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We discuss the role of so-called ‘‘intrinsic-charm’’ operators in semileptonic B-meson decays, which

appear first at order 1=m3
b in the heavy quark expansion. We show by explicit calculation that—at scales

� � mc—the contributions from ‘‘intrinsic-charm’’ effects can be absorbed into short-distance coefficient

functions multiplying, for instance, the Darwin term. Then, the only remnant of ‘‘intrinsic charm’’ are

logarithms of the form lnðm2
c=m

2
bÞ, which can be resummed by using renormalization-group techniques.

As long as the dynamics at the charm-quark scale is perturbative, �sðmcÞ � 1, this implies that no

additional nonperturbative matrix elements aside from the Darwin and the spin-orbit term have to be

introduced at order 1=m3
b. Hence, no sources for additional hadronic uncertainties have to be taken into

account. Similar arguments may be made for higher orders in the 1=mb expansion.
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I. INTRODUCTION

The heavy quark expansion (HQE) has turned out to be a
valuable tool for precision calculations of heavy hadron
decays [1–4]. In particular, due to the HQE for semilep-
tonic decays, where the b ! c transition is described in the
framework of a standard local operator product expansion
(OPE), the relative uncertainty in the Cabbibo-Kobayashi-
Maskawa matrix element jVcbj could be reduced to a level
below 2% [5–8].

The expansion in inverse powers of the heavy quark
massmb can be set up for both, the lepton-energy spectrum
as well as for the total decay rate. The nonperturbative
input, entering the theoretical description, is given by
forward matrix elements of local operators in the OPE.
The leading term represents the partonic rate and does not
contain any unknown hadronic matrix element. The per-
turbative corrections to the partonic rate have been calcu-
lated to order �2

s , recently [9,10]. Terms of order 1=mb

vanish due to heavy quark symmetries. At order 1=m2
b, two

hadronic parameters �2
� and �2

G appear, which can be

interpreted as the kinetic energy and the chromomagnetic
moment of the heavy quark inside the heavy hadron. The
short-distance contribution to the coefficient of �2

� is
known to order �s [11], while that of �2

G is known at

tree level. The dimension-six operators at order 1=m3
b

define two additional parameters, which correspond to
the Darwin term �3

D and the spin-orbit term �3
LS, known

from the usual nonrelativistic reduction of the Dirac equa-
tion. The coefficients at that order are only known at tree

level, so far. The terms at order 1=m4
b have also been

classified, and introduce five new hadronic parameters
[12].
It has also been pointed out that at order 1=m3

b a

dimension-six operator appears, whose matrix element
could be interpreted as the ‘‘intrinsic-charm’’ content of
the B meson [13,14]. An order-of-magnitude estimate for
the effect has been given in [13], and the additional uncer-
tainty from the poor knowledge of these matrix elements
has been included in the error budget for jVcbj [15].
However, as we are going to show in this paper, the
inclusion of an ‘‘intrinsic-charm’’ contribution requires a
proper definition of the short-distance functions appearing
in the lepton-energy spectrum, since the ‘‘intrinsic-charm’’
operators and, for instance, the Darwin-term mix under
renormalization. As long as the strong dynamics at the
charm-mass scale is treated perturbatively, the effect of
‘‘intrinsic charm’’ can entirely be absorbed into short-
distance coefficients defined at a low hadronic input scale,
and the nonanalytic dependence on the charm-quark mass
can be resummed by standard renormalization-group tech-
niques, extending the results in [16]. In this case, no addi-
tional hadronic uncertainty due to ‘‘intrinsic charm’’ has to
be included. On the other hand, treating the charm-quark as
nonperturbative, the hadronic matrix elements of intrinsic-
charm operators would remain as unknown parameters. In
this case, however, the charm-quark dependent terms in the
standard expressions for the lepton-energy spectrum and
the total rate have to be modified accordingly, in order to
avoid double counting.
In this paper, we are going to present a systematic study

of how ‘‘intrinsic-charm’’ effects will enter the theoretical
expressions for the lepton-energy spectrum, depending on
the treatment of the charm-quark mass scale, with particu-
lar emphasis on the mixing of the ‘‘intrinsic-charm’’ op-
erators into the Darwin term.
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II. CALCULATION OF THE CHARM
CONTRIBUTION

Starting point for the calculation of inclusive rates
within the OPE is the hadronic tensor W�� as it appears

in the differential rate for b ! c‘ ��‘ transitions,

d� ¼ 16�G2
FjVcbj2W��L

��d�: (1)

Here d� denotes the invariant phase space for the lepton-
neutrino pair, and the leptonic tensor is given by

