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Muon anomaly from lepton vacuum polarization and the Mellin-Barnes representation
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We evaluate, analytically, a specific class of eighth order and tenth order QED contributions to the
anomalous magnetic moment of the muon. They are generated by Feynman diagrams involving lowest
order vacuum polarization insertions of leptons [ = e, u, and 7. The results are given in the form of
analytic expansions in terms of the mass ratios m,/m, and m,/m,. We compute as many terms as
required by the error induced by the present experimental uncertainty on the lepton masses. We show how
the Mellin-Barnes integral representation of Feynman parametric integrals allows for an easy analytic
evaluation of as many terms as wanted in these expansions and how its underlying algebraic structure
generalizes the standard renormalization group properties. We also discuss the generalization of this
technique to the case where two independent mass ratios appear. Comparison with previous numerical and

analytic evaluations made in the literature, whenever pertinent, are also made.
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I. INTRODUCTION

The present experimental world average of the anoma-
lous magnetic moment of the muon a,,, assuming CPT-
invariance, viz. a,+ = a,-, is

a\¥™ = 116592080 (63) X 10711(0.54 ppm),  (1.1)

where the total uncertainty includes a 0.46 ppm statistical
uncertainty and a 0.28 ppm systematic uncertainty, com-
bined in quadrature. This result is largely dominated by a
series of precise measurements carried out at the
Brookhaven National Laboratory during the last few years,
by the E821 collaboration, with results reported in Ref. [1]
and references therein. The prediction of the standard
model, as a result of contributions from many physicists
is [2]

a™ = 116591785 (61) X 10711, (1.2)
where the error here is dominated at present by the lowest
order hadronic vacuum polarization contribution uncer-
tainty ( * 46.6 X 1071, as well as by the theoretical
uncertainty in the hadronic light-by-light scattering con-
tribution, estimated to be +40 X 10~!!. Errors here have
also been combined in quadrature. The results quoted in
(1.1) and (1.2) imply a 3.4 standard deviation in the dif-
ference

PACS numbers: 12.15.Lk

This 3.40 deviation deserves attention. Ideally, and
before one can attribute the present discrepancy to new
physics, one would like to reduce the theoretical uncer-
tainties as much as possible, parallel to a new experimental
effort toward an even more precise measurement of a,
[3,4]. It is also important to reexamine critically the various
theoretical contributions to Eq. (1.2), primarily, the had-
ronic contributions of course, but also the higher order
QED and electroweak contributions. It would be reassuring
to have, at least, two independent calculations of some of
these contributions, as well as of the higher order esti-
mates. The purpose of this article is a first step (albeit a
small one) in this direction.

We shall be concerned with a specific class of eighth
order and tenth order QED contributions to a,, illustrated
by the Feynman diagrams shown in Figs. 1 and 2 below.
The contribution from the diagrams in these figures with no
T vacuum polarization insertions, i.e., diagrams (A), (B),
and (C) in Fig. 1 and diagrams (A), (B), (C), and (D) in
Fig. 2, have been estimated numerically by Kinoshita and
Nio in Refs. [5,6] (see also Ref. [7]). There are also
analytic results of the same diagrams, published by
Laporta [8,9], in the form of analytic expansions in terms
of the electron to muon mass ratio ;’l‘—ﬂ To our knowledge,

the diagrams in Figs. 1(d) and 2(e) involving a tau loop
vacuum polarization insertion have not been considered
before. We find for these contributions the following re-
sults:

a& — g™ = (295 £ 88) X 10711, (1.3)
(eer) _ (& 4
a, "’ = — 0.0027486(9) and
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FIG. 1 (color online).

Eighth order Feynman diagrams with
lowest order vacuum polarization electron loops and a 7 loop,
which contribute to the Muon Anomaly and are enhanced by
powers of log% factors. The dots indicate the other diagrams

with different permutations of the lepton loops.

where the errors are the ones induced by the present
accuracy in the determination of the lepton masses. As
one can see from the other results reported in the appendix,
the contribution from the diagrams in Fig. 2(e) is of the
same size as the one from the diagrams in Fig. 2(d).

In a previous paper [10], it has been shown how the
Mellin-Barnes integral representation of Feynman para-
metric integrals combined with the converse mapping
theorem [11], allow for an easy evaluation of as many
terms as wanted in the asymptotic behavior of Feynman
diagrams in terms of a mass ratio. We shall show how this
technique applies to the evaluation of the class of diagrams
considered here, and how to generalize it to the case where
two independent mass ratios, like :Z_; and ':Z—’: in the diagrams

in Figs. 1(d) and 2(e), enter into consideration. We shall do
that in a rather detailed way for various reasons:

(i) We find, regretfully, that many analytic calculations
found in the literature provide very few details about
the techniques employed; yet, it would be useful to
compare the efficiency of different methods when
planning new more complex calculations.

(ii) Giving details on some of the intermediate steps of
complex calculations can only help to see the qual-
ities and limitations of the methods employed and,
occasionally, to spot potential errors.

(iii) As explained in Ref. [12] many years ago, there is a

large class of higher order contributions that can be
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FIG. 2 (color online). Tenth order Feynman diagrams with
lowest order vacuum polarization electron loops and a 7 loop,
which contribute to the Muon Anomaly and are enhanced by
powers of IOg’:Tt factors. The dots indicate the other diagrams

with different permutations of the lepton loops.

estimated using renormalization group arguments:
m . .
owers of log, = -
log—* terms at a given order are algebrai
e

cally related to lower order contributions.
Subsequent applications have been made by many
other authors [13]; however, very little is known
about how to extend renormalization group argu-
ments to subleading terms: constant terms and
powers of log':l—i‘ suppressed by n":—; powers. The

Mellin-Barnes technique that we are advocating
provides a precise answer to that question: as we
shall see, in the Mellin-Barnes representation, the
asymptotic contributions at a given order factorize
in terms of well-defined moments of lower order
contributions.

