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We model the massive dark object at the center of the Galaxy as a Schwarzschild black hole as well as
Janis-Newman-Winicour naked singularities, characterized by the mass and scalar charge parameters, and
study gravitational lensing (particularly time delay, magnification centroid, and total magnification) by
them. We find that the lensing features are qualitatively similar (though quantitatively different) for
Schwarzschild black holes, weakly naked, and marginally strongly naked singularities. However, the
lensing characteristics of strongly naked singularities are qualitatively very different from those due to
Schwarzschild black holes. The images produced by Schwarzschild black hole lenses and weakly naked
and marginally strongly naked singularity lenses always have positive time delays. On the other hand,
strongly naked singularity lenses can give rise to images with positive, zero, or negative time delays. In
particular, for a large angular source position the direct image (the outermost image on the same side as
the source) due to strongly naked singularity lensing always has a negative time delay. We also found that
the scalar field decreases the time delay and increases the total magnification of images; this result could
have important implications for cosmology. As the Janis-Newman-Winicour metric also describes the
exterior gravitational field of a scalar star, naked singularities as well as scalar star lenses, if these exist in

nature, will serve as more efficient cosmic telescopes than regular gravitational lenses.
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I. INTRODUCTION

A naked (visible) singularity is defined as a spacetime
singularity which can be seen by some observer and also
lies to the future of some point of the spacetime [1]. The
well-known weak cosmic censorship hypothesis (WCCH)
of Penrose essentially states that, generically, spacetime
singularities of physically realistic gravitational collapse
are hidden within black holes [1,2]. The concept of visible
singularities is objectionable to many scientists, as their
existence is thought to have alarming astrophysical impli-
cations. On the other hand, a failure of the WCCH would
give us the great opportunity to probe the extremely strong
gravitational fields that will help in the discovery of the
physical laws of quantum gravity. Despite many industri-
ous efforts, we are still far from having a general proof (or
disproof) of this hypothesis, and Penrose [1] expected that
radically new mathematical techniques might be required
for this purpose. As a proof or disproof of this hypothesis
appears to be inordinately difficult, it may be easier to find
a persuading counterexample to demonstrate that the hy-
pothesis is not correct. Numerous diligent efforts have been
put in this direction in the last four decades; however, we
still do not have a single convincing counterexample to the
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WCCH (see references in [1-3]). In a seminal review,
Penrose [1] concluded that the question of cosmic censor-
ship is still very much open and considered this to be
possibly the most important unsolved problem in classical
general relativity.

Given that we have neither a proof (or disproof) nor a
convincing counterexample of the WCCH, it is important
to explore whether or not this hypothesis could be tested
observationally. To this end, Virbhadra et al. [4] introduced
a theoretical research project using gravitational lensing
phenomena, and encouraging results came out of that.
Further, Virbhadra and Ellis [5] obtained a new gravita-
tional lens equation that allows large deflection of light,
and therefore it can be used to study strong gravitational
field lensing. They used this lens equation to study the
gravitational lensing due to light deflection close to the
photon sphere of the supermassive “‘black hole” at the
center of the Galaxy. They found that the presence of a
photon sphere gives rise to a theoretically infinite sequence
of highly demagnified images on both sides of the optical
axis (the line joining the lens and the observer), and they
termed these relativistic images. Virbhadra and Ellis [6]
further extended the previous studies of Virbhadra et al. [4]
in detail. They also organized the investigations by classi-
fying naked singularities into two groups: weakly naked
singularities (WNS) and strongly naked singularities
(SNS). They modeled massive dark objects at the centers
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of a few galaxies as Schwarzschild black holes and Janis-
Newman-Winicour weakly as well as strongly naked sin-
gularities, and studied gravitational lensing by them. The
Schwarzschild black holes as well as weakly naked singu-
larities have qualitatively similar lensing characteristics:
both have one Einstein ring and no radial critical curves.
On the other hand, the strongly naked singularities have
qualitatively different lensing features; i.e., they give rise
to two or zero Einstein rings and one radial critical curve.
After publication of these results [4—7], there has been a
growing curiosity in black hole lensing, and many interest-
ing papers have appeared in last few years (see [8—19] and
references therein).

In this paper, we study the time delay, magnification
centroid, and total magnification of images due to gravita-
tional lensing by Schwarzschild black holes and Janis-
Newman-Winicour naked singularities. One of the most
striking results in this paper is that the strongly naked
singularities can give rise to images with negative time
delays. As relativistic images are known to be extremely
demagnified [5], we do not do computations for those in
this paper. We use geometrized units (i.e., G =1, ¢ = 1)
throughout this paper; however, we finally compute time
delays in terms of minutes. We use MATHEMATICA [20] for
computations.

II. LENS EQUATION, LIGHT DEFLECTION
ANGLE, AND CLASSIFICATION OF
NAKED SINGULARITIES

In this section, we write, in brief, some of the results
obtained in previous papers [4-7,21,22] and refine the
classification of naked singularities given in [6], because
these are required for computations and analysis of results
in this paper.

Virbhadra and Ellis [5] derived a gravitational lens
equation that permits small as well as large bending angles
of light, and that is given by

tan8 = tanf — a, (D
with
D
a= Dds [tand + tan(& — 0)]. 2)

N

Dy, D, and D, respectively, are the observer-source, the
lens-source, and the observer-lens distances. & is the light
bending angle. 6 and S are, respectively, angular positions
of an image and an unlensed source measured from the
optical axis. (See Fig. 1 in [5].) The impact parameter J =
D, sinf. For small angles, Eq. (1) reduces to the most well-
known lens equation used for studying lensing in a weak
gravitational field [23].

In circularly symmetric gravitational lensing, the mag-
nification u of an image is
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The tangential and radial magnifications are, respectively,
expressed by

_ (sinB\~! _ (dB\!
M= (m) and w, = (@) . 4

The singularities in w, and u, in the lens plane give,
respectively, tangential critical curves (TCCs) and radial
critical curves (RCCs), and their corresponding values in
the source plane are, respectively, known as the tangential
caustic (TC) and radial caustics (RCs).

Virbhadra et al. [4] considered a general static and
spherically symmetric spacetime described by the line
element

ds* = B(r)dt*> — A(r)dr* — D(r)r*(d9?* + sin>9d¢?)
(5)

and calculated the deflection angle &(r,) and impact pa-
rameter J(ry) for a light ray with the closest distance of
approach r,. These are given by
-1/2
]

&(ro) =2 fw(gi;)l/z[(_o)z 1?((:0)) ]js((rrO)) B
— (©)

dr
X -
J(ry) = ”o"—g((:g))- @)

For D(r) = 1, Egs. (6) and (7) yield the results obtained by
Weinberg [24].

