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We consider the question of reconstructing (cubic) SUGRA interactions in AdS/CFT. The method we

introduce is based on the matrix model maps (MMP) which were previously successfully employed at the

linearized level. The strategy is to start with the map for 1=2 BPS configurations, which is exactly known

(to all orders) in the Hamiltonian framework. We then use the extension of the matrix model map with the

corresponding Ward identities to completely specify the interaction. A central point in this construction is

the nonvanishing of off-shell interactions (even for highest-weight states).
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I. INTRODUCTION

The question of reconstructing bulk supergravity
(SUGRA) through the AdS/CFT [1,2] correspondence
is of considerable interest. Initially much insight into the
correspondence was gained through the GKP-W holo-
graphic relation which states [3,4] that correlators of
Yang-Mills theory coincide with certain boundary to
boundary amplitudes in supergravity. Indeed this was
the scheme which provided some of the initial prescrip-
tions for relating cubic supergravity interactions to gauge
theory correlators [5–14]. The holographic relation, how-
ever, has elements of an S-matrix relation, and one can
ask what set of correlators contains all the information
for reconstructing the theory in the bulk. Although some
studies [15] have been done along this direction, there
are still some main questions left open. The issue/problem
seems to be analogous to the question of reconstructing
the off-shell theory from strictly on-shell data, a problem
which is usually plagued by nonuniqueness. In addition
there is the question of unitarity, namely, the issue
of securing a unitary and local evolution of the bulk theory.
An alternative is to develop the construction directly in
the Hamiltonian framework, a method we consider in
the present work. The basic building block of our construc-
tion will be the matrix model representation that was
developed in the last few years beginning with the 1=2
BPS sector of the theory. This approach came for studies
of 1=2 BPS correlators in gauge theory [16,17] and the

dual exact configurations in SUGRA [18,19]. What
emerged is a fermion droplet correspondence (see [20]
and references therein). Its Hamiltonian version given
through collective field theory [21,22] can serve as a
starting point for reconstructing the full theory.
Specifically, the strategy that we develop for the construc-
tion of the bulk interaction is then as follows: starting
from the nonzero c ¼ 1 collective field theory vertex
we proceed with the action of raising operators to establish
Ward identities that, as we argue, are capable of determin-
ing the full cubic vertex. The form of the raising
and lowering operators can be deduced through the matrix
model map (MMP) formulated in [23]. The map of [23]
was given at the linearized level, and was shown to provide
a mapping from eigenfuctions of matrix model equations
to those of AdS. As such our work represents an extension
to the nonlinear level of the mapping introduced in [23].
The outline of this paper is as follows. In Sec. II we discuss
the form of cubic interactions in supergravity as well as
for the 1=2 BPS collective field theory. Here we also
discuss and resolve issues that concern the comparison of
the (vanishing) SUGRAvertex for the 1=2 BPS sector with
the (nonvanishing) matrix model vertex. In Sec. III we
review the linearized MMP of [23] in terms of canonical
transformations on phase space. This version turns out to
be useful for the nonlinear extension that we give in
Sec. IV, where we consider a simplified limit. Finally, in
Sec. V we discuss the Ward identities and their ability
to determine the vertex (from the initial highest-weight
one). Throughout this paper we restrict our analysis to
the AdS2 case, where the method can be presented in the
simplest possible way.
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II. CUBIC INTERACTIONS IN THE 1=2 BPS
SECTOR

Our starting point is the direct Hamiltonian level map
that was accomplished in the (limited) 1=2 BPS sector of
the theory. On the Yang-Mills side one has a (reduced)
matrix model Hamiltonian established in [16] and its col-
lective field theory Hamiltonian description. This is fully
reproduced on the gravity side with the 1=2 BPS reduction
of 10D SUGRA in [18]. In particular, the energy of the 10D
geometries of the 1=2 BPS sector was shown [18] to be
given by

E ¼
Z
dx1

Z
dx2ðx21 þ x22Þuðx1; x2Þ; (1)

where uðx1; x2Þ is a density function distinguishing be-
tween space-time regions having different boundary con-
ditions (‘‘black’’ and ‘‘white’’ regions). The expression (1)
is recognizable as the energy of fermions (corresponding to
matrix eigenvalues) in a harmonic oscillator potential. In
this language, u is responsible for differentiating between
particles (fermion droplets) and holes. After identifying
x1 ¼ x and x2 ¼ y, and after performing the x2 integration
over a black region (fermion droplet), the energy (1) can be
shown to be equivalent to the collective field theory
Hamiltonian [24]

H ¼
Z
dx

�
y3þ
3

� y3�
3

þ x2ðyþ � y�Þ
�

(2)

of a one-matrix model described by

H ¼ 1
2 TrðX2 þ P2Þ: (3)

The Hermitian N � N matrix XðtÞ depends only on time,
and PðtÞ ¼ _XðtÞ denotes its conjugate momentum. The
functions yþ and y� describe the upper and lower profiles
of the Fermi droplet. Furthermore, the matrix Hamiltonian
is related to (2) via X ¼ x and P ¼ y. It is important to
emphasize that the collective field formalism describes
well the fully interacting theory of chiral primaries on
AdS5 � S5. To show this explicitly, we examine next the
form of the cubic vertex as given by collective field theory.
The dynamics of the resulting collective field theory can be
directly induced from the much simpler dynamics of the
one-dimensional matrix XðtÞ (with eigenvalues �i), after a
change to the density field obeying the following cubic
collective Hamiltonian:

Hcoll ¼
Z
dx

�
1

2
@x��@x�þ �2

6
�3 þ 1

2
ðx2 ��Þ�

�
:

(4)

The static ground state equation yields the background
value �0 for the field �. One can then introduce small
fluctuations about the background, letting

�ðx; tÞ ¼ �0ðxÞ þ 1ffiffiffiffi
�

p @x�ðx; tÞ: (5)

After expanding the Hamiltonian one finds

H ¼
Z
dx

�
��0

�
1

2
�2 þ 1

2
ð@x�Þ2

�
þ �2

6
ð@x�Þ3

þ �

2
�@x��

�
: (6)

Note that the corresponding quadratic Lagrangian takes the
form

L2 ¼
Z
dt

Z
dx

1

2

�
_�2

��0

� ��0�
2
;x

�
; (7)

describing a massless particle in a gravitational back-
ground with metric

g0�� ¼
�

1

��0

; ��0

�
: (8)

The metric can be removed by an appropriate coordinate
transformation. In terms of the ‘‘time of flight’’ coordinate
�, the Hamiltonian then becomes

H ¼
Z
d�

�
1

2
�2 þ 1

2
ð@��Þ2 þ 1

6�2�2
0

ðð@��Þ3

þ 3�@���Þ
�
: (9)

Furthermore, notice that this is the theory of a massless
boson with a spatially dependent coupling, gstringð�Þ ¼
1

