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Collisional energy loss of a fast heavy quark in a quark-gluon plasma
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We discuss the average collisional energy loss dE/dx of a heavy quark crossing a quark-gluon plasma,
in the limit of high quark energy E >> M?/T, where M is the quark mass and T << M is the plasma
temperature. In the fixed coupling approximation, at leading order dE/dx o o2, with a coefficient which
is logarithmically enhanced. The soft logarithm arising from t-channel scattering off thermal partons is
well known, but a collinear logarithm from u-channel exchange had previously been overlooked. We also
determine the constant beyond those leading logarithms. We then generalize our calculation of dE/dx to
running coupling. We estimate the remaining theoretical uncertainty of dE/dx, which turns out to be quite
large under Relativistic Heavy Ion Collider conditions. Finally, we point out an approximate relation
between dE/dx and the QCD Debye mass, from which we derive an upper bound to dE/dx for all quark

energies.
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I. INTRODUCTION

Jet quenching, as first anticipated by Bjorken [1], is a
crucial probe of the state of matter created at the
Relativistic Heavy Ion Collider (RHIC). The quenching
of light hadron spectra at large p, [2,3] is usually attrib-
uted to the radiative energy loss of the (light) parent parton
when crossing the hot or dense medium. On the other hand,
recent data on heavy flavor quenching [4,5] suggest that for
heavy quarks, purely radiative energy loss might be insuf-
ficient to explain the observed attenuation. This has re-
newed the interest in the collisional part AE.,; of the
parton energy loss, in particular, in the case of a heavy
quark [6]. It is not clear yet whether such a collisional
contribution can help in understanding the data on heavy
flavor quenching. For instance, although some studies sup-
port the possibility of a quite large collisional loss [7-9], a
recent comparison between collisional and radiative losses
[10] indicates that the collisional contribution to parton
energy loss might be small (~ 20%) compared to the
radiative one, even for heavy quarks. It should however
be noted that a relatively small average collisional loss
might be compatible with an important effect of collisions
on quenching [11,12], due to differently behaved colli-
sional and radiative energy loss probability distributions.

In any case, in the present (unclear) situation where the
importance of collisional energy loss is reconsidered, we
believe it is not useless to state the correct result for the
(average) collisional loss of an energetic heavy quark.

A basic quantity required to study collisional quenching
is the rate of energy loss per unit distance, dE/dx, of a
parton produced in the remote past and traveling in a large
size medium, as studied in Refs. [1,13,14]. For heavy-ion
collisions, where a parton initially produced in a hard
subprocess crosses a medium of finite size L, we expect
deviations from the linear law AE,. (L) = (dE/dx) - L
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[15]. Nonetheless, knowing the “asymptotic” rate dE/dx
is a prerequisite before attempting a more refined evalu-
ation of AE_;, including, in particular, finite size effects.

So far, the most detailed calculation of dE/dx for a
heavy quark in a quark-gluon plasma (QGP) is due to
Braaten and Thoma (BT) [14], and is based on their
previous QED calculation of dE/dx for a muon [16]. As
we recently analyzed [17], the BT QED calculation relies
on an assumption of the momentum exchange ¢ in elastic
scattering, namely ¢ << E, which is incorrect in the domain
E > M?/T. Therefore, the BT results for dE/dx, both in
QED [16] and in QCD [14], need to be corrected in this
limit. This was done in [17] in the QED case. Here we
consider the QCD case of a fast heavy quark.

We assume the heavy quark to be produced in the hard
partonic subprocess of the heavy-ion collision, i.e. to be
present in the “initial”” stage of the QGP evolution. It then
crosses the QGP (supposed thermally equilibrated) by
losing some energy, before hadronizing (within a jet) into
a heavy-flavored hadron. The situation we consider should
be appropriate when dealing with heavy-quark tagged jets,
where the energy loss is defined as the difference between
the initial and final energies of the flagged heavy quark.
This is different from light parton (or untagged heavy-
quark) energy loss, which should be defined (at the par-
tonic level) as the energy difference between the leading
partons in the initial and final states. Indeed, without tag-
ging, the flavor or even the type (quark or gluon) of the
initial energetic parton does not have to be conserved in the
“energy loss” process.