The most general static and spherically symmetric so-
lution to the Einstein massless scalar equations was inde-
pendently obtained by Janis, Newman, and Winicour, as
well as Wyman [25]. As both solutions were available in
different coordinates, they were not known to be the same
until Virbhadra [21] showed the equivalence between the
two by a coordinate transformation. As Janis, Newman,
and Winicour obtained this solution about 13 years before
Wyman, we prefer to call it the Janis-Newman-Winicour
solution. Thus, the Janis-Newman-Winicour solution
(characterized by constant and real parameters, the ADM
mass M, and the scalar charge ¢) is expressed by the line
element

ds? = (1 - é)th2 - (1 - é)Wazrz
r r

b\1—-v
- (1 — 7) rA(d9? + sin>%dp?) (8)

r

r

and
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and the massless scalar field

b\;]4_7r ln(l N é)’ &)

b =

with

2M
= — d b= 2\/M2 + g2 10
v b an q (10)

Obviously, 0 = v = 1.

This solution is asymptotically Minkowskian and re-
duces to the Schwarzschild solution for ¢ = 0 (i.e., v =
1). The Janis-Newman-Winicour solution has a globally
naked strong curvature singularity at r = b for all values
of ¢ # 0, and this solution is physically reasonable as it
satisfies the weak energy condition [22]. Virbhadra et al.
obtained the light deflection angle &(r,) for a large value of
ro [see Eq. (24) in [4]]; we now reexpress that using
Eq. (10), as follows:

=2 2) o0 o~ )

+ (9(3)3. (11)

ro

Virbhadra and Ellis [5] as well as Claudel et al. [7] gave
two different definitions of a photon sphere in a static
spherically symmetric spacetime. Both definitions gave
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Defining

r o ro (13)
b 0T

and using Eqgs. (6)—(8), the deflection angle & and the
impact parameter J for a light ray in the Janis-Newman-
Winicour spacetime are expressed in the form [4,6]

p=

&(po)
= 2[00 dp -
Po PH\/(ﬁY(l _%)1721/(1 _é)bﬂ .
(14)
and
J(po) = 2M@(1 - i)“_z”)/z. (15)
v Po
Obviously, Eq. (12) can now be reexpressed as
Pps = @ (16)

Equation (15) along with the expression for the impact
parameter, J = D, sinf, give

oM 1\(1-20)/2
sinaz—@<1 _7) . (17)
D, v Po

The first derivative of the deflection angle & with respect to
6 is given by [4,6]

. . A d
the same results for a general static and spherically sym- d_a = a'(p, ﬂ, (18)
metric metric. Thus, according to both definitions, the de do
Janis-Newman-Winicour spacetime has only one photon  where
sphere and it is situated at the radial distance [6,7]
(1+2)/2 2 1-2v
i) [
b(1 +2v) (12) dpo Po v\ Dy Po
Fog = ——. — =
ps 2 do b-2po—2v—1)
As r = b is the curvature singularity, the photon sphere (19)
exists only for v: 1/2<v = 1. | and
. 2v+1—2py [» (dvp —2v — 1)dp
&'(po) = - (20)

The prime denotes the first derivative with respect to py.
Virbhadra and Ellis [6] classified naked singularities in
two groups: Weakly naked singularities are those which are
contained within at least one photon sphere, whereas
strongly naked singularities are those which are not cov-
ered within any photon spheres. Therefore, according to

2(1 -1 [f 2 = 201 ’
Po (1 po) p)(2v+1—2p>2p,/1—i‘/(;40)(1—§) (1—$) _

this classification, the Janis-Newman-Winicour naked sin-
gularities are strongly naked for 0 =< » < 1/2 and weakly
naked for 1/2 < vy < 1.

For Schwarzschild black holes (v = 1) as well as WNS
(1/2 < v < 1), the deflection angle @(p,;) monotonically
increases with the decrease in the closest distance of
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approach p, and @(py) — o0 as py — pps. As both have a
qualitatively similar & vs p, graph, their lensing features
are also qualitatively similar [4,6]. However, Virbhadra
and Ellis [6] missed noticing a point: Though there are
no photon spheres for » = 1/2, the deflection angle be-
havior, according to Eq. (20), is similar to the cases of the
Schwarzschild black hole and WNS; therefore, their gravi-
tational lensing features will also be qualitatively the same.
In view of this, we now prefer to term v = 1/2 and 0 =
v < 1/2 singularities, respectively, marginally strongly
naked  singularities (MSNS) and strongly naked
singularities.

The mass parameter M = 0 in the Janis-Newman-
Winicour solution describes the situation of a purely scalar
field. We do not consider this case henceforth in this paper.

III. TIME DELAY, MAGNIFICATION CENTROID,
AND TOTAL MAGNIFICATION

We consider light propagation in a static spherically
symmetric spacetime described by the line element given
by Eq. (5). The spherical symmetry of the spacetime allows
us to consider, without loss of generality, null geodesics in
the equatorial plane. We first obtain the time required for
light to travel from a source at coordinates {r, 9 =
/2, ¢ = ¢} to the closest point of approach at coordi-
nates {ry, & = 7/2, ¢ = ¢,}. Following the method used
in [24], a straightforward calculation thus gives the time
required for light to travel from r to r (or r( to r), which is
expressed by

(r, rg) = t(ro, r) = /r AW)/B(r) dr. (21)

2
_ (Y 50 Dt
“\! (f) B(ro) D)

D(r) = 1 in the above equation readily gives the result in
[24]. Let R, and R, denote, respectively, the radial coor-
dinates of the source and the observer measured from the
center of mass of the deflector (lens). We now express these
distances in terms of the constant parameter b (in the Janis-
Newman-Winicour metric) by introducing

RY RU

X, = bl and X, = b

(22)

The time delay 7(pg) of light traveling from the source to
the observer with the closest distance of approach py is
defined as the difference between the light travel time for
the actual ray in the gravitational field of the lens (deflec-
tor) and the travel time for the straight path between the
source and the observer in the absence of the lens (i.e., if
there were no gravitational fields). As mentioned in Sec. II,
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we do not consider the case of the purely scalar field in this
paper; therefore, we assume that v # 0 (i.e., M # 0).
Using Egs. (8), (10), and (21), and the geometry of the
lens diagram (see Fig. 1 in [5]), we obtain the following
expression for the time delay in the Janis-Newman-
Winicour spacetime:

with
and
o= Y00

(25)

The first and second terms in Eq. (23) give, respectively,
the travel time of the light from the source to the point of
closest approach and from that point to the observer. The
last term gives the light travel time from the source to the
observer in the absence of any gravitational field.

