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Four point function of R-currents in N' = 4 super Yang-Mills theory in the
Regge limit at weak coupling
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We compute, in N = 4 super Yang-Mills theory, the four point correlation function of R-currents in
the Regge limit in the leading logarithmic approximation at weak coupling. Such a correlator is the closest
analog to photon-photon scattering within QCD, and there is a well-defined procedure to perform the
analogous computation at strong coupling via the AdS/CFT correspondence. The main result of this paper
is, on the gauge theory side, the proof of Regge factorization and the explicit computation of the R-current

impact factors.
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I. INTRODUCTION

There are many aspects of QCD that are still lacking a
satisfying understanding from first principles. One is the
behavior in the Regge limit, where the theory is expected
to be better formulated in terms of new effective fields,
the Reggeized particles [1,2]. One of the central building
blocks of this Reggeon field theory is the Balitsky-Fadin-
Kuraev-Lipatov (BFKL) Pomeron, which comes as a
bound state of two Reggeized gluons with vacuum quan-
tum numbers [3]. While the original calculations were
done in the leading logarithmic approximation (LLA),
the requirement of high precision has led to the computa-
tion of subleading corrections (NLO corrections) to the
BFKL equation [4,5], and they have been found to be large.
While, for finite values of N, further steps beyond NLO
will extend beyond the ladder structure and hence open the
full complexity of Reggeon field theory, there is evidence
that the large-N,. limit suppresses the transition from two to
four Reggeized gluons and thus allows, also beyond the
NLO corrections, to stay within the ladder approximation.

Beside its phenomenological relevance, high energy
physics has been a prolific source of theoretical cues. In
the early days, the proposal by Veneziano [6] of crossing
symmetric, Regge behaved amplitude turned out to be a
key point for the beginning of the string theory era. Later
on, in the early nineties, when studying unitarity correc-
tions to the BFKL Pomeron, Lipatov [7,8] found the first
occurrence of integrable structures in four dimensional
quantum field theories: In the large-N, limit, the general-
ization of the BFKL evolution equation, the Bartels-
Kwiecinski-Praszalowicz (BKP) evolution equations [9]
for the n gluon state, were found to be integrable.

Recently, the connection between quantum field theory
and string theory was revived by the advent of the AdS/
CFT correspondence [10]. This conjectured connection
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between Yang-Mills theories (the maximally supersym-
metric version of QCD, N = 4 super Yang-Mills theory
(SYM), at large N, being the most attractive example) and
some string theory (type IIB on AdSs X S for the case just
mentioned) has motivated, among other directions of in-
terest, also the analysis of the high energy limit in super-
symmetric theories, in particular, the BFKL Pomeron [11]
and the vacuum singularity [12].

On the gauge theory side, the most reliable environment
of investigating the Pomeron is provided by the scattering
of electromagnetic currents, e.g., the total cross section of
the scattering of two virtual photons [13,14]. In order to be
able to define correlation functions that are defined on both
the gauge theory and the string theory side, it has been
suggested [15] to use, as a substitute of the electromagnetic
current, the R-currents belonging to the global SUz(4) of
the N = 4 SYM theory. To be more precise, one picks a
U(1) subgroup of the SU(4) group. It therefore seems nat-
ural to investigate four point correlators (and even n point
correlators with n > 4) of these R-current operators, rep-
resenting correlation functions which are well-defined both
on the gauge theory and the string theory side. Whereas
two point and three point correlators of the R-current op-
erators have been studied before [16], an analysis of four
point correlation functions has not yet been performed.

In this paper we address, within N =4 SYM, the
Regge limit of R-current operators, beginning with the
gauge theory side. In QCD it is well known that, in
the high energy Regge limit, the four point amplitude of
the electromagnetic current factorizes into impact factors
of the (virtual) photon and the BFKL Green’s function that
describes the energy dependence. In this paper, as a start,
we will verify that this expectation remains valid also for
the supersymmetric extension, where scalar fields have to
be included, and the fermions belong to the adjoint rep-
resentation of the gauge group. Since the R-currents are
non-Abelian, their associated Ward identities are more
complicated then in QED, and this causes some subtleties
in the treatment of UV divergencies. We investigate the
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one-loop box diagrams and compute, in the leading loga-
rithmic representation, the impact factors of the R-current.'
Since, in the leading logarithmic approximation, the BFKL
Green’s function remains the same as in the nonsupersym-
metric case, we thus find the supersymmetric analog of the
v*y* total cross section discussed in QCD. In a forth-
coming paper we will turn to the dual analog on the string
theory side where the graviton is expected to play the
dominant role.

II. REVIEW OF PHOTON-PHOTON
SCATTERING IN QCD

The most convenient way of addressing Regge dynamics
in QCD is the study of the elastic scattering of two highly
virtual photons. The large virtuality of the external photons
provides hard scales that allow us to use perturbation the-
ory. One focuses on the computation of the leading order in
the electric charge «, at which each photon splits into a
quark-antiquark pair, but the order in the strong coupling
constant a; can be arbitrary high. The decay of the photon
is mediated by the electromagnetic current j, associated
with the U(1) gauge symmetry of QED. Therefore the
computation reduces to evaluating the four point correla-
tion function of this current. In momentum space it reads”

iQm)*8W(py + pp — par — pp)A(s, D)FarsEY Ry

= f l_[d4xie*iPA “Xp TIpg Xg TP g X g tipgXp
i
X (jFa(xg) jo (xp) jla () j1o' (X)), (D

where A depends upon the external momenta only through
the usual Mandelstam variables® s = (ps+ pp)>>0,t=
q*> = (py — p}})*> = —¢* <0, and the virtualities of the
current momenta Q? = —p? > 0. The Regge limit is de-
fined as

s> i, 0% )

We will perform the computation using the Sudakov de-
composition of momenta discussed in the appendix. It is
convenient to compute the amplitude (1) in terms of its
projections onto the polarization vectors of the external
photons. The reader is referred to the appendix A 1 for the
explicit definition of the polarization vectors in the Regge
limit. Once they are defined, we can use their completeness
(A8) in order to decompose the correlation function (1) as

'In a recent paper [17] the impact factors of scalar currents
have been computed.