L�� ¼ 2ðp�
e p�

�e
þ p�

ep
�
�e � g��pe � p�e

� i�����pe�p�e�Þ; (2)

where �0123 ¼ ��0123 ¼ þ1. Using translational invari-
ance, the hadronic tensor may be cast into the form

2MBW�� ¼
Z

d4xeiðmbv�qÞx

� h �BðpÞj �bvðxÞ	�PLcðxÞ �cð0Þ	�PLbvð0Þj �BðpÞi;
(3)

where PL ¼ ð1� 	5Þ=2 projects onto left-handed fields,
v� ¼ p�=MB is the velocity of the decaying �Bmeson, and
bvðxÞ denotes the heavy b-quark field with the phase
e�imbv�x factored out. Performing the OPE for this matrix
element, the product of the two b ! c currents is matched
onto a set of local operators at scales � of the order of the
b-quark mass mb. Now, as far as the charm-quark mass is
concerned, one may take different points of view [17]:

(1) One may assume that mb �mc � �QCD, which

means that the short-distance matching coefficients and
the phase-space integrals are functions of the fixed ratio
� ¼ m2

c=m
2
b. In other words, one integrates out (hard)

quantum fluctuations with virtualities of order m2
b;c and is

left with light degrees of freedom: light quarks and gluons,
together with the quasistatic b-quark field in HQET. In a
standard renormalization scheme like the modified mini-

mal subtraction scheme (MS), operators with charm fields
do not appear at scales �<mc. More precisely, such
operators would correspond to quasistatic charm quarks,
which cannot contribute to the considered matrix elements,
h �Bj �bv . . . cstatic �cstatic . . . bvj �Bi � 0, because of energy con-
servation, mb þ 2mc þ �Esoft >mB. This is in fact the
point of view that is usually considered in the precision
determination of jVcbj.

(2) One may consider the power counting mb � mc �
�QCD, and integrate out hard b-quark fluctuations at a

different scale than the charm quark. In this case, for the
first matching at the high scale �h �mb one still has to
keep the charm quark dynamical, and the corresponding
‘‘intrinsic-charm’’ operators appear in the OPE [18]. The
renormalization group for these operators can be used to
scale down to the semihard scale �sh �mc, where the
charm quark is finally integrated out. As before, the
‘‘intrinsic-charm’’ operators then match onto local opera-

tors built from light fields. Obviously, the main difference
compared to case 1 is, that the logarithmic terms
lnðmc=mbÞ can be resummed into short-distance coefficient
functions [16], while the analytic terms should be ex-

panded in powers of mc=mb �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�QCD=mb

q
� 0:3.

(3) Finally, one may assume that mb � mc * �QCD. In

this case, one cannot integrate out the charm-quark effects
perturbatively, and is thus left with genuine intrinsic-charm
operators, whose hadronic matrix elements have to be
defined at a sufficiently high scale �0, satisfying mb 	
�0 � mc. Notice that the matrix elements of the intrinsic-
charm operators contain the nonanalytic dependence on the
charm-quark mass mc, and consequently the partonic
phase-space integration for the calculation of various mo-
ments of the differential rate has to be modified accord-
ingly, in order to avoid double counting.
In the following we shall discuss the different cases in

turn.

A. mb �mc � �QCD

As explained above, when integrating out both, the hard
b-quark fluctuations and the charm quark, at a common
scale ��mb, we are left with operators built from soft
fields, only. Thus the only matrix elements appearing at
order 1=m3

b are the Darwin term �3
D and the spin-orbit term

�3
LS defined by (we use the convention of [12], but omit the

hat over �̂3
D, �̂

3
LS)

2MB�
3
D ¼ h �BðpÞj �bvðiD�ÞðivDÞðiD�Þbvj �BðpÞi;

2MB�
3
LS ¼ h �BðpÞj �bvðiD�ÞðivDÞðiD�Þð�i
��Þbvj �BðpÞi:

(4)

In the charged-lepton-energy spectrum one obtains (among
others) a contribution of the form

d�

dy

���������3
D

¼ G2
Fm

5
b

192�3
jVcbj2 �

3
D

m3
b

�
� 8�ð1� y� �Þ

1� y
þ . . .