�2�2
0

. Since we are interested in studying the (cubic) inter-

action terms, let us concentrate on

Hð3Þ ¼
Z
d�

1

6�2�2
0

ðð@��Þ3 þ 3�@���Þ: (10)

If we recall how the (standard) fields �� were introduced,
��ðx; tÞ ¼ @x�� ��ðx; tÞ, it is clear that they could have
been expanded about the background in a similar way:

�� ¼ ���0 þ ~��: (11)

The cubic Hamiltonian takes on a much simpler form in
terms of ~��:

Hð3Þ ¼
Z �

0

d�

�2
0

ð~�3þð�Þ � ~�3�ð�ÞÞ: (12)

This can be simplified even further by combining ~�� into a
single field �ð�Þ in the following way:

�ð�Þ ¼ ~�þð�Þ for � > 0;¼ �~��ð�Þ for � < 0; (13)

where we must now take��< � < �. Finally, expressing
the cubic Hamiltonian in terms of the new field �, we find

Hð3Þ ¼
Z �

��
d�

�2
0

�3ð�Þ: (14)
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Expanding � into creation and annihilation operators gives

�ð�Þ ¼ X
n

ffiffiffi
n

p ðein�an þ e�in�ayn Þ: (15)

Rewriting (14) in terms of creation and annihilation opera-
tors we find several terms, but we would like to restrict our

attention to the one containing a1a2a
y
3 :

Hð3Þ ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n1n2n3

p Z �

��
d�

sin2�
eiðn1þn2�n3Þ�a1a2a

y
3 þ . . .

¼ � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n1n2n3

p Z �
d

d�
cot�

�
eiðn1þn2�n3Þ�a1a2a

y
3 þ . . .

¼ iðn1 þ n2 � n3Þ
� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

n1n2n3
p Z

d� cot�eiðn1þn2�n3Þ�a1a2a
y
3 þ . . .

where we have implicitly used the fact that the boundary
term cancels. Introducing z ¼ ei� and letting n �
n1 þ n2 � n3, the integral above becomes

I ¼
Z �

��
d� cot�ein� ¼

Z
dz

zn�1

ðz� 1Þðzþ 1Þ ðz
2 þ 1Þ;

(16)

which has simple poles at zk ¼ 0, �1. Evaluating the
integral we find that the only nonzero contribution from
the residues occurs for n > 0 and even, and is given byP
kResðf; zkÞ ¼ 2, yielding

Hð3Þ ¼ �4�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n1n2n3

p ðn1 þ n2 � n3Þa1a2ay3 þ . . . : (17)

We should note that the vertex vanishes when ðn1 þ n2 �
n3Þ ¼ 0, which is the on-shell energy conservation condi-
tion. We mention here the relevance of an Euclidean pic-
ture which was established recently in [25]. It corresponds
to the inverted harmonic oscillator model of the c ¼ 1
string theory [24]. The analogue cubic Hamiltonian inter-
action was shown capable of reconstructing the noncritical
string amplitudes at both tree and loop level. The relevance
of this S-matrix to AdS/CFT (and comparison with 1=2
BPS correlators) was shown in [25]. For completeness in
the rest of this section we discuss the comparison of (17)
with the SUGRA vertex obtained by studying three-point
functions of chiral primaries on AdS5 � S5. Next, we out-
line the main steps of such a comparison, and leave a
detailed discussion to Section below. The typical 3-point
(cubic) SUGRA interaction on backgrounds of the form
AdSn � Sm is given by the overlap of bulk wave functions,

H3 ¼ ð�3 � �1 � �2Þ
Z
AdS

dn�1x
ffiffiffiffiffiffiffiffiffiffi
gAdS

p
gttAdSfI1fI2

�fI3

�
Z
S
dmy

ffiffiffiffiffi
gS

p
YI1YI2 �YI3 ; (18)

with fIðxÞ and YIðyÞ denoting eigenfunctions on AdSn and
Sm respectively. The total wave functions  ðx; yÞ ¼P
IfIðxÞYIðyÞ obey the linearized equation

ðhAdS þhSÞ ¼ 0:

Understanding the cubic interaction then relies on under-
standing bulk properties of AdS. From the GKP-W map
one has the ‘‘holographic’’ formula

H3 � ð�3 ��1 ��2ÞCðI1; I2; I3Þ; (19)

where CðI1; I2; I3Þ are coefficients in the 3-point correlator.
For the highest-weight states one has that their energy � is
given by the angular momenta � ¼ j. One also has1

Cðj1; j2; j3Þ / 	j1þj2;j3 ; (20)

which is the R-charge conservation condition. We find that
the 	-function forces the (highest-weight) vertex to vanish,
Vh:w: ¼ 0. We emphasize that this implies that the holo-
graphic vertex is equal to 0 both on and off- shell. On the
other hand, the collective vertex is seen to be nonvanishing
off-shell and can therefore serve as the starting point for a
raising-lowering procedure that one can apply to highest-
weight states.

Chiral primary interactions in AdS5 � S5

Let us now examine the full interacting theory of chiral
primaries, with the ultimate goal of showing agreement
with the collective field calculation. We consider the case
of AdS5 � S5, which has been studied in [5]. The equation
of motion for the chiral primary field s, of mass m2 ¼
jðj� 4Þ, was found to be of the form

ðr�r� �m2
I ÞsI ¼

X
J;K

ðDIJKs
JsK þ EIJKr�s

Jr�sK

þ FIJKrð�r�ÞsJrð�r�ÞsKÞ;
where � denotes AdS5 coordinates, and the sphere depen-
dence has already been integrated out. For the explicit form
of the coefficients D, E and F we refer the reader to [5].
The derivative terms can be removed by the following field
redefinition

sI ¼ s0I þX
J;K

ðJIJKs0Js0K þ LIJKr�s0Jr�s
0KÞ; (21)

where LIJK ¼ 1
2FIJK and JIJK ¼ 1

2EIJK þ 1
4FIJKðm2

I �
m2
J �m2

K þ 8Þ. The field redefinition dramatically simpli-
fies the equation of motion, which becomes

ðr�r� �m2
I ÞsI ¼

X
J;K

�IJKs
JsK; (22)

where �IJK¼DIJK�ðm2
Jþm2

K�m2
I ÞJIJK� 2

5LIJKm
2
Jm

2
K.

Finally, after plugging in the coefficients D, E and F, the
action for the chiral primary s becomes

1We note that in the appendix we will show in more detail the
origin of the energy-conserving 	-function in the 3-point
function.
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S ¼
Z
d5x

ffiffiffiffiffiffiffi�gp �
�rsIr �sI �m2

I jsIj2

� 1

2
�IJKðsIsJ �sK þ c:cÞ

�
; (23)

where m2 ¼ jðj� 4Þ, and the coupling constant [5] is

�123 ¼ ðj3 � j1 � j2Þ2


�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
j1j2j3ðj23 � 1Þðj3 þ 2Þ

q
ðj3 � 2Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðj21 � 1Þðj22 � 1Þðj1 þ 2Þðj2 þ 2Þ
q � f123;

f123 ¼ 1ffiffiffiffiffiffiffiffiffi
2�3

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðj1 þ 1Þðj1 þ 2Þðj2 þ 1Þðj2 þ 2Þp

