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Inflationary cosmology and the late-time accelerated expansion of the universe
in nonminimal Yang-Mills- F(R) gravity and nonminimal vector-F(R) gravity
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We study inflationary cosmology and the late-time accelerated expansion of the universe in nonminimal
Yang-Mills (YM) theory, in which the YM field couples to a function of the scalar curvature. It is shown
that power-law inflation can be realized due to the nonminimal YM field-gravitational coupling which
may be caused by quantum corrections. Moreover, it is demonstrated that both inflation and the late-time
accelerated expansion of the universe can be realized in a modified YM-F(R) gravity which is consistent
with solar-system tests. Furthermore, it is shown that this result can be realized also in a nonminimal
vector-F(R) gravity. In addition, we consider the duality of the nonminimal electromagnetic theory and
that of the nonminimal YM theory, and also discuss the cosmological reconstruction of the YM theory.
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I. INTRODUCTION

Recent observations confirmed that the inflationary
stage existed in the early universe, and that also at present
the expansion of the universe is accelerating [1,2]. Various
scenarios for the late-time acceleration in the expansion of
the universe have been proposed. In fact, however, the
cosmic acceleration mechanism is not well understood
yet (for recent reviews, see [3—7]).

There exist two approaches to account for the late-time
acceleration of the universe. One is dark energy, i.e., the
general relativistic approach. The other is dark gravity, i.e.,
the modified gravity approach. Among the latter ap-
proaches studied so far, the modification to the Einstein-
Hilbert action, e.g., the addition of an arbitrary function of
the scalar curvature to it, is one of the most promising latter
approaches (for a review, see [7]). Such a modified theory
must pass cosmological bounds and solar-system tests
because it is considered as an alternative gravitational
theory.

A very realistic modified gravitational theory that evades
solar-system tests has recently been proposed by Hu and
Sawicki [8] (for related studies, see [9]). In this theory, an
effective epoch described by the cold dark matter model
with cosmological constant (ACDM), which accounts for
high-precision observational data, is realized in general
relativity with the cosmological constant (for a review of
observational data confronted with modified gravity, see
[10]). This theory can successfully explain the late-time
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acceleration of the universe. In Ref. [8], however, the
possibility of the realization of inflation has not been
discussed. In Refs. [11-13], therefore, modified gravities
in which both inflation and the late-time acceleration of the
universe can be realized, following the previous inflation-
acceleration unification proposal [14], have been presented
and investigated. The classification of viable F(R) gravities
has also been suggested in Ref. [12]. Here, F(R) is an
arbitrary function of the scalar curvature R.

Furthermore, there exists another gravitational source of
inflation and the late-time acceleration of the universe: a
coupling between the scalar curvature and matter
Lagrangian [15,16] (see also [17]). Such a coupling may
be applied for the realization of the dynamical cancellation
of cosmological constant [18]. In Refs. [19-21], the criteria
for the viability of such theories has been considered. As a
simple case, a coupling between a function of the scalar
curvature and the kinetic term of a massless scalar field in a
viable modified gravity has been considered [22].

Recently, inflation and the late-time acceleration of the
universe in nonminimal electromagnetism, in which the
electromagnetic field couples to a function of the scalar
curvature, has been studied in Ref. [23] by using the
analyzing procedure in the electromagnetic field consid-
ered in Ref. [24]. It is known that the coupling between the
scalar curvature and the Lagrangian of the electromagnetic
field arises in curved spacetime due to one-loop vacuum-
polarization effects in quantum electrodynamics (QED)
[25]. As aresult, it has been shown that power-law inflation
can be realized due to the nonminimal gravitational cou-
pling of the electromagnetic field, and that large-scale
magnetic fields can be generated due to the breaking of
the conformal invariance of the electromagnetic field
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through its nonminimal gravitational coupling ' (see also
[27]). The mechanism of inflation in this model is as
follows. In the very early universe before inflation, elec-
tromagnetic quantum fluctuations are generated due to the
breaking of the conformal invariance of the electromag-
netic field and they act as a source for inflation.
Furthermore, also during inflation electromagnetic quan-
tum fluctuations are newly generated and the scale is
stretched due to inflation, so that the scale can be larger
than the Hubble horizon at that time, and they lead to the
large-scale magnetic fields observed in galaxies and clus-
ters of galaxies. This idea is based on the assumption that a
given mode is excited quantum mechanically while it is
subhorizon sized and then as it crosses outside the horizon
“freezes in” as a classical fluctuation [28]. These large-
scale magnetic fields can be the origin of the large-scale
magnetic fields with the field strength 1077-107® G on
10 kpc—1 Mpc scale observed in clusters of galaxies [29]
(for reviews of cosmic magnetic fields, see [30]).
Furthermore, it has been demonstrated that both inflation
and the late-time acceleration of the universe can be real-
ized in a modified Maxwell-F(R) gravity proposed in
Ref. [13] which is consistent with solar-system tests.

In the present paper, we consider inflationary cosmology
and the late-time accelerated expansion of the universe in
nonminimal non-Abelian gauge theory, called the Yang-
Mills (YM) theory, in which the non-Abelian gauge field
(the YM field) couples to a function of the scalar curvature,
in order to investigate the cosmological consequences of
the nonminimal gravitational coupling of the YM field.
Furthermore, we consider a nonminimal vector-F(R) grav-
ity. In past studies, inflation driven by a vector field has
been discussed [31,32]. Moreover, as a candidate for dark
energy, the effective YM condensate [33,34], the Born-
Infeld quantum condensate [35], and a vector field [36—40]
have been proposed. In particular, the possibility that the
accelerated expansion of the universe is driven by a field
with an anisotropic equation of state has been considered in
Ref. [40]. As aresult, we show that power-law inflation can
be realized due to the nonminimal gravitational coupling of
the YM field.> Moreover, we demonstrate that both infla-
tion and the late-time accelerated expansion of the universe
can be realized in a modified Yang-Mills- F(R) gravity
which is consistent with solar-system tests. Furthermore,
we show that this result can be realized also in a non-
minimal vector-F(R) gravity. In addition, we consider the
duality of the nonminimal electromagnetic theory and that
of the nonminimal YM theory, and also discuss the recon-
struction of the YM theory.