�
:

(5)

For later use, we have only quoted the most singular term
in the limit y ¼ 2E‘=mb ! 1, and � ¼ m2

c=m
2
b ! 0 (the

full expressions are provided in Appendix A 2). Upon
integration it yields a logarithmically enhanced contribu-
tion to the total rate

�

���������3
D

¼ G2
Fm

5
b

192�3
jVcbj2 �

3
D

m3
b

f8 ln�þ . . .g; (6)

where the ellipses denote the contributions from the sub-
leading terms in (5) which are of order � ln�. Similarly, we
identify the leading terms in the moments (see,
Appendix A 2)
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hðy� y0Þni
���������3

D

¼ G2
Fm

5
b

192�3
jVcbj2 �

3
D

m3
b

f8ð1� y0Þn ln�þ . . .g:

(7)

Note that for mb �mc the logarithm is actually of order
one and represents a regular contribution to the matching
coefficient (and therefore the remaining terms in curly
brackets enter on the same level). Also, the phase-space
boundary for y is y < 1� � which is away from y ¼ 1 by
an amount of order one.

A similar logarithmically enhanced term also appears in
the partonic rate,

�

��������partonic
¼ G2

Fm
5
b

192�3
jVcbj2f1� 12�2 ln�þ . . .g; (8)

and in the related moment,

h1� yi
��������partonic

¼ G2
Fm

5
b

192�3
jVcbj2f6�2 ln�þ . . .g: (9)

In contrast to the Darwin-term contribution, the logarith-
mic term vanishes in the limit � ! 0. Nevertheless, as has
been shown in [16], such ‘‘phase-space logs’’ can be
resummed into short-distance coefficients, as we are going
to discuss in the following.

B. mb � mc � �QCD

When we integrate out the b quark first at a scale �h �
mb and still keep the charm quark dynamical, we have to
take into account operators with explicit charm quarks
until those are finally integrated out at the semihard scale
�sh �mc. In addition to the dimension-five and
dimension-six operators, defining �2

�, �
2
G and �3

D, �
3
LS,

one thus finds (at tree level) matrix elements of the local
‘‘intrinsic-charm’’ (IC) operators

2MBW
IC
�� ¼ ð2�Þ4�4ðq�mbvÞ

� h �BðpÞjð �bv	�PLcÞð �c	�PLbvÞj �BðpÞi
þ ð2�Þ4

�
@

@q�
�4ðq�mbvÞ

�

�h �BðpÞjði@� �bv	�PLcÞð �c	�PLbvÞj �BðpÞi
þ . . . ; (10)

which can be interpreted as the probability to find semihard
(i.e., off shell) charm quarks inside the heavy �B meson.

Notice, that the power counting for the semihard charm

fields ½c
 ¼ ðmcÞ3=2 is now different from the ones for soft

HQET fields ½bv
 ¼ �3=2, and therefore it may be conve-
nient to use a notation as in [19], where the ‘‘intrinsic-
charm’’ operators in the first line of (10) are suppressed by
3 � ðmc=mbÞ3, the ones in the second line by 4, the
kinetic and chromomagnetic operators by 4 � ð�=mbÞ2,
and the Darwin and spin-orbit term by 6. Because of
chiral symmetry, only the 4 ‘‘intrinsic-charm’’ operators

contribute to the partonic rate for b ! c‘�, related to the
�2 ln� term in (8). Additional soft gluon couplings to
semihard charm quarks are further suppressed, and this
will give rise to the 6 suppressed terms �3

D ln� in (6),
descending from the 3 ‘‘intrinsic-charm’’ operators.
Let us consider first the matrix elements of the operator

in the first line of (10). They may be decomposed in terms
of two hadronic parameters, T1ð�Þ and T2ð�Þ,

ð4�Þ2h �BðpÞj �bv	�PLc �c	�PLbvj �BðpÞi
¼ 2MBðT1ð�Þg�� þ T2ð�Þv�v�Þ: (11)

The contribution to the rate of the matrix element of the
local ‘‘intrinsic-charm’’ operators is concentrated at small
hadronic massmX and in the endpoint of the lepton-energy
spectrum. Performing the tree-level matching at � ¼ mb,
we have

d2�IC

dm2
Xdy

¼ �ðm2
XÞ�ð1� yÞ�IC and

d�IC

dy
¼ �ð1� yÞ�IC;

(12)

with

�IC ¼ �G2
Fm

5
b

24�3
jVcbj2 3T1ðmbÞ

m3
b

: (13)

On the other hand, the calculation of the matching coef-
ficients for the contribution of �3

D and �3
LS to the total rate

now has to be performed in the limit mc � mb. Notice,
that the naive limit � ! 0 in (5) would give ill-defined
expressions. In particular, the integral over

dy
�ð1� yÞ
1� y

would be infrared divergent in the lepton-energy endpoint.
As we will see, the new IR divergence in the phase-space
integration, appearing in the limit � ! 0, is related to the
UV renormalization of the ‘‘intrinsic-charm’’ operators

