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We extend the Fermilab method for heavy quarks to include interactions of dimensions 6 and 7 in the
action. There are, in general, many new interactions, but we carry out the calculations needed to match the
lattice action to continuum QCD at the tree level, finding six nonzero couplings. Using the heavy-quark
theory of cutoff effects, we estimate how large the remaining discretization errors are. We find that our
tree-level matching, augmented with one-loop matching of the dimension-5 interactions, can bring these
errors below 1%, at currently available lattice spacings.
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L. INTRODUCTION

An important application of lattice gauge theory is to
calculate hadronic matrix elements relevant to experiments
in flavor physics. With recent advances in lattice calcula-
tions with ny = 2 + 1 flavors of dynamical quarks [1-4],
we now have an exciting prospect of genuine QCD calcu-
lations. To match the experimental uncertainty, available
now or in the short term, it is essential to control all other
sources of theoretical uncertainty as well as possible. An
attractive target is to reduce the uncertainty, from any given
source, to 1%—2%. This target will be hard to hit if one
relies on increases in computer power alone: methodologi-
cal improvements are needed too.

Many of the important processes are electroweak tran-
sitions of heavy charmed or b-flavored quarks. A particular
challenge stems from heavy-quark discretization effects,
because mpa<&1. The key to meeting the challenge is to
observe that heavy quarks are nonrelativistic in the rest
frame of the containing hadron [5,6]. The scale of the
heavy-quark mass, mg, can (and should) be separated
from the soft scales inside the hadron and treated with an
effective field theory instead of computer simulation. Even
so, at available lattice spacings [1], many calculations of
D-meson (B-meson) properties suffer from a discretization
error of around 7% (5%) [2,3]. Thus, it makes sense to
develop a more accurate discretization.

In this paper we extend the accuracy of the ‘“Fermilab”
method for heavy quarks [7] to include in the lattice ac-
tion all interactions of dimension 6. We also include cer-
tain interactions of dimension 7. Because heavy quarks
are nonrelativistic, they are commensurate with related
dimension-6 terms, in the power counting of heavy-quark
effective theory (HQET) for heavy-light hadrons [5] or
nonrelativistic QCD (NRQCD) for quarkonium [6].
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The Fermilab method starts with Wilson fermions [8]
and the clover action [9]. With these actions lattice spacing
effects are bounded for large mga, thanks to heavy-quark
symmetry. They can be reduced systematically by allowing
an asymmetry between spatial and temporal interactions.
Asymmetry in the lattice action compensates for the non-
relativistic kinematics, enabling a relativistic description
through the Symanzik effective field theory [10]. Alter-
natively, one may interpret Wilson fermions nonrelativis-
tically from the outset [7], and set up the improvement
program matching lattice gauge theory and continuum
QCD to each other through HQET and NRQCD [11,12].
The Symanzik description makes it possible to design a
lattice action that behaves smoothly as mya — 0, converg-
ing to the universal continuum limit. The HQET descrip-
tion, on the other hand, makes semiquantitative estimates
of discretization errors more transparent.

The new action introduced below has 19 bilinear inter-
actions beyond those of the asymmetric version of the clo-
ver action, as well as many four-quark interactions. Several
of these couplings are redundant, and many more vanish
when matching to continuum QCD at the tree level. We
study semiquantitatively how many of the new operators
are needed to achieve 1%—-2% accuracy. We find, in the
end, that only six new interactions are essential for such
accuracy. The action is designed with some flexibility, so
that one may choose the computationally least costly ver-
sion of the action.

This paper is organized as follows. Section II considers
the description of lattice gauge theory via continuum ef-
fective field theories. Then, in some detail, we identify a
full set of operators describing heavy-quark discretization
effects. We then determine how many of these are redun-
dant, and which redundant directions should be used to
preserve the good high-mass behavior. We have two goals
in this analysis. One is to design the new, more highly
improved, action; for this step a Symanzik-like description
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is more helpful, and the resulting action is given in Sec. II1.
The other is to estimate the discretization errors of the new
action; here the HQET and NRQCD descriptions are more
useful. To make error estimates, and to use the new action
in numerical work, we need matching calculations; they
are in Sec. I'V. Our error estimates are in Sec. V. Section VI
concludes. Some of the material is technical and appears in
appendixes: Feynman rules needed for the matching cal-
culation are in Appendix A; some details of the Compton
scattering amplitude used for matching are in Appendix B;
a discussion of improvement of the gauge action on aniso-
tropic lattices (which one needs only if the heavy quarks
are not quenched) is in Appendix C. Some of these results
have been reported earlier [13].

II. EFFECTIVE FIELD THEORY

In this section we discuss how to understand and control
discretization effects using effective field theories. We start
with a brief overview, focusing on issues that arise for
heavy quarks, those with mass m, > A. For more details,
the reader may consult earlier work [7,11,12,14,15] or a
pedagogical review [16]. Here we catalog all interactions
of dimension 6 and also certain interactions of dimension 7
that, for heavy quarks, are of comparable size when
moa<K1.

A. Overview

Cutoff effects in lattice field theories are most elegantly
studied with continuum effective field theories. The idea
originated with Symanzik [10] and was extended to gluons
and light quarks by Weisz and collaborators [9,17-19].
One develops a relationship

L lat = £Symr (21)

where = means that the two Lagrangians generate the
same on-shell spectrum and matrix elements. The lattice
itself regulates the ultraviolet behavior of the underly-
ing (lattice) theory L,. On the other hand, a continuum
scheme, which does not need to be specified in detail,
regulates (and renormalizes) the ultraviolet behavior of
the effective theory Lgy,.

In Iattice QCD (with Wilson fermions), the local effec-
tive Lagrangian (LEL) is

1 _
L Sym = ng tr[F,U,VF'uV] - ZQJ(E + mf)qf
f

+ Zadimﬁff“Ki(gz, ma;c;;pa) Ly, (2.2)
where g2 and m are the gauge coupling and quark mass (of
flavor f), renormalized at scale u < a~'. The (continuum)
QCD Lagrangian appears as the first two terms. The sum
consists of higher-dimension operators L;, multiplied by
short-distance coefficients K;. These terms describe cutoff
effects. The short-distance coefficients depend on the re-
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normalization point and on the couplings, including cou-
plings ¢; of improvement terms in Ly, Equation (2.2) is
fairly well established to all orders in perturbation theory
[20,21] and believed to hold nonperturbatively as well. If a
is small enough, the terms L£; may be treated as operator
insertions, leading to a description of lattice gauge theory
as “ QCD + small corrections.”

In heavy-quark physics my > A, where A is the
QCD scale, so one is led to consider what happens when
mga<&K1. The short-distance coefficients depend explicitly
on the mass. Time derivatives of heavy-quark or heavy-
antiquark fields in the L; also generate mass dependence of
observables. With field redefinitions—or, equivalently,
with the equations of motion—these time derivatives can
be eliminated. Focusing on a single heavy flavor Q, the
result of these manipulations is [7,14,15]

LSym="'_Q(74D4+m1 "'\/EY'D)Q
my

+ Y a'™ LR (8% mya; pa) L;, (2.3)
l

where the ellipsis denotes the unaltered LEL for gluons

and light quarks. By construction the £; do not have any

time derivatives acting on quarks or antiquarks.

The advantage of Eq. (2.3) is that all dependence on the
heavy-quark mass is in the short-distance coefficients m,
Jm,/m,, and K;(m,a). Matrix elements of the £, generate
soft scales. The heavy-quark symmetry of Wilson quarks
(with either the Wilson [8] or Sheikholeslami-Wohlert [9]
actions) guarantees that the coefficients K;(m,a) are
bounded for all m,a. This feature can be preserved by
improving the lattice Lagrangian with discretizations of
the E,», thereby avoiding higher time derivatives [7,11]. For
such improved actions, Eq. (2.3) neatly isolates the poten-
tially most serious problem of heavy quarks into the de-
viation of the coefficient \/m,/m, from 1.

Fortunately, the problem can be circumvented in two
simple ways. One is a Wilson-like action with two hopping
parameters [7], tuned so that m; = m,. Then Eq. (2.3) once
again takes the form QCD + small corrections. The new
lattice action introduced in Sec. III has two hopping pa-
rameters for this reason.

Another solution is to interpret Wilson fermions in a
nonrelativistic framework. One can replace the Symanzik
description with one using a nonrelativistic effective field
theory for the quarks (and antiquarks) [11]. For the leading
0-Q term in Eq. (2.3)

Q<74D4 +m + \/EY : D)Q
m;

D? + zz(mya, pa)is - B)h(+)
2m2

= ]/;(+)(D4 + mp; —

T (2.4)
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where zj is a matching coefficient, and 2(*) is a heavy-
quark field satisfying A") = +vy,h(Y). Another set of
terms appears for the antiquark, with field 4(7) satisfying
h™) = —y,h7). The nonrelativistic effective theory con-
serves heavy quarks and heavy antiquarks separately. As
a consequence, the rest mass m; has no effect on mass
splittings and matrix elements.' For lattice gauge theory
this implies that the bare quark mass (or hopping pa-
rameter) should not be adjusted via m,. Instead, the bare
mass should be adjusted to normalize the kinetic energy
D2 / 2m2.

One can develop the nonrelativistic effective theory for
the lattice artifacts L; by using heavy-quark fields instead
of Dirac quark fields [11]. Higher-dimension operators in
the heavy-quark theory receive contributions from the ex-
pansions of Eq. (2.4) and of the ._Ei. Coalescing the coef-
ficients of like operators obtains a description of lattice
gauge theory with heavy quarks

L= — "Dy + m)hD

+ D CR (8% masmaa, ¢ u/my)0;, - (25)

where the operators @; on the right-hand side are those of a
(continuum) heavy-quark effective theory, of dimension 5
and higher, built out of heavy-quark fields 4*), gluons, and
light quarks. (The leading ellipsis denotes term for the
gluons and light quarks only.) The C; are short-distance
coefficients, which depend on gz, the heavy-quark mass,
the ratio of short distances m,a, and also all couplings c; in
the lattice action. The logic and structure is the same as the
nonrelativistic description of QCD,

Loop ="~ WD, + mQ)h(+)

+ D 08P mgi w/mg) O (2.6)

Thus, improvement of lattice gauge theory is attained
by adjusting couplings c; until C¥(c;) — C¢™™ vanishes
(identically, or perhaps to some accuracy) for the first
several O;.

It does not matter whether one carries out the improve-
ment program by adjusting K;(c;) = 0 or C¥*(c;) = Cy™
[12]. The results for the c; are the same, provided one
identifies m¢ with m,. The matching assumes that pa <
1, but at the same time m,a<€1. One is thus led to non-
relativistic kinematics (p/m, << 1) in the matching calcu-
lation, where both descriptions—Egs. (2.3) and (2.5)—are
valid. Kinematics are encoded into the operators L;or O
and are not transferred to the short-distance coefficients.
Hence, kinematics cannot influence matching conditions
on the c¢;. In particular, when indeed m,a << 1 (which may
be impractical, but is conceivable theoretically) relativistic

'A simple proof can be found in Ref. [11].
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kinematics (p ~ m,) are possible, and it follows from
the Symanzik effective field theory that the solution of
K;(c;) = 0 yields the same c; for both relativistic and
nonrelativistic kinematics.

B. Quark bilinears in the LEL

In the rest of this section we construct the LEL appro-
priate to heavy quarks. The two main steps are first to list
all of the L; that can appear, and second to decide which
should be considered redundant. In part it is a general-
ization of the dimension-6 analysis of Ref. [9] to the case
without axis-interchange symmetry. At dimension 6 there
are quark bilinears, four-quark interactions, and interac-
tions that contain only the gauge field. We shall start with
the bilinears and turn to the others further below. In each
case, we first consider complete lists of operators, and then
consider which can be chosen to be redundant.

Table I contains a list of all quark bilinears through
dimension 6 that can appear in the effective Lagrangian.
The second column contains interactions that respect axis-
interchange symmetry; the fourth column contains the ex-
tension to the case without axis-interchange symmetry. The
meaning of the other columns is explained below. Co-
variant derivatives act on all fields to the right,

D,FQ = (3,F +[A,, F))Q + FD,0. 2.7)

This notation is convenient for the interactions with com-
mutators and anticommutators. To arrive at the lists we
exploit identities such as

2 Z_i
¢ =D EO-”’VF’U'V’

(2.8)

2y4Dyy - Dy4Dy = {y4Dy, @ - E} —{Dj, v - D}, (2.9)

2y -Dy,Dyy-D ={y-D,a-E}—{y,D, (y D)’}
(2.10)

Some interactions are omitted, because the underlying lat-
tice gauge theory is invariant under cubic rotations, spatial
inversion, time reflection, and charge conjugation.2

The fourth column is arranged so that its entries are part
of the corresponding interactions in the second column. It
is easy to show that the list is complete, by writing out all
independent ways to have three covariant derivatives, ex-
pressing the E and B fields as anticommutators of co-
variant derivatives. One finds 11 possibilities, and then
one can use identities to manipulate this list to that given
in the fourth column of Table I.

The LEL contains several redundant directions. The
equation of motion of the leading LEL plays a key role

’Reference [9] included the dimension-6 interaction
gl P, D*1q. Reference [7] included the dimension-5 interaction
Olv4Dy, v - D]Q. Both are odd under charge conjugation and,
thus, may be omitted.
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TABLE I. Bilinear interactions that could appear in the Symanzik LEL through dimension 6.

