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The relation between two-time physics (2T-physics) and the ordinary one-time formulation of physics

(1T-physics) is similar to the relation between a 3-dimensional object moving in a room and its multi-

ple shadows moving on walls when projected from different perspectives. The multiple shadows as seen

by observers stuck on the wall are analogous to the effects of the 2T-universe as experienced in ordinary

1T spacetime. In this paper we develop some of the quantitative aspects of this 2T to 1T relationship in

the context of field theory. We discuss 2T field theory in dþ 2 dimensions and its shadows in the form of

1T field theories when the theory contains Klein-Gordon, Dirac and Yang-Mills fields, such as the stan-

dard model of particles and forces. We show that the shadow 1T field theories must have hidden relations

among themselves. These relations take the form of dualities and hidden spacetime symmetries. A subset

of the shadows are 1T field theories in different gravitational backgrounds (different space-times) such as

the flat Minkowski spacetime, the Robertson-Walker expanding universe, AdSd�k � Sk, and others,

including singular ones. We explicitly construct the duality transformations among this conformally

flat subset, and build the generators of their hidden SOðd; 2Þ symmetry. The existence of such hidden

relations among 1T field theories, which can be tested by both theory and experiment in 1T-physics, is part

of the evidence for the underlying dþ 2 dimensional spacetime and the unifying 2T-physics structure.
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I. ALLEGORY ON THE RELATION BETWEEN
1T AND 2T PHYSICS

The physical content of 2T-physics and its relation to
1T-physics may be described with an allegory. The alle-
gory is to consider a 3-dimensional object moving in a
room and the relationships among different shadows of the
same object when projected on 2-dimensional walls by
shining light on it from different perspectives. To observers
that live only on the walls (similar to living only in 3þ 1
dimensions) the different shadows appear as different
‘‘beasts’’ (like different 1T-physics systems). But with
hard work, observers on the wall will discover enough
relationships among the shadows to reconstruct the 3 di-
mensional object.

The allegory above applies because, due to a richer set of
gauge symmetry constraints, 2T-physics in 4þ 2 dimen-
sions with 2 times effectively behaves like 1T-physics in
3þ 1 dimensions with 1 time, but with previously unsus-
pected relationships in 1T-physics that are not apparent in
the ordinary formulation of physics. Hidden relations
among 1T-physics systems, predicted by 2T-physics, pro-
vide the observable clues and evidence of the underlying
4þ 2 nature of spacetime.

In the present paper we discuss some such relationships
in the context of field theory and provide simple examples
of the type of phenomena described above. These are
dualities among 1T field theories in different gravitational
backgrounds (different 1T spacetimes).

The Weyl and general coordinate transformations that
relate the field theories discussed here are familiar trans-
formations and the techniques are buried in old literature.

But these transformations were not previously presented as
duality transformations, nor were they understood to be
part of gauge symmetries that unite the 1T-shadows into a
single higher dimensional structure described by a parent
2T theory. We emphasize that the specific physics ex-
amples discussed explicitly here were not all familiar as
being related by dualities.
We also stress that these simple examples form only a

subset of a much larger set of shadows that obey more
complicated duality transformations (not just Weyl and
general coordinate) which were not known to exist until
discovered through 2T-physics.
In this context, the usual standard model of particles and

forces (SM) in 3þ 1 flat spacetime is regarded as one of
the shadows of a parent field theory in 4þ 2 dimensions.
According to our arguments it is dual to a variety of
shadows, some of which are obtained by a series of Weyl
and general coordinate transformations. It may be signifi-
cant that one of the dual shadows is the SM in the
Robertson-Walker expanding universe.

II. 2T PHYSICS

While theories with extra spacelike dimensions have
been discussed extensively, theories with more than one
timelike dimension have been largely left aside. M-theory
itself as well as its extensions have provided various sig-
nals through supersymmetry structures and dualities that
extra timelike dimensions could be relevant for an eventual
understanding of fundamental physics [1–5]. However, it is
not an easy step to construct a theory with full fledged extra
timelike dimensions due to interpretational issues and most
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importantly because of the systematic presence of ghosts in
the quantum theory. Even the first timelike dimension
potentially introduces ghosts in relativistic quantum field
or string theories. Experience over half a century shows
that the cure, to remove the ghosts due to the first timelike
dimension, lies in having the right mix of gauge symme-
tries to arrive at a unitary and physical theory.

Similarly, two-time physics, in d space and 2 time
dimensions, is a general framework for a unitary and
physical theory, which is achieved precisely by having
the right mix of gauge symmetries. The key element of
2T-physics is the presence of a world line Spð2; RÞ gauge
symmetry which acts in phase space (XM, PM) and makes
position and momentum indistinguishable at any world
line instant [6]. This Spð2; RÞ is an upgrade of world line
reparametrization to a higher gauge symmetry. It yields
nontrivial physical content only if the target spacetime
includes two-time dimensions, and plays a crucial role to
remove all unphysical degrees of freedom in a 2T space-
time, just as world line reparametrization removes unphys-
ical degrees of freedom in a 1T spacetime.

In the case of spinning particles the world line gauge
symmetry is extended to OSpðnj2Þ [7,8] while adding
fermionic spin degrees of freedom  M in dþ 2 dimensions
beyond phase space (XM, PM). Similarly, for more com-
plicated systems, such as supersymmetric particles and
others [9–16], as more degrees of freedom with potential
ghosts in dþ 2 dimensions are added, the corresponding
world line gauge symmetry is also larger, to insure the
unitarity of the theory in the 2T-physics formulation. All
extensions of the world line gauge symmetry must include
the key ingredient Spð2; RÞ, and hence is required to have 2
times.

2T-physics is elevated from the world line formulation to
field theory through the process of covariant quantization.
The spin 0, 1

2 , 1 fields, �ðXÞ, ��ðXÞ, AMðXÞ, are then

identified with the first quantized wavefunctions that
obey the gauge symmetry constraints, implying that these
fields describe the ghost-free gauge invariant sector of the
world line theory, as long as the constraints are satisfied as
on-shell equations of motion. 2T field theory is based on an
action principle that generates these constraints as equa-
tions of motion, and furthermore extends them with
interactions.

The 2T-physics field theory formalism has some features
that differ from 1T-field theory formalism, such as a delta
function in the volume element �ðX2Þddþ2X and other
properties [17], as outlined below. Thanks to these proper-
ties, minimizing the 2T field theory action leads to field
equations that reproduce the Spð2; RÞ or other gauge sym-
metry constraints of the underlying world line action, thus
insuring the unitarity of the theory.

In this 2T field theory setup, it has been shown that the
usual 1T-physics standard model of particles and forces in
3þ 1 dimensions is reproduced as one of the shadows of a

2T-physics field theory in 4þ 2 dimensions [17]. The
emergent 1T standard model, being a 3þ 1 shadow of
the 4þ 2 theory with more symmetry, comes with some
additional restrictions that are not present in the usual 1T
formulation, but nevertheless agrees with all known phys-
ics. The differences occur only in hitherto unmeasured
parts of the standard model, in particular, the axion and
Higgs sectors, so they are of phenomenological as well as
theoretical significance, and may provide tests at the LHC
or in cosmology to distinguish 2T-physics from previous
approaches.
There are more ways to test 2T-physics at all scales of

physics by exploring the multiple 1T-physics shadows and
the predicted relationships among them as well as their
hidden symmetries that give information on the higher
dimensions. Previous work in the context of the world
line formalism displayed many examples of these shadows
[18–20]. A graphical display of some of these examples
can be found at [21]. In our recent paper [22] most of the
known shadows were tabulated and useful mathematical
formulas that describe them were summarized (see tables I,
II and III and related discussion in [22]).
This avenue of investigation is still in its infancy. The

purpose of our paper is to develop some techniques and
concepts along this path by elucidating the dualities and
hidden symmetries among a subset of these shadows. This
subset is represented by 1T field theories in different
gravitational backgrounds which are all conformally flat.
In our recent paper [22] the dualities and hidden symme-
tries of a 1T scalar field theory in such backgrounds was
discussed. In the present paper we further elaborate on
these properties with fermionic fields that carry spin 1=2,
and Yang-Mills gauge fields that carry spin 1. It is then
possible to discuss a subset of the dualities and hidden
symmetries for the standard model. We expect that these
dualities, together with the future extension of our results
to other types of shadows, to be potentially useful for
nonperturbative analysis of the standard model.

III. 2T FIELD THEORY

2T field theory has been fully formulated at the action
level for fields of spins 0, 12 , 1 [17], and to the field equation

of motion level for spin 2 [8] and beyond [23], and has also
been supersymmetrized [24]. The scalar field was dis-
cussed extensively in our recent paper [22]. In the current
paper, we will focus on the spin- 12 and spin-1 cases.