(11). Defining the hadronic parameters T1;2ð�Þ in the MS
scheme, we also have to perform the phase-space integral
in D ¼ 4� 2� dimensions. As a result, the contribution of
the Darwin term to the total rate is regularized by plus
distributions,

�ð1� yÞ
1� y

!
�
�ð1� yÞ
1� y

�
þ
� �ð1� yÞ ln

�
�2

m2
b

�
; (14)

which exactly subtracts the effects of semihard charm
quarks, that would otherwise be double counted when
adding (13) to the decay rate.
The final expression for the combined contributions of

the Darwin term and the ‘‘intrinsic-charm’’ operators to the
lepton-energy spectrum at order 1=m3

b can be written as
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d�ð3Þ

dy

���������3
DþIC

¼ G2
Fm

5
b

24�3
jVcbj2

�
�
C�D

ðy; �Þ�3
Dð�Þ

m3
b

þ CT1
ðy;�ÞT1ð�Þ

m3
b

�
;

(15)

which should be used for mc � � � mb. The matching
conditions for the short-distance coefficient functions—
including the limit � ! 0 for the subleading terms in (5)
as given in the Appendix—are given by

C�D
ðy;mbÞ ¼ �

�
y2ð9� 5yþ 2y2Þ�ð1� yÞ

6ð1� yÞ
�
þ

þ 17

12
�ðy� 1Þ þ 5

24
�0ðy� 1Þ

� 1

72
�00ðy� 1Þ þOð�sÞ;

CT1
ðy;mbÞ ¼ �3�ðy� 1Þ þOð�sÞ;

CT2
ðy;mbÞ ¼ Oð�sÞ:

(16)

In Appendix B 1, we derive the leading terms in the
anomalous-dimension matrix that describe the mixing of
the ‘‘intrinsic-charm’’ operators fT1ð�Þ; T2ð�Þg into the
Darwin term �3

Dð�Þ, see, also Fig. 1(b),

d

d ln�

�3
D

T1

T2

0
B@

1
CA ¼ �

� 0 0 0
�2=3 0 0
4=3 0 0

0
@

1
AþOð�sÞ

� �3
D

T1

T2

0
B@

1
CA:
(17)

Neglecting the Oð�sÞ contributions to the anomalous-
dimension matrix, we only determine the leading-
logarithmic terms [20], which are generated by the
renormalization-group equation for the short-distance co-
efficients

CTi
ðy;�Þ’CTi

ðy;mbÞ;

C�D
ðy;�Þ’C�D

ðy;mbÞ�1

3
ln
�2

m2
b

�
CT1

ðy;mbÞ�2CT2
ðy;mbÞ

�
:

(18)

Now, integrating out the semihard charm quarks at �sh ¼
mc, is equivalent to setting

Tið� � mcÞ ¼ 0: (19)

In this case, the expression for the lepton-energy spectrum
(15) simplifies to

d�ð3Þ

dy

���������3
DþIC

¼ G2
Fm

5
b

24�3
jVcbj2

C�D
ðy;mcÞ�3

DðmcÞ
m3

b

; (20)

and the information on ‘‘intrinsic charm’’, i.e., the non-
analytic dependence on the charm-quark mass, has been
completely absorbed into the short-distance function
C�D

ðy;mcÞ. This can be made explicit by inserting the

leading-order matching conditions (16) for CTi
ðy;mbÞ,

which results in

C�D
ðy;mcÞ ’ C�D

ðy;mbÞ þ ln
m2

c

m2
b

�ðy� 1Þ: (21)

In this way (20) reproduces the logarithmic term in the
lepton-energy moments in (7) as well as the finite terms
[given by the limit � ! 0 of Eq. (A6) in Appendix A 2].
Similar considerations can be made for the �2 ln� term

in the partonic rate. We decompose the matrix elements of
the operators in the second line of (10) as

ð4�Þ2h �BðpÞjði@� �bv	�PLcÞð �c	�PLbvÞj �BðpÞi
¼ 2MB

�
T3ð�Þg��v� þ T4ð�Þg��v� þ T5ð�Þg��v�

þ T6ð�Þv�v�v� � T7ð�Þi�����v
�

�
: (22)

(Notice that in unpolarized observables, only the sum
T4ð�Þ þ T5ð�Þ appears.) Generalizing the results for the
total rate in [16] to the lepton-energy spectrum, and con-
centrating again on the leading-logarithmic terms, we find

d�

dy

��������partonicþIC
¼ G2

Fm
5
b

192�3
jVcbj2

�
C0ðy;�Þ þ �C1ðy;�Þ

þ �2C2ðy;�Þ þ
P

7
i¼3 CTi

ðy; �ÞTið�Þ
m4

b

�
;