In Sec. IT we study the fixed coupling approximation
which allows us to closely follow the lines of our QED
calculation [17]. In Sec. III we show how the result with a
running coupling can be simply inferred and discuss the
theoretical uncertainty. The latter is illustrated by a nu-
merical estimate in Sec. IV.
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II. FIXED COUPLING APPROXIMATION

In this section we assume a fixed coupling, which is
justified when the running coupling does not change much
in the range of probed momenta (we will specify this
condition below). We calculate, in the limit E > M?/T,
the heavy-quark collisional loss dE/dx beyond logarith-
mic accuracy. For the sake of clarity we first focus on the
leading logarithms before calculating the constant next to
those logarithms.

A. Leading logarithmic terms

The leading logarithms in dE/dx for a heavy quark in
the quark-gluon plasma have the same origin as in the QED
analog of a muon crossing an e~y plasma. We thus make a
detour to QED and outline the derivation of [17], which is
straightforward at leading logarithmic accuracy. The QCD
result for dE/dx of a heavy quark will then be obtained
from simple considerations.

1. Muon energy loss in a QED plasma

At leading order the energy loss of a muon (of mass M
and energy E) arises from elastic scattering off ther-
mal electrons or positrons [Fig. 1(a)] and photons
[Figs. 1(b) and 1(c)]. Scattering off electrons corresponds
to r-channel exchange, whereas scattering off photons
(Compton scattering) receives contributions from s and
u-channels. The muon energy loss is given by [16]

dE(“) Z [n(k) Ak 1 )
260 J, ¢ 2k ), 28T

X 8WP+K—-P —K)- Zwvl 2w,

splns

(2.1)

where @ = E — E'. The tree-level amplitude M; corre-
sponds to scattering off a thermal particle of type i = e™,
e~ ,and y. Each |/M,|? is summed over initial and final spin
states, and we divide by the degeneracy factor d = 2 of the
incoming muon. Furthermore, n;(k) = (exp(k/T) ¥ 1)~!
is the thermal distribution of the target particles, and 71; =
1 = n; accounts for the Bose enhancement or Pauli block-
ing for the scattered state. We also use the shorthand
notation [, = [d’k/(2m)’.
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FIG. 1. Amplitudes for heavy muon (quark) elastic scattering
in a QED (QCD) plasma. A curly line denotes a photon (QED) or
a gluon (QCD). The amplitude (d) is specific to the QCD case.
The blob in (a) and (d) denotes the resummed hard thermal loop
boson propagator, which is necessary to screen the ¢-channel
contribution in the infrared.
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In the £ > T limit, (2.1) can be simplified to [17]

dE(M) _ z [n(k) fmm dr(— dO‘y

where d; is the degeneracy factor of the target parti-
cles, and

(2.2)

do; 1
i M 2
dt 167T§2 dd Zl il

! spins

(2.3)

is the corresponding differential cross section. We also
define § = s — M2, as well as for later reference ii = u —
M?. In Eq. (2.2) the bounds on ¢ are set by kinematics,
tmin = —82/s, and t,,, = 0. We will focus on the limit
E> M?/T, which implies s=(P+ K)>=M>+
2PK ~ O(ET) > M?, so that t,;, =~ —s.