There are several motivations to study nonminimal YM
theory. First of all, we show that the appearance of such

'In Ref. [26], gravitational-electromagnetic inflation from a 5-
dimensional vacuum state has been considered.

“In Ref. [41], the spontaneous generation of chromomagnetic
fields at high temperature has been investigated.
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nonminimal terms in the early universe is compatible with
current formulations of YM theory due to specific choice
of nonminimal function. Second, some string compactifi-
cation may lead to effective scalars-YM-Einstein theory
(plus higher order corrections). In some cases, one can
delete scalars in such a way that extra curvature terms
(nonminimal ones) appear in front of the YM
Lagrangian. Third, the celebrated asymptotic freedom phe-
nomenon may be understood as appearance of nonminimal
terms at the early universe.

This paper is organized as follows. In Sec. II we consider
a nonminimal gravitational coupling of the SU(N) YM
field in general relativity. First, we describe our model
and derive equations of motion from it. Next, we analyze
the gravitational field equation, and then show that power-
law inflation can be realized. In Sec. III we consider a
nonminimal gravitational coupling of the SU(N) YM field
in a modified gravitational theory proposed in Ref. [13].
We show that in this theory both inflation and the late-time
acceleration of the universe can be realized. In Sec. IV we
consider a nonminimal vector-F(R) gravity. Furthermore,
in Sec. V we consider the duality of the nonminimal
electromagnetic theory and that of the nonminimal YM
theory. In addition, in Sec. VI we discuss the reconstruction
of the YM theory. Finally, a summary is given in Sec. VIL.
We use units in which kg = ¢ = fii= 1 and denote the
gravitational constant 877G by &2, so that k? = 87/M3,
where Mp = G~'/2=12X 10" GeV is the Planck
mass. Moreover, in terms of electromagnetism we adopt
Heaviside-Lorentz units.

II. INFLATION IN GENERAL RELATIVITY

In this section, following the discussion given in
Ref. [23], we first consider a nonminimal gravitational
coupling of the YM field in general relativity.

A. Model

We consider the following model action:

Sgr = /d4x\/_g[£EH + Lyml 2.1
1
Lo =55k, 2.2)
1
Lyy = _ZI(R)FZVFWV
—(1/2)F%,, Fa
X[l +bg21n|(/)—f” I:I, (2.3)
m
with

IR)=1+ f(R), 2.4
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1 1 11
b=-——N, 2.5
4872 3 2.5)
F,f'“, = 8MA?, - GVA;’L + f”bCAZAf,, (2.6)

where g is the determinant of the metric tensor g,,,, R is
the scalar curvature arising from the spacetime metric
tensor g,,, and Lgy is the Einstein-Hilbert action.
Moreover, Lyy with I(R)=1 s the effective
Lagrangian of the SU(N) YM theory up to one-loop order
[42,43], f(R) is an arbitrary function of R, b is the asymp-
totic freedom constant, F j‘“, is the field strength tensor, A;‘L
is the SU(N) YM field with the internal symmetry index a
(Roman indices, a, b, ¢, run over 1,2,..., N> — 1, and in
F{, F**” the summation in terms of the index a is also
made), and £ is a set of numbers called structure con-
stants and completely antisymmetric [44]. Furthermore, w
is the mass scale of the renormalization point, and a field-
strength-dependent running coupling constant is given by
[43]

52

32(X) = g , 27
§* (%) 1+ b2 X/ "] 2.7

where
X = —1Fa, Fawr, (2.8)

Hence, g is the value of the running coupling constant
when X = u*.

The field equations can be derived by taking variations
of the action in Eq. (2.1) with respect to the metric g, and
the SU(N) YM field A{, as follows:

R, — g, R = 2T, (2.9)
with
7O = I(R)(g*PF s Feue — 18, F)
+ {f(RVFR,, + 8O (R)F]
-V, V,If'(R)FI}, (2.10)
—(1/2)Fa Fanv
e=14+b3h e[(/)—f]
y72
X
=14 b2%In e(—4> , Q.11)
M
—(1/2)Fe  Fomv
F= F;’“,F“W[l + bg%In |(/)—f ]
M
= —2X(1 +bgIn |~ ) (2.12)
22
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and

Ji_g 3, [V=gI(R)eF#"] — I(R)s f*Ab Ferr = 0,
(2.13)

where the prime denotes differentiation with respect to R,
V, is the covariant derivative operator associated with
guv» and [0 = gtV V, is the covariant d’Alembertian
for a scalar field. In addition, R,,, is the Ricci curvature
tensor, while T,(LYVM) is the contribution to the energy-
momentum tensor from the SU(N) YM field. Moreover,
¢ 1s a field-strength-dependent effective dielectric constant
[43], and e = 2.72 is the Napierian number. In deriving the
second equalities in Egs. (2.11) and (2.12), we have used
Eq. (2.8).

We assume the spatially flat Friedmann-Robertson-
Walker spacetime with the metric

ds? = —di* + a*(1)dx* = a*(n)(—dn? + dx?), (2.14)

where a is the scale factor, and 7 is the conformal time. In
this spacetime, g, = diag(—1, a*(1), a*(1), a*(1)), and the
components of R, and R are given by

Ry = —3(H + H?),
R;; = (H + 3H%)g;;,

Ry =0,
, (2.15)
R = 6(H + 2H?),

where H = a/a is the Hubble parameter. Here, a dot
denotes a time derivative, = = 9/9t.

