fields

8.0; + 8,0y = Zqz[ ] (W, — €a(06A" — VAD)) - (82943, — 87,d20) + (V, — €,(V X AV)) - (82, X dZ,))
n Fn

. . 1 - .
[ (9 Va5, 5 5 Adi) + (95 W, = 07 - (85, % (8 A di)
En

1
~ 5385 (i, x ad)) )|

Now, taking the divergence of (3.32) and making use of the
first identity in (3.17) and the constraints (2.7) one gets,
VeV, =leu . (3.35)
It follows that the second term in (3.34) vanishes provided
the string attached to dyon n does not cross any other dyon
(Dirac veto). This is due to the fact that the Dirac veto

V= le,2VCe — g9, (3.32)

W, = —le,(@ +2V2V x 9,8, (3.33)
Combining all terms,

(3.34)

ensures that j#¢ =0 on the worldsheet of the strings.
Similarly, from (3.32) and (3.33) and the identities (3.17)
it is straightforward to show that

VX W, =V, = —Lew”. (3.36)

Hence, the last term in (3.34) also vanishes on account of
Dirac’s veto. The string piece in the first and second terms
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of (3.34) again vanish because of the veto. This may be
seen from the fact that (3.32) may be written as
V= €n(VXA) = —€,B" +1e4B’, (337
and therefore, due to the veto, the integral on the world-
line of a dyon only sees the first term. In the same way,
using (3.23),
W — €a(00A” — VAL = =B, + Le,a%,  (3.38)
and the second term vanishes on the worldline of a dyon.
Combining the remaining terms with those from the
variation of [, extremization of the total action now im-
plies the Lorentz force law

df % dz,
dr
S ——dr | = 4eB s 3.39
o\ ) a(zn) - . (3.39)
dr dr
d % dz° dz
Sl | = B Aen | Dn
" gr ( 4z, do = iBa(z)- dr ds

dr dr

X B*(z,)€.q" (3.40)

as it should.

C. Equivalence with Dirac’s covariant formulation and
quantization condition

We end this section by showing that the theory presented
above is equivalent to Dirac’s theory. This shows that the
theory with dyons is Lorentz invariant. We will actually
show that our action (3.21) is equivalent to an action found
in [9] which, in turn, has been shown in [10] to be equiva-
lent to a generalization of Dirac’s covariant formulation
allowing for dyons.

Explicitly, this action reads

TayA——fdﬂqw(%a+a) BB,

+ EabC_l)a * ] ] + Ik’ (341)

where

b=V xa+ B (3.42)
This formulation makes use of Dirac strings in the same
way as our formulation does. That is, each dyon ¢, is
attached to a string parameterized by y4 (7, o). The quan-
tities a* and ,é“ appearing in (3.41) are the same ones as
defined in Egs. (3.15) and (3.16) above and satisfy the
identities (3.17). Note that on account of these identities,
the longitudinal part of a drops out of this action principle.
The field 5“ is the magnetic/electric field appearing in
Maxwell’s equations. It must, therefore, be the same as
our B°.
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In this formulation, Gauss’s law appears as an identity
on taking the divergence of b“ in (3.42). The field V X a“
is transversal but has a stringlike singularity which is
removed by ,8 In our formulation B has two nonsingular
pieces, namely, the transverse and longitudinal compo-
nents of it. To show equivalence, we decompose B ac-
cordingly so that

I
<

>q + Ea
=V X (@~ V2V X % +VV2V- g

I;a
(3.43)

From the constraints (2.7) and the first identity in (3.17),

the longitudinal piece is precisely VC“. We are then lead to
the following identifications:

>

At = 2V x B, (3.44)

Ct=V2V- B (3.45)
(The first equation is true up to an irrelevant longitudinal
field, in order for B = 5 to hold.)

To establish equivalence is now straightforward. We
start with the action (3.21) of our formulation. Assuming
vanishing boundary conditions at spatial infinity, (A4, C%)
are auxiliary fields because their equations of motions (2.7)
and (3.22) can be used to algebraically determine them in
terms of the other fields. We can thus solve for them in
action (3.21). Then we use (3.44) to write A” in terms of a¢,
and after a bit of algebra involving the identities (3.17) we
get precisely action (3.41).

In the double potential formulation of [9], i.e., for action
(3.41), the symmetry corresponding to shifts in the string
is realized by transforming @“ and B“ in (3.18) and (3.19),
with vj = 0 and

Aa® = —v“.