(iv) Having a powerful technique to obtain asymptotic
expansions provides a useful alternative to the com-
putation of exact analytic expressions, which are
often very complicated and cumbersome. After all,
ratios of masses are known from experiment only to
a fixed accuracy; the associated error propagates
into a numerical uncertainty of the exact analytic
result in any case. Computing as many terms in the
corresponding asymptotic expansion, as required
by the experimental precision in the masses in-
volved, provides an easier alternative to the com-
putation of an exact analytic result, with the same
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practical accuracy. The calculations in this paper
have all been done within this spirit.

(v) Finally, we think that it is important to have an
independent way to check the precision of the con-
tributions evaluated numerically. Many of the multi-
dimensional integrals involved in higher order
calculations are far from trivial, which has obliged
the experts to develop skillful methods. The numeri-
cal results are often dominated by a statistical error
that is larger than the error induced by the experi-
mental determination of the lepton masses. As we
shall see, within this limited precision, we find that
all the results of Kinoshita and collaborators [5-7]
checked in this paper are correct, within less than
1 standard deviation of their estimated error, which
is a remarkable performance.

The paper has been organized as follows: The next
section summarizes well-known results about lepton vac-
uum polarization and the way we choose to express the
various contributions to the muon anomalous magnetic
moment. Sec. III gives a detailed description of the
Mellin-Barnes technique and the converse mapping theo-
rem as applied to the eighth order and tenth order contri-
butions that we are considering. We also discuss in this
section the underlying algebraic properties that generalize
the usual renormalization group constraints previously
discussed in the literature. Sec. IV contains a discussion
of the evaluation of the various moment integrals that
appear in the intermediate steps. They can all be done
analytically, and we give explicit expression for all of
them; but we also show how in practice, the evaluation
of a finite number of terms in the ultimate expansion, only
requires the explicit knowledge of approximate expres-
sions for these moments. This is important to know, in
view of more complicated situations that one may very
well encounter when considering other Feynman diagrams.
The final evaluation of the eighth order diagrams is done in
Sec. V and of the tenth order diagrams in Sec. VI. Sec. VII
is dedicated to the generalization of the techniques dis-
cussed in previous sections to the case where three mass
scales appear. The calculation of the diagrams in Figs. 1(d)
and 2(e) are nontrivial examples of applications of this new
technology. Finally, we collect in an appendix all the
results that we have computed in this paper.

II. PHOTON PROPAGATOR AND THE MUON
ANOMALY

We are interested in the replacement of a free photon
propagator by the dressed propagator

. 998\ 1 1
D,s(q) = —l<ga - )—
B B qz qz 1 + ZIH(I)(qZ)
—iq 1298, 2.1
q
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where I1%)(42) denotes the proper vacuum polarization
self-energy contribution induced by a lepton loop [ = e,
M, T, and a is a parameter reflecting the gauge freedom in
the free field propagator (a = 1 in the Feynman gauge). In
fact, all the diagrams we shall be considering here are
gauge independent and, therefore, the term i(1 — a)q{“l#

does not contribute to their evaluation.

The perturbation theory expansion generates a series in
powers of the functions IT1)(4?). Here, we shall be con-
cerned with a particular selection of the terms in this series,
namely, those with three and four powers of the lowest
order I1¥)(¢?) self-energies, more precisely with the terms:
1 ° e e
1+ 21 H(l)(qz) = _[H( )(112)]3 - 3[1_[( )(qz)]zn(m(qz)

= 3[O(G[IIH (> (2.2)

— [P PIID(g?) (2.3)

+ [MT(g)]* + 4[IT9(g*)PTIW (%) + 6[11(g*)
X [T®(gH)P + 411 (AT ()P (2.4)

+4[I19(g*) PII(g?). (2.5)

When inserted in the free photon propagator of the lowest
order one loop muon vertex, these terms generate the four
types of Feynman diagrams collected in Fig. 1 and the five
types of diagrams collected in Fig. 2. The Feynman dia-
grams in these figures give, respectively, eighth order and
tenth order contributions to the anomalous magnetic mo-
ment of the muon, which are enhanced by powers of logr;—’:

factors. This is why we are interested in these terms. The
reason why we only keep the terms in (2.3) and (2.5) with
one power of 11" (4?) is because, in spite of the enhance-
m . .
ment by lc:gm—i‘ factors, the 7 loop induces a suppression
factor ~%. Contributions from two or more powers of
IT1)(4?) factors to the muon anomaly will be, therefore,
neglected.

A very convenient integral representation for the contri-
bution to the muon anomaly from the graphs in Figs. 1 and
2 can be obtained as follows: First, we write a dispersion
relation for the on-shell renormalized photon propagator
induced by electron self-energy loops only. This generates
the following set of relations:

, o dt q° 4m3
H(e) 2\ = bt ( e)
mo@y = [Tt () L
j: 1) 2) 3) 4)
with
4m? 1 ©
pi(17) =~ mI1 ), @.7)
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2
p2(4m6) — Lo ReOM MO, (2.8)
o

t

ps(%) - %{3[Ren<e>(t>]2 M€ (1) — [T},

2.9)

p4(4’"3) — L ReTO®P 1@ 1)
t T

— 4 Rel1@®)[ImIT@ ) PL (2.10)

Using these representations, the contribution to the
muon anomaly from the various terms in the series in
Egs. (2.2), (2.3), (2.4), and (2.5), can be viewed as the
convolution of electron spectral functions, modulated by
powers of the muon or tau self-energy functions, with a
free photon propagator replaced by a fictitious massive
photon propagator:

(=D

e Q2.11)

1
— 18ap ? lg af 2
The muon vertex loop integral over the virtual g-momenta
can then be traded by a Feynman x-parameter integral (see
the review article in Ref. [14] and the earlier references
therein), with a net contribution to the muon anomaly, up to
an overall combinatorial factor F; ,), which can be read

from the expansion in Egs. (2.2) to (2.5):
2(1 —x)

a(j,p) [thj
" x + 2 (1 - Xx)
_ —x? P (4m?2
XF(]-,I,)[H(Zi’U“’T)(mmIZL>] ,DJ( t ), (212)

where p =0, 1,2,3when/= w and p =1 when [ = 7,
while the index j counts the number of electron loops in the
vacuum polarization; therefore,

F(3‘0) = 1, F(Z,l) = 3, F(I,Z) = 3, (213)
and
Fug = —1 Fiap = —4
(4,0) ’ (€R)] »
(2.14)
F(2y2) = _6, F(1y3) = —4.