A. Spin-1 fields

The 2T action for spin-1 Yang-Mills fields is

SðAÞ ¼ Z
Z
dðdþ2ÞX�ðX2Þ

�
�
� 1

4
�ð2ðd�4Þ=d�2Þ TrðFMNFMNÞ

�
(3.1)
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where Z is an overall normalization constant that will be
determined. The dilaton�, which drops out when d ¼ 4 in
the above expression, is necessary when d � 4 for consis-
tency of constraints or 2T gauge symmetries (see [17]).
The action for the dilaton Sð�Þ and its duality properties
have already been discussed in our previous paper [22] that
described any scalar, including the dilaton. Turning to the
matrix valued Yang-Mills gauge field AM in the adjoint
representation of the gauge groupG, the field strength FMN
is defined as usual

FMN � @MAN � @NAM � ig½AM; AN�: (3.2)

Varying the action with respect to the matrix AN results in
the expression

�SðAÞ ¼ Z
Z
dðdþ2ÞX Trf�AN½�ðX2ÞDMð�ð2ðd�4Þ=d�2ÞFMN

þ 2�0ðX2Þ�ð2ðd�4Þ=d�2ÞXMFMNÞ�g (3.3)

where �0ðX2Þ emerges from an integration by parts. Since
the delta function �ðX2Þ and its derivative �0ðX2Þ are
linearly independent distributions, minimizing the action
�SðAÞ ¼ 0 for general �AN gives two separate equations of
motion1 for AM

½XNFMN�X2¼0 ¼ 0; ½DMð�ð2ðd�4Þ=d�2ÞFMNÞ�X2¼0 ¼ 0:

(3.4)

The two conditions X2 ¼ 0 and ½XNFMN�X2¼0 ¼ 0 have
been called ‘‘kinematical’’ constraints [17] that parallel
two of the world line Spð2; RÞ constraints X2 ¼ X � P ¼
0 (applied on states P is a derivative). The remaining
‘‘dynamical’’ equation of motion that contains two deriva-
tives parallels the third Spð2; RÞ world line constraint P2 ¼
0. The field theoretic version of these Spð2; RÞ constraints2
evidently include field interactions that are consistent with
the familiar Yang-Mills gauge symmetry.

The delta function �ðX2Þ that appears in the action3

invites an expansion of every field in powers of X2. For
the gauge field one can write

AM ¼ A0
M þ X2 ~AM (3.5)

where we define A0
M � ½AM�X2¼0 while X

2 ~AM ¼ AM � A0
M

is the remainder that includes all higher powers of X2. As
shown in [17], the action SðAÞ has also a ‘‘2T-gauge
symmetry’’ under the variation

��AN ¼ �ð�2ðd�4Þ=d�2ÞX2�NðXÞ (3.6)

which can be verified (with some restrictions4 on the local
gauge parameter �MðXÞ) by inserting ��AN into Eq. (3.3)
instead of the general �AN . This gauge symmetry can be
used to thin out the degrees of freedom in AMðXÞ. In [17] it
was argued that there is just enough ‘‘2T-gauge symmetry’’

to remove the remainder ~AMðXÞ if so desired, and reduce it
to the physical field A0

M, thus showing that the gauge fixed
fields become independent of X2. This amounts to elimi-
nating one spacetime coordinate among the XM.
The strategy to descend to 1T-physics from 2T-physics is

then to make gauge choices and solve the two kinematic
constraints X2 ¼ 0, ½XNFMN�X2¼0 ¼ 0. Upon inserting
the solution into the dynamical field equation or into the
original action, one realizes that the remaining dynamics is
in one less space and one less time dimensions precisely
as in 1T-physics field theory, but in a variety of spacetimes.
This is then how we obtain many 1T shadows of the
2T field theory.
The interesting phenomena are that there are many

Yang-Mills 1T shadows in different emerging 1T space-
times that materialize from different solutions of the kine-

1Strictly speaking, the equation of motion of the form
�ðX2ÞFðXÞ þ �0ðX2ÞGðXÞ ¼ 0 yields the two equations ½FðXÞ þ
~GðXÞ�X2 ¼ 0 and ½GðXÞ�X2¼0 ¼ 0, where ~GðXÞ is the ‘‘remain-
der’’ of the field as defined by the second term in the expansion
of GðXÞ ¼ ½GðXÞ�X2¼0 þ X2½ ~GðXÞ�X2¼0 þ � � � in powers of X2.
In our case the extra term ½ ~GðXÞ�X2¼0 can be dropped due to the
properties of the ‘‘remainders’’ of the fields � and AM as given
in Eq. (3.5) and discussed in footnote 4 and Ref. [17].

2Taking into consideration the spin degrees of freedom carried
by the vector field AMðXÞ, the full set of constraints is actually
OSpð2j2Þ, where OSpð2j2Þ is the gauge symmetry of the world
line theory for a spin 1 particle [7,8].

3Delta functions in the action also appeared in some of the
related work to 2T-physics that followed Dirac’s approach to
conformal symmetry ([25–36]). But what we call here ‘‘kine-
matic constraints’’ on the fields were imposed as external con-
straints rather than being derived from the action principle. This
was the approach in 2T-physics independently arrived at some
time ago [8]. Our treatment of the delta functions �ðX2Þ, �0ðX2Þ
in the current paper is technically different and follows the
discussion in [17,37]. In this way the kinematic constraints on
the physical field A0

M in Eq. (3.5) follow from our action and its
symmetries.

4In [17] the 2T gauge symmetry was discussed under the
assumption that the remainder ~AMðXÞ in Eq. (3.5) a priori
satisfied a homogeneity condition ðX �Dþ 3Þ ~AM ¼ 0 (but un-
restricted physical field A0

M). This condition on the remainder
~AMðXÞ was a partial gauge choice for a larger gauge symmetry,
and therefore the gauge parameter �MðXÞ was also restricted by
a corresponding homogeneity condition ðX �Dþ 3Þ�M ¼ 0. A
homogeneous remainder ~AMðXÞ made it easier to derive the two
separate equations in (3.4) as the unique outcome of minimizing
the action. This assumption for ~AMðXÞ can be dropped at the
expense of a more elaborate discussion of the larger 2T gauge
symmetry, as will be further elucidated in a separate paper. With
this, one arrives again at the same on-shell equations of motion
(3.4). Either way, the conclusions of the present paper remain
unchanged.
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matic equations X2 ¼ 0, ½XNFMN�X2¼0 ¼ 0, and that the
emergent 1T field theories may come with some symmetry
restrictions that are not anticipated with only 1T field
theory methods. For example, in the case of the standard
model [17] the latter restrictions lead to new concepts on
the generation of mass.

As already mentioned, among the many possible solu-
tions, in the next section we will concentrate on an easier
subset of solutions that correspond to conformally flat
spacetimes and then explore the dualities among the re-
sulting field theories.

B. Spin- 12 fields

The 2T free field action for spinor fields is given by [17]

Sð�Þ ¼ i

2
Z
Z
ðddþ2XÞ�ðX2Þð ��X6 �6@�þ �� 6@Q �X6 �Þ (3.7)

where Z is the same normalization constant as in (3.1), and

X6 � �MXM and �6@ � ��M@M, using the SOðd; 2Þ gamma

matrices �M, ��M in the footnote.5 Varying the action gives

�Sð�Þ ¼ iZ
Z
ðddþ2XÞ�ðX2Þ� ��

�
X6 �6@��

�
X � @þ d

2

�
�

�
þ H:c: (3.8)

where the second term emerges from integration by parts
and using X2�0ðX2Þ ¼ ��ðX2Þ. As was shown in [17], the
two terms in the bracket actually need to vanish separately

when we require �Sð�Þ ¼ 0 for general � ��. So the equa-
tions of motion are6��

X � @þ d

2

�
�

�
X2¼0

¼ 0; ½X6 �6@��X2¼0 ¼ 0: (3.9)

It should be noted that the action Sð�Þ is invariant under
the following ‘‘2T gauge transformation’’

��� ¼ X2�1 þ X6 �2; �� �� ¼ X2 ��1 þ ��2
�X6 : (3.10)

This is verified (see [17]) by inserting �� �� in (3.8) instead

of the general � ��. The role of the gauge spinors �1, �2 are
as follows. Because of the delta function we are invited to

expand the field in powers of X2, thus � ¼ �0 þ X2 ~�,

where we define �0 � ½��X2¼0 while X
2 ~� ¼ ���0 is

the remainder that includes all higher powers of X2. In [17]
it was shown that the gauge parameter �1 that appears in

Eq. (3.10) can be used to remove the remainder ~� if so
desired. The remaining �0

�ðXÞ is then independent of X2,
however compared to 2 less dimensions it has double the
number of spinor components. With the gauge symmetry
�2 one can show [17] that half of the degrees of freedom in
�0
�ðXÞ are gauge degrees of freedom while the remaining

half are physical. In this role, the �2 transformation is
similar to kappa-type local supersymmetry, and it can be
used to eliminate half of the spinor components, if so
desired.
Interactions of fermions with the gauge fields are

obtained by simply replacing all derivatives by the co-
variant derivative @M ! DM ¼ @M � igAM. The Yukawa
interaction with a scalar HðXÞ takes the form [17]

Hð ��X6 �Þ�ð2ðd�4Þ=ðd�2ÞÞ, where � is the dilaton that does
not appear if dþ 2 ¼ 6. The fermionic gauge symmetry of
Eq. (3.10) remains as a valid symmetry in the presence of
these interactions, and it will be used to obtain the proper
spin- 12 degrees of freedom in the lower dimensional

actions.
The strategy to descend to 1T-physics from 2T-physics

for fermions is then to make gauge choices by using �1,
�2 and solve the two kinematic constraints X2 ¼ 0 and
ððX �Dþ d

2Þ�ÞX2¼0 ¼ 0. Upon inserting the solution into

the original action (including interactions) it is seen that
the remaining dynamics has precisely the familiar form of
1T field theory.
As in the case of gauge fields above, various 1T space-

times materialize from different solutions of the kinematic
equations. These emerging 1T field theories in ðd� 1Þ þ 1
dimensions, that include scalars, fermions, and Yang-Mills
bosons, are then dual to each other. This duality will be
illustrated below for a subset of the solutions.