Dim With axis-interchange symmetry Without axis-interchange symmetry HQET A* NRQCD ¢!
3 qq 00
4 qPq O(y4Dy + my)Q 1 v?
0y-DQ A v?
5 gD*q £ QD;Q €
0D?*Q 8 A v?
~1go,,F..q Qi - BQ A vt
Qa - EQ A? vt
6 av.D}q Qv:D} 0 A vt
aip, D*}q ) _ 0v4D30 &
O{y4Dy, D°}0 8
O{Di, v - D}0 L5
O{y- D, D*}Q A3 v*
=53, 04 Fuulq &f Oly D, a-E}Q ep A2 vt
OlysD,, iX - BYQ Op
Oly- D,i%- B}Q A3 0
O[D,, v E]Q A v®
alD,. Fuuly.q 0y4(D-E—E-D)Q A2 vt
Qy- (DX B+ BXD)Q A3 0

in specifying which operator insertions may be considered
redundant. Let us assume, for the moment, that m; = m,,
so that the equation of motion in the Symanzik LE L is the
Dirac equation. Below we shall use the nonrelativistic
effective field theory to address the case m; # m,.

The quark fields are integration variables in a functional
integral, so an equally valid description is obtained by
changing variables

0~ €0, (2.11)

0+ Qe’, (2.12)
where
J=uaeg,(p+m)+ad;y-D + a’e,(Ip + m)?
— a*epio,, F,, +a*8)(y - D)* + a?8i% - B
+ a* [ y4Dy, v + D] (2.13)

and similarly for J with separate parameters &;, §;, and ;.
If the & parameters (and %, 1%,) vanish, then J and J
preserve invariance under interchange of all four axes.
One can propagate the change of variables to the LEL,
and trace which coefficients of dimensions 5 and 6 are
shifted by amounts proportional to the parameters in J and
J. To avoid generating terms that violate charge conjuga-
tion one chooses &; = +¢;,6; = +8,;,and ¥, = —,. We
then see that there are two redundant directions at dimen-
sion 5, and five at dimension 6. That means that two
couplings in the dimension-5 lattice action may be set by
convenience, and five in the dimension-6 lattice action.
The third and fifth columns show the correspondence
between parameters in the change of variables and the
interactions that we choose to be redundant. As expected

from general arguments [7,14,15], all interactions in which
v4D, acts on Q or (after integration by parts) Q are
redundant.

There is quite a bit of freedom here. One could choose
ep to eliminate Q[Dy, vy - E]Q = O{y,D,, a - E}Q in-
stead of O{y - D, a - E}Q. But the former is suppressed,
relative to the latter, in heavy-quark systems. Moreover, in
HQET and NRQCD one has

Qa-EQ =iy D, a-E}h'Y/2my + -+, (2.14)
Oly D, a-E}Q=h"y D a-Eh +---,
(2.15)

which mean that Qe - EQ and Q{y - D, & - E}Q generate
nearly the same effects in heavy-quark systems. Thus, we
prefer to take O{y - D, & - E}Q to be redundant.

To understand the general pattern of redundant interac-
tions, let us introduce some notation. Let B (£) be a
combination of gauge fields, derivatives, and Dirac matri-
ces that commutes (anticommutes) with y4. An example of
B (€)is i¥ B (a- E). Also, let us write B (and £+)
when OB Q (or Q. Q) has charge conjugation *1. Be-
cause we wish to eliminate time derivatives of quark and
antiquark fields, we would like Q{y.D4, B, }Q and
Oly4Dy4, £_10 to be redundant. That is always possible:
simply add to J in Eq. (2.13) terms of the form 65 B,
and 9. £_. As a consequence, neither O{y - D, B, }Q
nor O[y - D, £_]Q is redundant. On the other hand, in
Oly4Dy, B_10 and Of{y,D,, £,}Q the time derivative
acts only on gauge fields. Thus, by adding to J terms of
the form 95 B_ and 6¢ &, it is possible to choose
Oly-D,B_]Q and O{y-D,E.}Q to be redundant.
Instead of Q[y - D, B_]Q or Q{y- D, £.}Q it may be
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convenient to choose an operator related through an
identity.

C. Power counting

The corrections of an effective field theory are small,
because the product of the short-distance coefficients and
the operators yield a ratio of a short-distance scale to a
long-distance scale. For light quarks in the Symanzik
effective field theory, the essential ratio is a/A™! = Aa,
and dimensional analysis reveals the power of Aa to which
any contribution is suppressed. In particular, B- and E-type
interactions of the same dimension are equally important.

For heavy quarks the physics is different, because mél
is a short distance. The ratio a/mé1 = mga should not
be taken commensurate with Aa [7]. Instead, interactions
should be classified in a way that brings out the physics.
It is natural to turn to HQET and NRQCD. Let us start
with heavy-light hadrons and HQET. £-type interactions
of given dimension are A/m times smaller than B-type
interactions of the same dimension. Because A/ mo <K 1
and Aa < 1, it makes sense to count powers of A, where A
is either of the small parameters [11,12,15]

A~ al, A/myg. (2.16)

This power counting pertains whether my < a, my ~ a, or
mg > a. Writing the corrections in the Symanzik fashion
(with Dirac quark fields Q and Q), each Zi is suppressed
by A*, with

s =dimL — 4 + nr. 2.17)

Here np = 0 or 1 for interactions of the form OB, Q or
Q& , Q, respectively. The sixth column of Table I ( labeled
HQET) shows the suppression of each interaction, relative
to the (leading) contribution from the light degrees of
freedom. In the following we call the power counting for
heavy-light hadrons, based on Eq. (2.17), “HQET power
counting.”
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Now let us recall how to classify interactions in quark-
onium according to the power of the relative internal
velocity, v. Because color source and sink are both non-
relativistic, chromoelectric fields carry a power of v, and
chromomagnetic fields a power of v* [22]. E-type inter-
actions are suppressed by a power of p/m, = v, analo-
gously to their suppression in heavy-light hadrons. Thus,
bilinears are suppressed by v’, where now

t=dimL — 3 + ng + 2np + nr, (2.18)
and ng(ng) is the number of chromoelectric (chromo-
magnetic) fields. The seventh column of Table I (labeled
NRQCD) shows the suppression of each interaction. In the
following we call the power counting for quarkonium,
based on Eq. (2.18), “NRQCD power counting.”

Glancing down the sixth and seventh columns of Table I,
one sees several terms of order A* and v%. From Egs. (2.17)
and (2.18) one realizes that some dimension-7 interactions
are of the same order. They are listed in Table II. There are
two interactions with four derivatives, six with the chro-
momagnetic field and two derivatives, and four with two E
or two B fields. A third combination of four derivatives is
omitted, using the identity D;D?D; = (D*)> + D - (B X
D) — B?. Other dimension-7 operators carry power A* in
HQET power counting, or v® (or higher) in NRQCD power
counting. Five combinations are redundant (as shown), and
we shall see below how they and the others arise in
matching calculations.

The (d, ny) = (7, 1) operator O{D?, & - E}Q and several
(d, np) = (8, 0) operators, all with ny = 1 and np, + nr =
3, have NRQCD power-counting v°®. Reference [22] in-
cludes spin-dependent ones, to obtain the next-to-leading
corrections to spin-dependent mass splittings. We have not
included these operators in our analysis, but a straightfor-
ward extension of the matching calculation in Sec. IVB 1
would suffice to determine their couplings.

Although this description of cutoff effects is somewhat
cumbersome, it provides a valuable foundation for our new

TABLE II. Dimension-(7,0) bilinear interactions that are commensurate, for heavy quarks, with those of order A> (in HQET) or v*,
v° (in NRQCD).

Dim Without axis-interchange symmetry HQET A* NRQCD '

7 OD}Q A3 v?

Zisﬁj Q iEiDjBiDjQ 5[2;7;‘D?] A 6

Ziij Q{Df i%;B;}Q » v®

Q(DZ)ZQ /\3 .U4

0{D? i3 - B}Q A3 V6

Qy-Di%-By-DQ S8[{y - D,iX - B}] A3 Vo

OD;i% - BD;Q A3 V0

OD - (B X D)Q 8[y- (D X B+ B X D)] A3 V0

O(X - B)*Q 8[{y - D, D] pe o8

OB - BQ A3 v8

Oa - E)Q S[[Dy, v - E] 5 v°

OE - EQ A3 V0
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action, given in Sec. IIl. To obtain the new action, we
simply discretize the interactions in Tables I and II, except
those with higher time derivatives. The discretization of
Qv - DQ is needed to obtain a lattice action that behaves
smoothly as mga — 0 [7], reproducing the universal
continuum limit of QCD. Similarly, discretizations of the
&-type interactions, such as Qe - EQ and O{y - D, D*}Q,
are needed to retain that feature here.

D. Heavy-quark description

For understanding the size of heavy-quark discretiza-
tion effects, it is simpler to switch to a nonrelativistic
description. (When m; # m,, it is also necessary to see
the connection to QCD.) The list of interactions is much
shorter, because the constraint y4h(i) = +1® removes
the £-type interactions. It is given in Table III, including
the dimension-7 interactions related to those in Table II.
Also, fewer changes of the field variables are possible:

) elp, (2.19)

h*) v he’, (2.20)
where now
J = ae,(y4sDy + m)) + a*ey(y4Dy + m))* + a>5,D?

+ a*85i - B, (2.21)

and similarly for J. To avoid C-odd inte_ractions, one
should choose equal parameters in J and J. Thus, there
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are four redundant directions of interest—all with time
derivatives of the (anti-)quark field. In the end, just as
many nonredundant interactions remain as in the Syman-
zik description. The heavy-quark description provides a
good way to estimate the size of remaining discretization
effects, as in Sec. V.

E. Gauge-field and four-quark interactions in the LEL

We now turn to interactions in the gauge sector of the
LEL, and also to four-quark interactions. The two are
connected when one considers on-shell improvement, be-
cause in quark-quark scattering short-distance gluon ex-
change generates the same behavior as four-quark contact
interactions. Here we give a cursory sketch of the gauge
action. Then we consider the four-quark interactions, in-
cluding details mostly for completeness. In practice (see
Sec. V), we find the four-quark corrections to be smaller
than those of the bilinear interactions analyzed in the
preceding subsection.

The gauge sector of the LEL is the same as for aniso-
tropic lattices, where one adjusts the action so that the
temporal lattice spacing a, differs from the spatial lattice
spacing a,. The short-distance coefficients are different;
here asymmetry between spatial and temporal gauge cou-
plings arises only from heavy-quark loops. Improved an-
isotropic actions have been discussed in the literature [23],
but full details remain unpublished [24]. We present the
details in Appendix C.

TABLE III. Bilinear interactions that could appear in the heavy-quark LEL through dimension 7.
Dim Without axis-interchange symmetry HQET A* NRQCD !
3 B&E p()
4 ﬁ(t)74D4h(i)
5 RS D2 &
K D?*h™*) A v?
_ﬁ(i)l‘ - Bh®) A vt
6 S y,DIR) €
h(t){74D4) Dz}h(i) 0y
E(i){y -D, a - EYh™® A2 v*
_W{y4D,, i% - B}R™) Op
")y, (D - E — E - D)h'® A2 vt
7 A A3 v
3. A DY, i3 B ) A3 0
> i i%,D;B:D A3 v°
h(i)(DZ)Zh(i) 23 v
WND?, i3 - BYh™) 2 v°
h'*)y - Di% - By - DA™ A3 v°
ft(t)D,-iE - BD;h®) 23 v6
9D - (B X D)h™) A3 v°
S - B)?2h® A3 v8
=B - B A3 vd
) (a - EYh™® A v°
WHE - ER® e 0
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We are most concerned here with effects that survive on
shell, so we study here the possible changes of variables for
the gauge field. With axis-interchange symmetry one
has [9,19]

A, A, + a’e,[D?, F/w] + azgzzejft“(c}fyﬂt“qf),
f
(2.22)

with a color-adjoint vector-current term for each flavor f of
quark (heavy or light). The appearance of g multiplying
the currents is a convenient normalization convention.
When one now considers giving up axis-interchange sym-
metry, one has

A4HA4+Q28A(D'E_E'D)

+ azgzzsjfl“@fﬂf“%),
f

(2.23)

PHYSICAL REVIEW D 78, 014504 (2008)
A—>A—a*(ey+6g)|Dy E]l+a*(es+6,)(DXB
+BXD)+a’g>y (g5 +8,;)1(Gpytqp),  (2.24)
f

which reduce to Eq. (2.22) when the s vanish.

For a moment, let us set &, = &, = 0 in Egs. (2.23)
and (2.24), and focus on the gauge fields alone. As dis-
cussed in Appendix C, there are eight independent gauge-
field interactions that arise at dimension 6. There are three
independent ways—parametrized by &4, 04, and §;—to
transform the gauge field, yielding three redundant direc-
tions. Similarly, there are eight distinct classes of six-link
loops, shown in Fig. 1, that can be used in an improved
lattice gauge action. In Appendix C, we show that three of
them—all three classes of ‘“‘bent rectangles’ in the bottom
row of Fig. |—may be omitted from an on-shell improved
gauge action.

The transformations involving the currents Gy, t“qs
are more interesting. They shift the LEL [cf. Equa-
tion (2.2)] by

FIG. 1.