B. Power-law inflation

The (u, ») = (0, 0) component and the trace part of the
(u, v) = (i, j) component of Eq. (2.9), where i and j run
from 1 to 3, read

H>+ ], = %Q{I(R)(bgzx + &Y) + 3[—f'(R)(H + H?)

+ 6f"(R)H(H + 4HH)]F + 3f(R)HF),
(2.16)

Ji =iF(R) — F'(R)(H + H?), (2.17)

and
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2H + 3H?> + J, = K—{I(R)X(— %s + bg2> +[—f(R)(H + 3H?) + 6f"(R)(H + THH + 4H?> + 12H’H)

2

+ 36" (R)(H + 4HH)*1F + 3[f'(R)H + 4f"(R)(H + 4HH)]F + f'(R) }‘}

J, =1F(R) — F(R)(H + 3H*) + 6F"(R)[H + 4(H*> + HH)] + 36F"(R)(H + 4HH)?,

respectively. Here, X and Y are given by

X = |E?(proper)(t)|2 _ |B?(PTOPCT)(I«)|2’ (2.20)

— | ) ( )
Y = B0 + B o),

where E“PP (1) and B“P™P*(1) are the quantities corre-
sponding to proper electric and magnetic fields in the
SU(N) YM theory, respectively. In this paper, because
we consider the case in which there exist the YM electric
and magnetic fields as background quantities at the Oth
order, we here consider that the YM electric and magnetic
fields do not have the dependence on the space components
x. Moreover, J; and J, are correction terms in a modified
gravitational theory described by the action in Eq. (3.1) in
the next section. Hence, because in this section we consider
general relativity, i.e., the case F(R) = 0 in the action in
Eq. (3.2), here both J; and J, are zero. Furthermore, in
deriving Egs. (2.16) and (2.18), we have used equations in
(2.15) and the following equation:

F = —2X(e — bg*),

which follows from Egs. (2.8), (2.11), and (2.12).

In the search of exact solutions for nonminimal YM
(electromagnetic)-gravity theory (see [45,46]), there exists
the problem of off-diagonal components of YM (electro-
magnetic) stress tensor being nonzero while the right-hand
side of Einstein equations is zero. In our case, we consider
the following. As a simple case, we can consider the
following case in which the off-diagonal components of
T;Z,M) in Eq. (2.10) vanishes: (i) Only (YM) magnetic fields
are generated and hence (YM) electric fields are negligible.
(i) B* = (B{, B, B), where B{ =B§ =0, B # 0,
namely, we consider the case in which only one component
of B“ is nonzero and hence the other two components are
zero. In such a case, it follows from divB“ = 0 that the off-
diagonal components of the last term on the right-hand side

of Tl(LYVM), ie., VMVVD"(R):F], are zero. Thus, all of the off-

diagonal components of T,(E,M) are zero. In this paper (in-
cluding Secs. III and IV) we consider the above case in
order to investigate the cosmological consequences of the
nonminimal gravitational coupling of the YM field.

In Eq. (2.13), because the amplitude of A;ﬂ is small, we
can neglect the higher order than or equal to the quadratic
terms in Aj and investigate the linearized equation of
Eq. (2.13) in terms of Af,. The linearized equation of

221

(2.22)

(2.18)

(2.19)

|
motion in the Coulomb gauge, afA;?(t, x) =0, and the

case of A§(z, x) = 0, reads

. I\ . 1
Adtx) + <H + ;)Af‘(t, x) — _2A<3)A;1(t, x) =0,
a
(2.23)

where A®) = 979, is the flat 3-dimensional Laplacian. It
follows from Eq. (2.23) that the Fourier mode A¢(k, t)
satisfies the equation
. I\ . K
Aok 1) + <H + ;)A;’(k, D+ AN ) =0 (224)
a

Replacing the independent variable ¢ by 7, we find that
Eq. (2.24) becomes

0’A{(k ) 1 di(n) 9A7(k m)
an’ I(n) dn 97y

+ kK2A9(k, ) = 0.
(2.25)

By using the WKB approximation on subhorizon scales
and the long-wavelength approximation on superhorizon
scales, and matching these solutions at the horizon cross-
ing, we find [24]

A7 (k, )I* = |C(R)I?

SN VN
2kI(ny) 2 kl(ny) dn
. Mt I(nk) K
+ilk —d , 2.26
l] f"lk 1(77]) K ( )

where 77, and 7; are the conformal time at the horizon
crossing and one at the end of inflation, respectively.
Consequently, from Eq. (2.26) we obtain the amplitude
of the proper YM magnetic fields on a comoving scale L. =
24r/k in the position space

atpropen 2 _ KICOOP KA P 1 KIC(K)I
|Bi proper (t)|2 — 772 g 1+ 5f b ubu 277.2 I
(2.27)

where u”(= 1) and u°(= 1) are the quantities denoting the
dependence on the indices b and c, respectively. Thus,
from Eq. (2.27) we see that the YM magnetic fields evolves
as IB?(prol[’er)(t)l2 = |B“|?/a*, where |B¢| is a constant.