IV. EMERGENT ðd� 1Þ þ 1 FIELD THEORY

The strategy described in the previous section to reduce
2T field theory to 1T field theory will be implemented in
this section by solving the kinematic equations

X2 ¼ 0;

��
X �Dþ d

2

�
�

�
X2¼0

¼ 0;

½XNFMN�X2¼0 ¼ 0:

(4.1)

The result, which will involve fields in 2 less spacetime
variables, will be inserted in the original action to yield the
‘‘shadows’’ in the form of 1T field theories. To solve these
equations we follow the footsteps for solving the corre-
sponding constraints X2 ¼ X � P ¼ 0 in the underlying

5We use the following explicit SOðd; 2Þ gamma matrices

�þ0 ¼ 0 �i ffiffiffi
2

p
0 0

 !
; ��0 ¼ 0 0

�i ffiffiffi
2

p
0

� �
;

�� ¼ ��� 0
0 ���

� �
��þ0 ¼ 0 �i ffiffiffi

2
p

0 0

 !
;

���0 ¼ 0 0
�i ffiffiffi

2
p

0

� �
; ��� ¼ �� 0

0 � ���

� �
where �� ¼ ð1; �iÞ, ��� ¼ ð�1; �iÞ, or �� ¼ ð�1; �iÞ, ��� ¼
ð1; �iÞ are SOðd� 1; 1Þ gamma matrices. For further detailed
properties of these gamma matrices see the appendix of [24].

6These equations of motion amount to OSpð1j2Þ constraints
[17], where OSpð1j2Þ is the gauge symmetry [8] of the under-
lying world line theory [7] (see Appendix A). Imposing
OSpð1j2Þ constraints is the requirement that the physical con-
figurations of the field �ðXÞ be gauge invariant under the
OSpð1j2Þ gauge symmetry.
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world line theory. This involved making some gauge
choices for phase space [XMð�Þ, PMð�Þ] by using the world
line local Spð2; RÞ gauge symmetry.

In this way the 1T systems listed in Table I emerge as
shadows from the 2T theory in flat dþ 2 dimensions. In
this table the cases marked as (cf) correspond to confor-
mally flat curved spaces, on which we concentrate in this
paper. The details of the world line gauge choices for (XM,
PM) was summarized in tables I,II,III in [22]. Those tables
provide details for a variety of embeddings of ðd� 1Þ þ 1
dimensions into dþ 2 dimensions, with distinct forms of
‘‘time’’ and ‘‘Hamiltonian’’ as interpreted in the lower
dimension (i.e. the 1T shadows).

In 2T field theory, we cannot choose a gauge7 for XM

like we do for the world line theory XMð�Þ. Instead, we
parameterize XM as in e.g. Eq. (4.3), which is a form that is
parallel to a subset of gauge choices of the world line
theory (compare to Appendix A). We start by choosing
an embedding of the 1T spacetime x� into the 2T space-
time XM. To do so, it is useful to distinguish one space and

one-time dimensions X00 , X10 , to define a lightcone-type

basis, M ¼ ðþ0;�0; mÞ, with X�0 � 1ffiffi
2

p ðX00 � X10 Þ, so that

the flat metric �MN in dþ 2 dimensions takes the form

ds2 ¼ dXMdXN�MN ¼ �2dXþ0
dX�0 þ dXmdXn�mn

(4.2)

where �mn is the flat Minkowski metric in d dimensions
including 1 time dimension. Next we choose the embed-
ding by the following parametrization of XM in terms of
the 1T spacetime x� and two other dimensions �, 	

Xþ0 ¼ �e
ðxÞ; X�0 ¼ 	�e
ðxÞ;

Xm ¼ �e
ðxÞqmðxÞ;
(4.3)

where the functions 
ðxÞ and qmðxÞ remain unspecified.

Solving for �, 	, and qmðxÞ, in terms of X�0
, Xm we get the

inverse parametrization

� ¼ e�
ðxÞXþ0
; 	 ¼ X�0

Xþ0 ; qmðxÞ ¼ Xm

Xþ0 : (4.4)

From qmðxÞ ¼ Xm

Xþ0 we solve in principle for x� ¼ f�ðXm
Xþ0Þ,

where f�ðqmÞ is the inverse map of qmðx�Þ. This inverse
map is inserted in 
ðxÞ ¼ 
ðf�ðXm

Xþ0ÞÞ in Eq. (4.4) to

complete the full solution of � ¼ Xþ0
expð�
ðf�ðXm

Xþ0ÞÞÞ
in terms of X�0

, Xm.
Such parametrizations of XM, combined with gauge

choices for Yang-Mills gauge symmetry and 2T gauge
symmetries (3.6) and (3.10), lead to the solutions of
Eqs. (4.1) as will be shown below.
The physics of the emerging 1T shadows as field theo-

ries is anticipated from the corresponding shadows in the
classical world line theory. The improvements in field
theory include (i) an automatic resolution of ordering
ambiguities of nonlinear terms in the quantization of the
world line theory (see Appendix A), (ii) the inclusion of
interactions and (iii) dualities among interacting field
theories which may be used as a new tool for investigating
1T field theory.
To implement the 2T ! 1T reduction for spin- 12 and

spin-1 fields we solve Eqs. (4.1). We follow the methods
of our previous investigation of scalar fields [22] which
focused on conformally flat 1T-spacetimes that emerged
through the 2T ! 1T embeddings described by Eq. (4.3).
The conformally flat backgrounds, which is only a sub-
set of the shadows listed in Table I, are those marked as
(cf) including the flat massless Minkowski spacetime,
AdSd�k � Sk, AdSd, dSd, Robertson-Walker, maximally
symmetric spaces, and some singular spaces. The other
interesting cases listed in Table I, such as the massive
particle(s), hydrogen atom, and harmonic oscillator are
not conformally flat backgrounds. To describe those other
nonconformally flat shadows, which are also solutions
of Eqs. (4.1), a parametrization of the embedding of the

TABLE I. A sample of 1T physics shadows that emerge from the flat (dþ 2) 2T theory.

The massless relativistic particle in d flat Minkowski space. (cf)

The massive relativistic particle in d flat Minkowski space.

The nonrelativistic free massive particle in d� 1 space dimensions.

The nonrelativistic hydrogen atom (i.e. 1=r potential) in d� 1 space dimensions.

The harmonic oscillator in d� 2 space dimensions, with its mass , an extra dimension.

The particle on AdSd, or on dSd. (cf)
The particle on AdSd�k � Sk for k ¼ 1; 2; � � � ; d� 1. (cf)
The particle on the Robertson-Walker spacetime (open or closed universes). (cf)

The particle on any maximally symmetric space of positive or negative curvature. (cf)

The particle on any of the above spaces modified by any conformal factor.

A related family of other particle systems, including some singular backgrounds. (cf)

7This is because Spð2; RÞ is not a gauge symmetry of the field
theory action Sð�; A;�Þ, but rather the action generates on-shell
equations of motion that reproduce the Spð2; RÞ constraints of
the world line theory, as explained in the previous section. These
fields which satisfy the Spð2; RÞ constraints are then the Spð2; RÞ
gauge invariant physical configurations.
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1T spacetime into the 2T spacetime that is rather different
than Eq. (4.3) is required.8

The fields �ðXÞ ¼ �ð�; 	; x�Þ, �ðXÞ ¼ �ð�; 	; x�Þ
and AMðXÞ ¼ AMð�; 	; x�Þ are now considered functions
of �, 	, x�. The ðd� 1Þ þ 1 spacetime x� has been
embedded in dþ 2 dimensions in different forms that
vary as the functions qmðxÞ and 
ðxÞ change.