We use Eq. (23) for computations in the next section.
However, to see the behavior of the time delay function for
a light ray traveling in the weak gravitational field far away
from the lens, we carry out some analytical calculations
following the method used in [15]. We obtain the time
delay for images with large impact parameters. For given
angular positions of the source and image, the time delay is
given by

_lDst
7(0’3)_2 Dds
1 0°D
(- p -] @
[( ,,)05 B°—0°—0zIn 1D, (26)
where

[ Dy
Op = JaM —% (27)
Dst

is an approximate expression for angular radius of the
Einstein ring of Schwarzschild lensing.
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Equation (26) shows that, for » < 1/2 (SNS), the time
delay of the direct image is negative for large . This fact
reflects in our computations in the next section.

We denote the time delay in the outermost image on the
same side as the source (also called the direct image) by
7,5 The differential time delay At of an image with time
delay 7 is defined by

Ar=17—171, (28)

(When there is only one image on the same side as the
source, we use the symbol 7, instead of 7,,.) The differ-
ential time delay is thus measured in reference to the direct
image. The magnification-weighted centroid position (also
called magnification centroid) of images is defined by

(;) _ Z 9i|//«i|

TSl @)

Angles measured in clockwise and anticlockwise direc-
tions from the optical axis have positive and negative signs,
respectively. Further, the magnification centroid shift of
images is defined by

A® =pB-0. (30)

The total absolute magnification (also simply called total
magnification) J, is defined by

Paor = D |il. €3]

The magnification centroid and the total magnification are
very important physical quantities in studying microlens-
ing when the images are not resolved.

IV. COMPUTATIONS AND RESULTS

Virbhadra and Ellis [6] modeled massive dark objects
(MDOs) at the centers of four different galaxies (including
our Galaxy) as Schwarzschild black holes (SBH) and
Janis-Newman-Winicour naked singularities, and studied
point source gravitational lensing by them. They obtained
the angular positions of critical curves and caustics, and
studied the variation of magnification against the angular
position of images near the critical curves. However, they
did not study the time delay, magnification centroid, or the
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total magnification; we accomplish these tasks in this
paper.

We now consider the MDO at the center of our Galaxy
with the recent values for the mass M = 3.61 X 10°M,
and the lens-observer distance D, = 7.62 kpc [26]. As in
[6], we take the lens (MDO) to be situated halfway be-
tween the source and the observer, i.e., D /D = 1/2. We
model the Galactic MDO as a Schwarzschild black hole, as
well as Janis-Newman-Winicour WNS, MSNS, and SNS
lenses. As we are considering updated values for M and D,
of the Galactic MDO, we first recompute critical curves
and caustics, and their corresponding deflection angles of
the light ray for several values of ». Then for given values
of 3, using MATHEMATICA we numerically solve the lens
equation (1) and obtain image positions. For these images,
we compute numerically other physical quantities, such as
deflection angles, time delays, and magnifications. Our
numerical computations are exact in the sense that we do
not take weak or strong field limits. For continuity and
clarity in the analysis of the results, we will also mention
some results from [4,6] in the present and next sections of
this paper. All tables are put in the Appendix.

As shown in Table I, there is only one Einstein ring and
no RCC for the case of SBH (v = 1), WNS (v = 0.9, 0.8,
0.7, 0.6), and MSNS (v = 0.5). The angular positions of
the Einstein rings decrease very slowly with a decrease in
the value of v [equivalently, an increase in the value of
(g/M)?]. In the case of SNS lensing (0 < v < 1/2), there
are two situations: there is always one RCC; however, there
can be two (for example, for v = 0.4, 0.3, etc.) or zero
Einstein rings (for example, for » = 0.001 and any lower
values of v). For the cases of double Einstein rings, the
angular radii of the outer and inner rings, respectively,
decrease and increase with a decrease in the value of v.
For a detailed analysis of these RCCs and TCCs, see [6].

We now compute image positions, the corresponding
deflection angles of light, magnifications, time delays,
and differential time delays for several values of the angu-
lar source position for different values of v = 1 (SBH),
v = 0.7 (WNS), v = 0.5 (MSNS), and » = 0.04, 0.02,
0.001 (SNS). Though we give only a few data in the tables,
we have computed and used many more data points for the
figures.

The gravitational lensing effects due to the SBH, WNS,
and MSNS are qualitatively similar, though they differ
quantitatively by small values (see Tables II, III, and IV
and Fig. 1). For each case, there are two images, one on
each side of the optical axis. As the source moves away
from the optical axis, the image on the same side as the
source (i.e., the direct image) moves away from the axis,
whereas the image on the opposite side of the lens from the
source moves toward the axis. The absolute magnification
of both images decreases. For a given value of v, with an
increase in the angular position of the source, the time
delay of the image on the same side as the source de-
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v=1(BH,”
7y = 0.7 (WNS)

r Z, —

10k v =0.5 (MSNS)
=
Z

[ Z
30k = -

[ Z V=

t = v=07

r = v=0.5

t =
20F To_=

FIG. 1 (color online). The time delays of the images on the
opposite side from the source 7,, the same side as the source 7y,
and the differential time delay of the images on the opposite side
from the source Ar, are plotted against the angular source
position B for v =1 (SBH), »=0.7 (WNS), and » = 0.5
(MSNS). M/D, =~ 2.26 X 10~ and Dy,/D; = 1/2. The time
delays as well as differential time delays are expressed in
minutes, whereas the angular source position is given in arc-
seconds.

creases, whereas the time delay and differential time delay
of the image on the opposite side from the source increase.
The rate of decrease in the time delay of the image on the
same side as the source is much slower than the rate of
increase in the time delay of the image on the opposite side
from the source. For any given value of the angular source
position, the time delays of both images and the differential
time delay of the image on the opposite side from the
source decrease with a decrease in the value of v [equiv-
alently, an increase in (g¢/M)?].

Gravitational lensing by a SNS is qualitatively very dif-
ferent from lensing by SBH, WNS, or MSNS (see Tables V,
VI, VII, VIII, and IX and Figs. 2—4 ). For v = 0.04 and
0.02, when the lens components (the source, lens, and
observer) are perfectly (or nearly) aligned, there are two
concentric Einstein rings (the inner ring much fainter than
the outer one). As the alignment is broken, the two Einstein
rings break into four images, two images on each side of
the optical axis. The time delay of the direct image de-
creases with an increase in 8. For v = 0.04, the time delay
of the direct image is positive for small 8 and negative for
large B; however, the time delays for other images are
positive for all values of 8. On the other hand, for v =
0.02, the time delay of the direct image is always negative;
however, the other three images have negative time delays
for small 8 and positive for large 3, passing through a zero
time delay point.