Notice that in the process of trading the integral over the
virtual ¢ momenta by the Feynman parameter x, one has
obtained the effective replacement:

2

2 2
1 :>1—xm”’

(2.15)

in the muon and tau self-energy functions.

The lowest order vacuum polarization self-energy func-
tions in QED are well known. We shall use the representa-
tions given in Ref. [15]. With
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2
4m;

the lowest order spectral function for the electron is

11
D mmeg =2 5(— — 82)0(t —4m2), Q.17
T T \2 6
and the real part (8§ = 4/1 — 4;;3) is
8 1 11
Re [1¢)(¢2 =(g)[f—752+5(7—752)
el =7 )53 276
1 — 6|
X . .
log-— 5] (2.18)

We shall also need the expression for the vacuum polar-
ization self-energy induced by a muon loop, in the eucli-
dean region, and as a function of the Feynman x-parameter:

2 5 4 4
() O
1—x e w/L9  3x 3x?

1 2 4

(2.19)

as well as the one induced by a tau loop which, for our
purposes, it is more convenient to keep in the Feynman
parametric integral representation:

2
O~ 2\ =
1 (l—xm“)

1
_Ef dz2z(1 — 7)
T Jo

2 2
><log|:1-f-1 z(1—=12) %:I

(2.20)

III. THE MELLIN-BARNES REPRESENTATION
AND THE RENORMALIZATION GROUP

It is now useful to introduce the two Mellin-Barnes
integral representations [16]:

x*(1 — x) 1 /Cx+im J <4m%>s(4m%)s
—_ - sl —=
x2 + mLZ(l - )C) 21ri ¢, —i%0 t m%’

X x2(1 — x)1=5T(s)C A — s),

(3.1

where the threshold scale 4m?2 is chosen for later conve-
nience, and [17]

x? m? 1 fetio  (m\-t
log| 1 + -2t |=— d —“)
og[ 1 - xz( ) m%] 27i Je,—ico t(m%
X2 —-tT°(z)
X 1 - —
[1 — xz( Z):I t
XT'(1 -1, 3.2)
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where the integration paths along the imaginary axis are
defined in the fundamental strips [11]:

¢, =Re(s) €]0,1] and ¢, =Re(®) €]—1,0. (3.3)

The interest of these representations lies in the property

. . 2 2
that the dependence on the physical mass ratios ‘l‘;’? and 2%

" 7
are then fully factorized, and the Feynman parametric
integrals one is left with are then those of a massless
case. The only new feature is that they have to be computed
as functions of the Mellin s-complex variable, in the case
of electron and muon loops only, and as functions of the (s,
t)-complex manifold in the case of electron, muon, and tau
loops. In all the cases we shall be concerned with here, it is
possible to obtain analytic expressions for these functions
in a rather straightforward way. In fact, they turn out to be
rational functions of products of gamma functions and
polygamma functions, which depend linearly on the
Mellin variables s, or s and ¢.

Let us first discuss the case where we only have one
Mellin s-complex variable. It corresponds to the Feynman
diagrams where only two mass scales are involved [i.e., the
case where [ = u in Eq. (2.12)]. Using the representation
in Eq. (3.1), one can rewrite Eq. (2.12), for a fixed p and j,
as follows:

e % 2%1 H: ds(%%)_sj"l(sx (3.4)
with
M(s) = T(s)I(1 — 5) /0 ' e (1 — 5o
X F(j’p)[n(m(l_—xzx mi)]P fo‘” ? (41:15)5
P "(4}?3)' (3.5)

The converse mapping theorem relates the asymptotic
behavior of a, as a function of the small mass ratio
4m?/m?, to the singularities of the integrand M(s) as a
function of the Mellin s-complex variable. For m << m?,
the appropriate s singularities are those on the left-hand
side of the fundamental strip, and they are all on the
negative real axis. The precise relation goes as follows:
withp € R and k € N, the function M (s) in the left-hand
side of the fundamental strip has a singular expansion of
the type (ordered in increasing values of p):

MO=F Y e (36

The corresponding asymptotic behavior of a,, (ordered in
increasing powers of p) is then

PHYSICAL REVIEW D 77, 093010 (2008)

_Zz( 1)k (4’” ) logkt’?g,

2
my w

(3.7)

2
my,

and the problem is then reduced to the calculation of the
a, x residues. This, in turn, requires the evaluation of the
moment integrals

/oo dt (4m§)s (4m3) q
—(—) pl—) an
o t\t )Pt

x2 p
[ dxx>(1 — x)1~ S[H(M)(l—xm%L)] ,

which appear in Eq. (3.5).
Let us consider a little bit further these two types of
moments. First, the moments of the spectral functions

am?
(e = [T ()

P
One can immediately see that these moments can also be
seen as the Mellin transform of the spectral functions p;

(3.8)

(3.9

2

(%)jze,<s> - f: a6, =

(3.10)

where in fact the integral over ¢ only runs from zero to one
because of the threshold factor 6(t — 4m2) in the lowest
order spectral function in Eq. (2.17). The interest of this
point of view lies in the fact that the Mellin-Barnes repre-
sentation relates the singular expansion of any of these
R;(s) moments to the asymptotic expansion of the spectral
functions p;(£). Indeed, from Eq. (3.10) and the asymp-
totic behavior of p j(f) at small ¢ and at large ¢, it follows
that

pi(é) = ( )2:” f:i: ds(é)SRj(s), with

r, = Re(s) €]0, oo[.

(3.11)

In other words, the direct mapping (in the sense of
Ref. [11]) establishes a precise relation between the
asymptotic expansion of the spectral functions p;(¢£) at
small ¢ (which is known from their explicit analytic ex-
pression) and the singular series of the moments R j(s), for
s = 0, which we are interested in. We shall come back later
on to these relations in somewhat more detail.