*Note that pap are taken to be incoming while PQ,B are
outgoing.

3Bold symbols label 2-dimensional transverse vectors, k =
(ky, ka).
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A % A % Ayl Apt
A(S’ t)MA/LE:u'A’MB’ = ZE,U«/: (PA) G/LE;;(IJB) G,U«l;/ (pA/)E,lLlZ/ (pB/)
Ai

X (A AglAI Ay A,
A =L, =+, 3)

where (A, Ag|A|AyAp) are the projections of A onto the
appropriate polarization vectors. In the following we will
often suppress, for the scattering amplitude A on the LHS,
the tensor indices.

A. Ward identities

Let us briefly recapitulate the derivation of the Ward
identities for the time-ordered product of a conserved cur-
rent, j* (satisfying 0, j*(x) = 0), with some other opera-
tors O;. Because of the theta functions inserted by the
time-ordering operator 7, there are terms proportional to
delta functions of time differences,

8, Tj*()0,(x). .. 0, (x,)
— 3 50— T, (). [P, O] O,(x,).
i=1

“4)

From the standard commutation relation one sees that the
equal-time commutator of the zero-component of the cur-
rent with an operator is proportional to the charge of the
operator itself under the symmetry group,

[/°& 1), 0G, 0] = 89 F = §)qo O, 1). ()

Here g is the charge of the operator O in units of electric
charge e. Using (5) in (4) one obtains the explicit expres-
sion of the contact terms:

a,U,TjM(x)@l(xl) oo (On(xn)

= 3 90 = 1)4oTOE) ... Oy(x,). (©6)

i=1

One sees then that there are no contact terms with neutral
operators. In particular, since in an Abelian theory the
current is neutral, there are no contact terms in the
T-products of currents,

3, Tj*(x)j* (x1) ... jn (x,) = 0. 7)

Going to momentum space and taking the vacuum expec-
tation value one gets the well-known equation

Pl (p)j* (p1) ... j#(pa)) = 0. (8)

Going from (7) to (8) involves a subtlety. The integrations
in the coordinates implied by Fourier transformation pick
up contributions from the regions where two or more cur-
rents are at the same point. In some cases the product of
currents at the same point requires some care, scalar QED
is a simple example (Sec. III C).
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B. Box diagrams

The lowest order diagrams4 in Fig. 1 contributing to the
correlation function A are fermionic boxes (one-loop). At
high energies, they behave as log?s [18], and therefore give
a contribution to the total cross section which decreases as
1/s. Radiative gluonic corrections to these fermion loop
graphs will not modify the power of the energy dependence
but provide double logarithmic corrections.

C. Two gluon exchange

At the three-loop level a new class of diagrams becomes
available, in which purely gluonic #-channel states appear.
As an example, two lowest order diagrams are shown in
Fig. 2. At high energies the sum of all lowest order dia-
grams, A, behaves as aZ2s, and therefore provides a con-
tribution to the total cross section which (up to powers of
Ins) is constant in s. It is clear that at high energy, inde-
pendently of how small «; is, these diagrams dominate
with respect to the boxes and their radiative corrections. In
the Regge limit the lowest order diagram, A, is purely
imaginary and takes the form

. 4’k
AQ“”zwfm#H@—mz

X DYk, g — )DL (k, g — k). (9)

Here the so called impact factors ® (Fig. 3) represent the
coupling of the virtual photons to the two #-channel gluons.
Their precise definition is

@y (e )

1 A W dSl 1pp’
= ngf;&(PA) €y (PA’)Pzppzp’ fﬁ ImA%ﬁ%p (s1,1)
(10)

with a similar definition for ®. Here ImAy2247” (s1, 1) is
the imaginary part of the amplitude for the scattering of the
virtual photon A with polarization A4 and a gluon with
momentum —k, Lorenz index p, and color label «a into the
photon A’ with polarization A4 and a gluon with momen-
tum k, Lorenz index p’, and color label a'. s, is the total
energy squared of the photon-gluon system, and it is re-
lated to the Sudakov component B of k (which in this
regime is the same as the one of k') along the Sudakov
vector py by 51 = (py —k)?=—0% —k? —sB = —sB.
For each t-channel gluon, we have a factor 2p,,p,/s,
since, in the Regge limit, only a specific component of the
gluon polarization tensor contributes to the leading power
in s, namely,

2 2
8po = ;(p2ppla' + plpp2a') + 8lpo — ;p2pp10'- (1)

“We perform all computations in the Feynman gauge.
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FIG. 1.

Lowest order diagrams.

DN

FIG. 2. An example of three-loop diagrams corresponding to
two gluon exchange.

FIG. 3. The one-loop diagrams contributing to the impact
factor ®.

With these definitions the impact factors ®, p are indepen-
dent of s. They depend, in the leading approximation we
are interested in, only upon the virtuality and the polar-
izations of the photons, the gluon colors, and the transverse
momenta.

D. All-order summation in the leading
logarithmic approximation

Generalizing, in the leading logarithmic approxima-
tion, the lowest order diagrams to higher orders in «j,
the two gluon exchange is replaced by the BFKL [3]
Green’s function:

A(s, 1) = is®, ® G(s) ® O, (12)

where we have introduced the symbol ® to denote the
transverse momentum convolution of (9), including the
transverse gluon propagators and the contraction of
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the color indices. G(s) is the Green’s function of the BFKL
equation, accounting for the resummed LL corrections.
The LLA sums the radiative corrections to A? in (9), and
itis valid in the region where oy << 1 and «a logs ~ 1. The
BFKL Pomeron denotes the bound state formed by two
interacting Reggeized gluons with the quantum numbers of
the vacuum (for more details see, for example, [2,19,20]
and references therein). In LLA, the BFKL Green’s func-
tion contains only gluonic contributions; fermionic correc-
tions appear only in the next-to-leading correction. As a
consequence of this, when turning to the supersymmetric
extension of QCD, the LLA of the BFKL Pomeron remains
the same as in QCD. What needs to be studied is the role
of the scalar degrees of freedom in the box diagrams and
in the impact factors. This will be done in the following
section.