To obtain the kinetic energy terms for the fields �ðXÞ,
AMðXÞ,��ðXÞ we use the chain rule to compute the partial
derivatives @

@XM
in terms of @

@� ,
@
@	 ,

@
@x� , consistent with the

parametrization (4.3). The result is

@

@X�0 ¼ 1

�
e�


@

@	
(4.5)

@

@Xm
¼ 1

�

�
�e�m@�
� @

@�
þ e

�
m@�

�
(4.6)

@

@Xþ0 ¼ 1

�

�
½e�
 þ qme�m@�
�� @

@�
� e�
	

@

@	

� qme�m@�

�
(4.7)

Here e
�
mðxÞ is the inverse of the vielbein. The vielbein itself

in the reduced spacetime is defined as

em�ðxÞ ¼ e
ðxÞ
@qmðxÞ
@x�

; (4.8)

Then the inverse e
�
mðxÞ can also be written as e

�
mðxÞ ¼

e�
ðxÞ @x�@qm ¼ e�
ðxÞ @f
�ðqÞ
@qm ðxÞ, where x� ¼ f�ðqÞ is the in-

verse map discussed following Eq. (4.4). This is verified by

using the chain rule e�
mðxÞe�mðxÞ ¼ e
ðxÞ @q

m

@x� e
�
ðxÞ @x�

@qm ¼
@x�

@x� ¼ ��
�. We note, in particular, that the dimension op-

erator X � @ that we will need to solve the kinematic
equations (4.1) takes a simple form � @

@�

X � @ ¼ þXþ0 @

@Xþ þ X�0 @

@X� þ Xm
@

@Xm
¼ �

@

@�
:

(4.9)

With this parametrization we see that the volume ele-
ment takes the form

X2 ¼ �2�2e2
ð	� 1
2q

2ðxÞÞ; (4.10)

ðddþ2XÞ�ðX2Þ ¼ 1
2�

d�1 detðem�ðxÞÞd�d	ddx�ð	� 1
2q

2ðxÞÞ:
(4.11)

where we have taken into account the Jacobian for the
change of variables

J

�
Xþ0

; X�0
; Xm

�; 	; x�

�
¼ �dþ1eðdþ2Þ
 detð@�qmÞ

¼ �dþ1e2
 detðem�ðxÞÞ: (4.12)

It is also worth noticing that, after taking into account the
delta function that imposes 	 ¼ 1

2q
2ðxÞ, the metric in dþ 2

dimensions in Eq. (4.2) collapses to the curved metric
g��ðxÞ in ðd� 1Þ þ 1 dimensions

ds2 ¼ ðdX � dXÞ	¼q2=2 ¼ �2g��ðxÞdx�dx�: (4.13)

Here g��ðxÞ is conformally flat since it has the form

g�� ¼ em�e
n
��mn ¼ e2
ðxÞ

@qmðxÞ
@x�

@qnðxÞ
@x�

�mn: (4.14)

Specific forms of 
ðx�Þ, qmðx�Þ that produce all of the
conformally flat examples included in Table I were given
explicitly in [22]. As an illustration, we give here the
Robertson-Walker case, where aðtÞ is any function that
represents the expanding size of an open universe

ðds2Þ	¼q2=2 ¼
�2

R2
0

�
�dt2 þ a2ðtÞ

R2
0

�
R2
0

R2
0 þ r2

dr2 þ r2d�2

��
(4.15)

This is an example of Eq. (4.13) that is obtained by insert-
ing the following explicit forms of 
ðxÞ and qmðxÞ
Robertson-Walker expanding open universe ðr > 0Þ

e
ðxÞ � aðtÞ
R0

exp

�
�
Z t dt0

aðt0Þ
�
;

~qðxÞ � � ~r

R0

exp

�
�
Z t dt0

aðt0Þ
�
; (4.16)

q0ðxÞ � �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ r2

R2
0

s
exp

�
�
Z t dt0

aðt0Þ
�

(4.17)

e�
m ¼ e
ðxÞ

@qm

@x�
¼ 1

R0

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ r2

R2
0

r
� ri

R0

� aðtÞ
R0

riffiffiffiffiffiffiffiffiffiffi
R2
0
þr2

p � aðtÞ
R0
�i
j

0
BB@

1
CCA
(4.18)

This parametrization of XMð�; 	; x�Þ given above for the
Robertson-Walker spacetime is slightly different than the

8The special case treated in this paper in Eq. (4.3) embeds d
dimensional space x� space into dþ 2 dimensional space XM,
from which we can figure out the embedding of momentum
[derivatives applied on fields as in Eqs. (4.5), (4.6), and (4.7)].
The more general case embeds not only space x�, but all of all of
phase space (x�, p�) in d dimensions into phase space (XM, PM)
in dþ 2 dimensions. Consequently, the emergent spacetimes are
not only conformally flat, but much more interesting. Some such
examples include the massive particle(s), the hydrogen atom and
harmonic oscillator listed in Table I. In these later cases the
parametrization of XM involves momenta in addition to positions
(see tables I,II,III in [22]). While this is straightforward to
implement in the world line formalism, it is more challenging
in the context of field theory, since momenta are replaced by
derivatives. For this reason, the field theoretic investigation of
this more complicated type of ‘‘shadow’’ is left to future work.
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one given in [22], but is related to it by a simple redefinition
of coordinates.

The discussion above is common to fields of any spin.
The 2T ! 1T reduction of the spin 0 case was discussed in
[22], so we now focus on the spin- 12 and spin-1 cases.

A. Spin-1 field

The kinematic equations (4.1) were first solved by Dirac
[25] (see also related work in [26–36]) who did not have an
action principle but only suggested equations of motion
that were arrived at by a different set of arguments and the
motiovation being an explanation of conformal symmetry
SOðd; 2Þ in flat Minkowski space in d dimensions. His
solution yielded only one of the possible shadows, namely,
the one in flat Minkowski space. The existence of all the
other shadows in a variety of spacetimes, and the existence
of moduli such as curvature, mass, interaction parameters,
were discovered via methods of 2T-physics. In what fol-
lows we adapt the 2T-physics methods to discuss a subset
of the shadows.

Taking advantage of the Yang-Mills gauge symmetry of
the full action Sð�; A;�Þ, we first choose the Yang-Mills
axial gauge

X � A ¼ 0 (4.19)

so that the nonlinear kinematic equation for the Yang-Mills
field in (4.1) simplifies to a linear equation independent
of interactions 0 ¼ XNFMN ¼ �ðX � @þ 1ÞAMðXÞ. Using
the parametrization for XM in (4.3) that yields the dimen-
sion operator as in (4.9), the kinematic constraint takes the
even simpler form�

�
@

@�
þ 1

�
AMð�; 	; xÞ ¼ 0: (4.20)

This determines uniquely the � dependence of the field as

AMð�; 	; xÞ ¼ 1

�
ÂMð	; xÞ: (4.21)

In the axial gauge (4.19) there is still leftover Yang-Mills
gauge symmetry with parameter �ð	; xÞ that is indepen-
dent of �. Using this, we can fix the Yang-Mills gauge
further, by taking a lightcone-type gauge

Â�0ð	; xÞ ¼ 0: (4.22)

Inserting this in the axial gauge condition 0 ¼ X � Â ¼
X�0

Â�0 þ Xþ0
Âþ0 þ XmAm, we also obtain Âþ0 ¼

� Xm

Xþ0 Âm, which may be written as

Âþ0ð	; xÞ ¼ �qmðxÞÂmð	; xÞ: (4.23)

Given the delta function �ð	� 1
2 q

2ðxÞÞ in the volume

element (4.11) we are invited to expand the field in powers
of 	� 1

2 q
2ðxÞ. Now we take advantage of the 2T gauge

symmetry of Eq. (3.6) which allows us to gauge fix the part

of the gauge field AM ¼ A0
M þ X2 ~A proportional to X2.

This means that in the expansion Âmð	; x�Þ ¼ �Amðx�Þ þ
ð	� q2

2 Þ ~Amð	; x�Þ we can choose the gauge ~Amð	; x�Þ ¼
0. The remaining gauge field �Amðx�Þ is now independent of
both 	 and �. Without loss of generality we can write it in
the form �Amðx�Þ ¼ e�mðxÞA�ðxÞ where e�m is the inverse

vielbein discussed in the previous section.
To summarize, we have shown that, by taking advantage

of both the Yang-Mills and 2T gauge symmetries, the
general Yang-Mills field AMðXÞ can be gauge fixed to the
following form

A�0 ¼ 0; Aþ0 ¼ � 1

�
qmðxÞe�mðxÞA�ðxÞ;

Am ¼ 1

�
e�mðxÞA�ðxÞ

(4.24)

where only A�ðxÞ is the independent component. We now

compute the field strength FMNðXÞ by using the chain rule
given in Eqs. (4.5), (4.6), and (4.7). After some algebra
we find9

Fþ0�0 ¼ 0; F�0m ¼ 0; Fþ0m ¼ 1

�2
qnðxÞFmn;

Fmn ¼ 1

�2
e�me�nF��ðxÞ (4.25)

with

F��ðxÞ ¼ @�A� � @�A� � ig½A�; A��: (4.26)

The quantity FMNF
MN in flat dþ 2 dimensions is then

reduced to its shadow in curved d dimensions as follows

FMNF
MN ¼ FmnF

mn ¼ FmnFkl�
mk�nl

¼ 1

�4
ðe�me�nF��Þðe�ke	l F�	Þ�mk�nl

¼ 1

�4
g��g�	F��F�	 � 1

�4
F��F

�� (4.27)

Recalling also the reduced form of the scalar field
from [22]

�ð�; 	; x�Þ ¼ ��ðd�2=2Þ�ðx�Þ; (4.28)

we can rewrite the action in terms of the lower dimensional
shadow fields in curved space (the subscript ‘‘red’’ indi-
cates that the solution of the kinematic equations are
inserted to obtain the reduced action)

SðA;�Þred ¼ Z
Z
dðdþ2ÞX�ðX2Þ

�
�
� 1

4
�ð2ðd�4Þ=d�2Þ TrðFMNFMNÞ

�
red

(4.29)

9The details for similar steps in flat space (i.e. when em�ðxÞ ¼
�m�) are given in [17].
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¼ Z
Z
d�d	ddx

1

2
�d�1 detem��

�
	� q2ðxÞ

2

�

� 1

4
�4�d�ð2ðd�4Þ=d�2Þ Tr

�
1

�4
F��F

��

�

¼
Z
ddx

ffiffiffiffiffiffiffi�gp �
� 1

4
�ð2ðd�4Þ=d�2Þ TrðF��F��Þ

�
:

(4.30)

In the last step we integrated 	, � and absorbed an infinite
constant by normalizing10 Z as Z

R
d�
2� ¼ 1, thus arriving at

an action expressed in terms of only the d dimensional
shadow spacetime x�.