(3.46)

Let us do that for the case in which there are only two
dyons, g%, g*. We will only change the position of the
string attached to ¢“. Varying action (3.41) and using the

identity V - 5% = ja0 we get

-1 .
ol = Eea,, [d“x]‘”‘vz. (3.47)
This is zero unless the worldline of dyon g“ crosses the
3-dimensional manifold Y swept by the string attached to
q“. In that case the variation is

81 = Le,,q°q". (3.48)

This will not affect the quantum mechanical system if the
variation is proportional to 277iin, for some integer n. This
leads us to the Dirac-Schwinger-Zwanziger quantization
condition

eg — eg = 2mnh, (3.49)
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up to a factor of 1/2. This factor is removed by a careful
analysis of the topology of the system. We will not discuss
this here. More details can be found in [9,10].

Finally, we study what happens in our formulation. First,
let us compute how the field A* transforms under the
movement of the string. From Eq. (3.19), (3.44), and
(3.46) we get (3.44),

AA" = —39 — V2V X V X 59 = —V(V 2V - 59),
(3.50)

If we now take

AAZL = —v8 = —9o(V 2V - 5) + 9o(V 2V - 5%) — v,
(3.51)

the variation defined by (3.50) and the first term of (3.51) is
a gauge transformation of the form (2.6) which leaves
action I’ in (3.21) invariant. We thus only need to compute
the variation under the movement of the strings and the
second part of (3.51). Using identities (3.17) one obtains
precisely the same result as in the previous case, namely,
the right-hand side of Eq. (3.47). The argument leading to
the quantization condition is therefore the same.

IV. EXTENDED DOUBLE POTENTIAL
FORMALISM IN CURVED SPACE

We generalize the first order action to curved spacetimes
and discuss the canonical and gauge structure of the the-
ory, including diffeomorphism invariance. In particular, we
show that the standard algebra of surface deformations of
the purely gravitational case now involves both Gauss-type
constraints with structure functions depending on electric
and magnetic fields. We proceed to the equations of motion
deriving from the generalized action principle and show
that they are equivalent to the covariant Einstein-Maxwell
equations. We then show how the string singularity of the
Reissner-Nordstrgm dyonic black hole solution gets re-
solved in our formalism. We compute the electric and mag-
netic surface integrals following the Regge-Teitelboim
approach, discuss how they appear in a geometric deriva-
tion of the first law and in the Euclidean approach to black
hole thermodynamics. Finally, we apply these results to the
resolved Reissner-Nordstrgm black hole.

A. Action and canonical structure

The first order action I, can be generalized to curved
spacetimes. We consider a globally hyperbolic spacetime,
foliated by a spacelike family of hypersurfaces, each la-
beled by the value of a timelike coordinate ¢. The induced
metric on each surface is g;;(r). We follow the conventions
of MTW [15], chapter 21, where spatial indices are low-
ered and raised with the 3-metric g;; and g is its deter-
minant. We denote by €;;, the completely antisymmetric
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symbol, which differs from the [ijk] notation used in
MTW.

Adapting the results derived in [6-8,16] and defining
Bai = €'%9,A¢ + /g9'C, we get the following mani-
festly duality invariant action in the absence of sources:

. 1 . .
ulAg € g NN = o [ (B + gare)
o

N .
X €,(09A? — 9;Af) — — BB
8

N

— €, e,»j-kNiB“f’Bbk], 4.1)
where N = (—Wg%)1/2 and N' = Wgii®g . are the lapse
and shift functions and ¥g uv 18 the 4-dimensional metric.

We are interested in solutions to the equations of motion
derived from I = Izpy + Iy, Where Ipy is the first order
action for pure general relativity. Introducing the collective
notation z* = (g;;, 7'/, A¢, C*) for the different fields in
our system, this action principle takes the form

M= [@fan@at —uty)  @2)
il £ JEI'C
CZA(Z)a()ZA = angll - anAi + ?BOZ,-. (43)

The constraints y, = (H |, H,, G,) are associated with
the Lagrange multipliers u® = (N, N, A%) and given by'

1
By = (M + ),

1 )
Ga = EabaiBbl:

— 1 ADM mat
H, om (FHAPM 4 g{mat)y in
(4.4)

where HH 4PM, H 4PM are given in [15,16] and
29 . . .

H o = % BiBY,  HU = 2e,, €, BUB.
4.5)

The first two sets of constraints in (4.4) above are
the gravitational Hamiltonian and momentum constraints,
while the last set are the two electromagnetic Gauss
constraints.