Six-link loops available for improving the gauge action on anisotropic lattices: rectangles (top row); parallelograms (middle
row); bent rectangles (bottom row). Nomenclature from Ref. [19].
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£Sym g ‘ESym - azzsjf5f74(l) E—-E- D)Qf
f
+ GZZ(SU + 0,7)3s[Ds, v - Elgy
f
f

- azgzszf(qf'yMtaq‘f')(C?g’)/,u taCIg)
fg

- 02822 817(Gryit*ar) @,y it qy),
f8.J

(2.25)

where the derivatives act only on the gauge fields. The size
of these shifts—of order g? for four-quark operators and of
order g° for bilinears—is commensurate with the respec-
tive terms that already appear in Lgy,. Thus, the 2n,
parameters &, and 9 could be used to eliminate bilinears
or four-quark operators. For simulations it is prefera-
ble to remove the latter, namely G;y41°qsGryst®q; and
qarytqr - qryriqy.

We now list the dimension-6 four-quark interactions
in the LEL. For a single flavor, the complete list is in
Table IV, which also indicates that the current-current in-
teractions are redundant. Interactions with the color struc-
ture (7I'g)> may be omitted, because they can be related to
those listed through Fierz rearrangement of the fields.

When considering several flavors of quark, we must
keep track of flavor indices as well as color and Dirac
indices. The Fierz problem becomes more intricate, and we
shall find that color-singlet and color-octet structures
should be maintained. Let us start with Fierz rearrange-

PHYSICAL REVIEW D 78, 014504 (2008)

ment of the Dirac indices. The four-quark terms in the
LE L take the form

ZKXQfanCIg,Béhny%a
X
= _ZKXFXYC?faFYCImC_IhyFqu,B» (2.26)
Xy

where Ky denotes short-distance coefficients, the Greek
(Latin) indices label color (flavor), F is the Fierz rearrange-
ment matrix (with F2 = 1), and the minus sign comes from
anticommutation of the fermion fields. Equation (2.26)
leaves the flavor and color indices uncontracted, but to
get terms in the LE £, the color indices must be contracted
(one way or another), and the flavor labels must yield a
flavor-neutral interaction. Without loss, we can choose the
side of Eq. (2.26) such that the Dirac matrices contract
quark fields of the same flavor. Then one can use Fierz
identities for SU(N) generators (1T = —1%)

Ntogtss = —145195 — (N> = 1)8,56,5/2N,  (2.27)

a

Bapdys = Basdyp/N — 20451%5  (2.28)

so that the color indices are contracted across the same
fields as the Dirac and flavor indices.

After using Fierz rearrangement to bring quarks of the
same flavor next to each other, one is left with the inter-
actions in Table V. To be concrete, we consider n; flavors
of light quarks (with m, =< A) and two flavors of heavy
quarks (charm and bottom). We neglect the dependence of
the coefficients on the light-quark masses, because four-
quark interactions are already small corrections (of dimen-

TABLE IV. Four-quark interactions that could appear in the LEL (for a single flavor).

Dim With axis interchange Without axis interchange
6 (q1“q)® (0 Q)
(@yst"q)’ (Qyst* Q)
(qY;JHCI)Z gy (Q_?’HUQ)Z gy
(Qy:1Q) 3
(@vuvst“a)? (Qyayst“Q)?
(Qyiv51"0)?
(3i0,1q) (03,1 0)
(Qa;1Q)’

TABLE V. Four-quark interactions that remain when Fierz rearrangement is taken into
account. A sum over Dirac matrices I'y in each of the sets {1}, {y4}, {7}, {iZ}, {a}, {yvs},
{¥avsh {vs}is assumed. (With axis-interchange symmetry, the sets would be {1}, {y,}, {io .},

{y/.L 75}’ {’)’5})

Quarks Color octet Color singlet
Heavy-heavy . oIyt QQFXt" (0] . e
Heavy-heavy O 'x1°0,0,1'x1° Qs 0I'x0,0:I'x 0
H.eavy—.light Olxt°Q3 g, U'xt"q; Oy 0> g, I'xqy
Light-light 20/ xt"qr Y .G, Uxt"q, 20/ xar2,d,'xq,
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sion 6). In that case, the four-quark interactions can
be arranged so that only the SU(n;) flavor singlets
2 r4Uxt"qp and ¥ G ,I'xqy appear.

The parameters &,; and 6, may be used to eliminate
color-octet current-current interactions. For each heavy
flavor, one finds (Q7y,tQ)? and ¥,(Q7y,1*Q)? to be redun-
dant. For light quarks, we may neglect the differences in
the mass, so they have common parameters, and the flavor-
singlet combination (¥ ;G;y u1°qp)* is redundant. For the
light flavors, our list of operators is a Fierz rearrangement
of the list in Ref. [9].

The leading HQET power counting for heavy-light
four-quark operators follows from dimensional analysis
and Eq. (2.17): A" just as if the light-quark part were
replaced by three derivatives. Heavy-heavy four-quark
operators will be suppressed, once matrix elements are
taken, by a heavy-quark loop, leading to gZA%*"r,

In quarkonium, the size of heavy-light four-quark op-
erators follows similarly from Eq. (2.18): v3*"r. The va-
lence heavy-heavy operators are more interesting. They
must contain two contributions, one to improve t-channel
gluon exchange, and another to improve s-channel an-
nihilation. The former have NRQCD power counting
g?v3tmr ~ p*trr (since g% ~ v [22]). The latter are v?
times smaller, because the s-channel gluon is far off shell,
but the Dirac-matrix suppression is now v!~"r, leading to
g?v®™"r ~ y77r in all. In practice, the s-channel contri-
butions are suppressed further, when treated as an insertion
in a color-singlet quarkonium state. At the tree level, the
only color structure that can arise is the color octet. Its
matrix elements vanish in the QQ-color-singlet Fock state
of quarkonium, leaving the v3-suppressed QQA color octet
[25]. Color-singlet four-quark operators arise at one loop,
with an additional factor of g ~ v.

III. NEW LATTICE ACTION

In this section we introduce a new, improved lat-
tice action for heavy quarks, designed to yield smaller
discretization errors than the action in Ref. [7]. Our design
is based on several lessons from the preceding section and
Refs. [7,11,12]. First, it is important to preserve the natural
heavy-quark symmetry of Wilson fermions, so that the
coefficients K; stay bounded for all mga. (This feature is
spoiled in the standard improvement program designed for
light quarks, which introduces several new terms that grow
with m.) Second, the new lattice action is flexible enough
to match cleanly onto both the Symanzik description and
the nonrelativistic description.

Let us write the action as follows:

o0 1

S = SDZFZ + SO + Z Z S(d,nr) + S(iqéq’
d=5nr=0

3.1

PHYSICAL REVIEW D 78, 014504 (2008)

where S22 is the improved gauge action [Eq. (C7)], S is
the basic Fermilab action, the S, ) consist of the bilinear
terms added to improve the quark sector, and S;,5, denotes
four-quark interactions. S, consists of (discretizations
of) interactions of dimension d, with np as in the discus-
sion of power counting, Egs. (2.16), (2.17), and (2.18).
Including the interactions in S,y couples “upper” and
“lower” components, but allows a smooth limit a — 0.2
Our aim is to improve the action to include all interac-
tions of dimension 6. Then the power counting requires
us to include S(;() as well. Finally, S;,z, consists of
discretizations of four-quark operators, at dimension 6,
those of Table V.

The basic Fermilab action [7] is a generalization of the
Wilson action [8]:

So = moa* Y h()p(x) + @D h(x)yaDapyth(x)
- %asz P(x) Dgre P(x) + 5042 P(x)y - Digth(x)

1 -
= 5 Y ) AR ). (3.2)

We denote lattice fermion fields with ¢ to distinguish
them from the continuum quark fields in Sec. II. The
dimension-5 Wilson terms are included in S, to remove
doubler states. The remaining dimension-5 interactions are
[7.9]

1 -
Sso) = Sp = —5¢5{@ Y JOIZ - Bulx),  (33)

1 _
S5y =S = — ECEQVGSZ Y(x)a - Epp(x), (3.4

where the notation Sz and S is from Ref. [7], and the
discretizations D A yrats ASI) , B, and Ey,, are defined
below.

The new interactions in Eq. (3.1) introduced in this
paper are

ulats

S0 = 75062 PNy - Dy @ - EpyJip(x)

+ ZEaGZ ’L(x)')%(l)lat “Eyy — Epy Dlat)';l’(x):

(3.5)

Lattice NRQCD, which directly discretizes the continuum
heavy-quark action, can be thought of as omitting S, ;) in favor

of S(d+ 1,0)-
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Sen = 01062 ‘Z(x)Z'YiDilat A (%) + Cza6z PNy * Dy Al(:t)}lﬂ(x) + C3a6z PNy * Dy, i% - Biohih(x)

+230°) h(x)y + (Dyy X By + By X Dy )ih(x) + cppa®Dy () y4Dypae @ + Erodih(x),

(3.6)

S0 = c4a7z '»Z(x)z Afy () + 056172 '»Z(x)z Z{iEiBilav A jadip(x) + r5a7z '/_f(x)z Z i%[D;B;D ] ib(x)

i jFi

X i jFi

+ 260"y PEAD PX) + 2707 POHAL, i3 - Bidy(x) + 25a” Y P(0)[D;i% - BD ] h(x)

+r7a7 Y Py - Dyi - Biay - Dih(x) + rha’ Y (0[D - (B X D))utp(x) + rgpa’ D" P(x)(i% - Bia)*(x)

+ 2ppa” Y () By - By p(x) = rgpa’ > f(x) (@ - Ey)*(x) + zgpa’ > (x) Ery - Eyygip(x).

All couplings in Egs. (3.2), (3.3), (3.4), (3.5), (3.6), and
(3.7) are real; explicit factors of i are fixed by reflection
positivity [26] of the continuum action. Some of the im-
provement terms extend over more than one time slice, so
there are small violations of reflection positivity for the
lattice action. We expect that the associated problems are
not severe, as with the improved gauge action [27].

Equations (3.5), (3.6), and (3.7) contain 19 new cou-
plings. The convention for couplings c;, r;, and z; is as
follows. In matching calculations we find that couplings z;
vanish at the tree level, while the couplings c¢; do not.
Couplings r; are redundant and, for this reason, could
be omitted. The analysis in Sec. II gives the number of
redundant interactions, rather than the specific choices
of interactions themselves. The possibilities for the
dimension-7 redundant directions are as follows. One of
(c4, s, 15) is redundant; we choose rs. Furthermore, one
of (zg, 27, 7, rg), another of (z7, r7, rzp), and another of
(z7, ry, 1%, rpp) are redundant; we choose ry, r}, and rpp.
But because pragmatic considerations could motivate other
choices, we keep all of them in our analysis. This strategy
also provides a good way for the matching calculations to
verify the formal analysis of the LE L. In future numerical
work, we recommend choosing r,, as usual, to solve the
doubling problem (in practice r; = 1). The others may be
chosen to save computer time, which presumably means
choosing the couplings of computationally demanding in-
teractions to vanish.

The difference operators and fields with the subscript
“lat” are taken to be

Dy = (T, — T_,)/2a, (3.8)

3
Dpa =T, +T_, = 2)/a® AL = Djg (39)

lat
i=1

1 _
F oo = ryll sgnpsgna{T;T;T_;T_;
p=*po==*o
—TsT;T-5T ;] (3.10)

(3.7)

|
where the covariant translation operators 7., translate all

fields to the right one site in the = p direction, and multiply
by the appropriate link matrix [28]. These discretizations
are conventional for Sy + Sz + Sg. For the new interac-
tions, we have reused the same ingredients.

For the interactions with couplings rs and z5 one can
consider

[D;BiDlisi = DjiaBitaD jrao (3.11)
or
1
[D;BiDjhu = 5 5 [(1 = T-))BaulT; = 1)
+(T; = DBy (1 = T_))] (3.12)

In tree-level matching calculation, both lead to the same
dependence on rs and z}. Equation (3.11) has the advan-
tage that it reuses elements that are already defined (in a
computer program, say) for the dimension-4 and -5 actions.
Equation (3.12) is more local, however, and may have other
advantages. A FERMIQCD [29] computer code of the new
action indicates that Eq. (3.11) is faster [30]. This code also
indicates that it is advantageous to choose the redundant
directions so that one may set r5 = r; = 0.

The improved gluon action Sp:p2 is defined in Ap-
pendix C. The four-quark action S;,5, contains the obvious
discretization of the (continuum) operators explained in
Sec. I1E and listed in Tables IV and V: simply substitute
lattice fermion fields for the continuum fields, and assign
each a real coupling. When matching to continuum QCD,
the couplings in Sg,5, start at order g°, making them
commensurate with order-g> matching effects in S T
S(7,0» such as tree-level quark-quark scattering. To incor-
porate the four-quark action in a Monte Carlo simulation,
one would introduce auxiliary fields to recover a bilinear
action. In the next section we show, however, that these
operators are not necessary for the target accuracy of 1%—
2%, so this cumbersome setup can be avoided for now.