The second type of moments in Eq. (3.8) are also well-
defined Mellin transforms, in this case with respect to the
invariant photon momenta

Q2 B )C2

m: 1 —x

, (3.12)

S
Il

2
"

flowing in the basic muon vertex diagram. Indeed, one can
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easily verify that

P e e

R )

X [T (~wm?)]P.

(3.13)

Again, the evaluation of the singular series associated to
the moments () p(s), for s = 0, is very much facilitated by
the direct mapping that relates them to the asymptotic
expansion of [H(“)(—wmi)]f’ for small w.

The remarkable property of the Mellin-Barnes represen-
tation is precisely the factorization in terms of moment
integrals as shown in Eq. (3.5). It is in fact this factorization
that is at the basis of the renormalization group properties
discussed by many authors. The algebraic factorization
above, however, is more general, and it also shows the
full underlying renormalization group structure at work.
The classical renormalization group constrains that have
been exploited in the literature only apply to the evaluation
of leading asymptotic behaviors (powers of logarithms and
constant terms). In the example above, this is encoded by
the properties of the Mellin singularity at s = 0. This
singularity governs the spectral function moments R;(0)
on the one hand, as well as the contribution to the muon
anomaly from vacuum polarization muon-loop insertions
(p loops): the moments () ,(0). Notice that the moments
R;(0) are UV-singular, hence, the need of the s regulariza-
tion. The singularity is related to charge renormalization
and therefore to the QED B function at a given order in
perturbation theory [12], in our case, the lowest order. The
predictive power of the renormalization group structure
lies in the fact that once we know the two types of moments
in Eq. (3.8) at a given order in perturbation theory, we have
a prediction at a higher order for the convolution, which in
our case gives a,, in Eq. (3.4). What is new here is that this
factorization extends as well to the subleading terms in the
expansion modulated by inverse m?/m2 powers. What
governs these terms is nothing but the residues of the
successive Mellin singularities in the negative real axis.
Here, the expansion in inverse mi /m2 powers is analogous
to the 1/Q? expansion in the operator product expansion of
Green’s functions in QCD, while the moments R;(s), for
s < 0, are the equivalent of the so-called vacuum conden-
sates. The big difference, of course, is that in QED these
condensates are moments of spectral functions, which are
known at all values of t and, therefore, can be calculated
explicitly at a given order in perturbation theory. Notice,
however, that also in QED these moments (condensates)
are a priori ill defined, because they are singular. The
Mellin-Barnes technique provides a systematic regulariza-
tion and hence a precise separation of short-distance and
long-distance effects.

PHYSICAL REVIEW D 77, 093010 (2008)

The case of two Mellin (s, f)-complex variables, corre-
sponding to Feynman diagrams with both electron loops
and tau loops, is conceptually more complicated, and it
requires a specific treatment, which we shall provide in
Sec. VII. A detailed discussion of the very interesting
underlying mathematics that governs this case will be
given in a forthcoming publication [18].

We finally give below the exact explicit expressions, in
the Mellin-Barnes integral representation, of the contribu-
tion to the muon anomaly from each of the specific set of
Feynman diagrams in Figs. 1 and 2.

A. Eighth order contributions
Three electron loops, Fig. 1(a) (one diagram).—

4 ¢y Fioo 2\ s
) — (g) 1 [ ds(“”;e) T()T(1 = 5)2(s)
c m

) 2mi Je—ico m

X R3(s). (3.14)

Two electron loops and one muon loop, Fig. 1(b) (three
diagrams).—

4 ¢, +ico 2\ s
i = (O) 2 [ (Y Prra - 90,0
¢ m

) 2  —ioco w

X Ry(s). (3.15)

One electron loop and two muon loops, Fig. 1(c) (three
diagrams).—

4 ¢, +ioo 2\ s
i = (2) 2 [ as () roma - 90,00
¢ m

m) 2mi Je—ico “

X R, (s). (3.16)

Two electron loops and one tau loop, Fig. 1(d) (three
diagrams).—Using the representation in Eq. (2.20) for the
tau self-energy function as well as the Mellin-Barnes rep-
resentation in Eq. (3.2), one easily gets the expression

(eer) _ (& 4i jcfﬂwd <4m%)vi
e (77) 27 J e —ico \m2 ) 2mi

"

< [ dt(Z%)_[F(s)F(l — 9t -y

c;— i T t

X O(s, )R,(s), (3.17)

where O(s, 1) is the Feynman parametric integral [see
Egs. (3.1) and (3.2)]

2 —t
0.0 = [ avrt - [z - 2)
2-09I'—1

r
A vy,
% I'a+2s—20I'Q —s + 1)
Iré+s—1 '

(3.18)

Notice that the dependence on the variables s and ¢ in the

093010-6



MUON ANOMALY FROM LEPTON VACUUM POLARIZATION ...

function O(s, £) is not factorized. It is this fact that requires
new technical considerations, which we shall discuss in
Sec. VII.

B. Tenth order contributions
Four electron loops, Fig. 2(a) (one diagram).—

dleeed) — (%)5@ e d5<i1nz ) T(s)T(1 — 5)

27 Je—ico “

X Qo(s)R4(s). (3.19)

Three electron loops and one muon loop, Fig. 2(b) (four
diagrams).—

aleeen) — (7)( )( 4) o ds(‘;’z;%)_sf(s)r(l—s)

o

X Q](S)R3(S). (320)

Two electron loops and two muon loops, Fig. 2(c) (six
diagrams).—

5(— cy i 4
gleenn) — (2) (Z6) fer ds< "z) L(T(1 =)
) 27 Je—ico my,

X Q5 (s)Ry(5).

(3.21)

One electron loop and three muon loops, Fig. 2(d) (four
diagrams).—

(epmpp) _ (a)s (—4)
ay =(—) ——=
) 2mi Je—ico

X Q3(s)R (s).