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðj3 þ 1Þðj3 þ 2Þp : (24)

The coefficient f123 comes from the overlap integral over
spherical harmonics on S5. In global coordinates, the
highest-weight state on AdS5 � S5 takes the form

s ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�ð�� 1Þp
�ðcosh�Þ� : (25)

The matrix element of the cubic Hamiltonian for the action
(23) is then given by

h3jH3j12i ¼ 1

23=2�

ð�1 � 1Þð�2 � 1Þð�3 � 1Þ
ð�3 � 1Þð�3 � 2Þ

�G123	ðj1 þ j2 � j3Þ

¼ ð�3 ��1 � �2Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�1�2�3

p
N

	ðj1 þ j2 � j3Þ:
(26)

Since � ¼ j, this agrees with the collective field theory
vertex (17)

Hð3Þ � �4�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n1n2n3

p ðn1 þ n2 � n3Þa1a2ay3 ; (27)

apart from the absence of the 	-function coming from
conservation of angular momentum. Thus, we have shown
that the collective field theory vertex is contained in the
gravity description. We will discuss at a later stage the
origin of two different pictures (for 1=2 BPS states) related
to the appearance of a delta function term in the vertex.

III. MATRIX MODEL MAPS

Our goal is to extend the Hamiltonian formulation from
the highest-weight states of the bubbling 1=2 BPS configu-
ration. In global coordinates AdS5 � S5 can be written as

ds2 ¼ ð�cosh2�dt2 þ d�2 þ sinh2�d�2
3Þ

þ ðsin2�d�2 þ d�2 þ cos2�d ~�2
3Þ; (28)

and, as we will show in more detail later, the chiral primary
fields fluctuations read

	g�
�
cos�

cosh�
ei�

�
j
; (29)

a highest-weight state of the isometry algebra. The collec-
tive droplet vertex represents an off-shell interaction of
such fluctuations. The basic strategy that we will employ
is then to use the resulting nonvanishing three-point inter-
action as a starting point for reconstructing the full 3-point
vertex, i.e. involving more general states. The first ingre-
dient in this program is the reconstruction of linearized
wave functions:

 jnmðt; �; �;�Þ � LnþJj�m�  j

�
cos�

cosh�
ei�

�
: (30)

This was done in [23]. From the interactions of chiral
primaries, we will develop an analogous raising-lowering
Ward identity which relates Vj1n1j2n2j3n3 , the vertex for two-

matrix states, to Vj1j2j3 , the one-matrix vertex. Toward this

end it is important to describe the inclusion of the 1=2 BPS
‘‘bubbling’’ configurations ofAdS5 � S5 in the two-matrix
(coordinate) picture. In the 2D coordinate space ðX1; X2Þ,
where the Hamiltonian is given by H ¼ 1

2 ðX2
1 þ X2

2 þ
P2
1 þ P2

2Þ and the angular momentum by J ¼ X1P2 �
X2P1, one can introduce complex coordinates

Z ¼ X1 þ iX2ffiffiffi
2

p ; �Z ¼ X1 � iX2ffiffiffi
2

p ; (31)

with corresponding conjugate momenta

� ¼ P1 þ iP2ffiffiffi
2

p ; �� ¼ P1 � iP2ffiffiffi
2

p : (32)

Switching to creation and annihilation operators,

Z ¼ 1ffiffiffi
2

p ðAy þ BÞ; �Z ¼ 1ffiffiffi
2

p ðAþ ByÞ; (33)

� ¼ �iffiffiffi
2

p ðAy � BÞ; �� ¼ iffiffiffi
2

p ðA� ByÞ; (34)

the Hamiltonian and angular momentum generators be-
come

H ¼ TrðAyAþ ByBÞ; J ¼ TrðAyA� ByBÞ: (35)

So 1=2 BPS states having H ¼ J are described by a
truncation to the sector where B ¼ 0, and only A oscilla-
tors remain. This condition can be translated into having a
single matrix X ¼ ðAþ AyÞ, with conjugate momentum
P ¼ iðA� AyÞ. In the phase space (matrix model) one has
the corresponding canonical transformation

X ¼ X1 þ P2ffiffiffi
2

p ; Y ¼ X1 � P2ffiffiffi
2

p ;

PX ¼ P1 � X2ffiffiffi
2

p ; PY ¼ P1 þ X2ffiffiffi
2

p ;

(36)

with the fact that
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J ¼ X1P2 � X2P1 ¼ 1

2
ðX2 þ P2

XÞ �
1

2
ðY2 þ P2

YÞ ¼ ~J:

(37)

In the matrix model picture (which from now on we denote
by a tilde), the R-charge transformation is not a coordinate
transformation, but rather a canonical transformation (dy-
namical symmetry). This gives an explanation of the origin
of the nonconservation in the 3-vertex of the cubic collec-
tive field theory that we have noted earlier: in the matrix
model formulation we have two representations that are
related by a canonical transformation. Next, we describe
the matrix model map associated with LLM (one-matrix
model), followed by the construction of [23] which extends
it to two matrices. The LLM map is given by one central
formula

Zðx1; x2; yÞ ¼ y2

�

Z
D
dx01dx02

uðx01; x02; 0Þ
½ð ~x� ~x0Þ2 þ y2�2 ; (38)

where the integral is defined over a domain D and
uðx1; x2; 0Þ ¼ � 1

2 . It is a nonlinear map since the dynami-

cal degree of freedom on the right-hand side is not
uðx1; x2; 0Þ, but the boundary of the domain.
Linearization leads to the following (linear) relationship
(for a detailed derivation see [23]):

	g ¼ 1

2�

Z 2�

0
d�

1� 4a2 � a4 þ 4a3 cosð���Þ
½1þ a2 � 2a cosð���Þ�2 	�ð�Þ;

(39)

where a ¼ cos�
cosh� . On the right-hand side of the equation we

have the small fluctuation 	�ð�Þ of the one-matrix collec-
tive field described by

H2 ¼ 1

2

Z
dx��0ðxÞð�2 þ ð@x�Þ2Þ ¼

Z
d�ð	�ð�ÞÞ2;

(40)

with

�0ðxÞ ¼ 1

�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�� x2

q
; (41)

and d� ¼ dx
��0ðxÞ . On the left-hand side of (39) 	g denotes

the fluctuation of a SUGRA chiral primary. In the notation
of [23], t and � denote AdS coordinates, while � and� are
sphere angles. For 	�ð�Þ � eij� one gets

	g�
�
cos�

cosh�
ei�

�
j
; (42)

the correct chiral primary fields fluctuations. More pre-
cisely, denoting the Kernel by KLLMð�; �;�; �Þ, one finds
(see [23] for more details):

	gðt; �; �;�Þ ¼ eijt

2�

Z 2�

0
d�KLLMð�; �;�; �Þ	�ð�Þ:

(43)

This is a one-dimensional map from the space � ¼ R
dx

��0ðxÞ
of a matrix model to the subspace of AdS5 � S5 given by
cos�
cosh� e

i�. The extension of the linearized LLM map to the

two-matrix case was given in [23] and starts with the
matrix observable

 ðx; nÞ ¼ Trðð	ðx� ðAþ AyÞÞBnÞSYMÞ: (44)

This then leads to an eigenvalue problem

K̂ ¼ ! ; (45)

with solution

~ jnð�; 
Þ ¼ sinððjþ 2nÞ�Þein
; !jn ¼ jþ 2n:

(46)

Through a kernel constructed in [23], this maps into a
nontrivial eigenfunction on AdS space:

 jnðt; �;�; �Þ ¼ ei!jntcosj�
1

4�2

�
Z 2�

0
d�

Z 2�

0
d
K2ð�;�; �; 
Þ ~ jn:

(47)

Notice that the map is 2 $ 2, mapping the two coordinates
�,
 of the matrix model into the space-time coordinates �,
�. Furthermore, we have the following two remarks about
the kernel K2. First, when applied to the states with n ¼ 0,
it reduces to the kernel associated with the LLM map.
Second, the map is essentially a reduction to action-angle
variables associated with the nontrivial AdS Laplacian.

IV. NONLINEAR ANALYSIS

We now come to the main consideration of this work and
address the question of a nonlinear extension. In this
section we will also address the issue concerning the
presence of delta-function constraint in the 1=2 BPS inter-
action vertex. To simplify the discussion we start by con-
sidering what we refer to as the nonrelativistic model,
which will allow us to present the main steps of our argu-
ment in explicit terms. Recall that in Sec. III we distin-
guished between the matrix model picture (i.e. the tilde
representation with matrices X, Y and conjugate momenta
PX, PY) and the coordinate space ðX1; X2Þ. In the non-
relativistic approximation one directly replace the matrices
with the corresponding coordinates, a procedure that is
simple to implement based on density fields. In Sec. III
we described (at the matrix level) the canonical transfor-
mation relating the two pictures in question, with

~H ¼ 1
2ðx2 þ y2 þ p2

x þ p2
yÞ; (48)

and similarly for H. The linear map (in the nonrelativistic
approximation) which relates the two representations reads

~ ðx; yÞ ¼
Z
dx1

Z
dx2Kð~x; ~xÞ ðx1; x2Þ; (49)
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where the kernel is given by

Kðx; y; x1; x2Þ ¼ 1ffiffiffiffiffiffiffi
2�

p e�ix2ðx�yÞ=
ffiffi
2

p
	

�
x1 � xþ yffiffiffi

2
p

�
: (50)

It corresponds to a canonical transformation such that

J ¼ x1p2 � x2p1 ¼ 1
2ðp2

x þ x2Þ � 1
2ðp2

y þ y2Þ ¼ ~J; (51)

related to the change to the matrix model picture discussed
in Sec. III. It maps (matrix model) eigenfunctions

~ jnðx; yÞ ¼ e�ðx2þy2ÞHjþnðxÞHnðyÞ (52)

into (space-time) eigenfunctions

 jnðr;�Þ ¼ eij�ffiffiffiffiffiffiffi
2�

p LjnðrÞ; (53)

where in the space-time picture x1 þ ix2 ¼ rei�. The ver-
tices in the two pictures are denoted by V and ~V and are
given by the overlap integral of three eigenfunctions:

Vj1n1j2n2j3n3 ¼ ð�1 ��2 � �3Þ
Z d2 ~xffiffiffiffiffiffiffiffiffiffiffiffi

�0ðxÞ
p

�  �
j1n1

ðr; �Þ j2n2ðr; �Þ j3n3ðr;�Þ; (54)

with  jn given in (53), and similarly for ~V. The 3-point

overlap Vj1n1j2n2j3n3 will then be roughly of the form

V3 �
Z
d�eið�j1þj2þj3Þ�

Z
drLj1n1L

j2
n2L

j3
n3

� 	ð�j1 þ j2 þ j3Þ
Z
drLj1n1L

j2
n2L

j3
n3

� 	ð�j1 þ j2 þ j3ÞV ; (55)

and (still) yield a conserving delta function. Let us briefly
sketch what happens in the case of the tilde representation,
with eigenfunctions now given by (52). The overlap inte-
gral takes the form

~V3 �
Z
dxe�3x2Hj1þn1ðxÞHj2þn2ðxÞHj3þn3ðxÞ

�
Z
dye�3y2Hn1ðyÞHn2ðyÞHn3ðyÞ: (56)

As one can verify, written in this basis the vertex no longer
has a conserving 	-function. Thus, as we commented ear-
lier, the vertex V has R-charge conservation

Vj1n1j2n2j3n3 ¼ 	j1;j2þj3V ; (57)

while ~V does not. This is explained by the different action

of the R-charge operator Ĵ in the two pictures. While in the
present case one can easily show that for 2-point overlapsZ

dx1dx2 jn j0n0 ¼
Z
dxdy ~ jn ~ j0n0 ; (58)

one cannot do that for the 3-point function overlap. In fact
one can show explicitly that

Vj1n1j2n2j3n3 �
~Vj1n1j2n2j3n3 : (59)

The basic theorem that we will establish in what follows is
that the two Hamiltonians

H ¼ !jnA
y
jnAjn þ ðVj1n1j2n2j3n3Ay

j1n1
Aj2n2Aj3n3 þ H:c:Þ

(60)

and

~H ¼ X
jn

!jn
~Ay
jn
~Ajn þ

X
fj0s;n0sg

ð ~Vð1Þ
j1n1j2n2j3n3

~Ay
j1n1

~Aj2n2
~Aj3n3

þ ~Vð2Þ
j1n1j2n2j3n3

~Ay
j1n1

~Ay
j2n2

~Ay
j3n3

þ H:c:Þ (61)

are in fact equivalent, with a nonlinear canonical trans-
formation relating them. To demonstrate this statement,
namely, the fact that (60) and (61) match, we would like
to perform the following field redefinition:

~AN ¼ AN þ cNMPAMAP þ dNMPA
y
MAP þ eNMPA

y
MA

y
P:

(62)

We have simplified the notation by using the index N to
denote all quantum numbers ðj; nÞ. The Hamiltonian in the
tilde representation with this more compact notation takes
the form