014504-10



NEW LATTICE ACTION FOR HEAVY QUARKS
IV. MATCHING CONDITIONS

In this section we derive improvement conditions on the
new couplings at the tree level. We calculate on-shell ob-
servables for small pa without any assumption on mga.
We look at the energy as a function of 3-momentum, which
is sensitive to ¢j, ¢, ¢4, and zg. We then look at the
interaction of a quark with classical background chromo-
electric and chromomagnetic fields. The former is sensitive
to cg, rg, and zg; the latter to all but cgg, rgg, Zgg, rgp, and
Zpg- To ensure that these results are compatible with the
improved gauge action, we next compute the amplitude for
quark-quark scattering. This step also matches the four-
quark interactions, which are not written out explicitly in
Sec. III. Finally, we compute the amplitude for Compton
scattering to match cgg, gp, 25E, Fgp, and Zpp.

A. Energy

The energy of a heavy quark on the lattice is defined
through the exponential falloff in time of the propagator.
For small momentum p the energy can be written

g 22
E=m; + P w4a32p?—(pl +--0, @D
i

%_6 8my

where the coefficients m, m,, my, and w, depend on the
couplings in the action. Appendix A contains the Feynman
rule for the propagator and recalls the general formula for
the energy, Eq. (A4). By explicit calculation we find

mya = In(1 + mya), 4.2)
1 202
= £ PRI 4.3)
mya  mya(2 + mya) 1+ mya
20( +6cy) | 1ryd —24cy
— , 4.4
" moa(2 + mga)  4(1 + mya) (@.4)
1 874 424 + 8r,2(1 + moa)
mia®  [mya(2 + mga)]? [mya(2 + mya)]?
ri? 32¢cy 8z
(1 + mga)> mya(2 + mya) 1+ mga’
4.5)

The dimension-6 and -7 couplings (c;, ¢4) and (¢, z¢)
modify w, and mya, but not ma or msa.

To match Eq. (4.1) to the continuum QCD, one requires
my = m, and w, = 0. From m, = m, one obtains the
tuning condition

PHYSICAL REVIEW D 78, 014504 (2008)
40— 1)
[moa(2 + mya)]?
_ [28 +4r(1 + mga) — 6r,2 /(1 + mpa)]
moa(2 + mya)

16§C2 =

3r§§4
(1 + mya)?

mya(2 + mya)
2(1 + mgya)
r3 §3 r2§2 ]

(1 +mpa)> 1+ mya

X [8z6 + (4.6)
which (at fixed mga) prescribes a line in the (c,, z¢) plane.
From w, = 0 one obtains the tuning condition

moa(2 + mya)

0=2722+60c; + (ryd — 24c¢y) 81+ moa)

, @47
which (at fixed mgya) prescribes a line in the (c;, ¢4) plane.
As mga — 0, both lines become vertical: the coefficients
¢y and ¢, of dimension-6 operators are fixed, whereas the
coefficients of ¢, and zz dimension-7 operators are unde-
termined. At this stage it is tempting to choose ¢, and z4 to
be two of the redundant couplings, but below we shall see
that there are better choices.

B. Background field

To compute the interaction of a lattice quark with a con-
tinuum background field, we have to compute vertex dia-
grams with one gluon attached to the quark line. The
Feynman rules are given in Egs. (A23) and (A24). Our
Feynman rules introduce a gauge potential via

U, (x) = exp[goA,(x + le,a)], (4.8)

where e, is a unit vector in the u direction, and take the
Fourier transform of the gauge field to be

d*k
2m)*

A background field would, however, lead to parallel
transporters

A x) =

e* A, (k). (4.9)

U,(x) = Pexp[go fol A,lx + seua)ds]. (4.10)
Equation (4.8) is a convention. If we use Eq. (4.10) instead,
vertices, propagators, and external line factors for gluons
would change, in such a way that Feynman diagrams for
on-shell amplitudes end up being the same.

To use the interaction with a background classical field
as a matching condition, we must compute the current J,,
that couples to the background field A, in Eq. (4.10).
Current conservation requires

k-J(k) =0, (4.11)

where k is the external gluon’s momentum. The usual
convention for A, (k), from Egs. (4.8) and (4.9), yields a
current J u satisfying
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k-J(k) =0, 4.12)

where IEM = (2/a)sin(k,a/2). One sees, therefore, that a
classical gluon line with Lorentz index w must be mul-
tiplied by

k, B kia2

—~l .
k, 24

n, (k) =

(4.13)

One should think of 7, (k) as a wave-function factor for the
external line. Its appearance has been noted previously by
Weisz [17].

In the rest of this subsection we match the vertex func-
tion in lattice gauge theory with our new action to that in
the continuum gauge theory. The incoming quark’s mo-
mentum is p, the outgoing p’, and the gluon’s K = p’ — p.
The current is given by (no implied sum on u)

Ju=n,(K)N(pPha(€', p YA, (p', pu(é, p) N (p), (4.14)

where A, (p’, p) is the vertex function derived in Appen-
dix A. The external quarks take normalization factors N
as well as spinor factors [7].

1. Chromoelectric field: p = 4

For the interaction with the chromoelectric background
field, we use the time component J,. To O(p?/m?) the
current in continuum QCD is

PHYSICAL REVIEW D 78, 014504 (2008)

where
1 _ I + {Pep
dmia®  [mga(2 + mya)?  moa(2 + mya)
%. (4.17)

The correct (tree-level) matching is achieved if one adjusts

=0 (4.18)
and (cg, rg) such that mp = m,:
) 2moa(2 + moa) _ (1) rd’
g CEg + re =
1+ mya moa(2 + mga) 1+ mya

ri{*mya(2 + moa)
4(1 + mya)?

(4.19)

At fixed mya the latter prescribes a line in the (cg, rg)
plane. As before, this line becomes vertical at mga = 0,
fixing ¢y = 1 and leaving r; undetermined.

To obtain conditions on cgg, rgg, and zgg, we shall have
to turn to Compton scattering in Sec. IV D.

2. Chromomagnetic field: p = i

For the interaction with the chromomagnetic back-
ground field, we use the spatial components J;. To

K2 =23 - (KXP O(p?/m3) the current in continuum QCD is
1y =g, o 1 2 (KXF) Jueo @y F /
where P = (p’ + p)/2. After a short calculation with the i = e, { i<% 2m3 ) 8m?
new lattice action we find 5 K 1 P2+ % K2
o —2i3 - (K X P) Eijit = f(% 4m? )
sy =€, 1 = >
g £ +eii%iPy }u(g 0). (4.20)
L]u(f, 0), (4.16)
1 + mgya After another short calculation we find
|
1 P*+1K>\ KP-K z;a?KP-K 1
J; = —iil ',O{P,-<—— 4 )— ! £ +-wg [P K> — K,P-K e, K i3 K>
(¢ 0) my 2m3 8mym2  my(1 + mya) g"ma [ 17 76 wma 2K

1 1 2 1 1
_ —w33a3gilejPli2 - P+ waa3Xi — §W4a3Pl-<Pl2 + —Kl.z) 12WBa 81111211( (K + K2)

I 4
1 / 3 . 2 1 2 2 1 2
1 P+iK? p-
N v s )+ ewitipiy }u(f 0). (“21)
where m,, m3, wy, and m% have been introduced already, 1 1 ry(rs = cp)®
and mya®  mia® (1 + ma)?
1 1 —9) 4~ 5
L Ik, § (4.22) M uh A ) (4.23)
mea  ma 1+ moa ’ 1 + mya
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_ 4G — cp) (1 + moa) | 16(c; — ¢3)¢

Bs [moa(2 + mya)]? moa(2 + mpa)
8
27 (4.24)
1 + mga
1625¢ 87,
— Wy, + = . @425
VB, T W, moa(2 + mpa) 1+ mya (4.25)
)
— wy, — 1”5 426
VB, = Wa, 1 + mya ( )
— 4 —
L= cpl (cs = 15) (4.27)
1+ mga
— 24¢, + 16(2¢5 +
wh = — 4 Cq4 (2¢5 ”5)_ (4.28)

4(1 + mya)

The term wya’X is discussed below.

Comparing Eqgs. (4.20) and (4.21), one sees that the first
four terms match the continuum if m, = my = my = m.
The other terms do not match unless one adjusts cg = ry
[7] and zg = O [as in Eq. (4.18)] and, furthermore, de-

mands wy = Wl = wg = wp, = wp = wp =

2 3

ry mya(2 + mya)

= _ 4.29
ST T+ mya) (4.29)

rh mya(2 + mya)
=t - — - 4.30
B 77 200+ mga) (4.30)

1 1

Cy ::517}§'+'§C34’+'2r5 GL31)
c5 = L—I‘CB{ + s, (4.32)
z27=2¢ t+ %(”7 —r7), (4.33)
2= (4.34)

Taken with Eqgs. (4.6) and (4.7), these tuning conditions put
eight constraints on the nine (nonredundant) couplings for
interactions made solely out of spatial derivatives (and,
hence, chromomagnetic fields). To eliminate z4 from the
right-hand side of Eq. (4.33), and to obtain conditions on
rgp and zpp, we shall have to turn to Compton scattering in
Sec. IVD.

Equations (4.29), (4.30), (4.31), (4.32), (4.33), and (4.34)
make concrete several abstract features of Sec. II. If one
would like to take ¢, to be redundant in Eq. (4.7), then one
cannot take rs to be redundant here, and similarly for z¢
and r; or r}. Also, a mistuned c5 — rs5 leads to wj # 0
and a spin-dependent contribution [1 + }wimaa(K? +
Kf)az]s,-j,iElK,-/Zmz. The mismatch here is suppressed

PHYSICAL REVIEW D 78, 014504 (2008)

by A2 in the HQET counting—as expected from
Table II—and by @’ in the usual Symanzik counting.
The only undesired term in Eq. (4.21) not yet discussed
is fwya’X;, where
X=X XKP—(iXXPP-K—P[i3 (KXP)]
+ (K X P)i% - P, (4.35)

_ 4r, (1 + mya)
X [mpa(2 + mya) P

16C2§

v moa(2 + moa)”

(4.36)

One cannot tune wy = 0. Fortunately, however, X = 0. A
simple geometric proof is as follows: if, by chance, P is
parallel to K, then setting P = K one sees that the last two
terms on the right-hand side of Eq. (4.35) vanish and the
first two cancel. In the general case that P is not parallel to
K, then K, P, and K X P are three linearly independent
vectors. But one easily sees that

K- X=P-X=(KXP)-X=0; 4.37)
thus, X = 0. Such identities are very useful in simplifying
expressions for the Compton scattering amplitude.

C. Quark-quark scattering

To match the four-quark action, S Gqgq> ONE Must work
out the quark-quark scattering amplitude. With the current
J,, derived in the previous subsection, this is a relatively
simple task. The main new ingredient is the improved
gluon propagator. For k?a?> < 1, one finds [17]

D, (k) = n, ()D (k)n, (K[1 + xa’k*] + O(a?),
(4.38)

where x is the redundant coupling of the pure-gauge action,
cf. Appendix C and Ref. [19]. This approximation suffices
for evaluating 7-channel gluon exchange. Once the bilinear
action has been matched correctly, the lattice amplitude
(using, say, Feynman gauge) is clearly merely

A (12> 12) = A (12 — 12) + xd?19J, - 19,
(4.39)

where 1 and 2 label the scattered quark flavors, and both ¢
have uncontracted color indices. We find, therefore, that
the tree-level couplings of S;,;, are, at most, proportional
to x. They can be eliminated, at the tree level, by setting
x = 0, with the added benefit of simplifying the gauge
action Sp2pe2.

Note, however, that the approximation in Eq. (4.38) and,
thus, Eq. (4.39), breaks down for s-channel annihilation of
heavy quarks. As discussed in Sec. I E, these interactions
are suppressed for other reasons, so the four-quark opera-
tors needed to correct them may be neglected.
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D. Compton scattering

The matching of Secs. IVA, IV B, and IV C leaves four
nonredundant couplings of the new action undetermined:
26> Cgg> Z2pgs and zgp. To find four more matching con-
ditions, we turn to Compton scattering. We shall proceed
with the gauge-action redundant coupling x = 0.

The amplitude is

Ath(gg — qg) = Y &,k n, () My e, ()n, (K),
mv

(4.40)
|

Mif, = 10, (R)N (pha(g',
+ 1920, (KN (pa(€,
— e 3, (KN (pa(é',
= ot In, ()N (p)a(€',
+ 1eVabe (k, — K/,

nrvo

where g=p+k=p +k, ¢gd=p—k =p' —k, and
K =k — k' = p’ — p. The propagator S(g) and vertex

factors A,, X,,, and Y, are defined in Appendix A.I

Vihio(k, =k, =K) = if**“[n,(k)n

1
X (l - —2 ,,Mkzaz) + Ek’u’(k;;

Note that the factors n,(K), etc., arise naturally. Note also
thatK-J=k-e=k-& = k? = k' = 0, so most of the
lattice artifacts in the vertex drop out. The remaining one is
necessary to cancel a similar lattice artifact from the other
diagrams, cf. Eqs (B10) and (B11).

We may choose the polarization vectors such that €, =
€, = 0. Then we need only focus on M,,,. We have
verified that M 4 is improved by (a subset of ) the improve-
ment conditions needed for A(gg — gg) calculated with
these polarization vectors.