(23)

with

C0ðy;mbÞ ¼ ð6y2 � 4y3Þ�ð1� yÞ þOð�sÞ;
C1ðy;mbÞ ¼ �6y2�ð1� yÞ � 6�ðy� 1Þ þOð�sÞ;

C2ðy;mbÞ ¼
�
12�ð1� yÞ

1� y

�
þ
�

�
6�ð1� yÞ
ð1� yÞ2

�
þþ

� 6�ð1� yÞ þ 6�ðy� 1Þ
þ 3�0ðy� 1Þ þOð�sÞ;

(24)

and
FIG. 1. Leading diagrams determining the mixing of four-
quark into two-quark operators.
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CT3
ðy;mbÞ ¼ �24�0ðy� 1Þ þ 48�ðy� 1Þ þOð�sÞ;

CT4;T5
ðy;mbÞ ¼ �24�ðy� 1Þ þOð�sÞ;

CT6
ðy;mbÞ ¼ Oð�sÞ;

CT7
ðy;mbÞ ¼ 24�0ðy� 1Þ þOð�sÞ: (25)

Again, the ‘‘intrinsic-charm’’ operators T3–7 mix into the
two-particle operator m4

c
�bv�	

�b (see Appendix B 2), and

consequently, the coefficient C2ðy;�Þ evolves as

C2ðy;mcÞ ’ C2ðy;mbÞ � 1

8
ln
�2

m2
b

ðCT3
ðy;mbÞ � CT4

ðy;mbÞ

� CT5
ðy;mbÞ � CT7

ðy;mbÞÞ: (26)

Inserting the leading-order matching conditions, one has

� 1

8
ðCT3

ðy;mbÞ � CT4
ðy;mbÞ � CT5

ðy;mbÞ � CT7
ðy;mbÞÞ

¼ 6�0ðy� 1Þ � 12�ðy� 1Þ; (27)

and one reproduces the logarithmic terms �12�2 ln� in
�part and 6�2 ln� in h1� yipart, respectively, see, (8) and
(9).

C. mb � mc ��QCD

If we consider the dynamics at the charm-quark mass
scale to be in the nonperturbative regime, we cannot ex-
ploit the condition (19) and are left with the general
formula for the leptonic-energy spectrum in (15), which
should be evaluated at a scale�0 that satisfiesmc � �0 �
mb. Moreover, we have to take seriously the new power
counting which implies that terms of order �2 now count as
ð�=mbÞ4 and should be neglected to the order that we are
considering, we are thus left with

d�

dy

��������partonic
¼ G2

Fm
5
b

192�3
jVcbj2

�
�
C0ðy;�0Þ þ �C1ðy;�0Þ þOð�2Þ

�
; (28)

d�ð3Þ

dy

���������3
DþIC

¼G2
Fm

5
b

24�3
jVcbj2

�
�
C�D

ðy;�0Þ�3
Dð�0Þ

m3
b

þCT1
ðy;�0ÞT1ð�0Þ

m3
b

�
;

(29)

together with the contributions to the lepton-energy spec-
trum from �2

�, �
2
G, and �3

LS (see, e.g., [12]), where the

limit � ! 0 to the considered order (1=m3
b) is trivial.

In that order, the genuinely intrinsic-charm contribution
comes together with the Darwin term, only. In particular, to
leading-logarithmic accuracy (18), the contributions to the
total rate, and the moments hyi and hy2i can be obtained as

�ð3Þj�3
DþIC ¼ G2

Fm
5
b

24�3
jVcbj2

�
Xð�0Þ þ �3

Dð�0Þ
m3

b

�
17

12

��
; (30)

hyij�3
DþIC ¼ G2

Fm
5
b

24�3
jVcbj2

�
Xð�0Þ þ �3

Dð�0Þ
m3

b

�
47

30

��
; (31)

hy2ij�3
DþIC ¼ G2

Fm
5
b

24�3
jVcbj2

�
Xð�0Þ þ �3

Dð�0Þ
m3

b

�
287

180

��
;

(32)

where we defined the parameter combination

Xð�0Þ ¼ � 3T1ð�0Þ
m3

b

þ ln
�2

0

m2
b

�3
Dð�0Þ
m3

b

: (33)