In this case, we find that Eqgs. (2.16) and (2.18) are
reduced to

123532-4
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|B“|?
a4 ’

(2.28)

2H + 3H? = KZ{é I(R)(e — 3bg?) + [—f'(R)(H + 3H?) + 6f"(R)(H + THH + 4H* + 12H*H)

+36f"(R)(H + 4HH) (e — b32) + A[f'(R)(—H + H2) — 12f"(R)H(H + 4HF)]e + 16 f'(R)HZbg2}

Ba 2
x! 4| : (2.29)
a
respectively. Eliminating I(R) from Egs. (2.28) and (2.29), we obtain
: : 3e — 7bg?
Ht— = K2(f’(R){—(28 + bg})H + [(87‘5)8 + 8bg2]H2}
e —bg e —bg
+ 3f"(R)(e — bg*)H — 2(e + 2bg*)HH + 4(e — bg*)H*> — 24cH*H ]
. ) Be|?
L 18F(R)(s — bE)(H + 4HH)2> IB°F (2.30)
a

We here note the following point. From Eq. (2.11), we
see that the value of & depends on the field strength, in
other words, it varies in time. In fact, however, the change
in time of ¢ is smaller than that of other quantities because
the dependence of € on the field strength is logarithmic, so
that we can approximately regard & as constant in
Eq. (2.30). (Thus, from this point we regard € as constant.)

Here we consider the case in which f(R) is given by the
following form:

ci(R/m*)"
R) = R =s——-">"— 2.31
1R) = fus(R) = s @31)
which satisfies the conditions
lim fus(R) = <X = const, (2.32)
R—o0 CH
Ilelg(l)fns(R) =0. (2.33)

Here, c; and ¢, are dimensionless constants, n is a positive
constant, and m denotes a mass scale. This form, fys(R),

has been proposed by Hu and Sawicki [8]. The second
|

(—cy) (n+ 1)e2 + 3(n — 1)bg%e + 6(bg?)?

|
condition (2.33) means that there could exist a flat space-
time solution. Hence, because in the late-time universe the
value of the scalar curvature becomes zero, the YM cou-
pling I becomes unity, so that the standard YM theory can
be naturally recovered.

In order to show that power-law inflation can be realized,
we consider the case in which the scale factor is given by
a(t) = a(t/1)P, where 7 is some fiducial time during infla-
tion, a is the value of a(r) at t = 7, and p is a positive
constant. In this case, H = p/t, H = —p/*, H =2p/P,
and H = —6p/t*. Moreover, it follows from the fourth
equation in (2.15) that R = 6p(2p — 1)/>. At the infla-
tionary stage, because R/ m? > 1, we are able to use the
following approximate relations:

fus(R) = z—;[l - %(%)”]

Substituting the above relations in terms of a, H, and R,
and the approximate expressions of f{;s(R), fiis(R), and
fiis(R) derived from Eq. (2.34) into Eq. (2.30), we find

(2.34)

(2.35)

1
{3n+1nn(n + 1)n+1 C%

|

Hence, if n > 1, p becomes much larger than unity, so that
power-law inflation can be realized. Consequently, it fol-
lows from this result that the YM field with a nonminimal
gravitational coupling in Eq. (2.3) can be a source of
inflation. This result is the same as in nonminimal
Maxwell theory [23].

(n— 1)e + 2b3>

pal2,.2.,..2n 1/4
|B|>k*m (2.36)

|
In this paper we consider only the case in which the

values of the terms proportional to f/(R), f”(R), and f"'(R)
in the right-hand sides of Eqgs. (2.28) and (2.29) are domi-
nant to the value of the term proportional to /(R). Among
the terms proportional to f/(R), f(R), and f"'(R), the term
proportional to f/'(R) is dominant, and its value is order
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FI(RH? = n(c,/c3)(H?/m?)(R/m?*)~ "+ which can be
derived by using Eq. (2.34). Here, it follows from H = p/t
and R =6p(2p — 1)/* that R is order 10H?. The
condition that the term proportional to f’(R) is dominant
in the source term would be I(R)/[f(R)H?]~
10c,(R/m?)" /n < 1. This would require extremely small
c, because at the inflationary stage R/m? > 1 and n > 1.
In such a case, the value of the right-hand side of
Eq. (2.30), which is order «2 f'(R)H*|B“|?/a*, can be order
H?. Consequently, the right-hand side of Eq. (2.30) can
balance with the left-hand side of Eq. (2.30), and hence
Eq. (2.30) can be satisfied without contradiction to the
result, i.e., power-law inflation in which p is much larger
than unity can be realized. The reason why we consider the
case in which the term proportional to I(R) on the right-
hand side of Eqgs. (2.28) and (2.29) is so small in compari-
son to the term proportional to f/(R) that it can be ne-
glected is as follows [23]: If the opposite case, namely, the
term proportional to /(R), is dominant to the term propor-
tional to f/(R), Eqgs. (2.28) and (2.29) are approximately
written as H?> =~ (1/6)k*I(R)|B*|*/a* and 2H + 3H? =
(1/6)k*I(R)|B|?/a*, respectively. Thus, in this case it
follows from Eqs. (2.28) and (2.29) that H? and 2H +
3H? are the same order and their difference, 2H + 2H?,
must be much smaller than H2. In fact, Eq. (2.30) implies
that H + [&/(e — bg?)]H? balances with a much smaller
quantity than «2I(R)|B|*/a*. Now, {H +[e/(s—
bg*)JH*}/H* = ¢/(s — bg*) — 1/p <1 and hence p
must be smaller than unity because € >0 and b > 0.
Consequently, in this case power-law inflation cannot be
realized.

Finally, we note the following point. The constraint on a
nonminimal gravitational coupling of matter from the ob-
servational data of the central temperature of the Sun has
been proposed [21]. Furthermore, the existence of the
nonminimal gravitational coupling of the electromagnetic
field changes the value of the fine structure constant, i.e.,
the strength of the electromagnetic coupling. Hence, the
deviation of the nonminimal electromagnetism from the
ordinary Maxwell theory can be constrained from the
observations of radio and optical quasar absorption lines
[47], those of the anisotropy of the cosmic microwave

€ bg?