In order to disentangle the canonical structure we begin
by writing this action as

1 j i '
Iy = 41 [d4x[_5’aoAi + J/89'CayZ; — A&
o
B - N (cig, + BB '&IB"
+ Zyd; —2\/.g.( i T B'B) + €N ’
(4.6)

"Note the misprint in Eq. (21.116) of [15], where there should
be no lapse function on the right-hand side.
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where &' = €7%9;Z, + /g0'Y and B = €7%9;A; +
\/gafc. We assume here and below that every 3-vector
admits a unique orthogonal, spatially covariant decompo-
sition (see e.g. [17]) X' = X" + XL, where
. . . 1 ..
XLl — azM’ XTl — _el]kaij, (47)
8

for some M, L;. In terms of the inverse of the spatially
covariant Laplacian V™2 and the spatially covariant de-
rivative V;, we have

M=V72Vxi, X=X -93M  (48)

A vector is transverse if its divergence vanishes and longi-

tudinal if its curl vanishes,
9,(J/gXH) =0= X = X",
[ . . 4.9)
€9, X, = 0= X' = X,

We then have
'[dSX\/gX’gUY/ = j‘d3x\/§(XLiginLj +XTlglJYT])

Using such a decomposition for A}, A¢ = 9;M + A¢T,
M = (M, M), the kinetic term becomes

i gDiikl
[d4xaA(Z)60ZA = /d“x([EwL \/_477 (zF /g9,C

ety ZT
_AI{\/galY)]aOgij _T;_k

9,(/gd'Y 9,(/g0iC
T8 PR/ >30Mz),
4 4qr

doAT

(4.10)

where D, = ﬁg(gikgj/ + gu8jk — 8ij&w) is the DeWitt
supermetric. Note that D¥ is not the inverse DeWitt
supermetric, but the result of raising all the indices with
the metric. Let us define

7 = (3:(\/g0'C), 0,(Jg9'Y)) = (=7, m,),

as new independent variables, so that C* = V*Z%. We

4.11)

also define
i = gl + 4, /gD €, AT, [g0,CP, (4.12)
The independent phase space variables are thus

(i, AT, My, M, 7", Z], 7y, ;) in terms of which the
canonically conjugate pairs are

(g.. _ﬁkl) (A.T —_Eijkafzz>
P T6m) P 4y )

T A Ty
My, —), Mz —).
( A47T> ( Z47T)

In particular,

(4.13)

PHYSICAL REVIEW D 78, 025025 (2008)
{Bei(x), BYi(y)} = 4meiikett 353 (x, y), win
{M(x), 7 (y)} = 47me® 53 (x, y). '

B. Gauge structure

Before turning to the equations of motions and their
solutions, let us discuss the gauge structure of the theory.
We want to show that the constraints 7y, are first class.
Defining €® = (£, &, A*) with € vanishing at the bound-
ary and I'e] = [d’xy,€®, this means that

{I'lei] ey ]t = I'lley, €11,

for a suitably defined [€, €;]. In this case, the gauge
transformations leaving action (4.2) invariant are given by

8zt ={A Tel},

(4.15)

Su® = 9pe* + [e, ul®. (4.16)

In order to compute these brackets it is useful to go to the
Darboux coordinates identified in the previous subsection
in terms of which the Gauss constraints become

G,.= Leabwb. 4.17)
417
Now one should do the change of coordinates in
H,, H, ie., perform the replacement 7/ = 7/ —
4,/gD" e, AST [g9,CP. Since the additional terms that
are generated in this way are proportional to C* and thus
vanish on the constraint surface defined by G, they can
safely be discarded in the source-free situation. In the
following, we will drop the tilde on 7'/
In particular, we have

S.m =0, (4.18)
5.AY = 9,04 — j%eahzafb‘gl — e éI B, (4.19)
8.8 = Vié; + V& + 2D jymhEL, (4.20)
where
1 )
a — \a — Eah_vf2ai(Bl fl)

T \/g b

+ Ly (Eijk Bag ) “.21)
OB |

Equation (4.18) implies that 7 are constants of motion,
which is consistent with the longitudinal part of the source-
free Maxwell equations. From (4.19) we also find

) . 1 s
3E:Bm — _ez/kaj(ﬁ Eab:Bbkfj_) _ aj(Bajé‘:l)
+0,(Bug). (4.22)

Infinitesimal diffeomorphisms along n* are recovered
by using ¢+ = Nn°, & = g;,m*. Indeed, with this choice
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of parameters, L,g,, = 6;g,,. This can be seen for
instance on (4.20) by using the (auxiliary) equations of
motion for 77/ together with the definitions of lapse N and
shift N' in terms of the 4-metric g,,. In other words, dif-
feomorphism invariance in the Hamiltonian framework is
implemented through the gauge transformations generated
by H[E] = [dPx(H & + H &), In particular, using
as gauge parameters the Lagrange multipliers, €* = u?,
amounts to performing an infinitesimal time-translation on
account of the Hamiltonian equations of motion.

Let us end this discussion by determining [€;, €,]. The
constraints G,, have vanishing Poisson brackets among
themselves and with all other constraints because the B
do not depend on M, M. It follows that [A, €,]* =0
and also, from (4.16) and (4.19) that the associated gauge
transformations 8, generated by G[A] = [d’xG,A® are
the double electromagnetic gauge transformations of (2.6),
while all other variables are left invariant.