III. N = 4 SYM AND R-CURRENTS

The maximally supersymmetric non-Abelian gauge
theory in four dimensions admits JN° = 4 supersymme-
tries. It contains a vector multiplet in the adjoint represen-
tation of the gauge group SU(N.). The theory enjoys a
SUr(4) global symmetry, called R-symmetry, which trans-
forms the different supercharges. In terms of component
fields the theory has

(i) 1 vector field A ,, scalar of SUg(4);

(i1) 4 chiral spinors A; in the fundamental representa-

tion of SUR(4);

(iii) 6 real scalars X,, in the vector representation of

SUR(4).

Capital indices transform under the R-symmetry group.
In particular, A, B, C, ... = 1,..., 15 are indices of the ad-
joint representation, 1, J, K, ... = 1, ..., 4 transform under
the fundamental, and M, N,... =1, ..., 6 under the vec-
tor representations of the R-symmetry. Small indices
abc...=1,..., NLZ. — 1 are adjoint representation indi-

ces for the gauge group SU(N,). Since all the fields live in
the adjoint representation of SU(N,), we can write ® =
®,, = D(1°),p, with (1), = —if? with f9°¢ being the
SU(N,) structure constants, [#¢, t*] = if*“t°. Our conven-
tion for the normalization of the generators “ is such that
tr(19t?) = 89 /2.

The Lagrangian is [21]

L= tr(—%FM,,F/” + D, XyD* Xy + 2id 0D, A
— 2igM Ay, XU] = 2ig N[N, X1y + 382X X ]

X [Xyp XN]), (13)

where X, and X, are related by the SU(4) = SO(6) sigma
symbols:

Xy =Xy XU =1SHPX,, (14
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with Tr(2 ), 25") = 48y, which implies that XX, =
X;;X". The covariant derivative D, and the gauge field
strength tensor F,,, are defined as usual by’

D,® =20, —iglA,, @] (15)

F,, =d,A, —

wr = Opu

9,4, — ig[A,,A,) (16)

A. R-symmetry currents and the four point function

The Lagrangian (13) is invariant under the global trans-
formation (R-symmetry)

5/\aal — iEA)\an(TA)]],
BXad[ = _iGA(TA)IJ)_\adJ, (17)
8Xy = ie (T yn X5,

where €, are small parameters, and T4 are the SUg(4)
generators in the appropriate representation.
The Noether current of the symmetry is

Y

AAD = tr(—Ao*TAN — iIXTADHX),
® l()((?”q)) r(—Ao i )

(18)

where AA® is obtained from (17) with the definition §® =
ie,A4® for an infinitesimal R-transformation.

We are interested in evaluating the momentum space
four point function defined in analogy to (1),

iQm)*8(pa + pp — par — Pp)Ag(s, D)Farsraby

— fl—[d4xie—ipA~xA—ipB~xB+ipA/-xA/+ipB/'xB/
i
Al By
X (TR e TRh (o) T ' (x) g ™ () (19)
at weak coupling in the Regge limit (2).

B. Ward identities

From (4) and (5) we can compute explicitly the Ward
identities satisfied by (19). We only need to specialize (5)
to the case of interest:

[0, 1), Jg" (5, 0] = 89 (& — H)(THEIH (%, 1. (20)
The nonvanishing of the commutators (20), which is due to
the fact that conserved currents of a non-Abelian symmetry

are charged, implies immediately that also the contact
terms in the Ward identities do not vanish,

SWith ® we denote any field in the theory, X, or A.
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3 TR COTR ™ () o TR (x,))

sW (x — x;)

M:

1
XU ) (PYIG) T ). 21)

Compared to the QCD case, this introduces some addi-
tional complications. In particular, the standard computa-
tion according to which the four point function is finite,
despite ndive power counting which suggests a logarithmic
divergence, does not apply anymore. Explicit computa-
tion shows that the UV poles still cancel, but now as a
result of the interplay between the scalar and fermionic
sectors (Sec. IIID). It is therefore a consequence of
supersymmetry.

The change of the Ward identities, at first sight, also
affects our use of the polarization vectors. The simplifica-
tions which lead from (A12)—(A17) to (A18)—(A22) were
only possible because of the simple Ward identities (8), and
the more complicated identities (21) spoil this argument.
If, however, instead of the full SUg(4) group we restrict
ourselves to a U(1) subgroup of SUg(4), we reach a
situation similar to the QCD case. Restriction to the
U(1)® means that, on the RHS of (21), all (TA)é" =
—ifA4:C vanish, and one recovers the same Ward identities
without contact terms as in QCD:

3, (IR IR (xy) ... TR (x,)) = 0. (22)

We therefore can proceed as before and, via Eq. (3), con-
veniently compute projections of A onto specific polar-
ization vectors.

C. An excursion into scalar QED

As we mentioned already at the end of Sec. I A, work-
ing in Fourier space requires some care with renormaliza-
tion. The problem can be easily illustrated in the simple
framework of scalar QED. Let us consider, as an example,
the two-point function A, = (j,(x)j,(y)) of the electro-
magnetic current j, = i(¢d,¢" — ¢"0,¢) — 2eA, " .
Again, U(1) gauge symmetry implies the Ward identity
9,,(ju(x)j,(y)) = 0. The computation of the lowest order
in perturbation theory performed in the coordinate space
with x # y, would involve just one diagram, Fig. 4. Going
to momentum space, this diagram gives

d’k 2k — p),Q2k — p),
2m) k*(k — p)?*

AY (p) = (23)

6Following [15] we choose a particular linear combination of
the three diagonal SUg(4) generators. In the following we will
drop the SUR(4) label A in Jy for the U(1) current.

PHYSICAL REVIEW D 78, 016004 (2008)

P N

7 N

A;(;)L)V(xvy) - j/,([E) : :

SN e~

Ju(y)

FIG. 4. Lowest order diagram contributing to the two point
function of the electromagnetic current.