To present the results, let us introduce some notation.
Write the momenta as

k,a, p k,a, pu

(K (K)7H8 [ (k + &), (1 =

PHYSICAL REVIEW D 78, 014504 (2008)

where €, and €,, are continuum polarization vectors, and
,’M“b denotes the sum of Feynman diagrams shown in
F1g 2. The factors n,(k') and n, (k) appear in Eq. (4.40)
to account for lattice gluons. With them one can verify that

D e (kn, (K)n, (k)E, (k) = =D, (k), (4.41)
pol.
as usual. We find it convenient to associate these
factors with the diagrams and introduce Mff’,, =
n,,(k’).’f\/lzb,,n#(k). Then

PN, @S(@A (g, p)u(é, p)N (p)n,, (k)
PIAL(P, q)S(g)A L (g, p)ulé, p)N (p)n, (k)
paX,,(p, k —K)u(& p)N (p)n, (k)
p)aY ., (p, k —K)u(é p)N (p)n, (k),
—K)D ., (K)n,(K)N (p'a(¢',

PIA(P', pu(é, p)N (p)n,, (k), (4.42)

[
The gluon propagator, to the accuracy needed, is given in
Eq. (4.38), and to the same accuracy the triple-gluon vertex
is (with x = 0)

K*a®) + 5K, (kK — k2)a*] — 8,,[(K — K),

130
— K3)a?] = 85, [(K + k), (1 — $58,,k%a%) — 13k, (K5 — kg)a]}.
(4.43)
= +p)/2 (4.44)
= (k+k')/2, (4.45)
K=p —p=k—FK, (4.46)
so g =P+ R and ¢ = P — R. Note that Py = —iP, =

2my + - - - is larger than the other momenta, and K, =
—iK, = (p" — p?)/2m, is smaller. Next separate the dia-
grams according to a color decomposition,

Mab, = Heo, PY M, + 314 21N, (4.47)

k,a,p K by k.a,p

K o

FIG. 2. Feynman diagrams for Compton scattering in lattice gauge theory.
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where the second term would be absent in an Abelian
gauge theory. Finally, write

3 n

M/w:z

n=0s=

Ry~ M, (4.48)
0
and similarly for N,,,, where the superscript (n, r) de-
notes the power in 1/m and R,.

Most of these terms are well matched with Egs. (4.18),
(4.19), (4.29), (4.30), (4.31), (4.32), (4.33), and (4.34). New
matching conditions come from .’M,(,f’,,z) , N 53’”2), .7\453’,,0) ,
and NV 53‘,,0). The (n, r) = (3, 2) amplitudes are

o 2037550
Mth) _ mn_ A" ZEE mn’ (449)
dmy. 1+ mya
NG = 78’”’“‘52", (4.50)
4my
where
[ 8[¢ + Lcpdmpa(2 + mya) P
Mypa® [moa2 + mya)P
2
+ 4
[moa(2 + moa)*
n 16cgrd 8(cepd + rep)
mya(2 + moa)(1 + mya) 1+moa
(4.51)
To match to continuum QCD one requires
zge =0 (4.52)

and the adjustment of (cgg, rgg) so that mpp = m,. As
with, say, (cg, rg), at fixed mga the latter prescribes a
line in the (cgg, rggp) plane, which becomes vertical at

mya = 0, fixing cgp = — % and leaving rgr undetermined.
The (n, r) = (3, 0) amplitudes are
2a°
MG = MED | aiched — W(ZBB + 2zt —rpp
— )M, (4.53)

an = 5mrL(R2 - iKz) - (Rm - %Km)(Rn + %Kn)’

(4.54)
2a°
NE’S;IO) = Nﬁg;’l())lmatched - W(Zﬁ + 7'7 - rBB - Z/7)Nmnr
(4.55)
Nopn = Smnr(RriE "R — %Krlz -K) — %(iznsmrs
+i3, 8, )R K, (4.56)

where ‘“matched” denotes terms (spelled out in Appen-
dix B) that already match, if the conditions derived so far
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are applied. Equations (4.53) and (4.55) yield the new
conditions

Zpp T 2% — 25 = Tgp — ' 4.57)

6 — Z/7 = TIgp — I7. (458)
Solving these, and noting z;, = r} [Eq. (4.34)], we find

zpg = 0, (4.59)

g =rgg trh—ry (4.60)

which completes the set of conditions needed to match the
new lattice action.

E. Matching summary

Equations (4.6), (4.7), (4.31), (4.32), (4.33), (4.34),
(4.59), and (4.60) can now be combined to yield

moa(2 + mya)

6{01 = _£2 + (CBg + 6}’5) , (461)
1+ moa
167 42— 1)
C =
2 [mpa(2 + moa)P
P24+ 4r,(1 + mya) — 6% /(1 + moya)]
mya(2 + mya)
3r2ct moa(2 + mya)
s + /
(1 + ma):  2(1 + mya) [8(% "7
343 242

S 14 - rid ] (4.62)

(1 +mpa)* 1+ mpa

ry moa(2 + moa)  (ry, — cp) (1 + mga)
c3=cy +—
3 20 201+ mya) 4mya(2 + mya)
(4.63)
ey = 3rl +iepl + 2rs, (4.64)
Cs = é—l‘CBg + rs, (465)
rh mya(2 + mya)

= "= 4.66
S 77 200+ mga) (4.66)
26 = rpp T 15— 17, (4.67)
27 = rgg — %(r7 —rh), (4.68)
zh =rh, (4.69)
255 = 0. (4.70)

To run a numerical simulation, we would like to have as
few new couplings as possible. The matching calculations
verified the presence of several redundant directions. We
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may, therefore, take

rs=ry;=rh=rgg =0 4.71)
to all orders in perturbation theory. Hence
Cp = Ty, 4.72)
1 mya(2 + mya)
— 4 ST 0D 473
“l 6Z ‘r 6(1 + mya) (4.73)
€= C3
_ £ -1)
[2mya(2 + mya)?
LA 2r(1 + mga) — 3,07 /(1 + moa)]
8mya(2 + mya)
3r23 moa(2 + moa)r:{
16(1 + mya)? 32(1 + mga)?
X [L - 1], (4.74)
1+ mpa

cepl2 + mya(2 + mya)] = (&% = D1 + mga)

cpd (& = 1(1 + mga)
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ey = 5qr5{ +3cpd, (4.75)
¢s = ycpl (4.76)

and
3=24=27=2,=233=0. 4.77)

From the chromoelectric interactions we require mg = m,
and mgr = m,, whence

r2mya(2 + mya)

-1 T
4(1 + mya)?

1+m0a

‘e~ moa(2 + moa)
_rg 2mya(2 + mya)

714 (4.78)

{rnd — 1 = moa) + lrvcEg'2 + 2rpl

[mya(2 + mya)

mya(2 + mya)

rerpmoa(2 + mpa)  rpg

2mga(2 + mga) 2

1
— Zc%{(l + mga) +

and we also find

Without loss one may set the redundant rp = rgp = 0 to
simplify the action and Eqgs. (4.78) and (4.79).

In summary, of the 19 new couplings in Egs. (3.5), (3.6),
and (3.7), we find only six that are nonzero at tree-level
matching. Moreover, once the bilinear action has been
matched, and the redundant gauge coupling x = 0, the
only nonzero four-quark interaction would correspond to
(highly suppressed) QQ annihilation. In the next section
we shall examine the size of the remaining uncertainties, to
justify that this level of matching suffices.

V. ERRORS FROM TRUNCATION

In this section we give a semiquantitative analysis of
heavy-quark discretization effects with the new action. Our
aim is to study the accuracy needed in matching lattice
gauge theory to continuum QCD. Several elements are
needed. First, we need estimates of the mismatch at short
distances. This is straightforward, because the calculations
of Sec. IV can be applied to work out how large the
mismatch is for the unimproved action. Second, we need
estimates of the long-distance effects, which is possible
parametrically, by counting powers of A and v. Finally, the
size of discretization effects depends on the lattice spacing

1+ mga

?moa(Z + mgya), (4.79)

[
(obviously) so we must note the range that is tractable

today and in the near future.

The error analysis is convenient using the nonrelativistic
description. Heavy-quark effects of operators that are re-
lated as in Egs. (2.14) and (2.15) are lumped into one short-
distance coefficient C}* per HQET operator in Table III. In
Sec. IV the short-distance coefficients are 1/2m,, 1/2mg,
1/4m%, 1/8m3, wy, wg, etc. In the corresponding contin-
uum short-distance coefficients C{°™, these masses are
replaced with a single mass m,. To eliminate discretization
effects from the Kinetic energy, one should identify m,
with mj.

Comparison of Egs. (2.5) and (2.6) then says that heavy-
quark discretization effects take the form

error; = (C& — C5")(O;). (5.1)

For example, the error from (p?)?/8m3 is

- [ 1 3((p2)2

error,, (8mia3 (2m2a)3)a {(p?)?). (5.2)
See Refs. [11,12] for further details, and Ref. [31] for the
application of this technique to compare several heavy-
quark formalisms. We estimate the matrix elements (©;)
using the power counting of HQET and NRQCD for heavy-
light hadrons and quarkonium, respectively. The power of
Aor v is listed in Table III. The coefficient mismatches are
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obtained from Sec. IV, where explicit expressions show
how the coefficients depend on the new couplings. In par-
ticular, when the new couplings vanish, we derive the
mismatch for the Wilson and clover actions.

Explicit calculations of the mismatch at higher orders
of perturbation theory are not yet available. (They would
be tantamount to higher-loop matching.) Nevertheless, the
asymptotic behavior remains constrained, when mya < 1
because of the presence of the £-type operators, when
mpa<k1 by heavy-quark symmetry, and when mpa ~ 1
because the Wilson time derivative ensures only one pole
in the propagator [11]. It turns out that the most pessimistic
asymptotic behavior for 1/2mg, 1/4m2, etc., is the same
at higher orders as in the tree-level formulas in Sec. IV.
It seems reasonable, therefore, to multiply the tree-level
mismatch with o/, to estimate the /-loop mismatch. We use
one-loop running for «(a) starting with a (1/11 fm) =
1/3. This yields the high end of the Brodsky-Lepage-
Mackenzie coupling [32] calculated for similar quanti-
ties [33].

The resulting estimates for the mismatch of rotationally
symmetric operators are shown in Fig. 3, as a function of
the lattice spacing a = mya/mg, Q € {c, b}. We show the
relative error in mass splittings, which are of order A in
heavy-light hadrons and of order myv? in quarkonium.
The left set of plots uses HQET power counting, for
heavy-light hadrons, while the right set of plots uses
NRQCD power counting, for quarkonia. The light gray
or red (dark gray or blue) curves show the estimate for

HQET for heavy-light

relative error

PHYSICAL REVIEW D 78, 014504 (2008)

hadrons containing ¢ (b) quarks. The dotted curves show
the error when the corresponding correction term is omit-
ted completely, i.e., the errors in the Wilson action. The
dashed (solid) curves show the estimate of the error for
tree-level (one-loop) matching. The vertical lines highlight
a = 0.125, 0.09, 0.06, and 0.045 fm, corresponding to the
ensembles of gauge fields with ny = 2 + 1 flavors from the
MILC Collaboration [34].

To drive each contribution to heavy-quark discretization
effects below 1%, we find that one-loop matching is nec-
essary for cp, the coupling of the chromomagnetic clover
term. Tree-level matching is sufficient for the chromoelec-
tric clover coupling cg, though one-loop matching would
be desirable for charmonium and charmed hadrons. The
lowest plots, labeled from 1/ 8m§1 are for the relativistic
correction terms, with couplings ¢, and z4. They also apply
to 1/ Smg, and the related chromomagnetic couplings c;
and z;. The one-loop mismatches of four-quark interac-
tions are suppressed not only by a loop factor, but also by
A% or v2, so they should fall below 1% too.

Similar results for operators that break rotational sym-
metry are shown in Fig. 4. To drive these contributions to
heavy-quark discretization effects below 1%, we again find
it sufficient to tune the couplings of the new action at the
tree level.

There are some other noteworthy features of Figs. 3 and
4. For mpa <1, the discretization effects vanish as a
power of a, as one would deduce from the Symanzik ef-
fective field theory. Because we identify m, with the mass

NRQCD for quarkonia

relative error

10 3 T T T T E E T T L T E 10
= F R (S I B P I N
s [ e ] s
— 10 F PP i 4 F A1 410
g E el LT 1 E s T o //; g
£ F_ocoe7 1 1 Bt L1 ] £
E==- // 1 L /::::,/’ /j/ ]

107'E = 1 E < 110"
i F 1t ’E o
3 B -1 I B - ) e 5
z 0°F A 1 F - 1440 -
£ F T EN: ’,11’_,— / £

e e B -t =

10_1;/ f f %"1/1 i } e ?I . ¢/§1/ — } 10"
'”O%" L 1 [ ’,//Z ‘”O%"
= ~ oS
Z 10°F -4 F ' A=A 44107
= E P E - E =
o = v 3 - v 3 o
= u PR / C 1.7 ] =

- // Pz - L // '// 4

1073 L 1 ' D Sl 5 z 1 Z 1. i 10*3

0.01 0.1 0.01 0.1
a (fm) a (fm)

FIG. 3 (color online).