We still have to compute {H[ €], H[ ]}. We notice first of
all that the purely gravitational part satisfies the algebra of
surface deformations [18,19],

{HAPMIE] HAPMn T} = HAPMI[E, nlsp].  (4.23)

[& ] = Eaimt — nia ¢t (4.24)

[ mlsp = gY(EFamt — ntaéh) + Ea;m' — nla €.
4.25)
From (4.20) and (4.22), we find that

{HAPMIE] H™ ]} — (¢ < m) + {H™[¢] H™[n]}

= H™[[£, nlsp] + GI[& nls] (4.26)
where
[& ] = Beiué/n* - Bt (el yi — pe), @27)
NG
Combining with (4.23), we finally get
{H[£] HInl} = H[[£ nlsp] + Gl[€, nlg]l  (4.28)

According to [20], such a constraint algebra provides the
integrability conditions that guarantee that ‘“‘the evolution
of a three geometry can be viewed as the deformation of a
three-dimensional cut in a four-dimensional space-time.”

C. Derivation of the Poisson algebra of Poincaré
generators in flat spacetime

In this subsection, we derive the Poisson algebra of the
Poincaré generators in flat spacetime as given in (2.23) by
restricting the results of the previous subsection to flat
spacetime.

We thus assume in this subsection that N = 1, N’ = 0,
gij = 0;j. Greek indices take values from 0 to 3 with

PHYSICAL REVIEW D 78, 025025 (2008)

w = (L, 7). Indices are lowered and raised with 7,, =
diag(—1, 1, 1, 1) and its inverse. Let @, = —@,,. In this
case, the Lie algebra of vector fields £(&@, @) = (—@*,x' +
ar) aiﬂ with bracket the surface-deformation bracket
(4.24) and (4.25) forms a representation of the Poincaré
algebra [21],

[£(@y, @), E(@s, dr)sp = E((@y, @2], @G, — @,a).
(4.29)

It then follows from (4.28) that this is also the case for the
canonical generators H [£(®, @)] equipped with the Pois-
son bracket, when one considers the restriction to the
constraint surface defined by G, = 0.

Comparing with Sec. II D, we find that

Lo, — a,pPt = Hé(w, a)] & @y =470,

2@ pr

do = 47Ta0, CNll' = 47T(Cll~ + (l)ol'xo). (430)
This concludes the proof that the generators defined in
(2.22) form a representation of the Poincaré algebra and

the algebra in (2.24) is a direct consequence of (4.28).

D. Equations of motion with sources and comparison
to covariant formalism

The standard Einstein-Maxwell equations, now in the
presence of external, magnetic, and electric conserved
current densities j*#, d,j* =0 given by (3.10) with
associated string terms defined in (3.11), derive from ex-
tremizing the action Iyeoy, + I}, Where

1
Igeom[g,uv] = E [d4x —(4)gR, (4.31)

and

1 1
Iill/l[g,uw j.‘,uvy a,u,: J’“] = E fd4x[_§(a#av - al/a,u
I 1

+*G ) FH + -
R A ar

8

XFUF o+ a#j“]. (4.32)

To make connection with the ADM formalism, we
have followed [16] and introduced the auxiliary ten-
sor densities F*”. On the one hand, one can solve
the equations of motion for F*? algebraically, F** =

V—“ggrgf(0,a, — d,a, +*G,,). When substituted
into the action, one recovers the Einstein-Maxwell theory
with Dirac strings. On the other hand, one can introduce
FO = & py» eliminate the auxiliary F and use the de-
composition of the 4-metric into the 3-metric, lapse and
shift to find the standard Hamiltonian form
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PHYSICAL REVIEW D 78, 025025 (2008)

. . 1 . . N . )
Iy[Espm Qs 8ijp N, N, yH] = ir fd4x[_ngDM(aOai + @) = agd;E\pm — ﬁ(ngMgﬁDM + Bipu B

+ eijkNig{ADMBIkADM +a,j* ];

where Bl = €7%0;a; + B*. The equations of motion
for &, py read

i 8 i
€ apm = \/W—g"(ajao — doa; = a; — €N*Bjpy).
(4.34)

They determine £, p,, in terms of the other variables and
the sources. Similarily, in the gravitational sector, the equa-
tions of motion following from varying 7"/ are auxiliary in
the sense that they can be solved algebraically for 7"/ in
terms of the other variables. After this has been done, the
constraints and the equations of motion following from
variation of g;; are equivalent to the covariant Einstein-
Maxwell equations with Dirac strings. Hence, every solu-
tion g,,, a, to the covariant equations of motions is a
solution to the ADM equations of motion with electric
and magnetic fields &y, Biypy and momenta 7/ deter-
mined in terms of g,,, a,. Conversely, every solution of
the ADM equations of motion gives a solution to the
covariant equations of motion.