For given values of » and S, the time delays of the
images are in the following decreasing order: the inner
image on the opposite side from the source, the inner image
on the same side as the source, the outer image on the
opposite side from the source, and the direct image.
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However, the absolute magnifications of the images are
not in the exact reverse sequence; they are rather in the
following decreasing order: the direct image, the outer
image on the opposite side from the source, the inner image
on the opposite side from the source, and the inner image
on the same side as the source. The differential time delays
are always positive. It is worth emphasizing that the nega-
tive and positive time delays are, respectively, not neces-
sarily due to negative and positive bending angles. A light
ray with a positive deflection angle may give rise to a
positive or negative time delay, and the same is true for a
light ray with a negative deflection angle. If B increases,
the angular separation between the images on the same side
as the source increases (the inner and outer images move,
respectively, toward and away from the optical axis).
However, the angular separation between the images on
the opposite side from the source decreases (the outer and
inner images move, respectively, toward and away from the
optical axis), and for some value of 8 these two images
coalesce to form one highly magnified image; for ex-
ample, for » = 0.02, the angular positions of the source
and image are S = 210.2934 arcsec (RC) and 6 =
—0.004 591 arcsec (RCC), respectively. The opposite
signs on these two values show that the RCC and RC are
on opposite sides of the optical axis (see Table I). For
further increase in 3, there are no images on the opposite
side from the source.

40F /
L v

TOS

FIG. 2 (color online). The time delays of the outer image on
the same side as the source 7, the inner image on the same side
as the source 7;,, the inner image on the opposite side from the
source T;,, and the outer image on the opposite side from the
source T,, are plotted against the angular source position 3 for
v = 0.04 (SNS). Also, the differential time delays of the inner
image on the same side as the source AT, the inner image on
the opposite side from the source Ar;,, and the outer image on
the opposite side from the source Ar,, are plotted against S for
the same value of v. D, /D, =1/2 and M/D; = 2.26 X
107!, The time delays as well as differential time delays are in
minutes, whereas the angular source position is expressed in
arcseconds.
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FIG. 3 (color online). The time delays of the direct image 7,
the inner image on the same side as the source 7;, the inner
image on the opposite side from the source 7;,, and the outer
image on the opposite side from the source 7,, are plotted
against the angular source position B for v = 0.02 (SNS). The
differential time delays of the inner image on the same side as the
source AT, the inner image on the opposite side from the
source AT;,, and the outer image on the opposite side from the
source Ar,, are plotted against B for the same value of ». The
angular source position is expressed in arcseconds, whereas the
time delays as well as differential time delays are shown in
minutes. M/D, =~ 2.26 X 10~ and Dy,/D, = 1/2.

=550
—555F
=560}
=565}
=570
=575} Tos

-580 : s ‘ : .
) B

2 4 6 8 10

FIG. 4 (color online).
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For v = 0.001, see Table IX and Fig. 4. If the lens
components are aligned, there are no Einstein rings.
Also, for small values of 3, there are no images on either
side of the optical axis. For 8 = 0.808 397 arcsec (RC),
there is a highly magnified image at the angular position
6 = 1.115015 arcsec (RCC). The signs on RC and RCC
being the same implies that this image appears on the same
side as the source. As S further increases, the image splits
into two, and the inner and outer (direct) images move
toward and away from the optical axis, respectively; the
magnification of the inner image decreases much faster
than the outer one. The time delay of the direct image for
this case is always negative and decreases slowly with an
increase in 3. The time delay of the inner image, however,
is negative for small 8 and positive for large B, passing
through the zero time delay for a certain value of SB. The
increase rate of the time delay of the inner image is much
higher than the decrease rate of the time delay of the direct
image. For the inner image, the deflection angles are
positive and negative, respectively, for small and large
values of B; however, for the direct image it is always
positive. As for other cases already discussed, the differ-
ential time delay of the inner image is always positive.

30

25¢ ATis

20F

I5¢

10

|
T

The time delays of the outer image on the same side as the source 7,; and the inner image on the same side as

the source 7, are plotted against the angular source position B for v = 0.001 (SNS); see the left figure. The differential time delay of
the inner image on the same side as the source AT, is plotted against B (right figure). The time delays as well as the differential time
delay and the angular source position are, respectively, given in minutes and arcseconds. Dy,/D; = 1/2 and M/D, =~ 2.26 X 1071,

C] A® Mot
10 0.5¢ 1.8¢
v =1,0.7,0.5,0.04, 0.02,0.00 v=1,07,0.5,0.04,0.02 v =1,0.7,0.5,0.04,0.02
8t 04f 1.6}
6 0.3F
14}
4F 0.2F
2f 0.1F 12}
2 4 6 8 10 B 2 4 6 8 10 p 0 2 4 6 8 10 p

FIG. 5 (color online). The magnification centroid 0, the magnification centroid shift A®, and the total magnification . are
plotted against the angular source position B for v = 1 (SBH), » = 0.7 (WNS), v = 0.5 (MSNS), and » = 0.04, 0.02, 0.001 (SNS).
Dy /D, =1/2and M/D, =~ 226X 107!, ®, A®, and B are expressed in arcseconds.
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We now compute the magnification centroid, the mag-
nification centroid shift, and the total magnification for
v = 1(SBH), v = 0.7 (WNS), v = 0.5 (MSNS), and v =
0.04, 0.02, 0.001 (SNS) for several values of B (see
Tables X, XI, and XII). We then plot these quantities
against B (see Fig. 5). For a fixed value of v, the magni-
fication centroid increases with an increase in . For small
values of B, the graph is bulged up and then tends to
become straight as S increases. For a fixed value of 3,
the magnification centroid decreases with a decrease in v
[i.e., an increase in (g/M)?]; the decrease is, however, too
small for these five graphs to appear resolved even if these
were plotted on an entire page. As (3 increases, the mag-
nification centroid shift first increases, reaches a maximum
value, and then starts decreasing to the limiting value zero.
For a given value of B, the magnification centroid shift
decreases with a decrease in the value of ». For a given
value of v, the total magnification is, as expected, very high
for small 3, and it decreases to the limiting value of 1, as 8
increases. For any given value of B, however, the total
magnification increases with a decrease in the value of v.
Thus, the presence of scalar charge helps increase the total
magnification. This would provide a modest increase in the
likelihood of observing lensing by SgrA* (see [27] and
references therein).