H+
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background (CMB) radiation [48,49], those of the absorp-
tion of CMB radiation at 21 cm hyperfine transition of the
neutral atomic hydrogen [50], and big bang nucleosynthe-
sis [51,52] as well as solar-system experiments [53] (for a
recent review, see [54]). On the other hand, because the
energy scale of the YM theory is higher than the electro-
weak scale, the existence of the nonminimal gravitational
coupling of YM field might influence on models of the
grand unified theories (GUT).

III. INFLATION AND LATE-TIME COSMIC
ACCELERATION IN MODIFIED GRAVITY

Next, in this section we consider a nonminimal gravita-
tional coupling of the YM field in a modified gravitational
theory proposed in Ref. [13].

We consider the following model action:

Sm = fd4xx/__g[£MG + Lyml, 3.1

Lo = 5 lR + FR) (3.2)
K

where F(R) is an arbitrary function of R. Here, Ly is
given by Eq. (2.3). We note that F(R) is the modified part of
gravity, and hence F(R) is completely different from the
nonminimal gravitational coupling of the YM field f(R) in
Eq. (2.4).

Taking variations of the action Eq. (3.1) with respect to
the metric g,,,,, we find that the field equation of modified
gravity is given by [13]

[1+ F(R)IR,, =38, R + FR)] + g,00F (R)

—V,V,F(R) = KT (3.3)

The (u, ») = (0, 0) component and the trace part of the
(u, v) = (i, j) component of Eq. (3.3), where i and j run
from 1 to 3, are given by Egs. (2.16) and (2.18),
respectively.

Here we consider the same case as in the preceding
section. In this case, eliminating I(R) from Egs. (2.16)
and (2.18), we obtain

H+—°f

€ !
H + {W FR) ~ PR

+ 1SFY(R)(H + 4HH)2}

e — bg? e — b’

3e — 7bg?

- Kz(f'(R){—(ZS RLCRL A [( e~ b’

+ 4(e — bg*)H? — 24eH*H] + 18f"(R)(e — bg*)(H + 4HH)2)

Here we consider the case in which F(R) is given by

— H2) +3FR)E + AP + HED]

)s + Sbgz]Hz} + 3f"(R)[(e — bg*)H — 2(e + 2bg*)HH

|Be|?
at -’

(3.4)
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[(R/M?) — (Ry/M*) P + (Ry/M?)*"™!

PHYSICAL REVIEW D 77, 123532 (2008)

F(R) = —M?

which satisfies the following conditions: limg_,, F(R) =
—M?/c4 = const, limg_oF(R) = 0. Here, c; and ¢, are
dimensionless constants, [ is a positive integer, and M
denotes a mass scale. We consider that in the limit R —
oo, i.e., at the very early stage of the universe, F(R)
becomes an  effective  cosmological  constant,
limg_F(R) = —M?/cy = —2A;, where A;(> H}) is an
effective cosmological constant in the very early universe,
and that at the present time F(R) becomes a small con-
stant, F(Ry) = —M*(Ro/M*)* ™! [[c3 + c4(Ry/M*)* ] =
—2R,, where Ry(= H}) is current curvature. Here, H,
is the Hubble constant at the present time: H,=
100hkms™ !Mpc ™! =2.1h X 107*# GeV = 1.5X 10" ¥ eV
[55], where we have used 2 = 0.70 [56].

Furthermore, we consider the case in which f(R) is
given by the following form:

f(R)= fno(R)
_ [(R/M?) — (Ro/M?) P11 + (Ry/M?)* 1
s+ col[(R/M?) — (Ry/MP) P41 + (Ry/MP)2a 1Y
3.6)

which satisfies the following conditions: limg_,« fxo(R) =
1/c¢ = const, limg_yfno(R) = 0. Here, c¢s and cg are
dimensionless constants, and ¢ is a positive integer. The
form of F(R) in Eq. (3.5) and fxo(R) in Eq. (3.6) is taken
from Ref. [13]. This form corresponds to the extension of
the form of fug(R) in Eq. (2.31). It has been shown in
Ref. [13] that modified gravitational theories described by
the action (3.2) with F(R) in Eq. (3.5) successfully pass the
solar-system tests as well as cosmological bounds and they
are free of instabilities.

Making the same considerations as in Ref. [23], we find
that at the very early stage of the universe, it follows from
Eq. (3.4) that a(r) = exp(y/A;/31), so that exponential in-
flation can be realized, and that at the present time, it
follows from Eq. (3.4) that a(r) = exp(y/R,/31), so that
the late-time acceleration of the universe can be realized.
These results are also the same as in nonminimal
Maxwell-F(R) gravity [23].

Finally, we note the following point about the logarith-
mic contribution to modified gravity, namely, the case in
which the Lagrangian of modified gravity in Eq. (3.2)
is given by Lyg = 1/2«*)[R + F(R) + In(R/M?)].
Following the considerations in the previous subsections,
because the logarithmic term is a subleading contribution,
also in this case both inflation and the late-time accelera-
tion of the universe can be realized. The qualitative differ-
ence from the case of the previous subsections is only that
in the limit R — oo the gravitational modification term,
F(R) + In(R/M?), does not become constant. In fact, how-

c3 + c{[(R/M?) — (Ry/M?*) P! + (Ry/M?)?H1Y

(3.5)

|

ever, if it is considered that some cutoff scale of R in the
very early universe should exist, the logarithmic contribu-
tion does not diverge in this limit, and hence the cosmology
of this case is the same as that of the previous sections.