Alternatively, one can multiply (4.34) by N. The longi-
tudinal part of this equation is solved uniquely for a,, while
the transverse part gives, after using €50 ,a;, — 998" = Kk,

. . N .
A L R

+ 0,(N'Blypy) — k. (4.35)
Finally, Maxwell’s equations for a; are
d0E %DM = fijkaj<£ B?DM) — 0;(N'E\py)
NG
+ 0,(NTE ) — J- (4.36)

As a side remark, note that the constraint algebra in the
absence of sources and strings in the standard ADM ap-
proach to Einstein-Maxwell theory can be directly rede-
rived from our result (4.28) and is given by

{H[£] H[n]} = H[[£, nlsp] + Gapmll€ nlapml,
4.37)

where

GapmlA] = fd3xaig§xDM)"

. . EADM ) .
[£ n]apm = Bipumeiiné/n* — = (&t n' — L&)

N
(4.38)

NG
(4.33)

I
Indeed, the algebra rests only on the constraints and the
transformation properties (4.14) and (4.20). Provided that
Epm = €' and B\, = B, which we always assume in
the following, these are the same in both descriptions,
except that the constraint G, = —d; By is absent
because 9;Bip, vanishes identically in the absence of
sources and strings.

In the presence of sources, (3.41) generalizes readily to
curved space, where a manifestly duality invariant action
principle is defined by Ixpy + 1, With

- . 1 )
IM[a?: gij} N, Nl: y#] = 87 fd4x|:(b“’eab(80a? + afj)_
T
(4.39)

_N
NG

and b? = €/%9,af + B*. Indeed, equivalence of the asso-
ciated equations of motion to the ADM/covariant ones is
obvious when b! = Bi, .. b* = £\ since the gravita-
tional equations of motion are unaffected while those for
af read

bib¢ — €€ N' b bP* + eaba?jbi:l, (4.40)

. . N S
a()bal = _Eljkaj(\/—g Eabbbk) - aj(N’b‘”)

+ o, (b — o, (4.41)

and coincide with the relevant Eqgs. (4.35) and (4.36).

With the longitudinal electric and magnetic fields pro-
duced by the potentials C%, the appropriate action principle
is Iapm T Iy + 1, where Iy, is defined in (4.1) and

1 A
LIAL, €y = — [d4xea,,(A;;th + JgoiCal

1 . 1 :
_ Elgmal’b + EﬁaTlaO,Y?)’ 4.42)

Here ¢ is the potential for the transverse part of B9,
ﬁaTl — 61]k8j,y;{1_
In this case the equations of motion for A¢ are given by

. . N L
8B = —€iiky ,<— e“bBbk) — 9,(N"BA)
\/E J

+ 9;(NVB*) — j. (4.43)
They are the correct matter field equations provided that
B = b are the magnetic and electric fields. This implies
on the one hand €7%9;A¢ = €/%9,af + B*™, and in turn
Al = ai + ¢, up to an irrelevant longitudinal part, and
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J/89'C* = BL on the other hand. Again, the equations of

motion for Af, C¢,
ai(\/gaica) — ju(), (444)
8,[NB§, - 6ub\/§g”(80A§’ - alAg + af’ + EljkNijk)] = 0,
(4.45)

are auxiliary because they can be used to solve these fields
in terms of the others. This can be done in the action
principle and gives back (4.39).

In conclusion, if the lapse N is nonvanishing and the
covariant decomposition of spatial vectors into longitudi-
nal and transverse components is unique then there is a
one-to-one and onto correspondence between solutions of
the covariant/ADM equations of motion and solutions to
the equations of motion deriving from Ispy + Iy + 1.

In the case of a single dyon, one can again drop all string
terms in /;, which then simplifies to

. 1 :
IJ[A“ ;]a'u'] = E '[d4)€€abA7}“]b’U“. (446)
All relevant matter equations of motion are correct in this
case, but one has to face the fact that the metric dependence
in the longitudinal part of B implies an additional term in
the equations of motion associated with variations of g;;,

8Uapm + In) _ 8Uapm +1n) _ B

Dijkla X N
08 08k 4 ! “
4.47)
X, = ﬁBZ — €,,8"(30A? — 9,Ab + €, NVBb™).
NG
(4.48)

Again, one can use a duality rotation to make the magnetic
charge vanish in which case the equations of motion imply
C' = 0. We thus only need to consider X}. But in the
purely electric case a; = 0 and A, = a, so that X} van-
ishes on account of the matter equation of motion (4.34).