~H ¼ ~H2 þ ~H3

¼ X
N

!N
~Ay
N
~AN þ X

fN;M;Pg
ð ~Vð1Þ

NMP
~Ay
N
~AM ~AP

þ ~Vð2Þ
NMP

~Ay
N
~Ay
M
~Ay
P þ H:c:Þ: (63)

Under the field redefinition (62) the quadratic part ~H2

yields additional cubic terms, and the total Hamiltonian
becomes

~H ¼ X
N

!NA
y
NAN þ X

N;M;P

½ð ~Vð1Þ
NMP þ!NcNMP

þ!P
�dPMNÞAy

NAMAP

þ ð ~Vð2Þ
NMP þ!NeNMPÞAy

NA
y
MA

y
P þ H:c:� (64)

If we want this to match (60), we need the following
conditions on the coefficients of the field redefinition:

!NeNMP ¼ � ~Vð2Þ
NMP;

~Vð1Þ
NMP þ!NcNMP þ!P

�dPMN ¼ VNMP: (65)

Furthermore, we can obtain additional constraints on
cNMP, dNMP and eNMP by imposing appropriate commuta-
tion relations:

½ ~AN; ~AN0 � ¼ 0; (66)

½ ~AN; ~Ay
N0 � ¼ 	N;N0 : (67)

Requiring (66) yields
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dN0NM ¼ dNN0M;

eN0MN � eNMN0 þ eN0NM � eNN0M ¼ 0:
(68)

The remaining commutation relation (67) gives

dNMN0 þ �cN0MN þ �cN0NM ¼ 0;

�dN0MN þ cNMN0 þ cNN0M ¼ 0:
(69)

This entirely fixes the nonlinear redefinition (62), showing
that one can in fact connect the two Hamiltonians.

To summarize, we have described how the matrix level
canonical transformation induces changes at the nonlinear
level. One has two related pictures, one in which the R-
symmetry is implemented as a coordinate symmetry (with
the corresponding delta function) and another where the R-
symmetry is dynamical, given by a canonical transforma-
tion. We have shown the equivalence of these two pictures
through a nonlinear field transformation. Related field
transformations have been identified previously at the
Lagrangian level in [8].

V. WARD IDENTITIES AND VERTEX
RECONSTRUCTION

Our main goal is to establish that, starting from the
vertex of highest-weight states, it is possible to build the
vertex for more general states that are reachable by (in this
case) SLð2Þ raising/lowering procedure. Specifically, we
will develop an identity that will allow us to generate such
nontrivial vertices, by making use of the available Ward
identities. We will again start from the simplified (non-
relativistic) model discussed in Sec. IV. This will then be
followed by a discussion on the form of Ward identities in
the AdS case.

A. Nonrelativistic model

Recall that the Hamiltonian of the nonrelativistic model
is given by

H ¼ x2 þ y2

2
þ p2

x þ p2
y

2
; (70)

or, in terms of creation and annihilation operators,

H ¼ ayaþ byb: (71)

Let us introduce complex variables

z ¼ ay þ bffiffiffi
2

p ; �z ¼ aþ byffiffiffi
2

p ; (72)

and corresponding conjugate momenta

� ¼ �i@�z ¼ i
ay � bffiffiffi

2
p ; �� ¼ �i@z ¼ �i a� byffiffiffi

2
p :

(73)

These expressions can be combined to obtain

a ¼ 1ffiffiffi
2

p ð�zþ @zÞ; b ¼ 1ffiffiffi
2

p ðzþ @�zÞ: (74)

The wave functions are then given by

jJ; ni � ðayÞJþnðbyÞnffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðJ þ nÞ!n!p j0i; (75)

and the generators lþ, l�, l0 by

lþ ¼ 1

2
ð@z@�z þ z�z� 1Þ � z

2
@z � �z

2
@ �z; (76)

l� ¼ 1

2
ð@z@�z þ z�zþ 1Þ þ z

2
@z þ �z

2
@ �z; (77)

l0 ¼ �@z@�z þ z�z� 1: (78)

As we mentioned earlier, our goal is to use these generators
to derive an identity for the cubic vertex, which is given by

Z
d2x

1ffiffiffiffiffiffiffiffiffiffiffiffi
�0ð ~xÞ

p ��l0�; (79)

with ~x ¼ ðx; yÞ. If we plug the standard mode expansion

� ¼ ffiffiffi
2

p X1
J¼1

X1
n¼0

ð �cJ;n J;n þ cJ;n � J;nÞ (80)

into the vertex we find

X
J¼1

X
n¼0

�
�cJ1;n1 �cJ2;n2cJ3;n3

Z
dx

Z
dy

� 1ffiffiffiffiffiffiffiffiffiffiffiffi
�0ð ~xÞ

p  J1;n1 J2;n2
� J3;n3 þ . . .

�
P; (81)

where we denote by P the prefactor coming from the action
of l0 on the wave functions. Next, we would like to use the
fact that

 J;n ¼ lþffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðJ þ nÞnp  J;n�1; (82)

and focus on

V1 ¼
Z
d2x

1ffiffiffiffiffiffiffiffiffiffiffiffi
�0ð ~xÞ

p � J1;n1 J2;n2 J3;n3 : (83)

Using (76), the vertex term above becomes

V1 ¼
Z
d2x

1

2
ffiffiffiffiffiffiffiffiffiffiffiffi
�0ð ~xÞ

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n3ðJ3 þ n3Þ

p � J1;n1

�  J2;n2ð@z@�z þ z�z� 1� z@z � �z@�zÞ J3;n3�1
: (84)

Let us treat each term in V1 separately. We start from
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T1 �
Z
d2x

1

2
ffiffiffiffiffiffi
�0

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n3ðJ3 þ n3Þ

p � J1;n1 J2;n2@z@�z J3;n3�1

¼
Z
d2x

1

2
ffiffiffiffiffiffi
�0

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n3ðJ3 þ n3Þ

p � J1;n1 J2;n2

� ½�l0 þ z�z� 1� J3;n3�1

¼
Z
d2x

1

2
ffiffiffiffiffiffi
�0

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n3ðJ3 þ n3Þ

p � J1;n1 J2;n2

� ½�J3 � 2n3 þ z�z� 1� J3;n3�1
: (85)

We then look at the term

T2 � �
Z
d2x

1

2
ffiffiffiffiffiffi
�0

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n3ðJ3 þ n3Þ

p � J1;n1 J2;n2z@z J3;n3�1

¼
Z
d2x

1

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n3ðJ3 þ n3Þ

p  J3;n3�1
 J2;n2

�
�

1

2
ffiffiffiffiffiffi
�0

p þ zffiffiffiffiffiffi
�0

p @z þ z

2
@z�

�1=2
0

�
� J1;n1

þ
Z
d2x

1

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n3ðJ3 þ n3Þ

p  J3;n3�1
� J1;n1

�
�

1

2
ffiffiffiffiffiffi
�0

p þ zffiffiffiffiffiffi
�0

p @z þ z

2
@z�

�1=2
0

�
 J2;n2 : (86)