One immediately sees that (23) does not satisfy the Ward
identity,

dk 1
P“A(z(zy(P) =2p, ](ZT)‘I z (24)

The problem arises because the product of two currents in
A, is not regular when x — y. As it is well known, such a
product is defined by an operator product expansion (OPE),

)= 3 €2 ©5)

—y X — y)ai ’

where O; are operators with the same quantum numbers as
JuJv- Equation (25) means that the product of two currents
at the same point mixes with the operators O;. By dimen-
sional analysis it is easy to spot the operator which, in (25),
gives the leading singularity:

(8uve™@)(y)
(x — y)

Note that such singular behavior is precisely on the bound-
ary of convergence of the Fourier integrals, and all the
other terms in the OPE contain integrable singularities. It is
therefore enough to regularize the divergence by removing
this leading term:

Ju@)j,(y)=C + O((x — y)79*2).  (26)

(gurve @)y)
(x — )

In momentum space the operator g,,, ¢ ¢ leads, at the one-
loop level, to an additional diagram.

.],u,(x).fu(y) - ],u,(x)fv(y) -C (27)

0 * | |
AD, L™ Pl(w,y) = /

\ 7
N -
~ -

Guw®"$(p)

dk 1

ol e (28)

= —Cguy

016004-5



J. BARTELS, A.-M. MISCHLER, AND M. SALVADORE

Comparing (28) with (24) we can fix C = 2. With
this we obtain, for A(z(zy, the same result that one would
get from computing the one-loop correction of the photon
self energy (A, A,) in scalar QED, which indeed satisfies
the Ward identity p“A(Z(ZV(p) = 0.

The same argument applies to the scalar sector of the
N = 4 theory. One has to add the appropriate regularizing
diagrams, which ensure that the correlation functions are
well defined and fulfill the Ward identities in momen-
tum space.

Before returning to the JN° = 4 theory, we observe that
the QED computation we just sketched would simplify
considerably if we were interested only in the imaginary
part of A,. The term in (28) is real and does not contribute,
while the imaginary part of (23), which is easily computed
by means of the cutting rules, now fulfills the Ward iden-
tity, thanks to the delta-functions of the two on shell scalar
propagators.

D. One-loop diagrams

An important step in checking the Regge factorization
of the R-current scattering amplitude is to verify that the
fermionic and scalar one-loop diagrams are subleading at
high energies. This task includes the correct regularization
of ultraviolet divergencies. For correlators of R-currents
which belong to a U(1) subgroup, we will show that this
task can be solved by applying the previous arguments.
When considering a correlation function with arbitrary
SUx(4) labels the situation is not as simple as in QCD or
scalar QED. The usual argument for the absence of UV
divergencies is based on the Ward identities (8) and does
not work in the present case. Nevertheless, by performing
the explicit computation, we can prove that the one-loop
diagrams are UV finite. It will be shown that, in this
situation, it is supersymmetry that constrains the UV di-
vergence to be absent. More precisely, it is the interplay
between the fermionic and scalar sectors which leads to
cancellations.

1. UV poles

The one-loop fermionic diagrams are the same boxes as
in QCD, depicted in Fig. 5. In order to discuss their UV

PHYSICAL REVIEW D 78, 016004 (2008)

behavior, we regularize the IR region by giving the fermi-

ons a small mass m. The UV singularities of the diagrams
BF1-3 can be easily computed:

2 im? € m€

BFIUV = =

3 WF(e)Tr(TATA’TB’TB)
aa

X (g#AMA/g;LB/LBr T 8uans8uymy

- zg,uA,LLB/g,LLA/,LLB)' (29)

The contributions BF?2;, and BF 3y, can be obtained from
(29) by permuting indices. It is immediately clear that their
sum does not vanish unless we restrict ourselves to the
U(1) subgroup, and all the SUg(4) traces are the same. In
this case the cancellation works precisely as in QCD.
There are 12 one-loop scalar diagrams (including those
which are required for regularization), and they are all
depicted in Fig. 6. From the UV region of these diagrams
one obtains
2 l-,]TQfemfZe

BSlUV = =

3 W F(E)TY(TA TA’ TB/ TB)
T

X G puppy 8 upry T 8uuarenSiny iy

+ g/J,A,lLB/gMA/MB)’ (30)

BS4yy
i €m2¢€
2m)*
TATA + TA'TA
2

X F(e)Tr( TB’TB>g

pariy 8uguyr (31)

l'ﬂ.lfem*ZE

W”fm(

T5TB + T5'TE
X f)gmm/guwg/' (32)

TATY + TA'TA

BS10,y =2
uv >

All the other diagrams in Fig. 6 can be obtained by permu-
tations of the indices.

A . . e A A A A A
B B B B B B
(a)BF1 (b)BF2 (c)BF3
FIG. 5. One-loop diagrams with fermions.
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A @ - - — — 4 A A @ - - — 4 Ao 1 g Y ) Y
l | L L P TR
f & X f | /N | S®
l | RN N N Y Pk
B @& --—-- B p ®--—--3 B B @ 0 p ®&--— - -4 B p &
(2)BS1 (b)BS2 (c)BS3 (d)BS4 ()BS5
e
A @ - - — — — 4 A p4 AB@ — — o — — 4 A A / \
\ , - | ® . N / \
\ ’ P ! .7 AN t }
\ / ABgy - t Ve } AN \ /
\\ // ~ - R : : N . \ N . /
s® o B 1p® - - — - - B lm’®
(f)BS6 (g)BST (h)BSS (i)BS9 (j)BS10
- @ AB’
.- s |
- N ,
’ \ | !
AB @ ® 4B | /
\ ’ ® _ A
SO BA -
(k)BS11 (H)BS12

FIG. 6. One-loop diagrams with scalars.

When we restrict ourselves to a U(1) subgroup of
SUx(4) (which also ensures (22) to hold) all the traces
in (29)—(32) coincide, and the UV poles in the scalar sector
cancel among themselves.