2
w

cg+ioo 2\ —
o ds(‘“"e) T(s)I(1 - 5)
m

(3.22)

Three electron loops and one tau loop, Fig. 2(e) (four
diagrams).—The only change here, with respect to the
representation in Eq. (3.17), is the convolution with the
moment R;(s) (instead of R,(s)) and the combinatorial
factor (—4) [instead of (3)]:

(ecer) _ (g)S (_4) ey Fico d <4mg)_si
@ ) 2w Je—ioo * m2, ) 2mi
c,+ioo 2 r
x f dz(’”“) T()I(1 — 5)—2 (t)
¢, —i% mT
X T'(1 = 1)O(s, 1)R5(s),
where O(s, 1) is the function defined in Eq. (3.18).

(3.23)

IV. THE MOMENT INTEGRALS

We are now left with two types of moment integrals: the
R;(s) moments of the electron-positron spectral functions
in Eq. (3.10), [the integrals over the variable &, or equiv-
alently the variable & in Eq. (2.16)]; and the () ,(s) mo-
ments of the euclidean muon vacuum polarization, (the
integrals over the invariant photon momenta w, or equiv-
alently the Feynman x parameter). It is a luxury that these
integrals can all be done analytically. Here we shall give
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the results and comment on a few technical points, in
particular, on their relation to the underlying renormaliza-
tion group properties.

The Qy(s) moment.—This moment, which appears in

(8“) and a'¢“*®), corresponds to the trivial x integral

Q“”:iﬁdﬂl—w(ffﬁs=ru+2””2—w
4.1)

I'G+ys)
The particular value £((0) = 1 is precisely the coefficient
of the lowest order muon anomaly, the Schwinger term:
= (9)[€(0) = 3]. Notice that (s) is infrared singu-
lar at s = —1/2, —=3/2, .... It is precisely these infrared
singularities that are at the origin of the contributions in
odd powers of m,/m, in a9, ale®, al“? and a{¢°® that
one encounters in the explicit calculations.
The R,(s) moment.—This moment appears in the ex-
pressions for aﬁf’“‘) and a&f“’“‘) in Egs. (3.16) and (3.22),
and it corresponds to the integral

R,(s) = f ' 1526(1 — 52)s—115<1 —152), 4.2)
0 2 3

which can be trivially computed, with the simple result

\/_IF(2+S)

Rils) = 4 sTG+s)’

4.3)
explicitly showing the singularities in the negative real axis
(the origin s = 0 included). Notice that, because of the

zeros provided by the factor ﬁ , there cannot be terms of
2

O[(")r] for p=5/2+n,n="0,1,2, -+
"
polarization contributions to a, from one electron loop.
The two moments ) (s) and R;(s) are the only quanti-

, In vacuum

ties required to evaluate the contribution to aﬁf) from the
fourth order Feynman diagram in Fig. 3, which, in our
representation, is given by the integral

a = (OF L[ as(HE) risyrar - ()
27ri ¢y —ioo m

m
X Rl(s). 4.4)

Since the moments ((s) and R,(s) are known analyti-
cally, the singular series expansion of the integrand can be
computed up to as many terms as one wishes; e.g.,

11 25\ 1
— =_—— 4 (- i
DT = HQ6R (5= ¢ (3 log? = > 6) :
PR N
8 1/2+s 2 (1+s)?

3 1
+
(4 10g2> I+
4.5)

and the converse mapping theorem tells us how to read in a
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X

e

FIG. 3 (color online). Fourth order Feynman diagram with a
lowest order vacuum polarization electron loop.

straightforward way the corresponding asymptotic expan-
sion contribution [19]:

© _ (2V[L, mi_25+7r2 m2\1/2
o \7) 16 Em2 36 4\

I

+ n"é[ 2log i‘ + 3] + @[(mﬂ)m]}. (4.6)

The reason why we consider this well-known contribu-
tion here is that it allows us to discuss the factorization
properties of the Mellin-Barnes representation and its re-
lation to the underlying renormalization group structure in
a case which, in spite of its simplicity, illustrates the
generic features rather well. Notice that the singular ex-
pansion in Eq. (4.5) results from the combination of the
Laurent series of three factors: the geometric series factor
I'(s)['(1 — ), which appears in the original Mellin-Barnes
representation in Eq. (3.1), and the two moments Qo(s) and

R, (s). The residue of the leading srngularrty in 1/s%, which

m

provides the coefficient of the log ’; term in Eq. (4.6), can

be read off directly from the asymptotlc behav10r of the
4m

lowest order spectral function p
turn is correlated to the residue of the leadrng term in the
singular expansion of R;(s)=<31) and the lowest order
result ), = 1/2, the geometric factor I'(s)I"(1 — s) pro-
viding the extra 1/s factor. This is precisely the leading
prediction of the renormalization group in this case [12].
The next-to-next-to-leading term in the asymptotic ex-
pansion in Eq. (4.6) (the second line) is governed by the
. +1 T3 term in the singular expansion in Eq. (4.5) (the second
line in this equation). The origin of this singularity is the
moment ),(s), which is singular at s = —1/2; the other
factors are regular r=1/2ra+1/ 2) —7  and
R((1/2) = —Z. Again, the residue of the —+ 7177 singularity
of Q(s) can be read off from the leading term in the

asymptotic expansion of the integrand function in
Eq. (3.13), i.e.,

(V4 + o —Jo 1 — "
4+w\m+f)w oz‘/_+@( - @7

We see, therefore, how the factorization of the Mellin-

PHYSICAL REVIEW D 77, 093010 (2008)

Barnes representation allows one to fix a nontrivial coeffi-
cient of the asymptotic expansion of an O[(%)?] quantity
from the knowledge of two numbers, which appear at a
lower O(%) and have been very easily identified.

What about the next-to-leading term? This refers to the
factor — %—2 in the first line of Eq. (4.6), which is not fixed by
simple renormalization group arguments. The reason why
simple renormalization group arguments fail to fix this
term is due to the fact that it does not originate from
products of leading terms of singular expansions only.
More precisely, the coefficient of the 1 term in Eq. (4.5)
also depends on the next-to-leading terms of the Laurent
series of each of the individual factors Q(s) and R,(s).
These terms, however, can also be easily obtained without
having to calculate explicitly the functions Q(s) and
R,(s). Indeed, since Q(s) is regular at s — 0, we can
simply Taylor expand the integrand and find

Qy(s)s — 0~ % — §s + O(s?).