It must be emphasized that the reduction of the scalar
field11 discussed in [22] produced exactly the same overall
normalization Z and gave the action for the conformal
scalar �ðxÞ in the same background metric g��ðxÞ. The
conformal scalar action is given in Eq. (A14).

The resulting reduced action SðA;�Þred is the action for
a spin-1 gauge field in a variety of shadow curved space-
times, all with conformally flat metrics of Eq. (4.14). Note
that these shadows of the same ðdþ 2Þ theory change as
the functions 
ðxÞ, qmðxÞ are arbitrarily chosen. Hence
these 1T field theories must be dual to each other and
they must describe the same gauge invariants from the
point of view of dþ 2 dimensions. The duality transfor-
mations among such 1T field theories will be discussed in
the next section.

B. Spin- 12 field

The 2T spin- 12 action, including the gauge field Sð�; AÞ
is obtained from (3.7) as usual by replacing @M by the
covariant derivative DM ¼ @M � igAM. However, in the
axial gauge (4.19) the gauge field drops out in the kine-
matic equation (4.1) since X �D ¼ X � @. Hence, just like
the cases of the scalar and Yang-Mills fields, the spinor
kinematic equation is free from interactions, and simplifies
greatly in the parametrization of Eq. (4.3). So, it takes
the form

�
X � @þ d

2

�
�ðXÞ ¼

�
�
@

@�
þ d

2

�
�ð�; 	; x�Þ ¼ 0; (4.31)

which is solved generally by a homogeneous � of de-
gree � d

2

�ð�; 	; x�Þ ¼ ��ðd=2Þ�̂ð	; x�Þ: (4.32)

Expanding � in the form � ¼ �0 þ X2 ~�, we can write

�̂ð	; x�Þ ¼ �0ðx�Þ þ ð	� q2

2 Þ ~�ð	; x�Þ. Using the X2�1
part of the 2T gauge symmetry (3.10), we can choose the

gauge that eliminates the remainder ~�ð	; x�Þ ¼ 0, leading

to a 	-independent �̂ð	; x�Þ ¼ �0ðx�Þ. Therefore, �ðXÞ
takes the gauge fixed form �ð�; 	; x�Þ ¼ ��ðd=2Þ�0ðx�Þ.
Using now the (kappa type) X6 �2 part of the gauge symme-
try (3.10), we can remove half of the remaining degrees of
freedom of �0. In particular, one can make the gauge
choice

�þ0
� ¼ 0: (4.33)

With a choice of basis for the flat space SOðd; 2Þ gamma
matrices �M (see Appendix of [9]), the gauge condition

�þ0
� ¼ 0 forces the lower components of � (equivalent

to the first two components of ��) to vanish. Therefore, the
gauge fixed form of �ðXÞ is

�ð�; 	; x�Þ ¼ ��ðd=2Þe�ð
ðxÞ=2Þ  ðx�Þ
0

� �
;

��ð�; 	; x�Þ ¼ ��ðd=2Þe�ð
ðxÞ=2Þ 0 � ðx�Þ� � (4.34)

where  ðx�Þ is an SOðd� 1; 1Þ spinor and � ðx�Þ is its

antispinor. We have inserted the extra factor e�ð
=2Þ for
later convenience in the interpretation of  .

We now focus on the term ð ��X6 �6D�Þ in the action, where
�6D ¼ ��MDM ¼ ��þ0

Dþ0 þ ���0
D�0 þ ��mDm includes the

gauge field. With our gauge choices in Eqs. (4.24),

(4.33), and (4.34) we can drop the terms, ��þ0
Dþ0� ¼ 0

and ���0
D�0� ¼ ���0 1

� e
�
 @

@	� ¼ 0, and using explicitly

our SOðd; 2Þ gamma matrices we get

�6D� ¼ ��mDm�

¼ �mDm 0
0 � ��mDm

� �
��ðd=2Þe�ð
=2Þ 

0

 !

¼ �mDmð��ðd=2Þe�ð
=2Þ Þ
0

 !
(4.35)

where �m are now the SOðd� 1; 1Þ gamma matrices
in flat tangent space labeled by m. Next, we apply

X6 ¼ �MXM ¼ ��þ0
X�0 � ��0

Xþ0 þ �mXm on �6D�. The

first term �þ0
X�0

gives zero when acting on �6D�. The other
two terms give

10Another way to interpret this procedure of absorbing the
infinity into the constant in front of the action is to view it as
a renormalization of the Planck constant @ since only the
combination of S=@ appears in the path integral. The infinity is
easily controlled by a cutoff and then renormalized away as we
proposed. This method is preferred over some gauge fixing
methods [29,30,35] since this preserves the symmetries of the
action without making them intractable through gauge choices.
11There can of course be a variety of scalars in a full 2T theory,
such as a Higgs boson doublet HðXÞ in the standard model. But
as required by 2T field theory, in particular, there is also a flavor-
color singlet dilaton �ðXÞ that gets reduced to �ðxÞ and which
must couple as in Eqs. (4.29) and (4.30). This coupling of the
dilaton disappears in d ¼ 4, but there can be additional cou-
plings among the scalars, such as Higgs and dilaton, which can
play a crucial role in driving the electroweak phase transition
that generates masses, by linking it to other dilaton driven phase
transitions, as explained in [17].
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X6 �6D� ¼ �e

��mqm 0
1 ��mqm

� �

� �kDmð��ðd=2Þe�ð
=2Þ Þ
0

 !

¼ �e

��mqm�

kDkð��ðd=2Þe�ð
=2Þ Þ
�kDkð��ðd=2Þe�ð
=2Þ Þ

 !
: (4.36)

Therefore

��X6 �6D� ¼ �e
e�ð
=2Þ��ðd=2Þ 0 � 
� �

� ��mqm�
kDkð��ðd=2Þe�ð
=2Þ Þ

�kDkð��ðd=2Þe�ð
=2Þ Þ
 !

¼ ��d � �ke�k
�
D� þ d� 1

2
@�


�
 : (4.37)

As an additional step, we note the identity

d� 1

2
ð�ke�k Þ@�
 ¼ 1

4
ð�k�ijÞe�k !ij

� (4.38)

that expresses the term that contains @�
 as due to

the following special spin connection !ij
�ðxÞ for the

SOðd� 1; 1Þ in tangent space

!ij
�ðxÞ ¼ ðei�ej� � ej�ei�Þ@�
ðxÞ: (4.39)

But this !ij
�ðxÞ is precisely the spin connection that is

constructed from the vielbein in curved space as usual

!ij
�ðxÞ ¼ ei	ej
ðc�	
 � c	
� � c
�	Þ; with

c�	
 � �1
2e
k
�ð@	e
k � @
e	kÞ:

(4.40)

If we insert our ei� ¼ e
@�q
iðxÞ in this general expression,

we recover precisely the special spin connection above.
Therefore, the result in Eq. (4.37) can now be written as

ð ��X6 �6D�Þred ¼ ��d � �ke�k D̂� (4.41)

where the covariant derivative D̂� includes both the Yang-

Mills and the spin connection in ðd� 1Þ þ 1 dimensions.

D̂ � ¼ @� � igA� þ 1
4!

ij
��ij: (4.42)

The reduced action in which the kinematic constraints
are solved, now takes the form

Sð�; AÞred ¼ i

2
Z
Z
ðddþ2XÞ�ðX2Þð ��X6 �6D�þ H:c:Þred

¼ i

2
Z
Z
d�d	ddx

1

2
�d�1 detðem�Þ�

�
	� q2ðxÞ

2

�
� ð��d � �ke�k D̂� þ H:c:Þ

¼ 1

2

Z
ddx

ffiffiffiffiffiffiffi�gp � i�kD̂k þ H:c (4.43)

where we have used again the volume element in (4.11) as
well as the previous universal normalization Z

R
d�
2� ¼ 1.

As in the cases of the scalar and vector fields, the
resulting spinor action in Eq. (4.43) is the standard 1T field
theory action in a ðd� 1Þ þ 1 curved spacetime. The con-
formally flat metric g��ðxÞ is again the same one that
describes the shadow spacetime for the other fields. As
before, the shadows are different as we change the func-
tions 
ðx�Þ and qmðx�Þ. So the field theories with the
different conformally flat backgrounds must be dual to
each other since each shadow must describe the same
gauge invariant content of the original 2T field theory in
dþ 2 dimensions.