In the case of different SUg(4) generators in
(29)-(32) the cancellation of the UV poles does not work
for the scalar and fermionic sectors separately. But a
straightforward computation shows that the sum of the
divergent pieces of all scalar diagrams, BS1 — 12y, is
just the opposite of the sum of the fermionic divergen-
cies, BF1 — 3y, and therefore the full one-loop func-
tion is UV finite. This cancellation is a result of the
supersymmetry.

2. High energy behavior

Let us now turn to the calculation of the high energy
behavior. From now on, we restrict the R-currents to a U(1)
subgroup. The computation of the fermion boxes at high
energy then is just the same as in QCD. We briefly recall
the argument of [22] (see also [18]), which shows how a
double log emerges. This will also help to prepare the
subsequent computation of the scalar diagrams.

The double log arises because, in the high energy limit,
the fermion numerator produces a term proportional to sk?.
More precisely, the region of integration where the double
log arises is 0%, ¢*> < k> < as, Bs,and x; < a, B <K 1,
with x; = Q?/s. In this region the integral is’

N

- __5 2
BF1, 2@@4[dafdﬁfdkhaﬁ—w—qy+kﬂﬁ$+ﬁd®a+ky (33)

where one of the propagators (k) has been canceled by the
k? in the numerator. Closing the 8-contour below we pick
up the pole in the first propagator, and after a shift in k we
obtain

_ tda (1dB [ , 2
BF1; 2(27T)3/x ” jx 5 fd kd(saB — k?),
(34)

where x = Q?/s = x;. Performing the angular integration
and then the k? integral via the delta function we arrive at

BFl, = ——— fld—a[l B S
LT 4@ ) a Jya B sCm? o7
(35)

which confirms our previous claim about the double log
behavior of the fermion box.
Now we focus on the scalar diagram BS1,

d*k (2k = pa),, 2k + pp),,

Q2m)* K (k — q)*

2k — g — pA),LA,(2k —q+t pB),uB/
(k — pA)z(k + PB)2 '

Projecting first onto longitudinal polarizations and keeping

BS1 =

(36)

"The subscript L means that we are keeping only the leading
term in energy, and we drop the trace over the SUg(4) structure
constant, e.g., Tr(TATATATA).
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only the leading contribution, we obtain
d*k

@m?
1

R~ Pk — p) Kk + pg)

BS1HHL = 0,04 0508

(37

which means that the longitudinal projection reduces sim-
ply to the standard scalar integral we would encounter in a
massless ¢3 theory. It behaves again as a double log, but
now the additional logarithm arises in the infrared region
k =0 due to the vanishing mass of the fields. Let us
consider indeed the region of integration x; K «, 8 <K 1
(which we have already used in order to get to (37)) but
k? < Q?, ¢*. There (37) becomes

5QaQu Qp0p jd jdﬂjdzk

BSILLLL
L C22mt

(sa,B — k2 + 16)(—q2)(—sB +ie)(sa)’
(38)

Again we close the B-contour below and pick up the pole
from the first propagator, which is now k?

BSILLLL = — 10,04 Q508 [1 da ldﬁ

4Q2m)rsgt

X / dk*S(saB — k?)
k2 Q?

_ 10404 080p [1 da (x/«dfB
4Qm)isgt

i Q* s

N

X

(39)

Let us consider now transverse polarization. Projecting
(36) onto the transverse polarization (A20)—(A22) and
keeping only leading terms in the numerator, we obtain

k-€enk-ewk- ek e
Kk = q)*(k = pa)*(k + pp)?
— (ahAhA/ 5/13/’13/ + 5hAh35hA/hB/ + 5hAh3/ 6hA’hB)

g 10 o

safB — k*
(k —q)? +ie)(—sB +ie)sa)
(40)

BS1TTTT = 16[d4k

T

As we did in (33) we close the B-contour below and get the
residue from the pole in the first propagator, which, after a
shift in k, gives

PHYSICAL REVIEW D 78, 016004 (2008)
BSlZTTT — (5hAhA/ 5h3h8/ +

xﬁf%‘“[%’fﬂ(mﬁ—ﬁ

— ¢ =2k - q)8(saB — K2). A1)

ahAhB 5}1/\/}18’ + ahAhB’ ahA’hb')

The scalar product vanishes after angular integration, the
combination sa8 — k? is set to 0 through the delta func-
tion, and the only term left gives

BS]ZTTT ~ —(8hAhA’ 6hBhB/ + 6hAhB 8hA’hB/ + 8hAhB/ BhA’hB)
; 2
NI

“eamr s o @2

Similar computations can be performed for all the other
diagrams in Fig. 6, and the results are similar to the one
just outlined. This completes our derivation of the leading
high energy behavior of all the one-loop diagrams of
Figs. 5 and 6.

We would like to stress the importance of the region
k? ~ s: at first sight, the numerators in (33) and (39) seem
to lead to an even stronger behavior than the one we have
computed. However, in the limit of large s, this region
coincides with the UV region which has been discussed
at the beginning of this section. These leading terms can-
cel when all the diagrams are summed over, in the same
fashion as the cancellation of the UV poles discussed
earlier.

As we will see in the next section, the high energy
behavior is dominated by gluon exchange, and the fermion
and the scalar box diagrams provide subleading correc-
tions. This is to be expected since, once the UV finiteness
of the one-loop diagrams has been verified, we can apply
the spin argument, according to which the exchange of two
field quanta of spin s leads, in the scattering amplitude, to
the high energy behavior ~s>~!. This implies that also
higher order diagrams in which the box diagrams in Fig. 5
are “dressed,” for examples, by gluon rungs, will have the
same power behavior in s, modified by powers of In%s
(details can be found in [18]). A similar consideration
applies to diagrams obtained by ‘‘dressing” the scalar
loops. For the leading high energy behavior we are thus
left with gluon exchanges: using the spin argument one
expects, for the scattering amplitude, the high energy
behavior ~s.