To obtain the leading logarithm from the ¢t-channel con-
tribution we can assume |f| < s and approximate

Z Z|M|2~32e

= g splns

(2.4)

This contributes to (2.2) as

e4 nF(k) Tmax dt 4T2

- ,/k 2k Ji,, —1 487r
To obtain the right-hand side (rhs), we replaced ¢, =
—s — —ET, which is justified to logarithmic accuracy.
Strictly speaking, with #,,,, = O the integral in (2.5) would
be infrared divergent. As is well known, this divergence is
screened by medium effects. To logarithmic accuracy it is
sufficient to take #,,,, = —m3, as an effective infrared cut-
off, where m;, = eT'/ V3 is the Debye screening mass in
the QED plasma [18]. The logarithm in (2.5) thus arises
from the domain m? < |f| < s ~ ET. A more accurate
description of screening requires using the resummed hard
thermal loop (HTL) [18,19] photon propagator in the
t-channel (instead of the bare one with effective cutoff),
as pictured in Fig. 1(a). This is needed to control the
constant ~O(1) in (2.5), as will be recalled in Sec. II B.
Finally, in order to obtain (2.5) we used

f n F(k) . T2
k 2k 48"

The contribution from Compton scattering to the muon
energy loss brings another logarithm, arising from the
square of the u-channel amplitude, more specifically
from the domain i, <K it < il [17]. In this domain

the Compton scattering amplitude squared can be approxi-
mated as

[ ET+(9(1)] 2.5)

(2.6)

Zl.’M |2~8€ —

spins

2.7)

Changing variables from ¢ to # in (2.2), and using the
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S s Y M 2% e~ — M2
bounds i, = —§ =~ —s and iy, = —M*5/s =~ —M?,

(2.7) contributes to dE/dx as

e4 an(k) ﬁmax dﬁ 64T2|: ET ]
Z = + O(1 2.8
an e 2k o TaT 9em M2 M} @8

f ng(k) T?
r 2k 24"
Adding (2.5) and (2.8) we obtain the muon energy loss to
logarithmic accuracy,

where we used

2.9)

dEW _e4T2[ ET 1 ET

- — + O(1
dx 48 nm% 2 M2 ()]

(2.10)

2. Heavy-quark energy loss in a QGP

The heavy-quark collisional energy loss arises from
elastic scattering off thermal quarks [Fig. 1(a)] and gluons
[Figs. 1(b)-1(d)]. Compared to the QED case, there is
one additional amplitude [Fig. 1(d)], corresponding to
t-channel scattering off thermal gluons. Using the cross
sections [20] corresponding to the QCD amplitudes of
Fig. 1 (with tree-level gluon propagators in the t-channel
amplitudes), we can easily identify the origin of a loga-
rithmic enhancement in the QCD analog of (2.2). There is a
soft logarithm ~ [dt/t arising from |2M,|* and | Mg|?,
and a collinear logarithm ~ [dii/ii from IJVlglz. The
interference terms are not enhanced by any logarithm—
they however contribute to the constant to be evaluated in
Sec. II B.

The heavy-quark energy loss is readily derived from the
QED result as follows. The contribution from |.7\/lq|2 is
obtained by multiplying (2.5) by the number of quark
flavors n; and by the color factor (N? — 1)/(4N,) = 2/3.
To get the t-channel contribution from IV’M‘Zg |2 for scattering
off thermal gluons, we also start from (2.5) and multiply by
1/2 since contrary to the electron, a gluon is its own
antiparticle. This factor is compensated by a factor 2 aris-
ing from the difference between bosons and fermions when
performing the integral over k [compare (2.6) and (2.9)].
The color factor for this contribution is (N2 — 1)/2 = 4
Finally, the u-channel contribution from |.’M“ |2 is obtained
from (2.8) by multiplying by the color factor C% = 16/9.
Introducing the QCD coupling by e? — g = 47a,, we
obtain the heavy-quark energy loss in a QGP by summing
all contributions,

47 aT? ET 2 ET
d_E T [(1 )1n—+fln
dx 3 6 mD 9

+ c(nf)]
@2.11)

Here m}, = 4ma,T*(1 + n;/6) [18] is the Debye mass
squared in the QGP. The constant c(n;) ~ O(1) is eval-
uated in the next section, see (2.17).