IV. NONMINIMAL VECTOR MODEL

In this section, we consider the cosmology in the non-
Abelian nonminimal vector-F(R) gravity.
We consider the following model action:

Sy = [ dxf"F Lye + L) @)
Ly = I(R){~Fa,Farr — y[A2]), 4.2)

where Ly is given by Eq. (3.2), F{, is given by Eq. (2.6),
and A?? = gHr A AS. (As the generalization of the above
nonminimal vector model, one can consider a model in
which the derivative in F, is the gauge covariant deriva-
tive givenby D, =V, —igA,, where A, = A¢ 7. Here,
7¢ are matrices and their commutation relations are con-
ventionally written as the standard form [7¢, 7] = if*¢7¢
[44]. In the present paper, however, as a simple nonmini-
mal vector model we consider the theory described by the
action in Eq. (4.2).)

We should note that the last term V[A“?] in the action
(4.2) is not gauge invariant but can be rewritten in a gauge
invariant way. For example, if the gauge group is a unitary
group, we may introduce a o-model-like field U, which
satisfies UTU = 1. Then the last term could be rewritten in
the gauge invariant form:

V[A?] — V[ew(UTALU)(UTA“U)].  (43)
Here ¢ is a constant for the normalization. If we choose the
unitary gauge U = 1, the term in (4.3) reduces to the
original one: V[A“?]. This may tell that the action (4.2)
described the theory where the gauge group is spontane-
ously broken.

The field equations can be derived by taking variations
of the action in Eq. (4.1) with respect to the metric g ,,, and
the vector field Af, as follows:

[1+ F(R)IR,, = 38,u[R + F(R)] + g,,00F' (R)

— V,V,F(R) = T3, (4.4)

with
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_g/.l,llj:

dviA©?] 1
\%
T4 = I(R){gaﬂF;BFga oA A }

A RF Ry + 8O (R F]

— V.V RFLL (4.5)
F = F4,F + 4V[A®], (4.6)
and
LR

dV[A“?]
dAaZ

- I(R){ fAL Ferr 42 A“”} =0, @7

where Tﬁx, is the contribution to the energy-momentum
tensor from A,.

Here, as an example, we consider the case in which
V[A®?] is given by a class of the following power-law
potential:

V[A®?] = v(i; ) (4.8)

PHYSICAL REVIEW D 77, 123532 (2008)

where V is a constant, 7 denotes a mass scale, and 71(>1) is
a positive integer.

Similarly to Sec. I B, because the amplitude of Af, is
small, we neglect the higher order than or equal to the
quadratic terms in A% and consider the linearized equation
of Eq. (4.7) in terms of A¢,. For the power-law potential
given by Eq. (4.8), the linearized equation of motion under
the ansatz 8fAj(t, x) = 0 and A§j(z, x) = 0 is the same as
Eq. (2.23).°

The (w, ») = (0, 0) component and the trace part of the
(m, v) = (i, j) component of Eq. (4.4), where i and j run
from 1 to 3, read

H> + éF(R) — F'(R)(H + H?
= S URY + V1A + 3R + 1)

+ 6f"(RVH(H + 4HIDF + 3f RHF), (4.9

and

2H + 3H* + %F(R) — F'(R)(H + 3H?) + 6F"(R)[H + 4(H*> + HH)] + 36F"(R)(H + 4HH)?

K2 (1 1 dV[A*?]
= —(=I(R{—X + 6V[A®?] — 4— A%A¢
2 (3 ( ){ via®] a*? "ttt dA®?

+ 367" (R)(H + 4HH)1F + 3[f(R)H + 4f"(R)(H + 4HE)]F + f'(R) f)

} F [ (R + 3H?) + 6" (R)(E + THEH + 4K + 12H2E)

(4.10)

respectively. In deriving Egs. (4.9) and (4.10), we have used equations in (2.15).
Here we consider the same case as in the previous sections. Moreover, we here consider the case in which A§ = 0. In this
case, we have (1/a?)A%A%dV[A“?]/(dA“%) = iV[A“%]. Consequently, using this relation, we find that Egs. (4.9) and (4.10)

are reduced to

e+ éF(R) — FR)(H + H?) = Kz([éz(ze) — PRV + SH?) + 6" (RVH(H + 4HH)]

|B|?

a*

+ {% IR) — 2f (R[H + (1 + 2)H] + 120" (R)H(H + 4HH)}V[A“2]>, @.11)

and

2H + 3H* + %F(R) — F'(R)(H + 3H?) + 6F"(R)[H + 4(H*> + HH)] + 36F"(R)(H + 4HH)?

- K2<[%1(R) + R)(=SH + H2) + 6/"(R)(E — HE + 4E* — 20H2E) + 36" (R)(H + 4HH)2]

|B“|>
g

+ {% I(R) — 2f'(R)[(1 + 2a)H + (3 + 611 — 4a*)H?] + 12f"(R)[H + (71 — 4n)HH + 4H? + 4(3 — 4i)H*H|]

+ 72f"(R)(H + 4HH)2}V[A“2]>,

(4.12)

3This is similar to the Coulomb gauge but since the action (4.2) is not gauge invariant, or gauge symmetry is completely fixed by the
unitary gauge as in after (4.3), this condition is only a working hypothesis.
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respectively. Eliminating I(R) from Eqgs. (4.11) and (4.12), we obtain

H+ H>+ {é F(R) — F'(R)YH* + 3F"(R)[H + 4(H* + HH)] + 18F"(R)(H + 4HH)2}

= k2 ([f'(R)(—2H + 3H?) + 3f"(R)(H — 2HH + 4H* — 24H*H) + 18f"(R)(H + 4HH)?]

|B*|?

a*

+ 2€{—f(R[AH+(1 + 21 —2a%)H?*] + 3f"(R)[H + 23 — 2a)HH + 4H? + 8(1 — 2n)H*H]

+ 18f"(R)(H + 4HH)*}V[A®?)).