Relative truncation errors for the new action. The light gray or red curves stand for ¢ quarks; dark gray or blue

for b. Dotted curves show the error when the contribution is unimproved. Dashed and solid curves show the error for tree-level and
one-loop matching, respectively, of the needed operators. A = 700 MeV, m. = 1400 MeV, m;, = 4200 MeV; vi. = 0.3, vlz]-b =0.1.
Vertical lines show lattice spacings available with the MILC ensembles [34].
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HQET for heavy-light

relative error

PHYSICAL REVIEW D 78, 014504 (2008)
NRQCD for quarkonia

relative error
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FIG. 4 (color online).
curves have the same meaning as in Fig. 3.

in the C{°™, the powers of a are balanced by A or myv,
not my. Had we identified m; with the physical mass,
errors of order (mgpa)" would have appeared. For mpa ~
1, the tree-level curves flatten out. The error cannot grow
without bound, because of the heavy-quark symmetries of
the Wilson action and our improvements to it. Indeed, the
curves for the b quark are usually lower than those for the ¢
quark, which bodes well for calculations relevant to
the Cabibbo-Kobayashi-Maskawa matrix. The underlying
reason for the pattern is that the static approximation works
better for b-flavored hadrons than for charmed hadrons.
The l/mz contributions start out smaller, so their mis-
matches are also smaller. Similarly, the leading NRQCD
works better for bottomonium than charmonium. The mis-
matches from 1/8m3 and w,/6 deviate from the pattern,
however, because NRQCD’s relative suppression v, /v,
is not as strong as HQET’s (m,/m,;)?. Mismatches from
wp /4 and (wq + w)})/4 are of order v* and again follow
the pattern.

In tree-level improvement, one should avoid choices
where it is known that one-loop corrections from tadpole
diagrams will be large [35]. Therefore, we envision follow-
ing some sort of tadpole improvement. In the action, write
each link matrix as uo[U,, /u,] and absorb all but one pre-
factor of u, into tadpole-improved couplings ¢&; and 7. [In
several cases, it will be necessary to expand expressions
such as Dy, Ay, Ady,, and Eq. (3.11), to eliminate any
instance of U ,LU;Q = 1 before inserting u,.] Then apply
the conditions of Sec. IV to ¢; and 7; instead of ¢; and r;,
and take the u, factors in the denominator from the
Monte Carlo simulation.

Relative truncation errors for the new action, from discretization effects that break rotational symmetry. The

VI. CONCLUSIONS

In this paper we have presented the formalism and
explicit calculations needed to define a new lattice action
for heavy quarks. Our aim was to obtain an action whose
discretization errors would be < 1% at currently available
lattice spacings. Combining our matching calculations,
power counting, and the heavy-quark theory of discretiza-
tion effects, we have argued that the proposed action
should meet its target. Setting to zero the redundant cou-
plings and those that vanish when matched at the tree level,
our action can be written S = Sy + S + Sg + Spew, Where

Snew = claﬁg &mgwnal A (%)
+ 03 Pty - D Ay ()
+ cgaﬁé JONy - Dy i3 - By J(x)
+ cEEaﬁg POY4D i @ + Erg3ip(x)
+ wﬂg Jf(x)g A ()
+ c5a7§ P DS B A jradth(x).

[

(6.1)

The new action has six additional nonzero couplings,
which depend on the couplings in Sy + Sz + Sg according
to Egs. (4.73), (4.74), (4.75), (4.76), and (4.79). To achieve
1% accuracy, S must be, and S could well be, matched at
the one-loop level [36].
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Another lattice action achieves similar accuracy for
charmed quarks, namely, the highly improved staggered
quark (HISQ) action [37]. Our approach is computationally
more demanding than HISQ. Its advantage, however, is the
intriguing result that our discretization errors for bottom
quarks are smaller than for charmed quarks. That means
that experience with charmed hadrons and charmonium
can inform analogous calculation of properties of
b-flavored hadrons.

Finally, we note that there is tension between the most
accurate calculation of the D, meson decay constant, fp
[38], which uses HISQ, and experimental measurements
[39]. Our action is a candidate for the charmed quark in a
cross-check of the HISQ f , because its discretization
errors can be expected to be small enough to strengthen
or dissipate the disagreement, while possessing different
systematic errors.
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APPENDIX A: FEYNMAN RULES

In this Appendix we present Feynman rules for the new
action needed to carry out the matching calculations of
Sec. IV. These are the quark and gluon propagators and
three- and four-point vertices. The corresponding Feynman
diagrams are shown in Fig. 5.

The quark propagator [Fig. 5(a)] is modified only
through ¢,, ¢y, z6, and c¢y. It reads

aS~!(p) = iyysin(psa) + iy - K(p) + u(p) = cos(psa),
(AT)

where

Ki(p) = sin(p;a)l{ — 2c,p°a® — e pia’]  (A2)

k l
4, a 4, b
(e
P P
j i
4 »
k l
4, a m, b
()
P )24
j i
4 »
k l
m, a n b
(&

Feynman rules for the action S given by Egs. (3.1), (3.2), (3.3), (3.4), (3.5), (3.6), and (3.7).
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R 1 .
w(p) =1+ mya + pzaz[i ryd + zﬁpzaz]

+ ¢y (pia) (A3)
The tree-level mass shell is p, = iE, where the energy
satisfies
1+ p?+K?
coshEq = —F T2 (Ad)
2u(p)
Incoming external fermion lines receive factors
u(é&, p)N (p) or v(& p) N (p), where
L 1/2
Np=———=] , A5
(p) (M(P) sinhE) (&)
L + sinhE — iy - K
u(é, p) = 2w 0, (a6
v2L(L + sinhE)
L + sinhE + iy - K
vl p) = Y S0, (A
v2L(L + sinhE)
L = u(p) —coshE; y,u(¢,0) =u(£0), yav(0) =

—v(&,0). Outgoing external fermion lines receive fac-
tors N(p)i(¢, p) or N(p)v(¢, p), where (g, p) =
ut (&, p)ya, 0(& p) = v1 (£ p)ya.

The gluon propagator [Fig. 5(b)] is not easy to express in
closed form. We refer the reader to two papers of Weisz for
details [17] and a correction [18] for the propagator on
isotropic lattices. The improved vertex is in Ref. [18].

Now let us turn to vertices with one [Figs. 5(c) and 5(d)]
or two [Figs. 5(e)-5(g)] gluons attached to a quark line.
The new terms in the bilinear part of the action are all built
from difference and clover operators that already appear
in Sy + Sp + Sg. Consequently, the new terms in the
Feynman rules for these vertices can be obtained using
the chain rule.

The difference operators are given in Egs. (3.8), (3.9),
and (3.10). To simplify notation, let us drop the subscript
“lat” in this Appendix. One-gluon vertices need

D, (P, k) = WDy _ s [<P+1k> ]
T R AU W
(A8)
AN
A M“<P,k>=aAz(‘”k)

= got*8,,(2i/a) sin[(P + %k)#a], (A9)
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F a(k) — 8F
poK dAY (k)
= got° cosikﬂa[éﬂ,,iSp(k) = 8,piS (k)]
(A10)

It is convenient to write out the chromomagnetic and
chromoelectric cases of Eq. (A10):

dB; 1 .
B, (k) = 3T (0 = —got? COS(E kma)sm”»zS,(k),
(A11)
. oE; u 1 .
zm ( ) - aAg,(k) = &of COS(Ekma)amilS4(k)r (AIZ)
(k) = i S cos(lk )'S k), (Al3)
l4 aAu(k) gO 2 4a 14 1 )

since Bi = %siijjk and Ei
gluon vertices need

= F4; appear in Eq. (3.1). Two-

a’D,,

D, P k)=——"1L
pour®( ) dA% (k)IAL(1)

= goz{t“ tb}6w pudl
X sin[(P +1K) a],
2 /u

A,
dA% (k)dAL(1)

(A14)

Ap ™ (P ok 1) =

51
= 80 E{ta [}5,“,, p,u
1

X cos[(P + —K) a:l, (A15)

2
where K = k + [. For the clover operator it is convenient
to introduce
C,(k 1) = 2cosj(k + [) ,acosil, acosi(k + 1),a costk,a

— costk, a cosil,a. (A16)
Then one has (K =k + )

9*F
aA% (k)aAb (1)

— g, zb]{(a,m o = 8,008,,)C ok )

F (k1) =

po,puv
1,
- Zﬁ,u,va K,u,[a,u,p(szr(k) - Sa'(l))

— 8,55, (k) — Sp(z))]}, (A7)
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9’B;
B, k) =——+——
o D = g 0aAkD
= g%[ta’ tb]{smnicmn(k’ l)
1 .
- Z8mn8mria2Km[Sr(k) - Sr(l)]}! (AIS)
0°E;
E. a(kg)=— "t
(8 1) A5, (k) oA (1)
1 .
= g%[ta’ tb]Zémnamiasz[S4(k) - S4(l)]:
(A19)
0°E;
E "] =——"""—=g2t"1%15,:Csn(k, ]),
(A20)
0°E;
E ) = — "
sk ) 9A4(k)9AL (1)

= —gilr, 1R IS0 ~ SO (A21)
|

PHYSICAL REVIEW D 78, 014504 (2008)

The Feynman rules for one gluon are then

Figs. 5(c, d) = —got{; A, (p', p), (A22)

with

AP p) = 74 cosB(p’ +pha - B (' + plaa
+ écEg’aa - S(k) cos(% k4a) + irga’y,2
{80 % (S + S eos(5 kaa) — (o
— zp)a*y,S(k) - [S(p') — S(p)] COS(% k4a)

1
+eppaly - S[S4(p) — Sa(p)] cos(E k4a),
(A23)

1 1 1 1 ]
Am(p/: P) = Z’Ym COS[E (pl + p)ma] - irséISin[E (p/ + p)ma] - icBgasmriEiSr(k) COS(E kma) - %CEgaamSAL(k)

o k) = irea s S iS00S, () + S, cos(3 k) + (5 = 200y SuOSu(P) = ()]

< cox(3kna) ~ sy, cosB(p' +pha |7+ 59+ v [SG) + ST pla

1

1 ~ R —_—
— s era®yuleos 5 (0 + pla |35 + 52+ 1S, + SupIPF P} = csaenayirsS 0

X [5i0") + S, (p)oos( 5 na) + (e5 = z5)ay - SIS () — Si(p)eos(5ku) = (e5 = 25)a27, (0

[8() = SN cos(5 kna) — crra v SRS P = Silpeos(5kna) = 2@ (07T PuE? + )

P A . . 1
—icy@(p' + p)u(Pin + ) — (27 + ¢5)a’ e, 28, (k) (p™ + PZ)C05<E km“) + 5@ 8, 2:S,(k)

1 1
X (1%2 + ﬁlz) COS(E kma> + r5a3SmriEiSr(k)[Si(p/)Si(p)] COS(E kma) + (r7 - Zl7 - rS)a38mri2iSr(k)

XIS - S(p)leos(5kna) = riaenS(PE - S(p) + SipE - SIS, (k) cos(5 k)

il = LS, (PSP - S = SIS - SR cos(5 k).

In the r5 and Z5 terms, Eq. (3.11) has been assumed. If
instead one prefers Eq. (3.12) then replace

[Sj(P/)Sj(P)] - [COS(%kja)IA’}IA’j]-

Both choices have the same effect on Eq. (4.21).

(A24)
The two-gluon rules are
Figs. 5(e, f, g) = —1g&{1, 1*};,aX ., (p, k. 1)
—3golt, 1" ]jaY u(p kD), (A25)
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with

Xown(p K, 1) =

where now p’

X44(P, k, l) =

X4m(p; k, l) =

i£8unYm sin(%sma) — 1l cos(%sma) — 2rEa8m,,iy4Ei[cos(%sna) cos(%kna) cos(%kma)&(k)

— cos(ls,,a) cos(3l,,a) cos(bl,a)Sy ()] + i(rg — zg)a*y48,,, sin(s,,a)[S,,(k)S4(k) + S, (DS4(1)]

+ dicyy,[cos(3s,,a) cos(3l,a) sin(3s,a) cos(3k,a) + sin(s,,a) sin(3l,,a) cos(s,a) sin(3k,a)]

+ 4icyy,[sinys,,a) Cos(%lma) cos(%s,,a) cos(3k,a) + cos(%sma) sin(%lma) sin(%s,la) sin(%k,,a)]

+ 2icya8,,, cos(s,a)y - [S(p") + S(p)] — icya? 8, sins,,a)(p? + p?)