V. DUALITIES

We have shown above that the 2T field theory in dþ 2
dimensions leads to a family of 1T field theories cor-
responding to all possible conformally flat backgrounds
in ðd� 1Þ þ 1 dimensions. We now show the relations
that transform one shadow with a fixed spacetime metric
g��ðxÞ (example, flat Minkowski spacetime) into another

shadow with a different spacetime metric ~g�� (example,

Robertson-Walker expanding universe). From the point of
view of 1T physics, this is a transformation between two
different theories with no a priori relation to each other.
But from the point of view of 2T physics, from the deri-
vation above, it is evident that such transformations among
1T field theories should be an actual symmetry among the
shadows that does not change the physical content, and
hence we call it a duality transformation in 1T-physics.
The duality transformations that we will discuss here

take the following form

S
;qmð�;A�;  Þ ¼ S~
;~qmð ~�; ~A�; ~ Þ (5.1)

On the left side S
;qmð�;A�;  Þ represents the 1T field

theory with scalars, vectors and spinors in a background
geometry generated by the functions 
ðxÞ, qmðxÞ. On the
right side the background geometry has been changed to
a new one ~
ðxÞ, ~qmðxÞ, and when the dynamical fields
are transformed into new ones by a duality transformation

ð�;A�;  Þ ! ð ~�; ~A�; ~ Þ, the actions can be shown to be

equal. Hence, such a duality transformation is a symmetry
of the system. Of course, this symmetry among the shad-
ows is a simple consequence of the fact that either expres-
sion is merely a parametrization of the solutions of the
kinematic constraints (4.1) of the same 2T action

S
;qmð�;A�;  Þ ¼ Sð�; AM;��Þred ¼ S~
;~qmð ~�; ~A�; ~ Þ:
(5.2)

In 1T physics we now verify directly that the sample cases
given in Table I, indeed form a set of dual field theories.
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We consider the following two types of local transfor-
mations of the background functions that relate a subset of
the shadow spacetimes to one another.

(i) First consider replacing the functions qnðxÞ by new
ones ~qmðxÞ. This can be implemented by general
coordinate transformation in q-space qm ! ~qmðqÞ,
which yields ~qmðxÞ ¼ ~qmðqðxÞÞ. Since general co-
ordinate transformations in x-space x� ! y�ðxÞ
have the same amount of freedom as q-space repa-
rametrizations, the resulting function ~qmðxÞ can also
be built through general x-reparametrizations. Thus
we can write ~qmðxÞ in two ways ~qmðqnðxÞÞ ¼
~qmðxÞ ¼ qmðyðxÞÞ. To prove the duality in Eq. (5.1)
we will treat q-reparametrization as general coor-
dinate transformations in x-space. In that case the
background functions 
ðxÞ and qmðxÞ are trans-
formed like general coordinate scalars

~
ðxÞ ¼ 
ðyðxÞÞ; ~qmðxÞ ¼ qmðyðxÞÞ: (5.3)

These induce general coordinate transformations

on the background geometry em�ðxÞ ! ~em�ðxÞ ¼
e~
ðxÞ@�~qmðxÞ which takes the form

~em�ðxÞ ¼ @�y
	ðxÞem	 ðyðxÞÞ;

~g��ðxÞ ¼ @�y
	ðxÞ@�y
ðxÞg	
ðyðxÞÞ:

(5.4)

(ii) Now consider changing 
ðxÞ to a new one, leaving
qmðxÞ alone. This can be implemented as follows

~
ðxÞ ¼ 
ðxÞ þ 	ðxÞ; ~qmðxÞ ¼ qmðxÞ (5.5)

This induces a scale transformation on both the
vielbein and metric

~e m�ðxÞ ¼ e	ðxÞen�ðxÞ; ~g��ðxÞ ¼ e2	ðxÞg��ðxÞ:
(5.6)

Hence the change 
ðxÞ ! ~
ðxÞ amounts to a Weyl
transformation.

Since the reduced 1T action is formally invariant under
general coordinate transformations, we can claim that the
action with background ð
; qmÞðxÞ will be equal to the
action with background ð~
; ~qmÞðyðxÞÞ as in Eq. (5.1) pro-
vided the fields (�, A�,  ) are also transformed by the

general coordinate transformations

~�ðxÞ ¼ �ðyðxÞÞ; ~A�ðxÞ ¼ @�y
	ðxÞA	ðyðxÞÞ;

~ ðxÞ ¼  ðyðxÞÞ:
(5.7)

This is then the duality transformation that relates actions
with the two different backgrounds in Eq. (5.3).
A less obvious duality symmetry is Weyl transfor-

mations given by the transformation of the background
geometry in Eqs. (5.5) and (5.6) and the following trans-
formations of the dynamical fields

~�ðxÞ ¼ e�ðd�2=2Þ	ðxÞ�ðxÞ; ~A�ðxÞ ¼ A�ðxÞ;
~ ðxÞ ¼ e�ðd�1=2Þ	ðxÞ ðxÞ:

(5.8)

We will now prove that this is a duality symmetry as in
Eq. (5.1).
For the spin-1 action in Eq. (4.30), note that

~F�� ~F
�� ¼ F��~g

�	~g�
F	


¼ e�4	F��g
�	g�
F	


¼ e�4	F��F
��: (5.9)

Then, the transformed action is seen to be invariant

~Sð ~A; ~�Þ ¼
Z
ddxðe	d ffiffiffiffiffiffiffi�gp Þ

�
� 1

4
ðe�ðd�2=2Þ	�Þð2ðd�4Þ=d�2Þ TrðF��e�4	F��Þ

�
(5.10)

¼
Z
ddxeðd�ðd�4Þ�4Þ	 ffiffiffiffiffiffiffi�gp �

�1

4
�ð2ðd�4Þ=d�2ÞTrðF��F��Þ

�
(5.11)

¼ SðA;�Þ (5.12)

which proves the duality symmetry when the background and dynamical fields are transformed according to (5.3) and (5.7).
For the spin- 12 case in Eq. (4.43), it is faster to prove the duality if we use the version of the covariant derivative in

Eq. (4.37). Then we have

~Sð ~ ; ~AÞ ¼ 1

2

Z
ddx

�
ðe	d ffiffiffiffiffiffiffi�gp Þðe�ðd�1=2Þ	 � Þi�kðe�	e�k Þ

�
D� þ d� 1

2
@�ð
þ 	Þ

�
ðe�ðd�1=2Þ	 Þ

	
þ H:c: (5.13)

¼ 1

2

Z
ddx

�
e	de�ðd�1=2Þ	e�	e�ðd�1=2Þ	 ffiffiffiffiffiffiffi�gp � i�ke

�
k

�
D� � d� 1

2
@�	þ d� 1

2
@�ð
þ 	Þ

�
 

	
þ H:c: (5.14)

¼ Sð ;AÞ: (5.15)
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So it is invariant under Weyl transformations, which proves
the duality symmetry when the background and dynamical
fields are transformed according to (5.5) and (5.8).

Dualities under general coordinate transformations and
Weyl transformations of the type above hold for all back-
ground metrics g��, not only for the conformally flat

metrics, so is there something more special in the present
case, and how would the general case be recovered in
2T-physics? The answer is found by recalling that we
have investigated duality properties of the shadows of a
specific 2T-theory.

First, we must emphasize that there are more shadows of
the same theory that are not conformally flat field theories,
but also participate in similar duality transformations.
Those have not been discussed in our preliminary work in
this paper as explained in footnote 8, as our main motiva-
tion here was to provide some simple examples of the
dualities generated by 2T-field theory.

Second, the starting point can be various 2T-field theo-
ries, including curved backgrounds in dþ 2 dimensions
rather than the flat background in (4.2) used in our present
case. Curved backgrounds in dþ 2 dimensions will lead to
shadows in more general backgrounds g�� that would not

be necessarily conformally flat, but will satisfy the dual-
ities generated by Weyl and general coordinate transfor-
mations as in the more general case.

Third, by starting from a specific 2T-theory we can
generate only those shadows that capture the underlying
properties of that theory. So, the conformally flat space-
times represented by a subset of shadows in Table I, must
have additional properties that reflect the properties of flat
spacetime in dþ 2 dimensions. Specifically, these shad-
ows must have a hidden SOðd; 2Þ global symmetry. This
additional property of each shadow is discussed in the next
section.

VI. SOðd; 2Þ GLOBAL SYMMETRYAND
ITS GENERATORS

Similarly to the spin-0 case, the SOðd; 2Þ global sym-
metry of the original 2T theory must still be present after
imposing the SOðd; 2Þ invariant kinematic constraints
(4.1). In this section, we provide the explicit form of the
SOðd; 2Þ generators JMN as applied on each shadow.