V. DISCUSSION AND CONCLUSION

The naked singularities are classified in three catego-
ries: WNS, MSNS, and SNS. We modeled the Galactic
MDO as the SBH, and Janis-Newman-Winicour WNS,
MSNS, and SNS lenses, and studied point source gravita-
tional lensing by them. We found that the gravitational
lensing effects due to the SBH, WNS, and MSNS are
qualitatively similar (but these differ slightly quantita-
tively) to each other; however, they differ qualitatively
from SNS lensing. Therefore, it will be easier to observa-
tionally differentiate a SNS (compared to a WNS or a
MSNS) from a SBH.

SBH, WNS, and MSNS lensing.—These do not give rise
to any radial caustics; however, they do produce one
Einstein ring when the lens components are aligned (i.e.,
B = 0). When S increases, the Einstein ring splits into two
images, one on each side of the optical axis. The time
delays for both images are positive for all values of 3. For a
given value of (B, a decrease in v, i.e., an increase in
(g/M)?, decreases the absolute angular image positions,
time delays, magnification centroid, and magnification
centroid shift; however, it increases the total magni-
fication of images. The differences are, however, very
small. The deflection angle & becomes unboundedly large
as the impact parameter J — J,; for the SBH and WNS [6].

SNS lensing.—There are two types of lensing in this
category. In the first, for example for the case of v =
0.02, there are double concentric Einstein rings (when
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B =0) and one radial critical curve (when g =
210.2934 arcsec). As the angular position of the source
increases from the alignment position of the lens compo-
nents (i.e., S = 0), the two Einstein rings “break™ into
four images, giving two images on each side of the optical
axis. The separation between images on the same and
opposite sides from the source, respectively, increases
and decreases as [ increases, and eventually the two
images on the opposite side from the source coalesce to
form a single, highly magnified image. For any further
increase in 3, there are only two images on the same
side as the source. For the second category of SNS lensing,
for example for » = 0.001, there is one RC; however, there
is no Einstein ring when B = 0. Moreover, there is no
image for small values of B. As B increases, a highly
magnified image (RCC) first appears on the same side as
the source. A further increase in B splits this into two
images, and the separation between them keeps increasing
(both images remaining on the same side as the source).
The time delay of images of SNS lensing may be positive,
zero, or negative depending on the values of » and B.
However, the time delay of a direct image is negative for
any SNS lensing if B is large. As shown in [6], the
deflection angle & approaches — 7 as the impact parameter
approaches its minimum value of zero. Therefore, if a light
ray with a very small impact parameter is sent toward a
SNS, it will ““bounce’; however, it remains to be computed
whether or not the ‘“‘reflected” light has enough magnifi-
cation to be observed by present instruments or by those
likely to be available in the near future. This may serve as a
crucial test for the existence of SNS.

All the images produced by the Galactic MDO (modeled
as a Schwarzschild black hole and as naked singularity
lenses) may be resolved from each other by observational
facilities available in the near future. Therefore, the results
of the magnification centroid and total magnification may
not be needed. However, our studies help us understand the
role of the scalar field on the magnification centroid and
total magnification, which could be useful while studying
gravitational lensing by exotic dark objects having rather
small values of M/D, and D,,/D,. For several reasons,
gravitational lensing observations in the vicinity of a ga-
lactic center are very difficult (see [5] for details).
However, we expect that improved observational facilities
in the future will overcome these difficulties.

The existence of a photon sphere covering a gravita-
tional lens is a sufficient (but not necessary) condition for
the occurrence of relativistic images. The SBH as well as
WNS are contained inside a photon sphere, and both give
rise to relativistic images. The MSNS also produces rela-
tivistic images, even though it is not covered by a photon
sphere. The relativistic images are transient and extremely
demagnified, and therefore their observations do not seem
to be feasible in the near future [5]. For this reason, we did
not do computations for relativistic images in this paper.
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In lensing observations, what has been measured until
now is the differential time delay (not the time delay
itself). However, there are scenarios in which it is conceiv-
able that the time delay can be measured. Suppose a pulsar
orbits a compact object (another neutron star, or a black
hole, or a naked singularity). The pulses provide a pre-
cise clock that makes it possible to measure changes in the
light travel time as the pulsar moves through its orbit. In
particular, the pulse arrival times can be analyzed to de-
termine the lensing time delay. Rafikov and Lai [28] have
discussed this possibility for binary pulsar systems, such as
JO737-3039. The same idea would apply to a pulsar orbit-
ing the massive dark object at the center of our Galaxy.
Thus, it is possible to test our fascinating results of negative
time delay.

Naked singularity lensing gives rise to images of smaller
time delay and stronger total magnification than black hole
lensing. Therefore, if naked singularities indeed exist in
nature, then these will serve as better cosmic telescopes
and will help probe the Universe more efficiently. The
results obtained in this paper also help us understand the
effects of the scalar field on gravitational lensing, which
could have valuable implications for research in
cosmology.

The Janis-Newman-Winicour metric also describes the
exterior gravitational field of a scalar star. Therefore, re-

TABLE I

PHYSICAL REVIEW D 77, 124014 (2008)

sults obtained in this paper for naked singularities are also
applicable to scalar stars. The scalar star, however, must be
compact enough for the images not to be obstructed.

The metric we considered in this paper may or may not
be physically realistic. However, gravitational lensing
studies with this metric serve as stepping stones to under-
stand the distinctive lensing features of black holes and
naked singularities. Rauch and Blandford’s [29] pioneering
work on Kerr black hole lensing has been recently followed
up by many researchers (see [30] and references therein). It
would be indeed of great astrophysical significance to
obtain distinguishing qualitative lensing characteristics of
Kerr black holes and Kerr naked singularities, so that the
weak cosmic censorship hypothesis could be tested obser-
vationally without any ambiguity.
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APPENDIX

Tables I, II, 111, IV, V, VI, VII, VIII, IX, X, XI, and XII
are given in this section.