+i¢1a8 1, Y8 ml4 cos(ls,,a) cos(k,,a) cos(l,,a) — 11+ 2ic38,,,v4ys[sin(l,a) cos(s,,a) cos(l,,a)
X cos(3l,a) — sin(k,a) cos(3s,a) cos(3k,a) cos(3k,,a)] + 2i(cs — z3)ail 8,y + S() = ¥, 8,,(D)]

X sin(}s,,a) sin(3l,,a) cos(3l,a) + [8,,v - S(k) — v,,S,(k)]sin(s, a) sin(3k,a) cos(3k,,a)}

— 8z¢[sin(ds,,a) cos(l,,a) sin(ls, a) cos(3k,a) — cos(s,,a) sin(3l,,a) cos(s,a) sin(ik,a)]

— 2z¢a%8,,, cos(%s,,,a)(i)\’2 + p?) — 2¢4a*8,,,,{cos(s,,a) (P + p2) + cos[L(k — 1),,als2, — ki, }

+ 2i(z7 + ¢5)a*2.[8, €., (k) cos(k,,a) cos(Ek,a) + §,,6,,:5,(D) cos(3l,a) cos(3,,a)]

+ 2icsa’€,,[8,2, S, (k) cos(k,,a) cos(tk,a) — §,,2,,S,(1) cos(3,a) cos(l,,a)]

+ irsa€,, 42,8,(5)S (k) — 2,,5,,(5)S,(1)} cos(k,,a) cos(3l,a) + ir;a*3, €,,:8,(k)M[S:(p')

+ Si(p)]cos(ls,a) cos(k,a) + [S;(p") — Si(p)]sin(Es,a) sin(Gk,a)} cos(Gk,a) + ir;a*3,€,,:8,(])
XALSi(p") + Si(p)]cos(zs,,a) cos(3l,a) + [Si(p') — Si(p)]sinGs,,a) sin(3l,,a)} cos(3l,a)

= ir70° €S, ()% - {[S(p') + S(p)]cos(3s,a) cos(k,a) + [S(p') — S(p)]sinGs,a) sin(3k,a)}

X cos(k,,a) + ir;a*e ., S, (D2 - {[S(p") + S(p)]cos(3s,a) cos(l,a) + [S(p') — S(p)]sin(ls,,a)

X sin(},,a)} cos(il,a) + i(Zh + rs — r7)a*e,,,:S,(s)2;S, (k) cos(3k,,a) cos(3l,a) + i(zh + rs

— 171)a?€,,,;8,,(5)2:S,(1) cos(k,,a) cos(3l,a) — (rh — r7)a*S,(K[S,.(p") — S, (p)]cos(ys,a) cos(3k,a)
X cos(k,a) — (rh = r1)a*S,,(D[S,(p") — S.(p)]cos(ls,a) cos(il,a) cos(l,a) — () — ry)a*S, (k)

X [Su(p) + Su(p)]sinGs,a) sinGk,a) cosGk,a) — (ry — r7)a*S,, (D[S, (p') + S,(p)]sin(3s,.a)

X sin(3l,,a) cos(3l,a) + (rh — ry)as,,,S(k) - [S(p') — S(p)]cos(3s,,a)cos®Gk,,a) + (rh — r7)a*s,,,S()
“[S(p") = S(p)]cos(ysna)cos* Gl,a) + 3(rh = r7)a* 8, 8,18 (K)S(k) + S,,(DS(1)} - [S(p') + S(p)]
+ 2(rgp — ZBB)aZ[(SmnS(k) -S() = S,,(D)S, (k)] COS(%kma) COS(%lna) — 2(rgg + ZEE)aZanS4(k)S4(l)
X cos(3k,,a) cos(l,a), (A26)

=p+k+lands=p +p=2p+k+1

iyasin[3(p' + plaa] — cos[¥(p’ + p)sal + icppa®ly - S(K)S4(k) + v - S(DS4(1)]sin[3(p’ + p)aa]
— 2(rgg + zgp)a®S(k) - S(I) cos(kya) cos(3ya), (A27)

—2rpae i ¥s2:S, (k) cos(ls,a) cos(tkya) cos(k,,a) — i(rg — zg)ay,ks, sin(s,,a) cos((kya) cos(ik,,a)

— icppa®y, I3 sin[i(p’ + p)salcos(lya) cos(l,a) + 2(rep + zpe)a®S,, (k)Sy (D) cos(kya) cos(il,a),  (A28)
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_ 1 N 1 N 1
—icpl2iCpppi(k, 1) — ZCE§a25mnamK)n[S4(k) - 8,(0] - ErEa38mni742i|:§nan4(k) COS(gkma)

A 1 1 .
+ SubSu(1 035 1) | = 5 20 BV SRS (0 + S,(PSAK) = S(D] + 21(r

1 1 1 [ N
- ZE)a5m1174|:S4(k)COSZ(§ kma) - S4(Z)COSZ(§ lma)] COS<§ Sma> - %(rE - ZE)(13’)/48mnl(m|:Sm(pl)

1 1 1 1 1
B B Y 1 1 1 (1 +ainft
S (P)S4(k) — S4(D] 41c2y,n[cos(2 sma) cos(2 lma) cos(2 sna) sm(2 kna) sm(2 sma)
1 1 1 1 1 1 1
% sinfL (1 1 44 1 1 1 (1
sm(2 lma) sm(2 sna) cos(2 k,,a)] 4icy )/,,I:cos(2 sna> cos(2 k,,a) 005(2 sma) sm<2 lma)
+ in(1 ) 'n(lk ) 'n(l ) (11 )] — 216l [(p' + p),.a] 'nl:l(k— l) ]
sin 5 sya ) sin{ 5k, a | sin{ 5 s,,a | cos\ 5 Lya €18mniym cos[(p’ + p)palsinf = ma
_ ] A A 1 PN 1
- 2i63a7475cmni(kr l)[Sz(p/) + Sz(p)] - 263613’)/4’)/58,”,"[](,](”3\,1 COS(E kma> + lrlm§m COS(E lna)]
. 1 N
- 2Z(C3 - ZS)a<Cmn(k) l){Ym[Sn(p/) - Sn(p)] - ’)/n[Sm(pl) - Sm(p)]} + Z5mna2Km[Sm(pl) - Sm(p):h/
1 X 1
LS = S0 = 4 By KaLS() — S [S(0) = ST+ [0 - S — 74, (D]eos(5 50a)
oy ) os(51a) ~ By S 8y W, ) o k)
cos\ 5 lna | cos| 5 ,a Y YmSn(k)]cos| 5 s,a | cos| 5 kya | cos| 5 kna
1 N 1 A 1
+ 3 cura VS RalSu(p) = Sy PSR = Sy(1] = 2246 cos( 50 Yy cos( 5 K
1\, 1 . Tl .
- COS(E s,,a)k,,sm COS(E l,,,a)] + 4c¢,8,,, sin[(p’ + p),al sm[i (k — l)ma] — 2i(zg
, .l 1 N 1 _ PO
+cs5)a Ei[sm”-Sr(k)kn cos(isna> cos(zkma) —&,,:8,(Dl,, cos(zsma)cos<§lﬂa> + Cnilk, )(p* + p )]
, ! 1 .1 1
- 21c5a2£mnr[EnS,(k)kn cos(—sna>cos<—kma) + 3,8, cos(—sma) cos(— lna)]
2 2 2 2
. _ 1 .1 i
+2icsa®3(p? + p2)Coilk, 1) + irsazsmn,En[Kn cos(ilna) - lnsin2<§s,,a>]S,(k) cos(zkma)
. 1 N 1 1 =
+ irsazsmn,EmI:Km cos(ikma) — kmsinz(isma)]S,(l) cos(ilna) +2irsa®2,;8:(p")S;:(p)Copni(k, 1)
1 1 1 1
+ ir7a22n8nzriSr(k){[Si(p/) - Si(p)]cos(isna)cos(ik,,a) +[Si(p') + Si(p)] sin(is,,a) sin(Ekna)}
1 1 1 1
X cos(ikma) - ir7a22men”-S,(l){[S,-(p’) - S,-(p)]cos(isma) cos(zlma) +[S;(p") + S;(p)] sin(zsma)
1 1 1 1
X sin(i lma)}cos(ilna) - ir7a28mn,Sr(k){E -[S(p") — S(p)] cos(isma) cos(ikma) +3-[S(p)
(1 (1 1 . 1 1
+ S(p)] 51n<§sma> 51n<§kma>}cos(§kma> - lr7a28m,,rS,(l){2 -[S(p") — S(p)] Cos(is,,a) c0s<§ l,la)
1 1 1 _
+3-[S(p) + S(p)]sin(isna> sm<E zna)}cos<5 lna) = 2ira®S - [S(P)Si(p) + S(P)Si (P ICmilk, 1)
. 1 A 1 1
+i(Zh +rs — r7)a28m,iS,(k)Ei{K,, cos(i lna) - lnsin2<§ sna>} cos(i kma) —i(Zy + rs

L 1 A 1 1
— r7)a28n,,-S,(l)Ei{Km cos(i kma> — kmsin2<§ sma)} cos(i lna) —2i(zh + rs — rp)a*2;:S(p")
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S, 1) = () — r)a2LS(p) + Syn(p)1S, (K) cos(%sna) cos(% kna) cose kma)

+ (rhy = r)a®[S,(p") + S, (p)1S,.(1) cos<% sma) cos(% lma> cos(% lna) — (rhy = r7)a®[S,.(p")

- S,.(p)]S, (k) sin(% s”a) sin(% k,la) COS(% kma> + <r§ - r7)a2[Sn(p’) - S,(p)1S,,(D) sin(% sma>

X sin<% lma) cos(% lna> + (rh = r7)a8,,,S(k) - [S(p") + S(p)] COS(% sna>cos2<% k,,a)

2
= S, (DS} - [S(p") = S(p)] + 2(rh = r)a’[S,(P)Su(p) = S (P)S,(P)IC,n(k, 1)

- %(rl7 - r7)a45mnkm[sm(pl)s(p) - Sm(P)S(PI)] : [S(k) - S(l)] + irBBazsmnr[Sr(k)E : S(l)

= = )28, 8(D) - [S(0") + S(p)cos( 55 Jeos® (5 ) + 35 = ra* 8,818, 00S(0)

+ 8,(0% - S(k)] COS(% kma> cos(% lna> + irgpa®(C,enri + 2n€mri) S, (K)S (1) cos<% kma) COS(% lna)

1 1
- 2irEE028mni2iS4(k)S4(l) COS(E kma> COS(E l,,a), (A29)

where Cmni(k’ l) = Smnicmn(k’ l) - %5mn8mria2km[sr(k) - Sr(l)]s

Yu(p k1) = scpdaa - [S(k) — S(D)]sin[5(k + Dya] = rga’y, 2 - {[S(p) + S(p)] X [S(k) — S()]}sin[3(k + 1)4a]
+i(rg — zp)a*y4[S(p") — S(p)] - [S(k) — S(D)]sin[§(k + Dya] + 2icgpaly - S(k)cos* (Gkya)
— v+ S(Dcos®3ya)] cos[A(p’ + p)sa] — 2icgray - [S(k) — S(D)Isin’[L(k + ),a]cos[X(p’ + p)ya]
— 2irgpa®> - [S(k) X S(I)]cos(3ksa) cos(3ya), (A30)

Yan(p k) = —cpla,,Can(k, 1) = 275ag,,i 4 2:[S,(p') + S,(p)ICun(k, 1) — rpa®e,,vs3; sin(s,a)k,,S, (k) cos(tksa)
= 2i(rg — zp)aya[Su(p) — Su(P)ICulk, 1) = 2i(rg — zg)aysS,,(k) cos(3s,,a) cos(3ksa) cos(3k,,a)
+ 2icgpay[Sa(p') — S4(p)ICan(k, 1) + 2icgpay,,S4(l) cos[3(p' + p)sa]cos(3lsa) cos(3l,,a)
— 2irgpa’e,,;2:5,(k)S4(1) cos(kya) cos(3l,,a). (A31)

APPENDIX B: DETAILS OF COMPTON AMPLITUDES

The parts of the Compton scattering amplitude not exhibited in Sec. IV D are shown here. First the color-symmetric
contributions:

B
M ==, (BI)
2
Pm<R + %K) + Pn<R - %K) [(R - %K) s,m.(R - %K) - (R + %K) s,,m.(R + %K) ]iEi
2-1 _ n m m r n r
My = - +
ms 2mympg
+ 2(i2m8nrs + iznsmrs)RrKs - 48mnrRri2 : R + SWL}'H”I(lJ.2 : K B2
oy , (B2)
B
S
MG =2, (B3)
mg
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6-2) 1 1 4R? — K2 1 1 P-R
MG = |:4PmPn + (R - —K) (R + —K) ]72 + [Pm(R + —K) + Pn(R — _K) ] :
2 m 2 n 16m2 2 n 2 m m;

[P (R +1K) P (R 1K>]'2L2_K2 [ <R+1K><R+1K)
n~mri r 2 r m%nri r 2 r 1 Sm%mB mri 2 p 2 .