E. Two gluon exchange

As it was the case in QCD, gluon exchange starts at three
loops. In Fig. 7 we depict one of the lowest order diagrams
contributing to the two gluon exchange, in order to set the
notation for the momenta. Again, we consider the imagi-
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li —k—pat+q

FIG. 7. One of the diagrams contributing to the two gluon
exchange in N = 4.

nary part (or, equivalently, the discontinuity in s). Then we
have, in all diagrams, four delta functions imposing the
mass-shell condition for the intermediate particles (either
scalars or fermions). Two delta functions are used to fix the
integrations over the longitudinal components of k (the
integral in the subenergy s; in (10)), and the other two
fix one of the two longitudinal integrations inside each of
the impact factors. The LL contribution arises from the

77 GF

(a)F1 (bF2

PHYSICAL REVIEW D 78, 016004 (2008)

Regge kinematics, in which « is negligible compared to
ay, and B is negligible compared to 3,. Therefore the
subdiagrams belonging to the upper impact factor (scalar
loop in Fig. 7) are independent of «, and those of the lower
impact factor (the fermion loop) are independent of S. This
is the mechanism behind the factorization of (9). In the
Regge kinematics also the longitudinal components of the
transverse momentum ¢ are small, a,, B, ~ 1/s, and
dropping them influences only terms suppressed by pow-
ers of s.
It is convenient to introduce the notation

CD/\)\/aa _N a, Saa f dal[(z )zz(ﬁ/\/\l(a{[;l q)
(43)

where «; is the longitudinal component of the (scalar or
fermion) loop integral along the incoming momentum p,.
The term ¢ has to be computed from the diagram i in
Figs. 8 and 9. The factor N, is present because both scalars
and fermions belong to the adjoint representation of the
gauge group, so they all give

fac‘lszbCzCl — _NCBab‘ (44)

An overall factor 1/2 arises from the cutting rules,
2ilm(A) = 2A.

The computation of the fermionic component (see
Fig. 8) is very similar to the QCD case. The first difference
is due to the fact that in /N = 4 there are 4 Weyl fermions
instead of n; Dirac ones. The counting of the number of

1y

(c)F3

FIG. 8. The fermion diagrams for the impact factors.

()S1 (b)S2 ()S3

(2)S7 (h)S8

\3 i";

(i)S9

FIG. 9. The scalar diagrams for the impact factors.
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fields weighted by the right R-charge is performed by the
trace over the two generators of the SU(4) group,

Tr(TAT") =}, (45)

(there is no sum over A here), taken in the appropriate
representation (fundamental for the fermions and vector
representation for the scalars).

The chiral nature of the fields introduces additional
terms due to a Levi-Civita tensor arising from spinor traces
containing a chiral projector. All these terms cancel in the
sum of the four diagrams F'1-4. The complete list of the ¢;
is given in the appendix A 2.

The diagrams needed for the computation of the scalar
component of the impact factor are depicted in Fig. 9.

The trace over the SUg(4) indices now gives

Tro(TATA) = 1. (46)

Since the scalars crossing the cut are identical particles
there is a symmetry factor 1/2.

At finite energies, all the diagrams S1-9 in Fig. 9 are
needed in order to satisfy the Ward identities. At high
energies, however, it turns out that the diagrams S5-9 are
suppressed.8 As an example, let us consider the diagram
S5. The gluon polarization tensor is contracted with the
polarization vector of the incoming current, which is pro-
portional to p,. Then, out of the three parts of the gluon
polarization tensor (cf. (11): the index p belongs to the
upper end of the gluon, o to the lower end):

2 2p1P20
Palro  SP0B yg 7)
Ky S

only the second term survives because p3 = p4'g, wr = 0.
Note that in the ““‘normal” fermionic case it is the first term
that gives the leading behavior in the Regge asymptotic.
One sees indeed that the contraction of the loop integral
numerator with p; provides one power of s less than the
leading terms of diagrams S1-4. An analogous discussion
applies to the contraction of p, with the loop below, and
again there is a suppression of a power of s. Eventually one
sees that a diagram involving S5 is 1/s> suppressed with
respect to the leading term. The same argument applies to
the other diagrams S6-8, while for S9 the suppression is
even stronger, 1/s*, because the same effect takes place for
both gluons. We are thus left with the diagrams S1-4,
which, at high energies, give the full scalar component of
the impact factor. The computation mimics closely the
fermionic one, and details can be found in appendix A 2.

F. The full impact factors

Collecting together all the terms one obtains the full
impact factors,

8For simplicity, we discuss only the case of longitudinal
polarization.
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1,0 /Ncay 1 dQI
PLliad = §aa —5 : QAQAI./;) da[—a(l —a)
1

(2m)?
1 1 1
Gy
D, D,J\D| D)
QLA ad — (48b)
N.«a ! d?l
(I)hh/aa’ — 5aa’5hh’ c=s f d /
4 2 Jo ) @np
! !
(M) (M Ny 5o
D, D, Dy, D)

with D; and N; defined by
Ny =1—-(1-a)g
D, = N?+ a(l — a)03, D = NZ + a(l - a)Qz,,

N2 =l_k,
D, = N3+ a(l — a)03,

N,=1-k+ ag,
D) = N’22 + a(l — a)Q%,.

Comparing (48a)—(48c) with the QCD result of [23] one
observes a striking difference: in contrast to the QCD
results where helicity conservation holds only in the
forward direction, at ¢ = 0, now for arbitrary t = —q?
all the off-diagonal terms in the polarization indices
vanish, as the result of cancellations between the scalar
and fermion loops, ®*"’ o« §*"'. This is a consequence of
supersymmetry.

Higher order diagrams with gluon exchange, in the
LL approximation, lead to the QCD BFKL Pomeron de-
scribed in Sec. II D. This coincidence, at high energies, of
nonsupersymmetric Yang-Mills theory and the supersym-
metric extension is an artifact of the leading logarithmic
approximation, which only depends upon the spin-1 gauge
bosons, and not on scalars or fermions. The only place
where, in LL, these superpartners appear are the impact
factors given now by (48a)—(48c). We have therefore com-
pleted our leading logarithmic analysis by proving that the
correlation function (19) satisfies Regge factorization, and
we have computed those buildings blocks which are sensi-
tive to the supersymmetric extension of QCD.