In the case that |BYP™P)(n)|2 = |B9|2/a*, V[A®]
a~?". Hence, if 7 =2, the time evolution of V[A%?] is
the same as that of IB?(p 0P (1|2, On the other hand, if 7 =
2, V[A?] decreases much more rapidly than IBf’(pr(’per)(t)l2
during inflation. Thus, in the latter case we can neglect the
terms proportional to V[A%%] on the right-hand side of
Eq. (4.13). Consequently, it follows from Eq. (4.13) that
when we consider the case in which similarly to the
preceding section, F(R) and f(R) are given by Egs. (3.5)
and (3.6), respectively, we can make the same considera-
tion as the preceding section, and hence power-law infla-
tion and the late-time acceleration of the universe can be
realized.

Furthermore, as another case, we consider the case in
which F(R) is given by Eq. (3.5) and f(R) is given by the
following form:
c7(R/M*)7 — 1
cs(R/M?)7 + 1’
which satisfies the following conditions: limg_, f(R) =
c7/cg = const, limg_y f(R) = —1. Here, ¢; and cg are
dimensionless constants, § is a positive constant, and M
denotes a mass scale. In this case, the value of I(R) =
1 + f(R) becomes close to zero when that of R is very
small, namely, at the present time. Making the same con-
sideration as the preceding section, we can also find in this

case that power-law inflation and the late-time acceleration
of the universe can be realized.

fR) =fR) = (4.14)

V. DUALITY

In this section, we consider the duality of the nonmini-
mal electromagnetic theory and that of the nonminimal
YM theory.

A. Duality of the nonminimal electromagnetic theory

We consider the duality of the action of f(R)-coupled
electromagnetic theory:

1 7 v
S7a 2 [d4x\/_gf(R)FA,sz§ .

Fpuy=0,A, —0,A,,

5.1

where f(R) is an arbitrary function of R, and A, is the U(1)
gauge field. Before going to the duality of the action in

(4.13)

|
Eq. (5.1), we consider the duality without gravity:

SA :%fd4XFAMVFXV’ FAMVEa/LAV_aVA

e
(5.2)

By introducing a new field B u» the action can be rewritten
as

1 _ 1 _
Seg = 1 fd4x(FMVF“V + Ee“”p”(aﬂB,,)Fpg). (5.3)

Here, F uv 18 an independent field (not given in terms of A,
or B, asin F,,,). The variation of B, gives

P79, F,, =0, (5.4)

which tells that F wv €an be given in terms of a vector field
A, as
"

Fo,=Fau, =0,A,—0,A,. (5.5)

Then the action Sz 3 in Eq. (5.3) reduces to S4 in Eq. (5.2).

On the other hand, by the variation of F,,, we obtain

Frv = —lenrroy B (5.6)

By substituting Eq. (5.6) into the action in Eq. (5.2), we
obtain

1 Y = _
SB:Zfd4XFBMVFg’ FE#V=8MBV—8,,BM.
5.7
Equations (5.5) and (5.6) give
Fi" = %e“”P”ng(,, (5.8)

which tells that Fg,, are dual to Fy,,,, that is, the magnetic
field exchanges with the electric field.

We now consider the action in Eq. (5.1), which can be
rewritten as

1 ~ _
Sirp = 1 fd4x{\/—gf(R)FﬂuF“”
1 _
+ Ee’“’p”(aﬂB,,)Fp,,}. 5.9

Now F uv 18 an independent field again. From the variation

of Eﬂ, we obtain Eq. (5.4), which can be solved as
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Eq. (5.5), and we find the action SfFB in Eq. (5.9) is
equivalent to Eq. (5.1). On the other hand, by the variation

of F,,,, instead of Eq. (5.6), we obtain

P = L €708,

4 JRy=g
Then substituting Eq. (5.10) into Eq. (5.9) and using the
identity

(5.10)

fa'gpafwy&g#agvﬂ =2g(gr7g"° — gr°g77), (5.11)
we obtain an action dual to Eq. (5.1):
S ! fd“ ! Fs, F&"
‘B — — X/—8=—"7"1Ip =
fB 4 gf(R) Buvt g
(5.12)

Fg,,=9d,B,—0,B,.

B. Duality of the nonminimal Yang-Mills theory

As in the case of the electromagnetic theory, we may
consider the duality of the action of f(R)-coupled Yang-
Mills theory:

1 7 v
Sty = 1 fd“xf“—gf(R)FAWFg‘ )

_ abc Ab Ac
d,A, + fI7CALAS.

(5.13)
Fpuy =09,4A,

The action can be rewritten in the following form:

1 _
Sirp = [ d*x {/““ f(R)F ,, F* + 1 e/‘VP”Fj_‘L,,FpU}.
(5.14)
Now F,, is an independent field again. From the variation
of Af in F ¢ »» we obtain

uve

€“"»"D,F,, = 0. (5.15)

Here D,
given by

is a covariant derivative. The solution of (5.15) is

F oy =Fuu, (5.16)

o

By substituting (5.16) into (5.14), we obtain (5.13). On the
other hand, by the variation of F,,, we obtain
F',U.V — _l efLVp(TFAPa"
8 f(R)=g
Then substituting Eq. (5.17) into Eq. (5.14) and using the
identity (5.11), we obtain a dual action:

SfB—*f xJ_

(5.17)

AW,F’“’ (5.18)

Note that dual form of the action may be useful in the
cosmological considerations.

PHYSICAL REVIEW D 77, 123532 (2008)
VI. RECONSTRUCTION OF THE YM THEORY

In this section, we indicate how to reconstruct the YM
theory from the known universe evolution (for a review, see

[57]).

We now consider the following action:
S = /d“x«/ ( + fF(F F“’“’)).