Considering a sizeable value for T1ð�0Þ at small hadronic
scales (in contrast to the perturbative situation considered
in the previous subsection), and taking into account that the
�3
D contribution in Xð�0Þ is formally enhanced by

ln�2
0=m

2
b, we may ignore the (small) differences between

the individual moments induced by the numbers in square
brackets in (30)–(32), to first approximation. Therefore,
even in this genuine intrinsic-charm scenario, the inclusion
of a large nonperturbative intrinsic-charm effect, basically
amounts to treating the Darwin term �3

D for the effective
parameter X. In any case, one may consider the limitmc �
�QCD rather academic, and would prefer the scenario with

semihard charm quarks as in the previous subsection for
the discussion of ‘‘intrinsic-charm’’ effects in inclusive
semileptonic B decays.
We should also mention that (28) and (29) provide the

appropriate formulas for the massless limit, relevant to
b ! u‘� decays, after appropriate changes Vcb ! Vub

and reinterpretation of the intrinsic-charm operators as
so-called weak annihilation operators [21,22]. Notice that
the (local) annihilation operators enter at order 1=m3

b in the

standard OPE, whereas their nonlocal counterparts, neces-
sary to describe the shape-function region, already enter at
(relative) order �=mb [23–25].

III. CONCLUSION

We have shown how the ‘‘intrinsic-charm’’ contribution
in semileptonic B-meson decays is related to the renormal-
ization of subleading operators (like m4

c
�bvbv and the

Darwin term) appearing in the operator product expansion
for the lepton-energy spectrum and the total rate. We have
distinguished three different cases which correspond to
different power counting for the charm-quark mass. In
the first case, one assumes mb �mc, i.e., the charm quark
is already integrated out at the hard scale, set by the large
b-quark mass in the OPE. Consequently, all dependence on
the charm-quark dynamics is already encoded in the
matching conditions for the hard coefficient functions,
and no ‘‘intrinsic-charm’’ operators should be introduced
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below the hard scale. The only remnant of ‘‘intrinsic
charm’’ is the nonanalytic dependence of the coefficient
functions on the ratio � ¼ m2

c=m
2
b.

Another viable scenario treats the charm-quark mass as
intermediate between the hard and the soft scale in the
OPE, mb � mc � �QCD. In that case, four-quark opera-

tors including soft b-quark fields and semihard charm
quarks have to be included in the OPE. At the same time,
in order to avoid double counting, the semihard region has
to be subtracted from phase-space integrals by a suitable
regularization of the decay spectra in the limit mc � mb.
We have shown by explicit calculation how the mixing
between the ‘‘intrinsic-charm’’ operators and the Darwin
term generates the logarithmically enhanced terms enter-
ing the OPE at order 1=m3

b. Similarly, extending the results

of [16], we could reproduce terms of order �2 ln� in the
partonic rate. After integrating out the charm quark at the
semihard scale, the moments of the lepton-energy spec-
trum can be entirely described in terms of the standard
hadronic input parameters, whereas—again—the complete
charm-quark dependence enters via (eventually
renormalization-group improved) short-distance coeffi-
cients, multiplying, for instance, the Darwin term.

A somewhat more exotic approach would treat the
charm quark as light, i.e., of order �QCD. Only in this

case genuine intrinsic-charm (i.e., nonperturbative) effects
have to be taken into account. Still, we have found that on
the level of a few lepton-energy moments, the experimental
data basically constrains a particular combination of the
intrinsic-charm contribution and the Darwin term, such
that to order 1=m3

b the number of independent hadronic

parameters effectively remains the same.
The main conclusion to be drawn is that, as long as the

strong dynamics at the charm-quark scale can be treated
perturbatively, ‘‘intrinsic-charm’’ effects do not induce an

additional source of hadronic uncertainties at the level of
1=m3

b power corrections, apart from the usually considered

Darwin and spin-orbit terms. The same will be true for
higher orders in the 1=mb expansion as classified in [12].
The issue of whether to resum logarithms lnðm2

c=m
2
bÞ by

introducing the above two-step matching procedure, or
sticking to the standard one-step matching has to be de-
cided by considering radiative corrections to the 1=m3

b

expressions which is beyond the scope of this work (see
also [10]).
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APPENDIXA: LEPTON-ENERGY SPECTRUMAND
MOMENTS

1. Partonic rate

The complete expression for the partonic contribution to
the lepton-energy spectrum withmb �mc 	 � is given by
[12]

d�

dy

��������partonic
¼ G2

Fm
5
b

192�3
jVcbj2

�
� 4�3

ðy� 1Þ3 �
6ð�3 þ�2Þ
ðy� 1Þ2

� 12�2

y� 1
� 4y3 � 6ð�� 1Þy2 þ 2ð�� 3Þ�2

�

� �ð1� y��Þ: (A1)