IV. OUTLOOK

The AdS/CFT correspondence [10] conjectures that
N = 4 SYM theory is equivalent to Type IIB superstring
theory on AdSs X S°. The connection between these ap-
parently different theories is a weak-strong duality: it
connects the weak coupling limit of one side with the
strong coupling limit on the other side. This opens up the
possibility to study aspects of the gauge theory at strong
coupling, where traditional tools are unapplicable. In par-
ticular, we can address the computation of the R-currents
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correlation function (19) in the large N, and large *t Hooft
coupling A = g%,,N, limit. In this limit the relevant string
theory is described by the S compactification of type
IIB supergravity in ten dimensions. This reduction gives
rise to N =8, D =5 supergravity, with SO(6) Yang-
Mills gauge group [24-28].

The complete detailed reduction is a problem of great
complexity. Fortunately, there exist consistent truncations
of the full theory which are much simpler than the full
theory. In [29] it was shown that there is a very simple
truncation which contains only a U(1) gauge field and the
graviton. Its action reads

1 1
1 Ly=—-—(R+12¢>—-F°
¢ > 2K§< § 4

+

25 e”VP”)‘FMVFp,,AA). (49)

According to the AdS/CFT dictionary, each gauge in-
variant operator in the gauge theory corresponds to some
bulk field in the supergravity theory. The generating func-
tional for the connected correlation functions W[ ] of the
gauge theory, { being the source for some operator O, is
identified with the on-shell action S,,_,.; of the gravity
theory, with the boundary conditions ¢ g for the bulk field
¢ dual to O playing the role of its source {:

Wlewo] = —Son-shenl @)} (50)

The fields dual to the R-currents of N = 4 SYM are the
gauge fields of the supergravity theory. The truncation (50)
contains only one of the 15 gauge fields of the full theory,
in the same way as our computation in this paper concerns
only one R-current of the U(1) subgroup out of the 15 as-
sociated with the SUg(4) group. The action (50) is there-
fore sufficient for the purpose of computing the strong
coupling version of our result (48a)—(48c).

The supergravity computation requires the evaluation of
the Witten diagrams corresponding to some sources for the
gauge field A, on the boundary of AdSs. Diagrams in-
ferred from the action (50) are depicted in Fig. 10. Such
computation involves the boundary-to-bulk gauge boson
propagator and the bulk-to-bulk propagators for both the
gauge field and the graviton. They are well known in the
coordinate space [30], and have been extensively used in

FIG. 10. Witten diagrams for the computation of the R-current
four point function at strong coupling in the truncated theory.
The double wavy line in the third graph represents the graviton
exchange.
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the past, in order to compute various correlation functions
(see, for example, [31] and references therein). Neverthe-
less the computation of a four point correlation function of
R-currents is still missing in the literature. We intend to
address this computation in the future, not in its full gen-
erality but in the Regge limit, where we expect some
simplifications to take place.

Returning to the gauge theory side, our analysis of the
supersymmetric R-current impact factors lays the ground
for addressing another aspect of the duality conjecture.
Several years ago it has been shown that the BKP evolution
equations of t-channel states consisting of n Reggeized
gluons, in the limit of large N, are integrable [7,8]. On
the gauge theory side, the four gluon state appears in the
high energy limit of the six point correlation function of
R-currents (in QCD, the analogous process would be the
scattering of a virtual photon on two heavy onium states).
A study of this correlation function, both on the weak
coupling and on the strong coupling side, therefore will
allow us to trace the role of this remarkable feature of the
Regge limit.
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APPENDIX

1. Sudakov decomposition and polarization vectors

We will work in the frame where p, and p/, (pp and p%)
have a big + ( — ) component, with p+ = py = ps. In this
basis the nonvanishing metric coefficients are g,_ =
g-+ =12and g;; = g» = 1, while the Levi-Civita tensor
is fully antisymmetric with €*7!'2 = —1/2. In the c.m.
we have’

pa= (V5 _% o) =(—Q% VE0) (aD
) \/E’ y B \/E’ ’ .

We use the Sudakov representation for momenta. Let us
define the two lightlike (up to O(1/s) terms) vectors p; =
Pa T Xapp, P2 = pp+ xppsy wWhere xop = 03 5/2py
pp- Then an arbitrary four-momentum k will be decom-
posed into its projections along p;, and a transverse
component:

Ay = 2p2 k/S

Bi=2py - k/s. (A2)

k= ayp, + Bipy + ki, {

The Jacobian is

d*k = s/2da,dB,d*k. (A3)

Only the leading term in s is kept for each component.

016004-11



J. BARTELS, A.-M. MISCHLER, AND M. SALVADORE

The mass-shell conditions for the outgoing momenta fix
the longitudinal components of the momentum transfer-
red g to

_ 0 -0t 4

2 2 2
- _ O 0ital
S ’

N

Bq

@y
(A4)

and the external momenta expressed in Sudakov represen-
tation are

QZ QZ/ +q2
PA:P1_TAP2’ pQZpI—Aflpz—ql,
Q2
Pp = _TBPI + po,
2/ +q2
pp=—"L—Lp +p+q,. (AS)

We now compute the polarization vectors of the external
photons. Virtual photons have 3 degrees of freedom, one
longitudinal (L) and two transverse ( = ) polarizations. The
absence of a second longitudinal polarization translates for
the amplitude (1) into the constraint (8) provided by gauge
invariance. Because of this constraint, the three polariza-
tion vectors e’; *(p) represent, for an arbitrary choice of the
momentum p, a complete basis of the space where the
current j,(p) belongs to

(L.%)

Jju(p) € Span{ey~ (p)}. (A6)
They can be chosen to be orthonormal,
e (p)e(p)” =~ (A7)
and to satisfy the completeness relation
Hp? . .
g =L = 3 en(p)e(p). (A8)

p i=L,*

We choose eﬁ(p) such that its three-dimensional part is
proportional to the three-momentum p (longitudinal polar-
ization). The two other vectors (helicity =) are chosen to
be transverse. In the Sudakov representation (keeping only
the leading term in s for each component) we get

€V (p)

o

2072
1-— A A9
( s(a + ﬁ)z)“] (49)
Zé(h) .
M(p) =) + L= p( —py+ L4 ) A10
€ (p) ej_ S(a_ B) pl p2 a _ﬁ » ( )
where we have defined
el =i(o 1, *=i,0) (A11)
J_ ) y — b .