2 (4.8)

By contrast, the moment R;(s) is singular at s — 0; but
here we know that the residue of the singularity originates
in the leading term of the asymptotic expansion of the
lowest order spectral function in the integrand.
Therefore, subtracting this leading term from the spectral
function itself produces a regular integral from which one
can extract the regular series in the Laurent expansion at
s — 0 by simple Taylor expansion. The only integral we
have to do is then

Ri(5) ~ —+[ age ™ (p1(&) = 3) + 06)

+ 5(6 log2 — 5) + O(s). 4.9)

3s
Combining the results in Egs. (4.8) and (4.9) with the fact
that I'(s)I"(1 — ) <~0% + O(s), one easily gets the coeffi-

cient of the % term in Eq. (4.5) and hence the term — 22 in

36
the asymptotic expansion in Eq. (4.6).
We leave to the studious reader the pleasure of reproduc-

ing the residues of the G +1)2 and (‘ +1) singularities in

Eq. (4.5), and hence the terms of (9(:::2
similar simple arguments.
The R,(s) moment.—This moment appears in the ex-

pressions of a'¢®, a'¢*” and a\¢** in Egs. (3.17), (3.15),
and (3.21), and it is given by the integral

(%>2R2(S) - ﬁo A& py(8), (4.10)

associated to the spectral function in the right-hand side of
Eq. (2.8). In terms of the variable &, it gives rise to the
integral

093010-8
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Ry(s) —2[ 4526(1 — 621 1 (1 ——52)

|:8
X PR
9

which can be done analytically rather easily with the result

1—-6
2524 s[2 - 152
35 5(2 65)log]+5:|, 4.11)

(=1 +5)(6 + 135 + 45?) T(1 + )

RZ()_T S2+s5)B3+s)  TC+s)’

4.12)

explicitly showing the singularities in the negative real
axis. Notice that, because of the zeros provided by the

factor —L— there cannot be terms of (9[
(5"‘3)

3/2+n,n=0,1,2,- - in vacuum polanzatlon contribu-
tions to a, from two electron loops.

The Q,(s) moment.—It corresponds to the Mellin trans-
form [see Eq. (3.13)]

(o= [ awo i e ve)

X [ (- wm?,)]
= j(;l dx(1 — x)(ljizx)‘y[H(“)(l__xzxmi)].
(4.13)

This integral can also be easily done, using the expres-
sion in Eq. (2.18) in terms of a subtracted logarithm:

log(l — x) — [log(l —x) — (—x — ﬁ — ﬁ)]

2 3
N ( x2 x3)
- X ——= =
2 3
The integral over x is then convergent at x = (O term by
term, with the result

(4.14)

_ [ 4T(=1+25) 4 T(2)
is) =TC s){ 3 T(+s)  3TQ2+s)
5T + 2s) _4T(=2+2s)
9 T3 +ys) [ 3 I(s)
I'(=1+2s) 1701+ 2s)
2 Ta+y 3 r(3+s)]
4F( 2+ 2s) _2F(—1+23)
3 I(s) ' T(1+s)
1T+ 2s)
e H] (4.15)
where H denotes the function
=41 +5) + Vg, (4.16)

related to the -function [20] ¥/(z) = diz logl'(z), as follows

PHYSICAL REVIEW D 77, 093010 (2008)

10 = v+ 3 (- )

m=0

4.17)

and, therefore, when z is an integer n, H,, corresponds to
the Harmonic sum

1 1 1 1
H,=1+=+-+—+-+—.
n

>t3ta (4.18)

Notice that ;(0) = — L2 + Z- is related to the well-

known coefficient of the fourth order contribution to a(” )
from the Feynman graph in Fig. 4:
2
(W) — 32_90 :(ﬁ>2<g_1) 4.1
at) = (&) o= (2 (5 - 5) @19

Another property of )(s), which is also valid for all
Q,(s) with p =1, is the fact that they are no longer
singular at s = —1/2. This can be readily seen from the
fact that H(“)(l%‘ mi) in Eq. (4.13) vanishes at x = 0:

HW(% mi)x:()(%)[— %ﬁ + @(x3)]. (4.20)

This is why Feynman graphs with electron loops and at
least one muon-loop insertion in the vacuum polarization

2 . . . o
have no (9[(::—;)1/ 2] terms in their asymptotic contributions.
m

However, from the asymptotic behavior

+
o (v4to-— \/_> [T (— wm?,)]
It o\Vitet Vo
o 1 3/2 2 ]
~ N _— _l’_ i
w_}()(ﬂ_)l: T O(w?) (4.21)
in Eq. (4.13), there follows that
Q()"—i ! + - 4.22)
M 303 T '

which induces a term of @[(%)3/2] in the asymptotic
n

expansion of aﬁf“ ). a priori it could also induce terms of

(9[(::—23)3/2] in aﬁfe“). That this is not the case is due to the
"

X

w

FIG. 4 (color online). Fourth order Feynman diagram with a
lowest order vacuum polarization muon loop.
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fact that as we have seen R,(s) has zeros atall s = —1/2 +
nforn = —1, —2, —3, - - - . However, as we shall later see,
R;(s) is finite at s = —3/2 and this explains why a term of

(9[(%)3/2] does indeed appear in aﬁfﬁeﬂ).