Similarly,

T3 � �
Z
d2x

1

2
ffiffiffiffiffiffi
�0

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n3ðJ3 þ n3Þ

p � J1;n1 J2;n2 �z@�z J3;n3�1

¼
Z
d2x

1

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n3ðJ3 þ n3Þ

p  J3;n3�1
 J2;n2

�
�

1

2
ffiffiffiffiffiffi
�0

p þ �zffiffiffiffiffiffi
�0

p @�z þ �z

2
@�z�

�1=2
0

�
� J1;n1

þ
Z
d2x

1

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n3ðJ3 þ n3Þ

p  J3;n3�1
� J1;n1

�
�

1

2
ffiffiffiffiffiffi
�0

p þ �zffiffiffiffiffiffi
�0

p @�z þ �z

2
@�z�

�1=2
0

�
 J2;n2 : (87)

We now collect all terms and, using the definitions of l0 and
l�, find

V1 ¼
Z
d2x

 J3;n3�1ffiffiffiffiffiffi
�0

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n3ðJ3 þ n3Þ

p �
 J2;n2

�
l� þ l0

2
� z�z

þ 1

2
þ z

ffiffiffiffiffiffi
�0

p
4

@z�
�1=2
0 þ �z

ffiffiffiffiffiffi
�0

p
4

@�z�
�1=2
0

�
� J1;n1

þ � J1;n1

�
l� þ l0

2
� z�zþ 1

2
þ z

ffiffiffiffiffiffi
�0

p
4

@z�
�1=2
0

þ �z
ffiffiffiffiffiffi
�0

p
4

@�z�
�1=2
0

�
 J2;n2

þ � J1;n1 J2;n2

�
z�z� 1� 2n3 þ J3

2

��
: (88)

We can rewrite the vertex above in the following way:

Z
d2x

� J1;n1 J2;n2ffiffiffiffiffiffi
�0

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n3ðJ3 þ n3Þ

p �
lþ þ l0

2

�
 J3;n3�1

¼
Z
d2x

 J3;n3�1
 J2;n2ffiffiffiffiffiffi

�0

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n3ðJ3 þ n3Þ

p �
l� þ l0

2

�
� J1;n1

þ
Z
d2x

 J3;n3�1
� J1;n1ffiffiffiffiffiffi

�0

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n3ðJ3 þ n3Þ

p �
l� þ l0

2

�
 J2;n2

þ
Z
d2x

� J1;n1 J2;n2 J3;n3�1ffiffiffiffiffiffi
�0

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n3ðJ3 þ n3Þ

p
�

�
�z�zþ z

ffiffiffiffiffiffi
�0

p
2

@z�
�1=2
0 þ �z

ffiffiffiffiffiffi
�0

p
2

@�z�
�1=2
0

�
: (89)

The last line vanishes, since �0 ¼ e�2z�z. Thus, we find the
following identity:

Z
d2x

1ffiffiffiffiffiffi
�0

p �
lð3Þþ � lð1Þ� � lð2Þ� þ lð3Þ0 � lð1Þ0 � lð2Þ0

2

�

� � J1;n1 J2;n2 J3;n3�1
¼ 0: (90)

Notice that this identity can be used to relate the vertex for
single-matrix states (highest-weight states with ni ¼ 0) to
vertices of multimatrix states. In this sense, it provides a
generating mechanism for constructing nontrivial interac-
tions starting from the (simpler) 1=2 BPS sector of the
theory.

B. Interactions in AdS

We now move on to the case of real interest, interactions
in AdS� S. For simplicity we consider AdS2 � S2. The
generators are given by

l� ¼ i½cos�@� � i sin�@t�; l0 ¼ i@t; (91)

and the eigenfunctions (denoted by ��
n to distinguish them

from those of the nonrelativistic model) by

��
nðt; �Þ ¼ cð�Þ

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

n!

�ðnþ 2�Þ

s
e�iðnþ�Þðtþð�=2ÞÞðcos�Þ�C�nðsin�Þ;

(92)

with

cð�Þ ¼ �ð�Þ2��1ffiffiffiffi
�

p : (93)

Starting from
R
d�½lð1Þþ ���1

n1 ���2
n2�

�3
n3 at t ¼ 0 and integrat-

ing by parts with respect to � we find
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i
Z
d� sin� ���1

n1�
�2
n2�

�3
n3 þ i

Z
d� sin�½lð2Þ0 þ lð3Þ0

� lð1Þ0 � ���1
n1�

�2
n2�

�3
n3 þ

Z
d�½lð2Þ� þ lð3Þ�

� lð1Þþ � ���1
n1�

�2
n2�

�3
n3 ¼ 0 (94)

We can eliminate the sin� terms from the recursion rela-
tion by using

sin� ¼ l� � lþ
2il0

(95)

on the ‘‘1’’ leg to obtain:

Z
d�

�
lð1Þ� � lð1Þþ
2ðn1 þ �1Þ

�
���1
n1�

�2
n2�

�3
n3 �

Z
d�½lð2Þ� þ lð3Þ�

� lð1Þþ � ���1
n1�

�2
n2�

�3
n3 þ

Z
d�

�
lð1Þ� � lð1Þþ
2ðn1 þ �1Þ

�
� ½n1 þ �1 þ n2 þ �2 þ n3 þ �3� ���1

n1�
�2
n2�

�3
n3 ¼ 0:

(96)

1. Use of the Ward identity

We can use this recursion relation to evaluate the overlap
integral of a product of any three eigenfunctions given the
overlap of highest-weight eigenfunctions. Inserting n1 ¼
n1, n2 ¼ n3 ¼ 0 into the Ward identity and using (C�0 ¼ 1,
C�1 ðxÞ ¼ 2�x)

l���
m ¼ e�it

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mðm� 1þ 2�Þ

p
��
m�1;

l� ���
n ¼ �e�it

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðnþ 1Þðnþ 2�Þ

p
���
nþ1;

lþ ���
n ¼ �eþit

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
nðn� 1þ 2�Þ

p
���
n�1;

(97)

we obtainZ
d� ���1

n1þ1�
�2
0 �

�3
0 ¼ 1� n1 � �1 þ �2 þ �3

1þ n1 þ �1 þ �2 þ �3

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n1ðn1 � 1þ 2�1Þ

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðn1 þ 1Þðn1 þ 2�1Þ

p
� e2it

Z
d� ���1

n1�1�
�2
0 �

�3
0 : (98)

This relation allows us to determine
R
d� ���1

n1�
�2
0 �

�3
0 for

any n1, once we know its value for n1 ¼ 0, 1. To obtain the
value when n1 ¼ 1, insert n1 ¼ n2 ¼ n3 ¼ 0 into the
Ward identity. The resulting identity implies thatR
d� ���1