Critical curves and caustics due to gravitational lensing by the Galactic MDO modeled as a Schwarzschild black hole, and

as weakly, marginally strongly, and strongly naked singularities. 6z, 6,, and g, denote, respectively, the angular positions of the
tangential critical curves (Einstein rings), radial critical curves, and radial caustics, whereas & stands for the corresponding light
deflection angles. (a) The lens has mass M = 3.61 X 10°M,, and the distance D, = 7.62 kpc so that M/D, =~ 2.26 X 107!, The
ratio of the source-lens distance to the source-observer distance, i.e., Dy,/D,; = 1/2. All angular positions are given in arcseconds.

v Inner Einstein ring Radial critical curve and caustic Outer Einstein ring
O a 0, a B, Or a
1.0 X X X X X 1.388176 2776352
0.9 X X X X X 1.388176 2776352
0.8 X X X X X 1.388 176 2.776 352
0.7 X X X X X 1.388 176 2.776 351
0.6 X X X X X 1.388175 2776351
0.5 X X X X X 1.388175 2.776 350
0.4 0.000012 0.000024 —0.000019 286883.8 252026.7 1.388 174 2776348
0.3 0.000015 0.000030 —0.000026 1213579 66413.69 1.388172 2776343
0.2 0.000027 0.000 054 —0.000051 46469.19 23533.19 1.388 165 2776330
0.1 0.000095 0.000 191 —0.000 188 10759.36 5383.343 1.388 131 2.776 262
0.05 0.000371 0.000741 —0.000739 2641.816 1320.961 1.387993 2.775986
0.04 0.000577 0.001 154 —0.001 151 1687.159 843.5924 1.387 890 2775780
0.03 0.001023 0.002 046 —0.002043 947.4574 473.7291 1.387 667 2775334
0.02 0.002297 0.004 593 —0.004 591 420.5955 210.2934 1.387029 2.774 057
0.01 0.009 176 0.018352 —0.018345 105.0746 52.51893 1.383 568 2.767 135
0.005 0.036717 0.073434 —0.073177 26.26379 13.05872 1.369 456 2738911
0.004 0.057426 0.114 853 —0.113887 16.807 84 8.290033 1.358574 2.717 148
0.003 0.102472 0.204 944 —0.199 693 9.450634 4.525624 1.334103 2.668 206
0.002 0.236 134 0.472268 —0.420122 4.166782 1.663 269 1.254 966 2.509932
0.001 X X 1.115015 0.613237 0.808 397 X X
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TABLE II.

PHYSICAL REVIEW D 77, 124014 (2008)

Image positions due to lensing by the Galactic MDO modeled as a Schwarzschild black hole (v = 1), and their

respective bending angles, magnifications, time delays, and differential time delays. (a) 6 and &, respectively, stand for the angular
positions of images and their corresponding deflection angles. w, 7, and AT represent the magnification, time delay, and differential
time delay of the images, respectively. (b) The subscripts s and o on the symbols, respectively, denote for the images on the same and
opposite side from the source. (c) The same as (a) of Table I.

B Image on the opposite side from the source Image on the same side as the source
90 &0 /‘LO TO AT() 05 &S /'LS TS
0 —1.388176 2776352 X 14.922 09 0 1.388176  2.776352 X 14.922 09
107 —1.388171 2776362 —69407.97 1492210 0.000017 1.388181 2776342 6940897 14.92208
1073 —1.387676 2777353 —693.5848 1492294  0.001706 1.388676 2775353  694.5848 14.92124
107! —1.339077 2.878153 —6.454348 15.00895 0.170636 1.439076 2.678152 7454345 14.83831
2 —0.710863 5421726 —0.073840 17.38033  3.687537 2710855 1421709 1.073838 13.69280
4 —0.434558 8.869117 —0.009696 21.74718 8.734391 4434547 0.869094 1.009695 13.01279
6 —0.305617 12.61123 —0.002355 2833806 15.77141 6.305604 0.611208 1.002354 12.56665
8 —0.234044  16.468 09 —0.000809 37.26852  25.029 69 8.234031 0.468062 1.000808 12.23882
10 —0.189138 20.37828 —0.000345 4858714 36.60642 10.18912 0378250 1.000345 11.98072
TABLE III. Image positions due to lensing by the Galactic MDO modeled as a weakly naked singularity (v = 0.7), and their

respective bending angles, magnifications, time delays, and differential time delays. (a) The same as (a) and (b) of Table II. (b) The
same as (a) of Table I.

B Image on the opposite side from the source Image on the same side as the source
0() &0 /"LO T{) ATU 05’ dX ILLS TS
0 —1.388176 2.776351 X 14.668 36 0 1.388176 2.776 351 X 14.668 36
1075 | —1.388171 2776361  —69407.97 14.66836 0.000017 |1.388181 2.776 341 69408.97 14.668 35
1073 | —1.387676 2777352  —693.5848 14.66921 0.001706 |1.388676 2.775352 694.5848 14.667 50
1071 | —1.339076 2.878152 —6.454347 1475521 0.170636 |1.439076 2.678 151 7.454 345 14.584 57
2 —0.710862 5421724  —0.073840 17.12660 3.687536 |2.710855 1.421709 1.073 838 13.439 06
4 —0.434558 8869115 —0.009696 21.49345 8.734389 |4.434547 0.869 094 1.009 695 12.759 06
6 —0.305616 1261123  —0.002355 28.08432 1577141 |6.305604 0.611208 1.002 354 1231292
8 —0.234043 1646809  —0.000809 37.01478 25.02969 |8.234031 0.468 062 1.000 808 11.98509
10 —0.189137 2037827  —0.000345 4833340 36.60642 |10.18912 0.378 250 1.000 345 11.72698
TABLE IV. Image positions due to lensing by the Galactic MDO modeled as a marginally strongly naked singularity (v = 0.5), and

their respective bending angles, magnifications, time delays, and differential time delays. (a) The same as (a) and (b) of Table II.
(b) The same as (a) of Table 1.

B Image on the opposite side from the source Image on the same side as the source
60 &U /'LU TO ATO 05 &S /'LS TS

0 —1.388175 2776350 X 14.33004 0 1.388175  2.776350 X 14.33004
1073 —1.388170 2776360 —69407.97 1433005 0.000017 1.388180 2776340 6940897  14.33003
1073 —1.387675 2777350  —693.5848 1433089 0.001 706 1.388675  2.775350  694.5848 14.32919
107! —1.339075 2878150 —6.454347 1441689 0.170636 1.439075 2678150  7.454345  14.24626
2 —0.710861 5421721 —0.073840 1678828 3.687533 2.710854 1.421708 1.073838  13.10075
4 —0.434556 8869112 —0.009696 21.15513 8734385 4434547  0.869094  1.009695 1242074
6 —0.305614 1261123 —0.002354 27.74600 15.77140 6.305604  0.611208  1.002354 11.97460
8 —0.234041 1646808 —0.000809 36.67646 25.02968 8.234031 0468062  1.000808  11.64678
10 —0.189135 2037827 —0.000345 47.99508 36.60640 10.18912  0.378250  1.000345  11.38867
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TABLE V. Image positions on the same side as the source due to lensing by the Galactic MDO modeled as a strongly naked
singularity (v = 0.04), and their respective bending angles, magnifications, time delays, and differential time delays. (a) The same as
(a) of Table II. (b) The subscripts is and os on the symbols, respectively, denote for the inner and outer images on the same side as the
source. (c) The same as (a) of Table I.