The moments (s) and R,(s) fix entirely the evaluation
of the contribution to a, from the sixth order Feynman
diagram in Fig. 5, which, in our representation, is given by
the integral

3 1 fetio  (4m2\~s
ai? = (&) 0 [ as(55E) Twra -
T 2mi Je,—ioo m

"
X Q()(S)Rz(S). (423)

Since we know y(s) and R,(s) analytically we can
evaluate the full singular series of their product and, there-
fore, by the converse mapping theorem, the asymptotic
expansion of aﬁfe) to as high a degree of accuracy as we
wish. As an illustration, we give the results for the first few
terms:

2 2
(ee) __ (5)3{L10g2 my 25 loo 2 4 317 n ?
T,

— me 1/zi 2 e —21 2_%‘4_21 m_%‘
m2) 45 2 T3% 2 T 18 B2
,M ,M e e
4 2\2 2
—4- §7r2] + @[<m_2> log? m—g]} (4.24)
my, m2

where the contribution from the leading singularity at s =
0 is the one in the first line, which agrees with the earlier
calculations in Refs. [15,21]. The exact analytic evaluation
of aﬁfe), as well as of the full sixth order contribution to a,,
from electron-loop insertions, including light-by-light
scattering loops, can be found in the papers by Laporta
and Remiddi [22,23].

On the other hand, the moments Q;(s) and R,(s) fix
entirely the evaluation of the contribution to a,, from the
mixed sixth order Feynman diagram in Fig. 6, which, in
our representation, is given by the integral

X

FIG. 5 (color online). Sixth order Feynman diagram with two
lowest order electron-loop vacuum polarization insertions.

PHYSICAL REVIEW D 77, 093010 (2008)

alew =( )( 2)— f _+: ds(%g)sf(s)F(l — )

X Q,(s)R,(s). (4.25)

Again, since we know () (s) and R;(s) we can compute

as many terms as we wish of the asymptotic expansion of

a\™ . We give a few terms below:

2 2
(ew) _ 23{(9_% 2)1 My _ 6L
N oo(w) 54 97 )% 162 27

mZ (115 4 m2\2 _ m?
) oY)
mi(27 977) ms, °8 m?2

(4.26)

in agreement with earlier calculations [23,24].
Finally, we observe that once the moments (), (s) and
R, (s) are known, we have all the ingredients to evaluate the

eighth order contribution a(“” ) in Eq. (3.15) which we
shall discuss in the next section. With R,(s) known we can

also attempt the evaluation of a(e”) in Eq. (3.17), which we
shall do in Sec. VII.
The R;(s) moment.—This moment appears in the ex-

pressions of a(m), Ef“”) and aﬂfe”) in Egs. (3.14), (3.20),
and (3.23) and it is given by the Mellin transform

(%)3R3(S) - f: &g ps(€), 4.27)

of the spectral function in the right-hand side of Eq. (2.9). It
gives rise to the &-integral

1 1 1
Ry(s) = [0 4525(1 —52)“1{35(———52)
8 1 1 1-6
w2 -ls24+s(2—21s2
[9 30 5(2 65)1g1+8:|

i)

Only the terms proportional to log? 1 T 5 require special
attention. They give rise to integrals of the type

(4.28)

X

/N

FIG. 6 (color online). Sixth order Feynman diagram with one
electron loop and one muon-loop vacuum polarization inser-
tions.
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1-9o
1+6
and n=0,12734>5.

— ! _ S2\o 2
(o) fo 45(1 — 82)7log )

o=s+n—1

Integrating by parts, we observe that f(o) obeys a simple
functional relation

2WF T
o I'G+o)
(4.30)

(1+20)f(0) —20f(c—1) +

from which, and the boundary condition f(0) = %2 there
follows that

Ira+o)
F(% + o)

y(2) = di‘zw(z).

flo) == y V(1 + o), where

431

One can then do the integral in Eq. (4.28). After some
rearrangement so as to exhibit explicitly the singular struc-
ture, we get the following expression

P;(s)

Ry(s) = ST+ 52 +9)

ﬁ I'(s) [
864 T + 5)

— (1 + )35+ 21s + 3s2)(2772 — 1621,0(1)(5))],

(4.32)
with P;(s) the seventh degree polynomial

P;(s) = 3492 — 8748s — 265755* — 9214s* + 18 395s*
+17018s% + 5120s° + 5125”. (4.33)

The function '))(z) is called the Polygamma function of
index one. In general, the Polygamma function of index n
is defined as:

dn
() () = - 0)(,) =
" (2) e P(z), with ¢V(z) = ¥(2) @34
forn=1273....

These functions are also related to the Hurwitz function
(also called the generalized zeta function)

{50)=>(m+2) z#0,-1,-2.., Res>1,
m=0

(4.35)

PHYSICAL REVIEW D 77, 093010 (2008)

as follows

P(z) = (=) nlL(n + 1, 2). (4.36)

The Polygamma functions are therefore meromorphic with
poles at z =0, —1, —2,..., with multiplicities n + 1. In
fact, the Hurwitz function and therefore the Polygamma
functions, have the following Mellin representation:

Res>1, Rez>0.

=L 0 s—1,—zt
£(s,2) F(s)[o dir le v

(4.37)

The moments ()((s) and R;(s) fix entirely the evaluation
of the contribution to a, from the eighth order Feynman
diagram in Fig. 1(a), while the moments €}, (s) and R;(s)
fix entirely the evaluation of the contribution to a, from
the tenth order Feynman diagram in Fig. 2(b). We discuss
these results in the next section. With R5(s) known one can
also attempt the evaluation of a'¢*“” in Eq. (3.23), which
we shall do in Sec. VIIL.