1 �
�2
0 �

�3
0 ¼ 0. Next, set n1 ¼ n1, n2 ¼ n2 and

n3 ¼ 0. In this case, we find

�1

Z
d� ���1

n1þ1�
�2
n2�

�3
0 þ �2

Z
d� ���1

n1�1�
�2
n2�

�3
0

þ �3

Z
d� ���1

n1�
�2
n2�1�

�3
0 ¼ 0; (99)

where

�1¼�e�it
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðn1þ1Þðn1þ2�1Þ

q 1þn1þ�1þn2þ�2þ�3

2ðn1þ�1Þ ;

(100)

�2 ¼ eit
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n1ðn1 � 1þ 2�1Þ

q 1� n1 � �1 þ n2 þ �2 þ �3

2ðn1 þ �1Þ ;

(101)

�3 ¼ �e�it
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n2ðn2 � 1þ 2�2Þ

q
: (102)

If we set n2 ¼ 1 we have

�1

Z
d� ���1

n1þ1�
�2
1 �

�3
0 þ �2

Z
d� ���1

n1�1�
�2
1 �

�3
0

þ �3

Z
d� ���1

n1�
�2
0 �

�3
0 ¼ 0; (103)

which (starting from n1 ¼ 0) determines
R
d� ���1

n1�
�2
1 �

�3
0

for all n1. Next, set n2 ¼ 2 to obtain

�1

Z
d� ���1

n1þ1�
�2
2 �

�3
0 þ �2

Z
d� ���1

n1�1�
�2
2 �

�3
0

þ �3

Z
d� ���1

n1�
�2
1 �

�3
0 ¼ 0; (104)

which (starting from n1 ¼ 0) fixes
R
d� ���1

n1�
�2
2 �

�3
0 for all

n1. Continuing in this way, it is clear that we can determineR
d� ���1

n1�
�2
n2�

�3
0 , for all n1, n2. Finally, set n1 ¼ n1, n2 ¼

n2 and n3 ¼ n3. In this case, we find

�1

Z
d� ���1

n1þ1�
�2
n2�

�3
n3 þ�2

Z
d� ���1

n1�1�
�2
n2�

�3
n3

þ�3

Z
d� ���1

n1�
�2
n2�1�

�3
n3 þ�4

Z
d� ���1

n1�
�2
n2�

�3
n3�1 ¼ 0;

(105)

where

�1 ¼ �e�it
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðn1 þ 1Þðn1 þ 2�1Þ

q
� 1þ n1 þ �1 þ n2 þ �2 þ n3 þ �3

2ðn1 þ �1Þ ; (106)

�2 ¼ eit
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n1ðn1 � 1þ 2�1Þ

q
� 1� n1 � �1 þ n2 þ �2 þ n3 þ �3

2ðn1 þ �1Þ ; (107)

�3 ¼ �e�it
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n2ðn2 � 1þ 2�2Þ

q
; (108)

�4 ¼ �e�it
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n3ðn3 � 1þ 2�3Þ

q
: (109)

If we take n2 ¼ 0 and n3 ¼ 1 we can determineR
d� ���1

n1�
�2
0 �

�3
1 for all n1. Setting n2 ¼ 1 and n3 ¼ 1,
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we can find
R
d� ���1

n1�
�2
1 �

�3
1 for all n1. Next, set n2 ¼ 2

and n3 ¼ 1 to get
R
d� ���1

n1�
�2
2 �

�3
1 for all n1. Inching one

step at a time we can determine the full vertex.

2. Check of the Ward identity

To check the action of the generators we checked:

l���
0 ¼ i½cos�@� þ i sin�@t�

�
cð�Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1

�ð2�Þ

s

� e�i�ðtþð�=2ÞÞðcos�Þ�
�
¼ 0; (110)

l� ���
1 ¼ i½cos�@� þ i sin�@t�

�
cð�Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

�ð1þ 2�Þ

s

� eið1þ�Þðtþð�=2ÞÞðcos�Þ�2� sin�
�

¼ � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ð1þ 2�Þp

���
2e

�it; (111)

lþ ���
1 ¼ i½cos�@� � i sin�@t�

�
cð�Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

�ð1þ 2�Þ

s

� eið1þ�Þðtþð�=2ÞÞðcos�Þ�2� sin�Þ
�

¼ � ffiffiffiffiffiffi
2�

p
���
0e

it: (112)

As a partial check of the results of the previous section, we
will evaluate (98) for n1 ¼ 1 and explicitly verify that it is
correct. After setting n1 ¼ 1 we have

Z
d� ���1

2 �
�2
0 �

�3
0 ¼ �2 þ �3 � �1

2þ �1 þ �2 þ �3

�
ffiffiffiffiffiffiffiffi
2�1

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ð1þ 2�1Þ

p e2it
Z
d� ���1

0 �
�2
0 �

�3
0 :

(113)

Now,

Z
d� ���1

2 �
�2
0 �

�3
0 ¼ cð�1Þcð�2Þcð�3Þ

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2!

�ð2þ 2�1Þ�ð2�2Þ�ð2�3Þ

s

� e�ið�2��3��1Þðtþð1=2Þ�Þe2iðtþð1=2Þ�Þ

�
Z
d�ðcos�Þ�1þ�2þ�3C�12 ðsin�Þ:

(114)

Using

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2!

�ð2þ 2�1Þ�ð2�2Þ�ð2�3Þ

s
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2!

ð1þ 2�1Þ2�1

s ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

�ð2�1Þ�ð2�2Þ�ð2�3Þ

s
;

e2iðtþð1=2Þ�Þ ¼ �e2it;Z
d�ðcos�Þ�1þ�2þ�3C�12 ðsin�Þ ¼ �1ð�1 � �2 � �3Þ

2þ �1 þ �2 þ �3

Z
d�ðcos�Þ�1þ�2þ�3 ; (115)

it is trivial to verify the identity.
In conclusion, in this section we have demonstrated the

existence of [SLð2Þ] Ward identities. We have shown that
these identities contain the necessary information to spec-
ify the cubic interaction vertex for general states from the
knowledge of the vertex for the highest-weight states.
Since we have shown that the one-matrix collective field
theory correctly describes the latter case, we therefore have
a scheme of reconstruction of the full vertex. This discus-
sion was presented in the simplest AdS2 framework; it is
clear, however, that this procedure is valid in general.
Nevertheless it will be important to develop the details in
the higher dimensional case. In particular, there should be
significant information on interactions in the 1=4 BPS
sector where progress has recently been accomplished at
the SUGRA level [20,26].
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APPENDIX: THE VERTEX IN THE TWO
REPRESENTATIONS

In this appendix we show in some detail the origin of the
energy-conserving 	-function in the 3-point function in the
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original, nontilde representation. Recall that a typical cubic
term in the Hamiltonian takes the form

Hð1Þ
3 ¼!3ð!3 �!1 �!2Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

!1!2!3
p A1A2A

y
3

Z
dDX

ffiffiffiffiffiffiffi�gp
gtt 1 2

� 3;