To do so, we will use the same trick as in [22]. The
generic field 
�1�2��� is a shadow in curved space, with

metric

g��ðxÞ ¼ e2
ðxÞ�mn@�qmðxÞ@�qnðxÞ: (6.1)

This can be related by dualities to the shadow field 
0
�1�2���,

in flat space with metric ���. The duality relation is a
combination of Weyl and general coordinate transfor-
mations parametrized by 	ðxÞ and y�ðxÞ as shown in
Eqs. (5.3), (5.5), (5.7), and (5.8). The starting point we
want to use for the duality transformation is the shadow

with flat space Minkowski metric ���, hence we want to

apply the combined transformations in Eqs. (5.3) and (5.5)
as follows

��� ! g��ðxÞ ¼ e2	ðxÞ@�y�ðxÞ@�y
ðxÞ��
: (6.2)

Then, the parameters 	ðxÞ, y�ðxÞ that produce the general
shadow spacetime of Eq. (6.1) are precisely 	ðxÞ ¼ 
ðxÞ
and y�ðxÞ ¼ ��mqmðxÞ. Hence by these duality transforma-
tions, the generic field 
 can be written in terms of the flat-
space field 
0 as in Eqs. (5.7) and (5.8)


�1�2���ðxÞ ¼ e�w
ðxÞ
�
@y�1

@x�1

@y�2

@x�2
� � �

�

0
�1�2���ðyðxÞÞ;

(6.3)

where w is the Weyl weight of the field 
 as it appears in
Eq. (5.8) for the relevant fields in this paper.
Now we begin to investigate the SOðd; 2Þ transforma-

tions. The starting point is the form of the SOðd; 2Þ gen-
erators in the dþ 2 theory, which is

JMN ¼ ðXMPN � XNPMÞ þ SMN; (6.4)

where PM ¼ �i@=@XM is a differential operator as applied
on any 2T field, and SMN is the representation of SOðd; 2Þ
as applied on the spin indices of the fields

SMN� ¼ 0; SMNAK ¼ð�MK�NL � �NK�
MLÞAL;

SMN�� ¼ 1

2i
ð�MNÞ����: (6.5)

Note that the kinematic conditions (4.1) are invariant
under these transformations. Therefore, this form of JMN

implies corresponding transformations for the shadow
fields in the lower dimension. For a particular parametri-
zation, such as Eq. (4.3) for XM and Eqs. (4.5), (4.6), and
(4.7) for PM ¼ �i@=@XM, the generator JMN implements
the infinitesimal SOðd; 2Þ transformation on the original
fields �, AM, �� but now as functions of �, 	, x�. When
we insert the solutions of the kinematic equations, all @=@	
derivatives vanish on the solutions, any remaining explicit
	 is replaced by 	 ¼ q2ðxÞ=2, and the � dependence
becomes trivial since it appears as overall factors. In par-
ticular, if we pick the parametrization that corresponds to
shadows in Minkowski space [i.e. 
 ¼ 0 and qmðxÞ ¼
�m�x

� in Eq. (4.3)], then the shadow fields 
0ðqÞ transform
under SOðd; 2Þ as

flat : �!

0ðqÞ ¼ i

2
!MNJ

MN
0 
0: (6.6)

where JMN0 takes the form of the familiar conformal trans-

formations [6] [contrast to the classical version in
Eqs. (A17)–(A19) when specialized to 
 ¼ 0 and qmðxÞ ¼
�m�x

�]

Jmn0 ¼ ðqmpn � qnpmÞ þ Smn ðLorentz transf:Þ (6.7)
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Jþ0m
0 ¼ pm ðtranslationsÞ;

Jþ0�0
0 ¼ qmpm � ik ðdilatationsÞ (6.8)

J�0m
0 ¼ 1

2qlq
lpm�qmqlpl�qlS

mlþ ikqm
ðconformal transf:Þ

(6.9)

where pm is understood as a differential operator

pm � �i @

@qm
; (6.10)

Smn is the appropriate spinor representation of SOðd�
1; 1Þ, and k is the scaling dimension of the corresponding
field

k� ¼ d� 2

2
; k ¼ d� 1

2
; kA ¼ 1: (6.11)

Now, by using the duality transformation (6.3), we de-
rive the SOðd; 2Þ transformation for the fields in the curved
background as �!
iðxÞ ¼ e�w
�i

jð�!
0
j ðqðxÞÞÞ. We ob-

tain [here the indices i and the symbol �i
j is short-hand

notation for those that appear in Eq. (6.3)]

�!
iðxÞ ¼ e�w
�i
jð�!
0

j ðqðxÞÞÞ

¼ i

2
!MNe

�w
�i
jJMN0 
0

j ðqðxÞÞ (6.12)

¼ i

2
!MNe

�w
�i
jJMN0 ðew
ð��1Þjk
kðxÞÞ

� i

2
!MNJ

MN
iðxÞ: (6.13)

Hence the action of the JMN defined by the last expression
is given by the differential operators

JMN
iðxÞ ¼ e�w
�i
jJMN0 ½ew
ð��1Þjk
kðxÞ�: (6.14)

Let us now specialize to the cases of spin- 12 and

spin-1 fields (spin-0 is given in [22]). Since  ðxÞ ¼
e�ðd�1=2Þ
 ð0Þ

� ðqðxÞÞ, the SOðd; 2Þ generators for spin 1=2

fields in conformally flat curved space are given by

JMN ðxÞ ¼ ½e�ðd�1=2Þ
ðxÞJMN0 eðd�1=2Þ
ðxÞ� ðxÞ: (6.15)

Similarly, since A�ðxÞ ¼ em�ðxÞAð0Þ
m ðqðxÞÞ, the SOðd; 2Þ

generators for spin 1 fields in conformally flat curved space
are given by

JMNA�ðxÞ ¼ ½ei�ðxÞJMN0 e�i ðxÞ�A�ðxÞ: (6.16)

In these expressions to compute the action of pm that
appears in JMN0 we just use the chain rule to apply pm on

any function of x as follows

pmfðxÞ ¼ �i @

@qm
fðxÞ

¼ �i @x
�

@qm
@

@x�
fðxÞ

¼ �ie
e�m @

@x�
fðxÞ; (6.17)

where we inserted @x�

@qm ¼ e
e�m as discussed before. Then

the resulting expressions are the quantum ordered versions
of the classical generators given in Eqs. (A17)–(A19).
We emphasize that the fixed background metric g��ðxÞ

is unchanged by the global SOðd; 2Þ transformation [this is
seen easily from the construction of g�� in Eq. (4.13)].

Therefore, without reference to the flat theory, but only
using the generator JMN above, we see that this is a true
invariance of the action with the fixed background (
, qi)

�!S
;
ð�;A�;  �Þ ¼
@S
;q
@�

�!�þ @S
;q
@A�

�!A�

þ @S
;q
@ �

�! �

¼ 0: (6.18)

This hidden global symmetry is nothing but the original
global SOðd; 2Þ symmetry of the action Sð�; A;�Þ in dþ
2 dimensions, and hence each shadow for any ð
ðxÞ; qiðxÞÞ
must also be invariant.
It is straightforward to see that there is a symmetry as

in Eq. (6.18) for each shadow, when presented as an out-
come of the higher dimensional formulation, but this sym-
metry is not so easy to spot for specific backgrounds in
1T-physics field theory. For example, we claim that the
emergent field theory in the Robertson-Walker expanding
universe has this hidden SOðd; 2Þ global symmetry, which
was not noticed before. The resulting expressions for the
hidden SOðd; 2Þ generators JMN given above are new.
The Robertson-Walker example, as well as all the

others listed in Table I, show that 1T-physics is not
equipped to predict the hidden symmetries or dualities.
However, within 1T-physics field theory, with hard work
and some guidance, one can find new properties, such as
the dualities and hidden symmetries described above.
Within 1T-physics these are the clues as well as the evi-
dence of the higher dimensional nature of the underlying
2T spacetime, as predicted by 2T-physics.

VII. CONCLUSION

In this paper we generalized results for the Klein-
Gordon field as reported in [22]. Here have shown that
1T field theories involving Dirac and Yang-Mills fields
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propagating in any conformally flat metric in ðd� 1Þ þ 1
dimensions can be obtained as the shadows of 2T field

theory in flat dþ 2 dimensions. Similar work on some of
the shadows for free fields was performed in [30] for the
equations of motion rather than the action; modulo details,
and absence of field interactions, we are in principle in
agreement with those results for the equations of motion. in

ðd� 1Þ þ 1 dimensions. Since the shadows belong to the
same parent theory, there has to be hidden relationships
among the emergent 1T field theories. We have displayed
some of these hidden relationships in the form of dualities
and also in the form of hidden symmetries, which were not
previously known to exist for many of the specific ex-
amples listed in Table I.

This, of course can be applied to theories with several
interacting fields of different spins as is the case of the
standard model. Indeed the usual standard model in 3þ 1
dimensions is already known to be the flat Minkowski
shadow of a corresponding field theory in 4þ 2 dimen-
sions [17], and therefore our approach in this paper, which
extends also to the shadows of the standard model, may
find practical applications.

We should emphasize that the particular class of shadow
spacetimes that we have discussed only constitutes a start-
ing point. The infinity of possible gauge choices in the
world line formalism suggests a similar richness in 2T field
theory. In particular, we would like to extend the theory to
allow gauge choices equivalent to those in the world line

formalism which involve mixing of x and p (footnote 8).
This may result in dualities between local and nonlocal

field theories at least in some instances. It is to be noted that

the appearance of mass, coupling and curvature, as moduli
in the world line formalism was related to such gauge
choices. Here we have seen examples of 1T field theory
where curvature emerged as moduli in the reduction from
2T field theory. This suggests the possibility that mass in

field theory might also come as a modulus in the embed-

ding of 3þ 1 dimensional phase space into 4þ 2 dimen-
sional phase space. This is a topic which is worth pursuing
in more detail.

We also believe that the more general dualities provided
by 2T-physics could provide new tools to investigate the
properties of the standard model, including QCD. For in-
stance, one could use one form of the 1T-physics action
to learn some nonperturbative information about the other
1T-physics action. This suggests that we may be able to
take advantage of the type of dualities discussed here, and
their extensions (as suggested in footnote 8), to develop
nonperturbative tools for analyzing the standard model
itself as well as its dual versions.