E. String-singularity free dyonic black holes

Consider now the case of a dyonic Reissner-Nordstrgm
solution with charge Q“. The dyon defined by (1.1) and
(1.2) is a solution outside of the location of the dyon (at
r = 0 in our coordinate system) with a Dirac-string singu-
larity to the equations deriving from Iy, + I}, given in
(4.31) and (4.32). It is thus also a solution to the equations
of motion derived from Ispy + 1), for which

Loy = 0i0sing,  Bip = 8iPsinb.  (4.49)
In the simplified duality invariant formulation defined
by Iapm + Iy + 1, with I; given in (4.46), we have to

determine the vector and scalar potentials giving rise to
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B¢ = §1Q%sinf, where Q' = P, Q* = Q with the met-
ric given by (1.1). This is easily seen to be the case for
A% = ( and

_o r(M =407 Q))
VO, Mr—0°Q.—VJ070,(F —2Mr+0°Q,)
_ - 7 +O(r2), (4.50)

In the gauge where the scalar potentials vanish at infinity, it
is then straightforward to see that all matter equations of
motions are solved by

€’Q,

AY =
0 r

4.51)
and one can directly check that in this case X! = 0.
In conclusion, in the new formulation, the Reissner-
Nordstrgm dyon is described by the metric (1.1) and the
potentials (4.50) and (4.51). The string singularity of the
standard approach has thus been resolved in the new
formulation.

In the gauge where the scalar potentials vanish at infin-
ity, let us define

¢ = —A, Y =2,

with ¢y, ¥y denoting these quantities evaluated at the hor-
izon, in agreement with (1.6). For the resolved Reissner-
Nordstrgm dyon, this gives

(4.52)

0 P
¢ ==, v=—. (4.53)
r r
In the Euclidean methods discussed below, it is useful to
choose a gauge where the scalar potentials vanish on the

horizon. In this case,

1 1
A8 = _eath<_ - _>, (4.54)
r ry
P
A() = _% + (bH, ZO = 7 - lpH. (455)

F. Surface charges

The Regge-Teitelboim analysis [21] allows one to derive
the correct variational principle in the presence of non-
vanishing surface charges at infinity. Consider an arbitrary
gauge transformation generator I'le] = [d’xy,€e* with
€” not necessarily vanishing at the boundary (a condition
we demanded in Sec. IV B above). The variation of this
generator under a change of phase space variables may
be written
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SIe] = fd3xé‘z('yae“)
5(y,€”) ;
= j‘d3x<52A7 - aik€>,

where 8/8z4 is the Euler-Lagrange derivative. The second
piece is a boundary term and arises from integration by
parts. The expression ki[z4, 5z*] depends on the phase
space variables and linearly on their variations and the
gauge parameters.

For the simplest application, consider phase space vari-
ables z4 that satisfy the constraints and variations 8z4
obeying the linearized constraints. In this case, the left-
hand side of (4.56) vanishes. Suppose then that the asso-
ciated solution z¢, u¢ to the evolution equations is time
independent, dyz2 = 0. In particular, this means that the
associated vector field n* = 8} is the timelike Killing
vector field of the metric g,,. In this case, the evolution
equations following from (4.2),

(4.56)

oap
874

imply that the first term on the right-hand side of (4.56)
vanishes as well. We thus find

S a
60ZA - aoaA = (yau )

=—a 4.57)

d;ki, [24, 8241 = 0. (4.58)

Using Stokes’s theorem, it follows that the integral over a
sphere at radius r and fixed time ¢ does not depend on the
radius r,

}( dx;ki, [22, 8z8] = f ikl [22, 8z8]  (4.59)
S, ! Sy ’

Here d®x; = 1e,;,dx/ A dx*. The explicit expression for
ki[z4; 8z4] can be easily worked out by integrations by
parts. It is defined up to the divergence of an arbitrary
superpotential, 9 jt[’ﬂ, which does not play any role for our
purpose. It splits into a standard purely gravitational part
and a matter part,

ké[ZA; 5ZA] _ k%rav‘i[gij, 7Tij; 5gijr 57Tij:| 4 krenat,i[ZA; 5ZA]'
(4.60)

The former has been derived in [21] and reads
Iy 1 i )
ket = F[Gljk’(flkasglj - ak'fl 581]') + 2§k577k1
T
+ Q&7 = Em)ogi]

Gl]kz — 5\/g(glkg]t + gllgjk _ 2glfgk’), (461)

where G is the inverse of the DeWitt supermetric,
D;jGHmm = 1(878% + 8767). The matter part now in-
volves, besides the electric contributions, the sought for
magnetic ones:
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R N7 . .
kgaet = E(% €XBISA . — ELBUSC, + €, (EFB

_ fiBak)5A2 _ Eab\/ggileljké:jlgakb‘cb

+ €, (/80°A1SCP — /\“5317“)). (4.62)
In the sequel, we are interested in asymptotically flat
gravitational field configurations carrying finite charges as-
sociated with energy momentum. We will not need to con-
sider the more general boundary conditions guaranteeing
finite charges associated with rotations or boosts. The ap-
propriate fall-off conditions on the gravitational variables
and lapse and shift have been discussed in detail in [21],

grr:1+0(ril)) 800:r2+0(r);

(4.63)
8pg = r’sin?d + O(r),
8gr0 = 0(7'0) = 8r¢p g9¢ = 0(}"), (464)
7 = 0(Y), 7 = 0(r72) = 7w%¢ = 799,
(4.65)
7 =00 = 7,
N=1+0@", N?® = 0(r %) = N,
(4.66)
N = 0@™").
For the matter variables, we assume
AT=0G71), A5 =000 = A3,
4.67)
Cci=0(r "), ¢=ki+0(r ).