B Inner image on the same side as the source Outer image on the same side as the source
0is dis Mis Tis ATis eos &ax Mos Tos
0 0.000577 0.001 154 X 8.164602 7.452653 | 1.387890 2775780 X 0.711949
107> | 0.000577 0.001134 —99X107° 8164602 7.452662 | 1.387895 2775770  69408.97 0.711940
1073 ] 0.000577 —0.000846 —9.9X 1078 8164602 7.453505 | 1.388390 2774780 694.5849 0.711 097
107" | 0.000577 —0.198846 —9.9 X 1070 8167637 7.539395 | 1.438800 2.677600  7.454397 0.628 242
2 0.000577 —3.998847 —49X107!'" 9391988 9.908244 | 2.710736 1.421472  1.073 866 —0.516256
4 0.000576 —7.998848 —2.5X 107! 13.07556 14.27126 | 4.434496 0.868 992 1.009 705 —1.195693
6 0.000576 —11.99885 —1.6x10"'" 19.21533 20.85681 | 6.305578 0.611 155 1.002 358 —1.641480
8 0.000576 —15.99885 —1.2x 107! 27.81128 29.78034 | 8.234015 0.468 030 1.000 810 —1.969 056
10 0.000575 —19.99885 —9.7 X 1072 3886343 41.09040 | 10.18911 0.378 229 1.000 346 —2.226996
TABLE VI. Image positions on the opposite side from the source due to lensing by the Galactic MDO modeled as a strongly naked

singularity (v = 0.04), and their respective bending angles, magnifications, time delays, and differential time delays. (a) The same as
(a) of Table II. (b) The subscripts io and oo on the symbols, respectively, denote for the inner and outer images on the opposite side
from the source. (c¢) The same as (a) of Table L.

B Outer image on the opposite side from the source Inner image on the opposite side from the source
000 &00 Moo Too AToo 01’0 CAxio Mio Tio ATio
0 —1.387890  2.775780 X 0.711 949 0 —0.000577 0.001 154 X 8.164602  7.452653
1073 —1.387885 2775790  —69407.97 0711957 0.000017 |—0.000577 0.001174 9.9 X 107% 8164602 7.452662
1073 —1.387390 2.776780 —693.5848  0.712801  0.001 704 —0.000577  0.003 154 9.9 x 1078 8.164603  7.453506
107! —1.338780 2.877560 —6.454297 0.798725 0.170483 —0.000577 0.201 154 9.9 10710 8167708 7.539465
2 —0.710409 5420818 —0.073812 3.168027 3.684283 —0.000577 4.001 155 50X 1071 9393405 9.909661
4 —0.434037 8.868073 —0.009686 7.531250 8.726943 —0.000578  8.001 155 25X 1071 13.07840  14.27409
6 —0.305070 1261014 —0.002351 1411691 15.75839 —0.000578  12.001 16 L7107 1921958 20.86106
8 —0.233486  16.46697 —0.000807 23.04051 25.00957 —0.000578 16.001 16 1.2x 107" 2781695 29.78601
10 —0.188575 2037714  —0.000344 3435062 36.57758 |—0.000579 20.00116 1.0x 107! 3887051 41.09748
TABLE VII. Image positions on the same side as the source due to lensing by the Galactic MDO modeled as a strongly naked

singularity (v = 0.02), and their respective bending angles, magnifications, time delays, and differential time delays. (a) The same as
(a) of Table II. (b) The same as (b) of Table V. (¢) The same as (a) of Table I.

B Inner image on the same side as the source Outer image on the same side as the source
eis &is Mis Tis ATiS eas dox Mos Tos
0 0.002297 0.004 593 X —8.271824 5.808 667 1.387029 2.774 057 X —14.08049
1073 0.002297 0.004 573 —6.3 X 107* —8.271824 5.808675 1.387034 2.774 047 69 409.04 —14.08050
1073 0.002297 0.002593 —6.3 X 107° —8.271825 5.809517 1.387529 2773058 694.5857 —14.081 34
107! 0.002296  —0.195407 —6.3 X 1078 —8.268894  5.895250 1.437970 2.675 940 7.454 558 —14.164 14
2 0.002291 -3.995418 —3.1x107° —7.046546 8.261433 2710378 1.420757 1.073 949 —15.30798
4 0.002286  —7.995428 —1.5x107° —3.365073  12.62205 4.434343 0.868 685 1.009 733 —15.98712
6 0.002280 —11.99544 —1.0x107° 2772596  19.20537 6.305498 0.610996 1.002370 —16.43277
8 0.002275 —15.99545 —7.5x 10710 11.36646  28.126 74 8.233968 0.467935 1.000816 —16.760 28
10 0.002270  —19.99546 =59 x 1071° 2241652  39.434 66 10.18908 0.378 166 1.000 349 —17.018 14
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TABLE VIIL
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Image positions on the opposite side from the source due to lensing by the Galactic MDO modeled as a strongly naked

singularity (v = 0.02), and their respective bending angles, magnifications, time delays, and differential time delays. (a) The same as
(a) of Table II. (b) The same as (b) of Table VI. (c) The same as (a) of Table 1.

B Outer image on the opposite side from the source Inner image on the opposite side from the source
6(10 &00 Moo Too AT(m 61’0 &[a Mio Tio AT[()

0 —1.387029 2.774057 X —14.08049 0 —0.002297 0.004 593 X —8.271824 5.808 667
1075 | —1.387024 2774067 —69408.04 —14.08048 0.000017 |—0.002297 0.004613 6.3 X 107~* —8.271824 5.808675
1073 | —1.386528 2775057 —693.5853 —14.07964 0.001703 |—0.002297 0.006593 6.3 X 107° —8.271822 5.809520
107! —1.337888 2875776 —6.454149 —13.99377 0.170377 | —0.002297 0.204594 6.3 X 1078 —8.268612 5.895533

2 —0.709041 5.418082 —0.073730 —11.62581 3.682166 |—0.002302 4.004604 3.2x107° —7.040905 8.267074

4 —0.432460 8864920 —0.009657 —7.264419 8722705 |—0.002308 8.004615 1.6X107° —3.353791 12.63333

6 —0.303414 1260683 —0.002339 —0.680750 1575203 |—0.002313 12.00463 1.1 X107° 2789520 19.22229

8 —0.231793 1646359 —0.000801 8240791 2500107 |—0.002319 16.00464 82X 1070 11.38903 28.14930
10 —0.186860 20.37372 —0.000341 19.54880 36.56694 | —0.002325 20.00465 6.7 X 10710 2244473  39.46287

TABLE IX. Image positions on the same side as the source due to lensing by the Galactic MDO modeled as a strongly naked

singularity (v = 0.001), and their respective bending angles, magnifications, time delays, and differential time delays. (a) The same as
(a) of Table II. (b) The same as (b) of Table V. (¢) The same as (a) of Table I.