From this one can obtain closed expressions for the ð1�
yÞn moments,

hð1� yÞnijpartonic ¼ G2
Fm

5
b

192�3
jVcbj2

�
� 12ð�n � 1Þ�2

n
� 4ð�n � �2Þ�

n� 2
� 12ð�nþ2 � 1Þ�

nþ 2
þ 6ð�2 þ �Þð�n � �Þ

n� 1

� 2ð�3 � 3�2 � 3�þ 1Þð�nþ1 � 1Þ
nþ 1

þ 6ð�þ 1Þð�nþ3 � 1Þ
nþ 3

� 4ð�nþ4 � 1Þ
nþ 4

�
: (A2)

Arbitrary moments can be derived via

hðy� y0Þni ¼
Xn
k¼0

n
k

� �
ð1� y0Þn�kð�1Þkhð1� yÞki: (A3)

Expanding (A2) in the small parameter �, the logarith-
mically enhanced terms at order �2 appear only in the total
rate and the first moment

hð1� yÞnijpartonic ¼ G2
Fm

5
b

192�3
jVcbj2ð12�n0 � 6�n1Þ�2 ln�

þ analytic=higher-order terms in �:

(A4)

2. Darwin-term contribution

The full contribution related to the Darwin term in the
lepton-energy spectrum for the casemb �mc 	 � is given
by [12]
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d�ð3Þ

dy

���������3
D

¼ G2
Fm

5
b

192�3
jVcbj2 �

3
D

m3
b

��
40�3

3ðy� 1Þ6 þ
8�2ð3�þ 1Þ
ðy� 1Þ5 þ 6�2ð3�þ 1Þ

ðy� 1Þ4 þ 16�ð2�2 � �� 1Þ
3ðy� 1Þ3 � 28�

3ðy� 1Þ2 þ
8

y� 1

þ 2

3
ð5�3 � 5�2 þ 10�þ 22Þ þ 8

3
ð�þ 3Þðy� 1Þ þ 4ðy� 1Þ2 þ 8

3
ðy� 1Þ3

�
�ð1� y� �Þ

�
�
2ð�� 1Þ4ð�þ 1Þ2

3�2

�
�ð1� y� �Þ

�
: (A5)

From this one can obtain closed expressions for the moments,

hð1� yÞnij�3
D
¼ G2

Fm
5
b

192�3
jVcbj2 �

3
D

m3
b

�
8ð�n � 1Þ

n
� 2

3
ð�� 1Þ4ð�þ 1Þ2�n�2 þ 28ð�n � �Þ

3ðn� 1Þ

� 2ð5�3 � 5�2 þ 10�þ 22Þð�nþ1 � 1Þ
3ðnþ 1Þ þ 8ð�þ 3Þð�nþ2 � 1Þ

3ðnþ 2Þ � 4ð�nþ3 � 1Þ
nþ 3

þ 8ð�nþ4 � 1Þ
3ðnþ 4Þ

� 16ð2�2 � �� 1Þð�2 � �nÞ
3ðn� 2Þ� þ 6ð3�þ 1Þð�3 � �nÞ

ðn� 3Þ� � 8ð3�þ 1Þð�4 � �nÞ
ðn� 4Þ�2

þ 40ð�5 � �nÞ
3ðn� 5Þ�2

�
: (A6)

Taking the limit � ! 0 in (A6), the logarithmically en-
hanced terms appear only in the total rate

hð1� yÞnij�3
D
¼ G2

Fm
5
b

24�3
jVcbj2 �

3
D

m3
b

ð�n0 ln�þOð� ln�ÞÞ:
(A7)

APPENDIX B: OPERATOR MIXING

1. Dimension-six

In the following we briefly sketch the derivation of the
elements of the anomalous-dimension matrix that govern
the mixing of the four-quark (‘‘intrinsic-charm’’) operators
into the Darwin term. For simplicity, we do not construct
the complete set of independent operators that would be
needed to describe the full one-loop anomalous-dimension
matrix, but rather focus on the effect of the charm-loop
diagram in Fig. 1(b). For this purpose it is sufficient to
consider the two operator structures which enter the had-
ronic tensor at tree level (10),

2MBT1ð�Þ ¼ ð4�Þ2
3

ðh �BðpÞj �bv	�PLc �c	
�PLbvj �BðpÞi

� h �BðpÞj �bvv6 PLc �cv6 PLbvj �BðpÞiÞ;