So far, our discussion of field theory was purely classi-
cal. Another goal of our program is the quantization of our
theory directly in the 2T formulation. This step is obvi-
ously necessary in order to fully express the standard
model as a 2T theory at a quantum level. This is being

pursued in the path integral formalism, taking into consid-
eration the Faddeev-Popov formalism for gauge fixing the
local symmetries of the 2T-field theory.12

Further research on these topics is warranted and is
currently being pursued.
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APPENDIX A: RELATING WORLD LINE
2T-PHYSICS TO 1T FIELD THEORY

There is another way to obtain 1T field theory from
2T-physics. This would start with the world line formalism
in dþ 2 dimensions, gauge fix to ðd� 1Þ þ 1 dimensions
to specify a shadow, and then do first quantization of that
shadow. The first quantized wave function is the shadow
field in 1T field theory. In this appendix we compare this
procedure to the results obtained directly from 2T field
theory, and in this way illustrate the greater power of the
2T field theory formalism.
For comparison purposes with 2T field theory, we con-

centrate in this appendix on deriving the Dirac equation in
curved space through first quantization of the classical
gauge fixed 2T world line theory. The OSpð1j2Þ gauge
invariant action is [7]

S ¼
Z
d�

�
P � _X þ i

2
� � _�� 1

2
AijXi � Xj þ iFiXi ��

�
(A1)

where XM1 � XM and XM2 � PM is bosonic phase space and
�M are fermionic degrees of freedom that represent spin.
The OSpð1j2Þ gauge symmetry, with bosonic and fermi-
onic gauge potentials Aij;Fi, has 2 fermionic and three
bosonic gauge parameters, which allow us to freely choose
some gauges corresponding to these parameters. We use
one of the fermionic gauge parameters to fix the fer-

mion �þ0ð�Þ ¼ 0 for all � [using the basis �M ¼
ð�þ0

;��0
;�mÞ in Eq. (4.2) for the flat SOðd; 2Þ metric].

Similarly we use two of the bosonic gauge parameters to

fix Pþ0ð�Þ ¼ 0 and Xþ0ð�Þ ¼ expð
ðXmð�ÞÞÞ where 
ðXmÞ
is an arbitrary function of the other coordinates. Then we
solve explicitly one out of the two fermionic constraintsX �
� ¼ 0 and two out of the three bosonic constraints X2 ¼
0, X � P ¼ 0. Then XMð�Þ, PMð�Þ,�Mð�Þ, take the follow-
ing gauge fixed forms

12Previous discussions of some aspects of quantization using
different approaches appear in [28,32]. These point out some
subtleties that may or may not be specific to the gauge choices
made before quantization.
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XMð�Þ ¼ e
ðxð�ÞÞð1þ
0
; 12q

2ðxð�ÞÞ
�0

; qmðxð�ÞÞ
m

Þ (A2)

where we used Xm ¼ e
ðxÞqmðxÞ as a parametrization of
Xm in terms of x�ð�Þ via d arbitrary functions qmðxÞ (i.e.
not a gauge choice), and similarly,

PMð�Þ ¼ ð0þ
0
; qmðxð�ÞÞe�mðxð�ÞÞp�

�0

; e�mðxð�ÞÞp�ð�Þ
m

Þ (A3)

�Mð�Þ ¼ ð0þ
0
; qðxð�ÞÞ � �ð�Þ

�0

; �mð�Þ
m

Þ (A4)

where e�mðxð�ÞÞ is the inverse of the vielbein em�ðxÞ ¼
e
ðxÞ @q

mðxÞ
@x� . The remaining so far unsolved constraints

take the form P2 ¼ g��p�p� ¼ 0, � � P ¼ �ke
�
k p� ¼

0. If we insert these forms into the action (A1) we obtain
the spinning particle action in a curved background as
follows.

S ¼
Z
d�

�
p� _x� þ i

2
�m _�m � 1

2
A22g��ðxÞp�p�

þ iF2e
�
mðxÞ�mp�

�
: (A5)

Here e�m, g�� are the inverses of the emergent vielbein and
metric

em�ðxÞ ¼ e
ðxÞ
@qmðxÞ
@x�

; g��ðxÞ ¼ �mne
m
�ðxÞen�ðxÞ

(A6)

and they are in agreement with the corresponding expres-
sions that emerge directly in field theoretic approach as
given in Eq. (4.14).

The fact that this is indeed the metric can be confirmed
by our derivation of the Dirac equation which is obtained in
covariant first quantization by imposing the last fermionic
OSpð1j2Þ constraint

� � P ¼ �ke
�
k p� ¼ 0: (A7)

We now quantize this equation, by representing the
Clifford algebra among the �k by the SOðd� 1; 1Þ gamma
matrices �k acting on a Dirac spinor  �ðxÞ, as usual. We
must also take into account quantum ordering issues for x,
p in the nonlinear expression �ke�k ðxÞp� where p� is

replaced by a derivative. This ordering ambiguity leads
to the addition of some function akðxÞ in the Dirac equation
as shown below

fi�ke�k ðxÞ@� þ i�kakðxÞg ðxÞ ¼ 0 (A8)

The ambiguity akðxÞ must be fixed by requiring that the

SOðd; 2Þ global symmetry of the world line action (A1)
must be preserved at the quantum level. As it turns out (as
verified in the text) this criterion also matches with the
requirement that Eq. (A8) should be compatible with the
general form of the Dirac equation in curved space

i�ke�k ð@� þ 1
4!

mn
� �mnÞ ðxÞ ¼ 0: (A9)

The spin connection !mn
� is generally obtained from the

vielbein em� via the well known formula in Eq. (4.40). For

the vielbein of the form em�ðxÞ ¼ e
ðxÞ @q
mðxÞ
@x� that emerged

above, the spin connection takes the form

!mn
� ¼ ðem�en� � en�e

m�Þ@�
ðxÞ: (A10)

Inserting this into the Dirac equation above, we can finally
calculate the spin connection term

i

4
�ke

�
k !

mn
� �mn ¼ i

2
ðd� 1Þ�ke�k @�
: (A11)

Comparing this with i�kakðxÞ in Eq. (A8), we fix the
ambiguity as

akðxÞ ¼ 1
2ðd� 1Þe�k @�
; (A12)

and obtain the Dirac equation:

i�ke�k ð@� þ 1
2ðd� 1Þ@�
Þ ðxÞ ¼ 0: (A13)

This is precisely in agreement with the result obtained from
2T field theory as seen in Eq. (4.37).
Similar treatments for fields of spin-0, 1 or higher would

also be in agreement with 2T field theory, because the
SOðd; 2Þ covariant 2T field theoretic approach automati-
cally fixes the quantum ordering ambiguities for any gauge
of the world line theory. In particular, we remind the reader
of our result in [22] that when the ambiguity for the scalar
field is fixed, the resulting scalar field is the conformal
scalar in a curved background described by the action

Sð�Þred ¼
Z
ddx

ffiffiffiffiffiffiffi�gp �
� 1

2
g��@��@��

� d� 2

8ðd� 1ÞR�
2

�
; (A14)

where R is the curvature of the space, which in our con-
formally flat space is given by

R ¼ ð1� dÞ½dg��@�
@�
þ 2g��@�@�


þ 2en�@�e
�
n@�
�: (A15)

Another ordering ambiguity that occurs with the
SOðd; 2Þ hidden global symmetry generators gets resolved
as follows. The 2T world line action (A1) has a global
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SOðd; 2Þ symmetry with generators

JMN ¼ XMPN � XNPM þ SMN;

SMN � 1

2i
ð�M�N ��N�MÞ:

(A16)

The gauge fixed action (A5) must also have SOðd; 2Þ as a
hidden symmetry because the generators JMN above are
gauge invariant since they commute with the OSpð1j2Þ
gauge generators X2, P2, X � P, X ��, P ��. Inserting
the gauge fixed forms of XM, PM, �M in the JMN give
the correct generators of the hidden symmetry of the world
line action (A5)

Jþ0�0 ¼ e
ðxÞqmðxÞe�mðxÞp�; Jþ0m ¼ e
ðxÞem�ðxÞp�
(A17)

Jmn ¼ e
ðxÞ½qmðxÞen�ðxÞ � qnðxÞem�ðxÞ�p� þ Smn;

Smn � 1

2i
ð�m�n � �n�mÞ (A18)

J�0m ¼ e
ðxÞ½12q2ðxÞ�mn � qmðxÞqnðxÞ�e�n ðxÞp�
� qnðxÞSmn (A19)

These far from obvious conserved hidden symmetry
charges JMNðx; pÞ are used with Poisson brackets to gen-
erate the phase space transformations in the classical the-
ory in the lower d dimensions. In particular they apply for
the curved spacetimes in Table I marked as (cf).

�!x
� ¼ !MN

2
fJMN; x�g; �!p� ¼ !MN

2
fJMN; p�g;

�!�
m ¼ !MN

2
fJMN; �mg: (A20)

In the quantum theory the factor ordering of the operators
x� and p� must be resolved in these expressions such that

they are Hermitian and correctly form the SOðd; 2Þ Lie
algebra under quantum commutators. This difficult prob-
lem is automatically resolved in 2T field theory in Sec. VI
where the quantum ordered version of these generators is
provided.
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