PHYSICAL REVIEW D 77, 114017 (2008)

B. The constant beyond leading logarithms

In the QED case, the constant ~O(1) in (2.10) was
determined in Ref. [17]. Here we infer from the QED
calculation the constant c(n,) appearing in the QCD ex-
pression (2.11).

The logarithms In(ET/m32) and In(ET/M?) arise from
the ranges m?, < || < s and M? < |i| < s, with s ~
ET. This is why they could be easily obtained in Sec. I A,
using approximate expressions for the squared amplitudes
[see (2.4) and (2.7)] in those kinematical domains. Con-
trolling the constant next to the leading logarithms, how-
ever, requires considering the complete phase space
0 =< |t|] = |tyinl = s and || = M? < |i| < |iipy,| = s.

In order to treat correctly the domain |¢| ~m?, it is
convenient to introduce an intermediate scale t* chosen
as m3, < |t*| << T? [17]. The contribution to dE/dx from
|t <|¢*| is determined by the HTL self-energy of the
exchanged gluon in Figs. 1(a) and 1(d), similar to the
QED case where it depends on the photon HTL self-energy
[and where only Fig. 1(a) contributes]. In both cases, the
HTL self-energies have the same form, up to the replace-
ment of the QED Debye mass by its QCD counterpart.
Introducing the overall color factor Cp = 4/3, the QCD
result is thus inferred from [17] to be

2 *
— &b [1 u + ln2]
|t <|r*] 3 D

d£
dx

(2.12)

We stress that the latter equation is valid beyond logarith-
mic accuracy, i.e. the constant next to the leading logarithm
(written as In2 here) is meaningful.

The contribution from |¢] > |*| can be evaluated by
using tree-level internal propagators in the amplitudes of
Fig. 1. [Since |ii| = M? > T?, HTL corrections to the
internal quark propagator in Figs. 1(b) and 1(c) are irrele-
vant.] However, in order to control the constant beyond the
leading logarithms, accurate expressions for the tree-level
cross sections have to be used.

For the contribution from scattering off light quarks
[Fig. 1(a)], the calculation is similar to the QED case,
which is done by using

2
) § s 1
§|1Mq| ocI:t—z—l—;—i—z]

instead of (2.4), and by performing the integrals in (2.2)
with |*| = |¢| = 5. The QCD result reads

(2.13)

dE,
dx
where ¢ = ('(2)/¢(2) —

being Euler’s constant.

Similarly, scattering off gluons [Figs. 1(b)-1(d)] should
in principle be evaluated with the exact tree-level cross
section [20]. However, in the limit s ~ ET > M?* we are
considering, this cross section can be approximated as

47Ta2T2 ng [1 S8ET 3
n b

T

vy=—1.147, with 7y =0.577

+cl| @14
st 3 C] @19
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~2 ~ ~
2 s_+§+l:|+g|:_u+ij|
ZIJVlgI oc[tz t 24 9ol §s —al (2.15)

The contribution of the first term of (2.15) to dE/dx is
evaluated as for scattering off quarks [see (2.13)], except
for the factor ng(k) instead of ny(k) in (2.2). Up to the color
factor 2/9, the second term of (2.15) has the same form as
QED Compton scattering, and its contribution to dE/dx
can be directly obtained from [17]. Summing the two
contributions we get

dE, A7alT? I:(l 4ET 3 . )
= n - = C
1> 1] 3 ] 4

dx
N 2 <1 4ET 5 N )]
—(In——=-+ ¢} |
o\ M? 6
Adding now the contributions from (2.12), (2.14), and
(2.16) we obtain for the constant c(n,) in (2.11)
c(ny) = any + b =0.146n, + 0.050,

(2.16)

(2.17)

where the exact values of a and b are a = (2/3)1n2 —
1/8 + ¢/6 and b = (31/9)1n2 — 101/108 + 11¢/9.