In particular, these fall-off conditions include the back-
ground solutions Z, it described by

Bpp = rsin%0,  (4.68)

N =1, N¢ =0=N%= N, Al =k, (4.69)
and all other variables vanishing. For later use we introduce

the additional notation
kl — ¢c

In order to allow configurations satisfying the fall-off con-
ditions to be extrema of the variational principle, action
(4.2) needs to be supplemented by the addition of a suitable
surface term at the boundary at infinity, i.e., the surface r, ¢
constant with r — oo,

K= —yc (4.70)

Iz u] = f d*x[ax (2 — uya] — Q] @.71)

The surface term Q,[z] is determined by the requirement
that, under variations of the fields z* satisfying the fall-off
conditions, its variation 6,0, should precisely cancel the
spatial boundary term arising when deriving the Hamilto-
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nian equations of motion, i.e., the term due to the right-
hand side of (4.56),

0.0 = §_dxkifzod @72
g0
For the purely gravitational part, this problem was

solved in [21], the appropriate boundary term being the
ADM mass:

f Bk 2, 5z]=f dBx k8 [z, 87]
N N

— 5. f P kEz, 7 — 7]
o
4.73)

so that

Q%raV[g’ 7] = f d3xik§rav,i[z’ z—37]=M, 4.74)
g

M = f PrF(E 5 — g5 Dy(g, — ), (475)

where the covariant derivative is taken with respect to the
flat background metric g;;.

For the matter part, the boundary conditions imply also
that

7( P k2, 5] = f Pk, 2]
§° Nl
=5, }( Pk z, 7 — 7). (4.76)
-

In particular, the boundary conditions (4.63), (4.64), (4.65),
and (4.66) are such that, when (&1, £, A%) are replaced by
(N, N', A%), the contributions proportional to N, N' from
the matter part (4.62) vanish. There is thus no correction to
the ADM mass for the adopted boundary conditions. This
will not remain true for more general boundary conditions
where the matter part (4.62) can contribute both to the
ADM energy momentum and the Lorentz generators. For
the boundary conditions at hand, only the last term survives
and combines into magnetic and electric charge Q¢ =
(P, 9Q), as expected,

omafg, C] = f Bk z, 2 — 7] = —k“e,, QP
-
4.77)

1 ,
b= —f d3x; BV 4.78)
47 Jse

In other words, off shell, the correct Hamiltonian for the
boundary condition under considerations is

H = j BPx(H N+ H,N)+ M, (4.79)
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while electric and magnetic charges are given by

0- —(;L. J#xGian+ 2
] (4.80)
P=- f Px(GyZo) + P.

These observables commute in the Poisson bracket,
{H,Q} =0={H, P} ={Q, P},
and the total action (4.71) can be written as
Iz, u]l = fdt<fd3xaA(z)8ozA - (H— ¢°Q — 1,//CP)).
(4.82)

(4.81)

G. First law

For the resolved Reissner-Nordstrgm dyon z, u given by
(1.1), (4.50), and (4.55), the first law of thermodynamics
can now be derived as a consequence of using identity
(4.59) between infinity, r; — oo and the outer horizon r, =
Tt

§ aniilz o= § axkilzol @8y
5 S,

where &, describes a variation around the dyon satistying
the constraints. Indeed, in this case, k¢ = 0 = k? = k',

while k% = #gb In other words k! = ¢ is the electric
potential on the horizon, while k> = —s; is minus the
magnetic potential on the horizon. Now, the results of the
previous subsection imply that we get at infinity,

f dx;ki[z, 67] =f d*x;ki[z, 7 — 7]
N §°
= 3ZM — (ﬁHﬁzQ — ¢H51T- (4.84)

For the matter part, we have

e 1 - 2m .
f dn e = — f 6 / dpe AL B
s, 47 Jo 0
(4.85)

which vanishes on the horizon r = r; where A§ vanishes.
Note that in the gauge where A§ vanishes at infinity, the
matter part gives no contribution at infinity, but ¢ 6,9 +
Yy 6. P at the horizon, as it should.