By introducing an auxiliary scalar field ¢, we may rewrite
the action (6.1) in the following form:

S = f d*x /¢ (— +—P(¢)F4, Firr + %Q(¢)).
(6.2)

6.1)

By the variation of ¢, we obtain
0 = P/($)F, F*" + Q'(d), (6.3)

which could be solved with respect to ¢ as ¢ =
d(F,,F*”). Here, the prime denotes differentiation
with respect to ¢. Then by substituting the expression
into (6.2), we obtain the action (6.1) with

F(Fg, Forr) = {P(p(Fs, F")Fy, Fr
+ Q(G(FL, F))).

By the variation of the action (6.2) with respect to the
metric tensor g,,,, we obtain the Einstein equation:

(6.4)
1 1 1
TI{2<RMV - ERng/) = _EP((ﬁ)F,LLpF I/p

F7 + Q(¢)).
(6.5)

+ B (PBIFS,

On the other hand, by the variation with respect to A%, we
obtain

0 = a,(V=gP($)F"H) — J=gP($)fC ALF™. (6.6)

For simplicity, we only consider the case that the gauge
algebra is SU(2), where f%¢ = €%, and we assume the
gauge fields are given in the following form:

A¢ = {aer)(sai (w=i=1273)
K 0 (u = 0).

Here & is a constant with mass dimension and A is a proper
function of ¢. In general, if the vector field is condensed, the
rotational invariance of the universe could be broken. In
case of (6.7), the direction of the vector field is gauge
variant. Then all the gauge invariant quantities given by
(6.7) do not break the rotational invariance.

By the assumption, (6.3) has the following form:

'(¢) + 0'(¢), (6.8)
and the (7, t)-component of Eq. (6.5) is given by

6.7)

0= 6( a2/\2€2/\a 2 4 014 47 —4)
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3
0= —2H2 (az/\2ez"a 2+ a*eta) —
K

Q(¢)
(6.9)

The w = 0 component of (6.6) becomes identity and the
M = i component gives

0 = 9,(aP(p)Aer) — 2a%a~'P(p)e**. (6.10)

Since we can always define the scalar field ¢ properly,
we may identify the scalar field with the time coordinate
¢ = t. Then by differentiating Eq. (6.9) with respect to ¢
and eliminating O = Q'(¢), we obtain

2 . .
0= HH + &A% a2p

K

— P{a*(A X +A3 — A2H)e* a2

+ 2a*(A — H)e**a 4. (6.11)

Furthermore by eliminating P by using (6.10), we find

p= 2HH (6.12)
K22aa 2 (A2 + A X) — a*e*ra*H} '

Then by using (6.12), we can eliminate P (and P) in (6.10)
and obtain

0=2AA+A2+3A%X) — a2 a2H + 4> + A A —a
X e a 2HWA — H) + {2(A3 + A A)

H A

— a’e? azH}{ +—+H+5+A-
H A

2d2a_2ez"}
A
(6.13)

If we give a proper a = a(t) and therefore H = H(1),
Eq. (6.13) can be regarded as a third order differential
equation with respect to A. If we find the solution of A
with three constants of the integration, we find the explicit
form of P(¢) = P(t) by using (6.12) and further obtain
0O(¢) by using (6.9). Then we find the explicit form of three
parameter families of the action (6.2). This tells that almost
arbitrary time development of the university could be
realized by the action (6.2) or (6.1).

As an example, we may consider the case of the power-
law expansion:

t\ hl
=|— H=—) 6.14
() (=7) e
Here t; and h, are constants. By assuming
t
A= (h — l)ln<t—) + A (6.15)
1

(A is a constant), Eq. (6.3) reduces to the algebraic equa-
tion:

PHYSICAL REVIEW D 77, 123532 (2008)

2h _
0= =2 X2+ (—4ht + 130 + )X
=

+ (hy — 1)*(hy — 2)(4H, — 20). (6.16)
Here X = @*#}e**. If (6.16) has a real positive solution
with respect to X, we obtain A, and therefore the exact
form of A. Then we can reconstruct a model to give the
power expansion (6.14). Similarly, any other universe evo-
lution history may be reproduced by specific form of the
action under consideration.

VII. CONCLUSION

In the present paper, we have considered inflationary
cosmology and the late-time accelerated expansion of the
universe in the YM theory, in which the YM field couples
to a function of the scalar curvature, in order to investigate
the cosmological consequences of the nonminimal gravi-
tational coupling of the YM field. As a result, we have
shown that power-law inflation can be realized due to the
nonminimal gravitational coupling of the YM field.
Moreover, we have demonstrated that both inflation and
the late-time accelerated expansion of the universe can be
realized in a modified YM-F(R) gravity proposed in
Ref. [13] which is consistent with solar-system tests.
Furthermore, we have shown that this result can be realized
also in a nonminimal vector-F(R) gravity. In addition, we
have considered the duality of the nonminimal electromag-
netic theory and that of the nonminimal YM theory.
Furthermore, we also discussed the reconstruction of the
YM theory from the known universe history expansion. As
an example, it has been shown that a model to give the
power expansion of the scale factor can be reconstructed.

Finally, we remark the following point. It is interesting
that our models may be extended by another gauge-
noninvariant nonminimal coupling with the curvature like
the ones done in Ref. [58] (for models of vector curvaton,
see [59]). Such a nonminimal vector curvaton may give an
extra contribution to curvature perturbations if compared
with the present models. Another important point is related
to the exit from the inflation. In the models under consid-
eration, it may be realized via the gravitational scenario, as
the instability of de Sitter universe, due to extra gravita-
tional terms. This scenario will be investigated in detail
elsewhere. It may be also relevant for the study of the
future universe: if our universe will stay as a A-CDM
one forever or it will evolve to another singular/nonsingu-
lar state.
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