III. IMPLEMENTING RUNNING COUPLING

Implementing the running of «; in the calculation of
dE/dx has already been done in Ref. [21] for the logarith-
mically enhanced contribution from #-channel exchange.
Here we will generalize the argument to the collinear
logarithm stemming from the u#-channel. We also discuss
the influence of running on the term o a;‘fc(nf) in (2.11),
which allows us to define precisely the level of accuracy of
our final result, see (3.7).

We first note that the QCD result (2.11) [together with
(2.17)] obtained with a fixed coupling suffers from a lack of
predictability. Indeed, the fixed coupling calculation does
not specify at which scale «; should be evaluated. As in
PQCD calculations at zero temperature, ““fixing the scale”
in a, demands to calculate the next order in the perturba-
tive series for the observable of interest. This next-to-
leading order (NLO) generally brings large logarithms,
which can be “absorbed,” via renormalization, by setting
the scale of «, in the leading order result. In the case of
t-channel scattering [Figs. 1(a) and 1(d)], the vacuum
contributions to the self-energy and vertex corrections
conspire to yield a logarithmic dependence on the invariant
transfer ¢. In order to avoid a large NLO contribution, one
must set the scale of a, to ~O(|t]) [22].

In order to obtain a predictive result for the z-channel
contribution to dE/dx, we consider the term derived in
Sec. IT A, which is logarithmically enhanced with a fixed
coupling, and recalculate it with a running coupling a(|z]).
The procedure is rather trivial,

ET d|t ET d|t
a [T [T e
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Using
ay(lt]) = [47By Inlel/AH] ™,

where By = (11 — %n 7/ (477)? is the leading coefficient of
the QCD B-function, we see that using a running coupling
amounts to perform the replacement

(3.2)

ET E
ai In—-— a,(m})ay(ET) In—-. (3.3)
m m

D D

As noted in [21], the latter result becomes E independent in
the £ — oo limit, where the logarithmic enhancement of
the fixed coupling result (2.11) is invalid.

The accuracy of the above procedure is inferred by
noting that the scale of «, in the rhs of (3.1) can be in
principle chosen as C|¢| rather than |¢|, with C a constant
of order unity. This implies an ambiguity of order
a3 InET/m? to the rhs of (3.3) [24]. Thus specifying
the term = a?c(ng) in (2.11) is meaningful provided we
assume

ET ET
2)In— <K 1= In— < In-2.
agy(mg,) nm%) anD N3

(3.4)
For the u-channel contribution [Fig. 1(c)] to the cross
section, a, should be evaluated at a scale ~@(|d|). Similar
to the above discussion, the logarithmic integral appearing
in (2.8) is modified to ~ fd|ii|la3(|il)/]il, and the col-
linear logarithm in (2.11) becomes
ET ET
a? an — a,(M*)a,(ET) lnﬁ. (3.5)
Since M > mj, and we already assumed (3.4), the uncer-
tainty when choosing || as the scale in «, is of relative
order a,(M?)InET/M? < 1 compared to the contribution
o a%c(nf) in (2.11).

After we have shown how the leading logarithmic terms
in the fixed coupling result (2.11) are modified when the
running is taken into account [see (3.3) and (3.5)], we now
discuss the modification of the constant term o a%c(n_f).
Since this term is the difference between the full result
(2.11) and the leading logarithmic terms, it should be clear
from Sec. IIB that it is determined by integrals over ¢
dominated by either || ~ m3, or |¢| ~ ET, and by integrals
over i dominated by |ii| ~ ET [25]. There is no logarith-
mic spread there. Thus with running coupling, the term
aZc(ny) should be evaluated at a scale chosen arbitrarily
[26] between m2, and ET.