(A1)

where the integral is over the spatial coordinates only, and
the AdSdþ1 � Sdþ1 wave function is given by  ðx; yÞ ¼P
IfIðxÞYIðyÞ. Here x and y denote AdSdþ1 and Sdþ1

coordinates, respectively. Furthermore, in general we
have fðxÞ ¼ fðt; �;�d�1Þ ¼ e�i!t�ð�;�d�1Þ.
Incorporating the (trivial) time dependence e�i!t into the
creation/annihilation operators of (A1), we see that the 3-
vertex

V3 ¼
Z
dDX

ffiffiffiffiffiffiffi�gp
gtt 1 2

� 3 (A2)

can be written as

V3 ¼
Z
ddx

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi�gAdSp
gtt�1�2

��3

Z
ddþ1y

ffiffiffiffiffi
gS

p
Y1Y2 �Y3;

� F 123G123; (A3)

where we defined

F 123 �
Z
ddx

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi�gAdSp
gtt�1�2

��3;

G123 �
Z
ddþ1y

ffiffiffiffiffi
gS

p
Y1Y2 �Y3:

(A4)

For simplicity, we now restrict ourselves to AdS2 � S2,
with (global coordinates) metric

ds2 ¼ � sec�2dt2 þ sec�2d�2 þ sin�2d�2 þ d�2:

(A5)

On the sphere one has

hS2Y
�m
j ¼ �jðjþ 1ÞY �m

j ; (A6)

where Y �m
j ð�; �Þ ¼ ~N �m

j e
i �m�P �m

j ðcos�Þ, �m ¼ �j;�jþ
1; . . . ; j and ~N �m

j is the proper normalization. The AdS

wave functions which satisfy the wave equation

hAdS2f ¼ cos�2ð�@2t þ @2�Þf ¼ m2f (A7)

are given by

f!;�ðt; �Þ ¼ N�
!��e

�i!tðcos�Þ�C�!��ðsin�Þ;
! ¼ �þ n; n ¼ 0; 1; 2; . . . :

(A8)

Here C�!��ðsin�Þ are Gegenbauer polynomials, N�
!�� is a

normalization factor and � is related to the mass of the field
(also note 0 	 � < �

2 ). For chiral primaries the mass turns

out to be m2 ¼ jðj� 1Þ, and the highest-weight state is
given by � ¼ j and n ¼ 0:

 h:w:ðt; �;�; �Þ ¼ Nj
0
~Nj
je

�ijtðcos�Þjeij�Pjjðcos�Þ: (A9)

In order for the spherical harmonics and the Gegenbauer
polynomials to be 	-function normalized we must take

~N �m
j ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2jþ 1Þðj� �mÞ!

4�ðjþ �mÞ!

s
;

N�
n ¼ �ð�Þ2��1=2ffiffiffiffi

�
p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n!ðnþ �Þ
�ðnþ 2�Þ

s
:

(A10)

For highest-weight states on AdS2 � S2 the overlap inte-
grals are (defining j � j1 þ j2 þ j3):

F j1j2j3 ¼
Z �=2

0
d�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�gAdS2
p

gtt�j1�j2
��j3

¼ Nj1
0 N

j2
0 N

j3
0

Z
d�ðcos�ÞjCj10 Cj20 Cj30

¼ Nj1
0 N

j2
0 N

j3
0

� ffiffiffiffi
�

p
2

�ð12 þ j
2Þ

�ð1þ j
2Þ
�
; (A11)

Gj1j2j3 ¼
Z
d2y

ffiffiffiffiffiffiffi
gS2

p
Yj1j1Y

j2
j2
�Yj3j3

¼ 	ðj1 þ j2 � j3Þ
~Nj1
j1
~Nj2
j2
~Nj3
j3

ð2�Þ3=2

�
Z �

0
d� sin�Pj1j1P

j2
j2
P
j3
j3

¼ 	ðj1 þ j2 � j3Þ ð�1Þj ffiffiffiffi
�

p
ð2�Þ3=2

Y3
i¼1

ðð2ji � 1Þ!! ~Nji
ji
Þ

� �ð1þ j
2Þ

�ð32 þ j
2Þ
; (A12)

where we used Cj0 ¼ 1 and PjjðxÞ ¼ ð�1Þjð2j� 1Þ!!ð1�
x2Þj=2. Note the appearance of the 	ðj1 þ j2 � j3Þ term in

Gj1j2j3 , coming from the
R
d�eijð�1þ�2��3Þ integral. After

some Gamma function cancellations, we are left with the
following 3-vertex:

F j1j2j3Gj1j2j3 ¼ 	ðj1 þ j2 � j3Þ ð�1Þj�
ð2�Þ3=2

�Y3
i¼1

ðð2ji � 1Þ!!Nji
0
~Nji
ji
Þ 1

jþ 1
; (A13)

where we used �ðn=2Þ ¼ ffiffiffiffiffiffiffi
2�

p ðn� 2Þ!!2�n=2. Finally, us-
ing

Nji
0 ¼ �ðjiÞ2ji

ffiffiffiffi
ji

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2��ð2jiÞ

p ;

~Nji
ji
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ji þ 1

2ð2jiÞ!

s
; and ð2ji � 1Þ!! ¼ ð2jiÞ!

2jiðjiÞ! ;
(A14)

we find
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ð2ji � 1Þ!!Nji
0
~Nji
ji
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ji þ 1

2�

s
: (A15)

The final expression for the 3-point function overlap is

V3 � F j1j2j3Gj1j2j3

¼ 	ðj1 þ j2 � j3Þ
� ð�1Þj
ð8�2Þðjþ 1Þ

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2j1 þ 1Þð2j2 þ 1Þð2j3 þ 1Þ

q �
: (A16)

Thus, (for the simple case of AdS2 � S2) we have explic-
itly shown the origin of the delta-function term, and pre-
sented the final expression for the 3-point overlap. This
calculation can be repeated for the more general wave
functions given in (53). The 3-point overlap will then be
roughly of the form

V3 �
Z
d�eiðj1þj2�j3Þ�

Z
drLj

1

n1L
j2
n2L

j3
n3

� 	ðj1 þ j2 � j3Þ
Z
drLj

1

n1L
j2
n2L

j3
n3 ; (A17)

and still yield a conserving delta function. On the other
hand, in the case of the tilde representation the wave
functions are

~ ðx; yÞ ¼ e�ðx2þy2ÞHjþnðxÞHnðyÞ; (A18)

and the overlap integral takes the form

V3 �
Z
dxe�3x2Hj1þn1ðxÞHj2þn2ðxÞHj3þn3ðxÞ

�
Z
dye�3y2Hn1ðyÞHn2ðyÞHn3ðyÞ: (A19)

As one can verify, written in this basis the vertex no longer
has a conserving 	-function.
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