2MBT2ð�Þ ¼ ð4�Þ2
3

ð4h �BðpÞj �bvvPLc �cv6 PLbvj �BðpÞi
� h �BðpÞj �bv	�PLc �c	

�PLbvj �BðpÞiÞ: (B1)

Together with the Darwin term they are used to define a
simplified operator basis

O �D
¼ �bvðiD�ÞðivDÞðiD�Þbv;

OT1
¼ ð4�Þ2�2�1

3
ð �bv	�PLc �c	

�PLbv

� �bvv6 PLc �cv6 PLbvÞ;

OT2
¼ ð4�Þ2�2�1

3
ð4 �bvv6 PLc �cv6 PLbv

� �bv	�PLc �c	
�PLbvÞ:

(B2)

Notice that for convenience, we have extracted a factor
ð4�Þ2�2�, in order to have a simple, dimensionless
anomalous-dimension matrix [26].
Calculating the one-loop matrix elements of the opera-

tors OT1;2
for the partonic transition b!b in the presence

of a soft background field A�ðkÞ, see Fig. 1(b), and com-

paring with the tree-level matrix element of the Darwin-
term operator, we obtain the following results in
D ¼ 4� 2� dimensions,

hbjOT1
jbið0Þ ¼ þ 1

3

�
1

�
þ ln

�2

m2
c

�
hbjO�D

jbitree;

hbjOT2
jbið0Þ ¼ � 2

3

�
1

�
þ ln

�2

m2
c

�
hbjO�D

jbitree;
(B3)

where the one-gluon matrix element of the Darwin-term
operator on parton level is given by

hbjO�D
jbitree ¼ 1

2
hbj �bv½iD�; ½ðiv �DÞ; iD�

bvjbitree

þOð1=mbÞ
¼ g

2
ððv � kÞðk � AÞ � k2ðv � AÞÞ �ubub þ . . . :

(B4)

From (B3) we read off the desired elements of the
anomalous-dimension matrix
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	 ¼
0 0 0

�2=3 0 0
4=3 0 0

0
@

1
AþOð�sÞ; (B5)

where the neglected higher-order terms describe the mix-
ing of ‘‘intrinsic-charm’’ operators into themselves and of
the Darwin term into itself, which are not explicitly needed
for the discussion in the body of the text.

2. Dimension-seven

A similarly simplified analysis can be performed for the
mixing of the dimension-seven ‘‘intrinsic-charm’’ opera-
tors into the dimension-seven two-quark operator
m4

c
�bvv6 bv. As before, defining

O2 ¼ m4
c
�bvv6 bv;

OT3
¼ ð4�Þ2�2�1

3
ððiv � @ �bv	�PLcÞð �c	�PLbvÞ � ðiv � @ �bvv6 PLcÞð �cv6 PLbvÞÞ;

OT4
¼ ð4�Þ2�2�1

3
ðði@� �bvv6 PLcÞð �c	�PLbvÞ � ðiv � @ �bvv6 PLcÞð �cv6 PLbvÞÞ;

OT5
¼ ð4�Þ2�2�1

3
ðði@� �bv	

�PLcÞð �cv6 PLbvÞ � ðiv � @ �bvv6 PLcÞð �cv6 PLbvÞÞ;

OT6
¼ ð4�Þ2�2�1

3
ð6ðiv � @ �bvv6 PLcÞð �cv6 PLbvÞ � ðiv � @ �bv	�PLcÞð �c	�PLbvÞÞ

� ð4�Þ2�2�1

3
ðði@� �bvv6 PLcÞð �c	�PLbvÞ þ ði@� �bv	

�PLcÞð �cv6 PLbvÞÞ;

OT7
¼ ð4�Þ2�2�1

6
�����v�ði@� �bv	�PLcÞð �c	�PLbvÞ;

(B6)

we calculate the contributions to the two-parton matrix elements from the tadpole diagram in Fig. 1(a) as

hbjOT3
jbið0Þ ¼ þ 1

8

�
1

�
þ ln

�2

m2
c

þ . . .

�
hbjO2jbitree;

hbjOT4
jbið0Þ ¼ hbjOT5

jbið0Þ ¼ � 1

8

�
1

�
þ ln

�2

m2
c

þ . . .

�
hbjO2jbitree;

hbjOT6
jbið0Þ ¼ 0;

hbjOT7
jbið0Þ ¼ � 1

8

�
1

�
þ ln

�2

m2
c

þ . . .

�
hbjO2jbitree;

(B7)

from which we read off the elements of the anomalous-dimension matrix entering (26).
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