NG
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The explicit expressions for the case p = pyu, par, Pp> P’
can be easily worked out from (A5):

YR i
eV (py) = 0, D1 "‘sz , (A12)
A
i (0%
eB(pp) = Q—<TBP1 + pz), (A13)
B
(L) _ 1 szv —4q1
eM(py)=—Ip1 + P2—4q1) (Al14)
QA/ S
i Qz/ - q2
€V(py) = —(B—lpl +py+ qL), (A15)
QB/ S
€M (ppp) = €, (A16)
Zé(h) ‘q
eP(pap) =€} - %(pl —pa—qu)  (Al7)

Because of the Ward identities (8) and (22) one is allowed
to shift the polarization vectors eﬁi)(p) by a four vector
proportional to p itself. It is convenient to simplify the
polarization vectors as follows:

204 4

eB(paa) = D2 (A18)

205 p

eV(pgp) = P, (A19)

eP(pyy) =€, (A20)
2€(h) -q

€(py) =€) + =+ p,, (A21)
26(h) - q

eP(py) =€l - L _Zp,. (A22)

s

2. Complete list of the ¢¥

In this appendix we give, for all possible polarizations A,
XN = L, *, the full list of the functions ¢ for the eight
diagrams of Figs. 8 (i = F1-4) and 9 (i = S1-4). We will
make use of the definitions for D; and N;, given after (48).
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Longitudinal-Longitudinal:

PHYSICAL REVIEW D 78, 016004 (2008)

, 21 — a)? ) a?(1 — a)?
LI — 2 lia L — —2 |
O = 2000 O = 20000 .
. a’(1 — a)? ) a?(1 — a)?
LL' — _»o , 7 L =9 —
O = 2000 B = 20000
, 1 —a)1/2 — a)? , a(l — a)(1/2 — a)?
LL' — 5 /CY( LL = -2 ,
b5 0404 DD , 0404 DD} , s
s a(l — a)(1/2 — a)? L a(l — a)(1/2 — a)?
= -2 / , =2 / .
d) QA QA DQD/I ¢ QA QA D2D/2
Longitudinal-Transverse:
, a(l —a)(l—Za—hl) - , a(l — a)(l —2a—h’l) e
# -0, = e o -0, ;- e,
A25
' — _g a(l — a)(1 —2a — K'i) N - SL — a(l —a)(l —2a — h’l) e (829)
F3 A DZDll 4 F4 DzD/ 4
d)Lh, _ —QA a(l _DCY)(DII - 2CY) E(h/)*, (f)lgél/ _ a(l _Da)(Dl/ - 2a)N G(h/)*y
A26
W — g al —a)(1 =2a) |\ gy oL — a(l — ) =2a) o) (A26)
53 A4 D,D! ’ D, D), '

Since under the transformationsl — —I + kanda — 1 — a, N, —
terms proportional to the helicity 4’ in the fermionic parts cancel between

—N; and N}, — —Nj in the integrand in (43), the

! ! ! ! o .
P, oE and @5, ¢t The remaining

fermionic pieces cancel completely against the corresponding scalar terms.

Transverse-Longitudinal:

a(l — a)(l —2a — hi) a(l — a)(l —2a — hi)
W= Qu DD e” - N, W= —Qu DD} e - N, o
I a(l — a)(1 — 2a — hi) . N WL a(l — a)(l —2a — hi) . N
= 0w DD € 2 Fa = Qu D,DL € 2
a(l — a)(l —2a) a(l — a)(l —2a)
= —Qu DD} e’ Ny, 2 = Ou DD} e’ - Ny, o
a(l — a)(l —2a) a(l — a)(l —2a)
gg =Qu DD e - N,, gi = —Qyu DD eh - N,.

Here we have the same cancellations as in the longitudinal-transverse case.

Transverse-Transverse:
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i = 2D D] [(1 = hic)e® - €"* N, - N} + (—4a(l — a) + i(h — K)(1 — a))e? - N\ N/ - """
- (1 — hia)(€? - 1(1 — a)qg - €M* — € - (1 — a)ql - €M7)],
¢ =5 B0 [€?) - €™*Ny - Ny + (—4a(l — a) + i(h — K')(1 — 2a))e® - N\N} - €/ — €® - I(k — ag) - €
2
+ e(h) (k — ag)l - €],
P = ———[e® - €")*N, - N} + (=4a(l — @) + i(h — ')(1 — 2a))e™ - N,N/ - €’
2D2D’
+ e“’) UKk —(1-a)g) e = (k—(1-a)gl—k- "]
il = 2D 3,0, ——[(1 + hi(1 — @))e" - €M*N, - Ny + (=4a(l — a) — i(h — h')(1 — a))e® - NN, - €

+ (1 + hi(1 — a) (e - (1 —k)ag- € — e? - agl — k) - €"7)],

Here the cancellations are a bit more involved. In the
fermionic sector of each ¢, the two terms in the last line
cancel each other due to the angular integration in the
transverse momenta . In order to see this one combines

(A29)

the two denominators introducing a Feynman parameter
and then performs a shift in the / integration. The shift in
the numerator cancels between the two terms, and what is
left depends upon the angle in the transverse plane only
through the cos(6) in the scalar product with the polariza-
tion vectors in the numerator; therefore the 6 integral
vanishes.

From what is left, all the terms proportional to the
helicities 4, k' cancel in the same way as they did in the
previous case: between @M, pM' and dM, HU after
the change of variable [ — —I +k and a—1— «a.
Moreover, the terms from the scalar sector cancel exactly
with the corresponding terms in the fermionic sector.
Eventually only a single term proportional to € - )"
is left for each diagram.
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