We can now give the result for dE/dx of a fast heavy
quark, at leading order in the running coupling,

dE _ 4nT? [ (
dx 3

ET

n
1+ gf)as(m%))as(ET) I

2 ET
+ 5 @ (M), (ET) I+ aeln f)]. (3.6)
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This result has been derived for E > M?/T and assuming

(3.4). The constant c(ny) is given in (2.17). As discussed

above, we are free to set the scale in a2c(ny) as a? —

a,(m%)a,(ET), in order to rewrite (3.6) as

d£ _ 47rT?
dx 3

ET ET
X In— + c(ns) + @(as(mz)ln—>],
M? ! P md,

ET 2 M?
1 +ﬁ)1n72+7 o (M)
6/) mp 9 agmp)

as(m%ms(ET)[(

(3.7)

where we displayed the order of neglected terms.

As a final remark, we note that when the logarithmic
term o InET/m?, from t-channel exchange is dominant in
(3.7), we obtain an interesting relation between the fast
heavy-quark collisional loss and the gluon Debye mass,

dE m3 ET
= =P o (ET)In—. 3.8
o3 a (ET) nm% (3.8)

We used the self-consistent equation for the QCD Debye
mass derived with running coupling [27],

ml = 477(1 + %)ax(m,g)ﬂ (3.9)

Using (3.2), the E — oo limit of (3.8) yields an upper bound
for dE/dx,

d_ES m?, I 2
dx ~ 12wBy 33—2n;

(3.10)

For ny =3 and mp ~0.66 GeV (at T = 0.2 GeV, see
below), this gives the bound dE/dx = 1.0 GeV/fm.
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IV. A NUMERICAL ESTIMATE

Our final result (3.7) for the fast heavy-quark collisional
energy loss is predictive: the scales at which to evaluate the
different factors of « are determined, and the order of its
theoretical uncertainty is known. Consider the condition
(3.4), in the limit of very high energy E and very high
temperature T, such that the logarithm InET/m3, ~ InE/T
is kept fixed. Then the neglected contributions in (3.7) are
indeed small, due to a,(m?) < 1 in the (very) high tem-
perature limit. The explicit terms in (3.7) are then all
meaningful, including that « c(ny).

In practice, say under RHIC conditions, the values of m?,
and ET are not very different (on a logarithmic scale) from
AZ2. Therefore, the condition (3.4) is not satisfied in the
strict sense, and the theoretical uncertainty affecting (3.7)
is rather large. We take ny = 3 and the generic values (in
GeV) A =0.2,T = 0.2, M = 1.3 (charm quark), and E =
20. We use (3.2) and (3.9) and find mp =~ 0.66 GeV (in
good agreement with lattice QCD calculations, cf. [27]),
a,(m3%) =~ 0.58 and dE/dx =~ 0.6 GeV/fm. The separate
contributions in the bracket of Eq. (3.7) read [3.31 +
0.12 + 0.49], to be compared to the magnitude of ne-
glected terms a (m%) InET/m3, =~ 1.29.

Thus the theoretical uncertainty is larger than the col-
linear logarithm from u-channel exchange and than the
constant ¢(ny) in (3.7)—making the approximation (3.8)
reasonable under RHIC conditions. In the absence of an
explicit calculation of the neglected terms, our result
dE/dx = 0.6 GeV/fm in the above conditions might be
accurate only up to a factor ~2 or so, and should be
considered at best as a sound estimate.
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1/]ii| when |ii] ~ M?; see the last term of (2.15). This is
in contrast with the #-channel amplitude squared in the
region || ~m?%, which is not exactly o 1/t (when
weighted by 1), because of HTL complications. The latter
lead to a remnant contribution dominated by [¢| ~ m3,
after subtraction of the r-channel logarithmic term
~1nET/m3.

Splitting the aZc(n) term as ¢;a?(m}) + c,a3(ET) is an
easy task in our calculation. However, the distinction
between a?(m?) and a2(ET) would be meaningless since
we neglect contributions of order a? InET/m3,.
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