Finally at the horizon, the purely gravitational part gives

g (4.86)

i K
f dn—lxik%rav,z _ _6Z~A-
5., T
This can be shown for instance by using the fact that k&
is the time-space component of a conserved superpotential

kg’;;’; that can be proved to coincide, for variations satisfy-
ing the linearized field equations and up to an irrelevant

term of the form a,,zE;;f; ;V]’ with the conserved superpoten-
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tial considered in [22]. In turn the latter has been shown to
contribute ¢- 5, A at the horizon.
This concludes the geometric discussion of the first law

K
o.M = 8—7T(SZ.’A + ¢ppbd.Q + yyd. P, (4.87)
for variations satisfying the linearized equations of motion
around the Reissner-Nordstrgm dyon.

H. Euclidean approach

Our setup also allows us to complement the work of
[5,6], by evaluating the partition function in the grand
canonical ensemble, along the lines of [23].

For the three commuting observables H s Q 13, we thus
would like to compute

ZIB, ¢, ] = Tre PH-$C-P) — oV (4.88)

where W(B8, — B¢, —Biyc) is the Massieu potential for
the grand canonical ensemble (see e.g. [24] in the present
context),

V(B —Bb, —B) = SKH), (0), (P)) — B(H)

+ BP(0) + By(P), (4.89)

dVs = —(H)dB + (Q)d(Be) + (P)d(By).

The path integral representation for this partition func-
tion is

(4.90)

Z[B. ¢, ¥] = [ Ddel, 4.91)

where ® represents all the fields (z4, u®) together with
appropriate ghost fields C*, C* [25] (see e.g. [26] for a
review). The appropriate action is

II' = L g dr(i j d*xa,(2)997" — (H — ¢°Q — ¢CP))

+ ghost terms. 4.92)

The path integral is taken over all periodic paths in 7
with periodicity 8 and N — 1, Ay — ¢°, Zy — —y° for
r— 00,

We now notice that the transformation defined by
Ai — _iAi,
Ni — —iN'

) — —imt,

(4.93)

Zt — —izk,

with all other variables unchanged maps the action I” to a

real action when all (transformed) variables are real. The

latter action differs from the Lorentzian action (4.82) by

the fact that the terms involving 7/ and BT in NH | and

N'ZH ; have the opposite signs. For the purely gravitational

part, this is as it should be in order that the path integral

corresponds to one over Euclidean metrics after integration
over the momenta 7'/
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The leading contribution to the path integral is given by
the value of e/ evaluated at the classical solutions satisfy-
ing the specified boundary conditions, that is, (i) the fall-
off conditions (4.63), (4.64), (4.65), (4.66), and (4.67),
(ii) fixed values of the potentials (¢, ), and (iii) a fixed
inverse temperature (. The Reissner-Nordstrgm dyon
(RND) described by the lapse and the spatial metric given
in (1.1) and the matter fields (4.50) and (4.55) is such a
solution if ¢ = ¢y and Y = Yy with ¢y, ¥y defined in
(1.6) since all variables affected by the above transforma-
tion vanish in this case. Furthermore, this solution is time
independent and satisfies the (modified) constraints so that
IT reduces to surface integrals. For the matter part, we find
directly that /™ (RND) = B¢y Q + By P. For the gravi-
tational part, it has been shown for instance in [27] in the
current Hamiltonian context that 15 (RND) = —8M +
1A, with A given in (1.5).

Assuming then that the dyon is the only extremum, it
follows that to leading order,

Vs =—BM+ %ﬂl + Boy0O + ByyP, (4.94)

which is the expected result.

V. CONCLUSION

In this paper we have generalized the manifestly duality
invariant double potential formalism [7,8] to include
potentials for the longitudinal electric and magnetic fields
thus turning the scalar potentials into nonspurious La-
grange multipliers. By introducing additional pure gauge
degrees of freedom on the classical level, which corre-
sponds to an additional quartet [28] on the quantum level,
we have turned a topological conservation law, the mag-
netic charge, into a dynamical one.

We have shown on the example of the Reissner-
Nordstrgm dyon that the formalism is tailor-made for a
treatment of black hole dyons by standard action based
methods and allows one to compute in the grand canonical
ensemble. How to explicitly resolve the string singularity
of the Kerr-Newman dyon and derive its thermodynamics
will be discussed elsewhere.

In our approach Dirac strings are only needed for the
coupling to dynamical dyons and the derivation of the
Lorentz force law. It would be interesting to understand
whether there are applications of the formalism in the
non-Abelian case or extensions to gravitational magnetic
charge.
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Note added in proof.—After the present work was ac-
cepted for publication, Refs. [29,30] were called to our
attention. In these references, a manifestly covariant
double potential formalism is developed. As explained
there, the problem is the occurrence of a second ““photon”
that has to be removed in an ad hoc manner.
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