- s,,,,-(R - 1K) <R - lK) ]iE PR [(R - lK) (R + %K) + %(iE,,sm,s - iEms,,,s)R,KS:I

2 2 iZm%mB 2
AR — K? (4R — K?? , P-R . .
X 2 mn 2 + (lznamrs + lzmsnrs)Rrngz + (SmanrlE "R — Smnrerz : K)
16mymy 64m,my 4m,my
AR? — K? P-R
X — 2 (48mnrRri2 ‘R — smnrl(}'i2 : K) ’ (B4)
32m,ymy 8mymy
8, P>+ 2P, P 1 1 4R?* + K*? 1 1 2zpa2 1
MG gy = — ”’"—<—+ )5 —[ - - £ ](RR +-K, K)
e 2m3 mi;  mpmz) " 16 dmom%  Admgmi  e™imy ]\ 47"
Z-BE . 1 Z-BE . 1
sf\s —¢cgle” 5 1 2y 3f\s —Ccplet 41 _
+a ( o2 +a 16w32)5mn(4R K°) —a ( Gooma +a 16w32>(4RmRn K,K,)
) SmK? — K,,K,) — a*w,8 2P2+1R2+1K2 T LN
a gWBI( mn m n) A"W40 m g m E m 2m139/ 2m2m%
1 1 1 1 1 1
3 ; R — — 3 S LR —
ta E(W“ * Wﬁ‘)]gm”ilzip k (4m2m% dmpm% T3 WB3>8manrlz K |:2m31’3/ 4mym%
1 1 3 . 1 . .
— m + a3§(w4 + Wg) - 613Z"VB‘}:ISmnrer2 : P + 035(W4 + Wa)SmnrRr(PmlEm + Pnlzn)
(2-e, 1 ! .
— a3[s86Tla + a3§(w32 - WB]):I(RmKn - RnKm) + W(Kngmri + Kmsnri)PrlEi
( ! 31 )('E +i3 )PK+[ ! L 3wy + ’)]
- —a —-w 1 € 1 & — —a \w w
SmBm% ] Bs nemrs m©nrs)4 rfs 4m%/ szm% 4 4 4
1
X (Pnsmri + Pmsnri)KriEi - a3Z(W4 + Wa)smanr(PmiEm - PnIEn) (BS)

The color-antisymmetric contributions from Figs. 2(a)-2(c):

A0 — Emit2i (B6)

mpg

4P, P, + (R - %K) (R + %K) I:Pmsn,i(R — %K) - P,,sm,,-(R + %K) ]iE,-

N(Z,*l) _ _
" 2m3 mymg
_ (izmsnrs B iznsmrs)RrKs + Smnrl{ri2 "R — SmnrRri2 K
4m?
2 _ 12\ _ _ 1 1

s 15) (5 1) (1 +15) o

2m3, ’

o 4a’z;6
NG = Jmm 2 ZE T (BS)

S 2md 1+ mga’

014504-25



MEHMET B. OKTAY AND ANDREAS S. KRONFELD PHYSICAL REVIEW D 78, 014504 (2008)

_ 1 1 P-R 1 1 4R? — K>
NG = —[4P,P, + (R —EK) (R +—K) ] - [Pm<R +§K) + P,,(R ——K) ]7

2 Zm% 2 8m%
1 1 < PR 1 1 1
+ Pnsm”‘ Rr+§Kr _Pmsnri Rr_EKr lzim‘i‘ 8mri R+§K . R+§K n_Snri R_EK .
1 4R* — K? 1 1 1 P-R
X{R—-=K '2-7+[<R——K) <R+—K> + (12,8 — i ,R,K]i
< ) )m]l i 16m%m3 ) o, ) . ) (l n€mrs lam€n s) s 2m2m123
PR , AR? — K , ,
- 8mn(4R2 - Kz) 3 2 (lznsmrs + lzmsnrs)RrKsiz - (Smanrlz "R — SmnrerE : K)
mymyg 32m2mB
P-R . : 4R* — K?
X 4 D) + (4'8mnrer2 ‘R — smnrl(rl2 : K)izy (B9)
mymy 64m,my
NGO ch = —<L #)8 QY P2+ ( ! + a3lw3 )8 Pi%-P— a31(w4 + W) & i 2 (P2, + P2
mn Imatc I/ rtr ¥
2m3,  2mymg) " 2m,m% 2 ) 2 i m !
1 1 1 a’zg 1 1 1 1
_ + _ + 3° + w + wh) — 3° ] . ERZ + [ -
[4mg, Smym’ | Smpmk  mge™d g e Wy W) =@t wa, (Sl am3,  4m]

1 1 a’zp

1 1 a’(r? — ¢%) 2
3 3 k B
+a 6(W4 +w, +wp) ta VB, + 74;62%“

a31(w+ L+ wh) R.(i%,R +'2R)_—|: 8 1 1 maZZmE
— — w & i2 l
6 4 4 B/ mnr=tr m nen 4 4’"?3' szm% SmBm% ge™?

7 17T 1 1 1 3 2
+ wh + Twh) — a3§WB2]smmi2,K2 + 4_1[ 4 e

- - EmnrR2 - R
8mym%  8mpm%  mpge™? ]mnr '

1

1
+ Cl3 8 (W4

1
- - + a®—(wy + W)
4mi 4m%, 8m2m% SmBm% mpe™? 6 4

5 a3(r2 _ c2)§2
Iy _ 3 _ 5 B
+ Twp) — a’ -wg, —aama

: 1 . .
2 ]smn,K,IE -K — a3ﬂ(w4 + wh + Twh)e ., K, (2, K, +i%,K,)

1 1 4 1 1 1 2a?

+ (72 + CIS*WB )8mnP R+ a3*W45manRm + [73 + 2 2 —r
2mgmy 27 3 2m4 dmymy  Ampmy - mye™
L ](PR F PuRy) + @ w8 (RuK, — KRl S 1[ 1 b

— — U= - > i i 5 o
I B, miiy nfm D) BYmn\\mBr mir)Cmrit < 2 4m§;, szm% SmBm%

aZZE
mBem]a

2

. | , Ir 1 1
R L g | Pt o
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_ 612 1 S (PmRm _ RmsmriKriEi)

3 m, 2mpg

[
The terms on the last line do not match, but we sti@l must Wi@ _ —2iK_2[26M,,R.J — K - K),lLJV — (k + K)I/‘],u]
add to Egs. (B6)-(B10) the contribution of the diagram | .
with the three-gluon vertex [Fig. 2(d)], which is +ia? =8, R, T, + éazK_z[kﬂk K — K),J
3 14 14 vy v

+ KLk (K + K),d,] (B11)
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and no M,, contribution. Here J, is the current of
Sec. IV B. The first lattice artifact cancels the last line of
Eq. (B10). The second lattice artifact vanishes upon con-
traction with the external-gluon polarization vectors.

APPENDIX C: IMPROVED GAUGE ACTION

In this Appendix we outline how to improve the gauge
action, when axis-interchange symmetry is given up. The
improvement program is the same as for anisotropic lat-
tices, which has been worked out [24] and summarized
[23]. Since it has not been published, we give the main
details here.

Table VI lists the interactions in the Symanzik LEL,
with and without axis-interchange symmetry. Without
axis-interchange symmetry there are eight operators.
Other operators can be written as linear combinations of
the operators in the table and total derivatives. For ex-
ample, previous work [17-19] used tr[(DM F,,)D,F,,)]
but we find it easier to use tr[F,,F,,F,,]. With the
Bianchi identity D, F,, + D, F,, + D,F,, = 0, one can
show that

—2tr[F# ]+ 6. (Cl)

voFpu

where d denotes the omission of total derivatives that make
no contribution to the action. Thus, only two of these three
operators are needed.

Table VI is laid out in a suggestive way: operators in the
right column clearly descend from those in the left. It is a
little harder to show that there are no more [24]. When
parity and charge conjugation are taken into account there
are 10 operators with two Ds and two Es and another ten
where the two Es are replaced with two Bs. Of these 2 X 6
may be eliminated in favor of total derivatives and others,
leaving 2 X 4 = 8 of this type. Three of these may be
eliminated with the Bianchi identities

D -B=0, (C2)

D X E = D,B. (C3)

TABLE VI. Dimension-6 gauge-field interactions that could
appear in the LEL.

With axis interchange

z,u, tr[(D,u ,uV)(D,u /,Lv)]

Without axis interchange
tr{(D4E) - (D4E)]

3. tu[(D,E;)(D;E;)]
>+ ttl(D;B)(D;By)]

t[FyF,pF ] tr[B - (E X E)]
u[B - (B X B)]
trl:(D/,LF/.LV)(DprV)] €A tr[(D : E)(D : E)] €A

t{(D X B)- (D X B)] 6,
tr[(D4E) - (D X B)] Of

PHYSICAL REVIEW D 78, 014504 (2008)

One application of the second Bianchi identity is less than
obvious:

tr[(D4B) - (D4,B)] = 2t[B - (E X E)]

—tr[(D4E) - (D X B)] + 4. (C4)
To find Eq. (C4) one uses Eq. (C3) for one factor of D,B,
and then integrates by parts. In the end, there are five
independent operators with two Ds and two Es or two Bs.

In addition, there are six operators with one each of Dy,
D, E, and B; four may be eliminated in favor of total
derivatives, and another may be eliminated with a Bianchi
identity, leaving one. Finally, there are the two operators
t[B - (E X E)] and tt{ B - (B X B)]. Thus, the total is
eight, and the list in Table VI is complete.

There are three redundant interactions, corresponding to
the transformations in Egs. (2.22), (2.23), and (2.24) that
only involve gauge fields. They change the LEL by

Loy Lo + a2 (e, ul(D - E)D - E)]
8

+ (g4 + 84) t[(D X B) - (D X B)]
— (2e4 + 6, + 6p)ul(D4E) - (D X B)]

+ (g4 + 8p) tu[(D4E) - (D4E)]}. (C5)
By appropriate choice of the parameters &4, 8,4, and Jp,
one can remove ti[(D - E)(D - E)] and two of the other
three induced interactions from the LEL. Below we shall
see that it is most convenient to choose the redundant
directions as shown in the last three lines of Table VI.

To construct an improved gauge action, it is enough to
consider the eight classes of six-link loops shown in Fig. 1,
as well as plaquettes. Generalizing from Ref. [19], we label
sets of unoriented loops as in Table VII. Then let

= Z 2Retr[1 — U(C)],
CES,

(Co)

where U(C) is the product of link matrices around the curve
C. The gauge action is

TABLE VII. Unoriented loops on the lattice, up to length 6.
Set i Type of loop

0t Temporal plaquettes

Os Spatial plaquettes

1t Rectangles with temporal long side

17 Rectangles with temporal short side

s Spatial rectangles

2t “Parallelograms” with two temporal sides

2s Spatial parallelograms

3t Bent rectangles with temporal bend edge

3¢ Bent rectangles with temporal sides, but spatial bend edge
3s Spatial bent rectangles
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Spr = 5 Y eiS, ()
807

where the ¢; are chosen so that Sj2;2 = 0 and so that the

classical continuum limit is correct.

The classical continuum limit is needed not only to
determine the normalization of the c;, but also to deduce
which terms in the lattice action correspond to the redun-
dant operators of the LEL. The classical continuum limit
of the §; is easy to find with the procedure given in
Ref. [19]. For the plaquette terms we find

3
So =~ [t BT+ 5 [ w0, (DB
+ 4% [ S uDE)DE) (8)

a 613
Soo= = [ uiB- B+ 2 [ 3 ul0;B)DB)

12a, J« T
(C9)

where a, and a, are temporal and spatial lattice spacings,
respectively. Here

/ = a,aiz = fd“x.

It is convenient to express the six-link loops through S,
and Sy, plus further terms of order a?. The rectangles yield

(C10)

3
Su=48 + 5 [ D) 0EL (1)
Sy =43y + aa, [ FulDE)DEL  (€12)
3
S =85+ 2 [ S uloBO0BIE  (€13)
t Jx gk

the ““parallelograms™

S2t = 8SO[ + 4SOs - 4a,asf tr[B . (E X E)] - Za,as

X

x [ «{(D,E) - (D X B)] + a,a, [ (D - E)
X (D)~ aa, [ T oDENDE) (€14

4a’ a;
Shy = 48p, — — ] t{B - (BXB)]+— / ul(D X B)
3a x a; Jx

t

3
0xB]-2 [ S a0 (C15)

X j#k

and the bent rectangles
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S5y = 850, + aya, [ (D - E)D - E)]

X

~aa, [ S ulDENDE)] (C16)

Sy = 88y + 850, ~ 2aia, [ T ul(D.E) - (D X B))

(C17)
3
Sy, =88, + 5 f (D X B) - (D X B)]
a; Jx

3
_Z_, fx S ul(D;B)(D;By)] (C18)

Jj*k

We see immediately that the bent rectangles are the only
place that the redundant interactions appear, so one may set
c3 C3p, and c3, at will, without sacrificing on-shell im-
provement. Indeed, the bent rectangles may be completely
omitted from the improved action.

To normalize the lattice gauge action to the classical
continuum limit, one must choose

cor + 4cy, + c1p) + 8cy + 8(c3 + ¢30) = &), (C19)

cos T 8¢y + 4(cy + cpp) + 8(ezs + c30) = &Y, (C20)

where &, is the bare anisotropy. At the tree level &, =
ag/a,. The essence of Egs. (C19) and (C20) is to trade c,
and c, for the bare coupling g% and the bare anisotropy &.

To derive on-shell improvement conditions (at the
tree level), one must allow for the transformations in
Egs. (2.23) and (2.24). We find on-shell improvement, at
the tree level, when

£ co, =3 — 12x, — 4x; — 4(1 + £5)x,, (C21)
£ocos =3 — 4x, — 44 + E)x,, (C22)

ey =—5+x, (C23)

&lery = —15+ xy, (C24)

&ocys = —ﬁ + X, (C25)

Cy = Cps = 0, (C26)

&5les = xy, (C27)

£y s = 3, + £5%x)), (C28)

&oczg = Xy, (C29)

where x,, x;, and x, are free parameters.
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In the main text of the paper, we consider isotropic lat-
tices, but allow for the possibility that heavy-quark vacuum
polarization requires some asymmetry in the couplings,
starting at the one-loop level. Thus, we consider &, = 1

PHYSICAL REVIEW D 78, 014504 (2008)

Cy = 25 =0, (C32)

€3 = C3p = C33 = X. (C33)

Positivity of the action requires x < 5/72 and is guaranteed
if |x| <1/16 [19]. Beyond the tree level asymmetry in
these couplings may indeed arise. But the full freedom of
the three redundant directions remains, so one may still
choose c3; = x;, = 0, ¢34 = x, = 0, and c3, = x;, = 0.

and x, = xy = x, = x and recover [19]
Coy = Cos = % — 24x, (C30)
cu=cyp=cy=—5tx (C31)
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