B Inner image on the same side as the source Outer image on the same side as the source

01’: a/i.v Mis Tis A'Tis 6(7.? dos Mos Tos
0.75 X X X X X X X X X
0.85 0.985 460 0.270920 —1.634 301 —577.4174 0.004 886 1.273212 0.846 424 3.146478 —577.4223
2 0.632970 —2.734059 —0.038933 —576.9387 0.841932 2.488 924 0.977 849 1.150355 —577.7807
4 0.486179 —7.027 642 —0.005 625 —573.9272 4363376 4.349611 0.699223 1.026918 —578.2905
6 0.415912 —11.168 18 —0.001874 —568.3368 10.32523 6.262 637 0.525273 1.008 728 —578.6620
8 0.371325 —15.25735 —0.000 859 —560.2218 18.72713 8.208 527 0.417054 1.003 774 —578.9489
10 0.339464 —19.32107 —0.000467 —549.6044 29.57700 10.172 36 0.344712 1.001 941 —579.1814
25 0.231031 —49.53794 —0.000037 —390.9432 189.2497 25.074 04 0.148 084 1.000 121 —580.1930
35 0.199350 —69.601 30 —0.000014 —208.0429 372.5350 35.053 54 0.107070 1.000 043 —580.5779
45 0.178218 —89.643 56 —0.000 007 36.420 54 617.2886 45.04191 0.083 823 1.000 020 —580.8680

TABLE X. Magnification centroid due to lensing by the Schwarzschild black hole (» = 1); and weakly (v = 0.7), marginally
strongly (v = 0.5), and strongly (v = 0.04, 0.02, 0.001) naked singularities. (a) The same as (a) of Table I.

B Magnification centroid
v = 1(SBH) v = 0.7(WNS) v = 0.5(MSNS) v = 0.04(SNS) v = 0.02(SNS) v = 0.001(SNS)

1073 0.000015 0000000004 0.000015 0000000003 0.0000150000000003 0.0000149999993433 0.0000149999895073 X

1073 0.001499999 87032 0.00149999987031 0.00149999987031 0.001499999 804 61 0.001499998 82101 X

107! 0.149870601 362 0.149 870601 362 0.149870601 361 0.149 870594 833 0.149 870497099 X

2 2490707 198 63 2490707 198 62 2.490707 198 62 2490707 176 80 2.490706 84878 242816768265

4 4.388236394 45 4.388236394 45 4.388236394 45 4.38823639045 438823632168 4.328563 38584

6 629011081174 6.29011081174 629011081174 6.29011081057 6.290 11078080 6.25179502625

8 8.22719524592 8.22719524592 8.22719524592 8.22719524533 8.22719522297 8.201 82922137

10 10.1855502489 10.1855502489 10.1855502489 10.185550248 4 10.1855502280 10.167 7715380
TABLE XI. Magnification centroid shift due to lensing by the Schwarzschild black hole (» = 1); and weakly (v = 0.7), marginally

strongly (v = 0.5), and strongly (v = 0.04, 0.02, 0.001) naked singularities. (a) The same as (a) of Table I.

B Magnification centroid shift
v = 1(SBH) v = 0.7(WNS) v = 0.5(MSNS) v = 0.04(SNS) v = 0.02(SNS) v = 0.001(SNS)
107 | 5.00000000037 X 107° 5.000000000 34 X 107° 5.00000000028 X 107 4.99999934327 X 107% 4.99998950728 X 107¢ X
1073 | 0.000499999870316 0.000499999870313  0.000499999870306  0.000499999804606  0.000499998 821 007 X
1071 0.0498706013618 0.0498706013615 0.049870601 3609 0.049870594 8326 0.049870497098 7 X
2 0.490707 198 627 0.490707 198 624 0.490707 198 620 0.490707 176 798 0.490706 848 782 0.428 167 682651
4 0.388236394 450 0.388236394 449 0.388236394 447 0.388236390447 0.388236321 681 0.328 563 385 839
6 0.290110811742 0.290110811742 0.290110811 741 0.290 110810567 0.290 110780796 0.251795 026 246
8 0.227 195245922 0.227 195245922 0.227 195245921 0.227 195245 327 0.227 195 222 966 0.201 829221370
10 0.185 550248 860 0.185550248 859 0.185550248 859 0.185550248432 0.185550228011 0.167 771538043
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TABLE XII.

PHYSICAL REVIEW D 77, 124014 (2008)

Total magnification due to lensing by the Schwarzschild black hole (v = 1); and weakly (» = 0.7), marginally
strongly (v = 0.5), and strongly (v = 0.04, 0.02, 0.001) naked singularities. (a) The same as (a) of Table I.

B Total magnification
v = 1(SBH) v = 0.7(WNS) v = 0.5(MSNS) v = 0.04(SNS) v = 0.02(SNS) v = 0.001(SNS)

1073 138816.932 541 138816.932 541 138816.932 542 138816.941 647 138 817.077 259 X

1073 1388.169 595 52 1388.169 595 52 1388.169 595 53 1388.169 686 59 1388.171 04270 X

107! 13.908 692 6599 13.908 692 6600 13.908 692 660 1 13.908 693 567 8 13.908 707 0859 X

2 1.147 678000 38 1.147 678000 38 1.147 678 000 38 1.147 678017 08 1.147 678 263 38 1.189288 13001

4 1.019390699 71 1.019390699 71 1.019390699 71 1.019390701 36 1.019390726 80 1.032 54298220

6 1.004 708 84575 1.004 708 84575 1.004 708 84575 1.004 708 846 06 1.004 708 852 30 1.010602 079 86

8 1.001 61696592 1.001 616965 92 1.001 616965 92 1.001 616966 03 1.001 616969 10 1.004 63247208

10 1.000 689 289 92 1.000 689289 92 1.000 689 289 92 1.000 689289 98 1.000 689292 09 1.002 408 857 84
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