The Q,(s) moment.—It corresponds to the Mellin trans-
form (see Eq. (3.13))

(%)zﬂz(s) = f: dow i’w(g; J@)z

X [l_[(/‘)(—a)mi)]2

= foldx(l —x)(lx_zx

Y=o

(4.38)

This integral can also be done, using the expression in
Eq. (2.18) and replacing the logarithms with subtracted
logarithms, as in Eq. (4.14). One is then left with three
types of integrals S(p])(s, n) defined below, where the upper
index j refers to the power of the logarithm in the inte-
grand, the lower index p to the degree of the subtracted
polynomial and k£ € N:

1
SO (s, n) E/ dxx2stn(1 — x)l=s
0

_TFQ=9r1 +n+2s)
B I'G+n+ys) ’

(4.39)
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. 2 3 4 s
Sgl)(s, n) = f dxx> (1 — x)lfsl:log(l —x) — (—x LI x_)]
0

2 3 4 5
1 I'C+n+2s) I'G+n+2s) I'4+n+2s) I'G+n+2s)
=—I'(2 — 5)160 + 15
60 ( s){ I'd+n+ys) I'G+n+ys) I'e+n+ys) I'7+n+ys)
T'6+n+2s) I'(l+n+2s)
+ + = :
12 [(8+n+ys) 60 TG +n+ys) (Hi H“"“)}’ (4.40)
and
(2) _ [ 2s+n 1—s 2 1! 5x° 137x6>]
= 1- log?(1 — + 23+ +2
S¢ (s, n) f dxx*> (1 — x) [ og*(1 — x) — (x X3 5 s 180
I'G+n+2s) I'd +n+2s) I'G+n+2s) I'6 +n+2s)
— Lo gf-iglifntas) ~1 ~1
180 ( S){ 80F(5+n+s) I'e+n+ys) 65F(7+n~|—s) 50F(8+n+s)
I'(7+n+2s) 180
-1 + L(1+n+2s) (22 —s5) — 242 — +n+
37 CETE 11(3+n+s)[ (I+n+25)p*2—5) =242 =) +n+5)
+ 4B +n+s)+ 02 —5) —pVG3+n+ s))]}. (4.41)

The analytic result for {),(s) can then be expressed in terms of these three integrals as follows:

Q,(s) = =880, 1) + UISO (5, 2) — 350)(s, 3) — HISO (5, 4) + LSO (5, 5) + BTSO (5, 6) — 105 (5, 0)

620
—88V(s, —1) + BSV (s, —2) + WSV (5, —3) — 805 (5, —4) + 2S5, —5) + 1S (s, 0)
—489(s, —2) + 8825, =3) + 487 (s, —4) — 1987 (5, —5) + 1087 (s, —6). (4.42)

In particular, the value of (),(s) at s = 0 fixes the contribution to the muon anomaly from the Feynman diagram in

Fig. 7, i.e.,
o0 (Yoo - (22 % )]
al (W) 0,0 = (5[ -3~ 57 +500] (4.43)

Knowing Q,(s) and R (s) we have all the ingredients to evaluate a( 2

(eepp)

in Fig. 1(c) and knowing Q,(s) and R,(s) we can

also evaluate a, in Fig. 2(c). We discuss these calculations in the next section.

(eeee)

The R4(s) moment.—This moment appears in the expression of a,,“““’ and it is given by the Mellin transform

(%)4R4(s) = [T age e (4.44)

of the spectral function in the right-hand side of Eq. (2.10). It gives rise to the § integral
8 1 -0
ds28(1 — 8%)° 1{46( —82)[— - -8+ 6( —62)1 ]
Ra(s) = [ (1-29 2 67 )9 3 2 6° ) %®1+s

- 4772[2 - 552 + 5(5 - 852> logi ; g][ae 852)]3} (4.45)

Here, only the integrals proportional to log? 1 T 5 are new with respect to the integrals that already appeared in the

evaluation of R,(s). By integration by parts, they can be reduced to integrals proportional to log” i +§ and hence to the

X

FIG. 7 (color online). Sixth order Feynman diagram with two
lowest order muon-loop vacuum polarization insertions.
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function f(s) in Eq. (4.31). In terms of f(s) and the auxiliary function

g(o) =2/m F(F(i) i 28(%, (r), (4.46)
2

we then find

250 10 25 2 80 31 34 25
Ry(s) = |-z + =5 7 === + D)+ —— 2) +2 +(——— ) +
4(s) ( 2187 243" >() <2187 243)g(s ) (2187 w867 )Rt DT o o™ s T3

6) + (” 2#§§2+%9ﬂs+n

+<3+£7r)g(s 4)+<L+£7T>g(s 5)+—8(s

27 972 81 972 324 243 81 s 81 s+1
_(13_W)g(s+2)_(115_7r)g(s+3)_<19+7T)g(s+4)_(1+772)g(s+5)

162 27) s+2 486 81) s+3 162 72) s+4 54 108) s+5
_77' g(s+6)

—[ 40f(=1+s) —4f(s) +62f(1 +5) +25f2 +s5) —23f(3 +s5) — 17f(4 + 5)

f(— 1+s)_24f(1+s)_8f(2+s)+9f(3+s)+6f(4+s)+f(5+s)
s s+ 2 s+3 s+4 s+5 s+6

648 s+ 6
365+ )]+—[16

]. (4.47)

(eeee)

Knowing explicitly the function R4(s) will allow us to perform the evaluation of a,;““”’, which we do in the next section.

The Q5(s) moment.—It corresponds to the Mellin transform [see Eq. (3.13)]

(%) fsls) = ,[dww 4+w(\/\/§_?§;+£

[ (—wm2)P = | dx(1 - x)
I,

=[]

(4.48)

As in the evaluation of the integral in Eq. (4.38), the first step consists in replacing the logarithms and their powers by

subtracted logarithms and subtracted power logarithms. One is then left with integrals of the type S(,‘,/)(s, n) like those
already introduced in the evaluation of {),(s). The new ones are:

. > 3 4 .5 6 7
SW(s,n) = /(; dxx*>(1 — x)'*sl:log(l - x) — (—x - % - % - xz - % - % - %)]

1 I'(7+ n + 2s) '8 +n + 2s)
_
= on) +—TQ2-s)7 ' 4.4
Sss.m) + 51 S)[ TO+n+s) F(10+n+s)] (449)
@ Y L. N ;x50 1370 T 363x8)]
)= | dxx®t(1 — x)17| log?(1 — O+ + +—+
Sglsn) L L = ) [Og( %) = <x 12 6 180 10 560
I'8 +n +2s) 'O+ n+2s)
=3s? —rz— [3528—+3267—] 4.50
So (.1 = 557512 =) T(0 +n + 5) Tl +n+s)] (4.50)

and
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8(93)(s, n) = [1 dxx> (1 — x)lfs[10g3(1 —x) — (—x3 -

I'4 +n+2s)
TO6+n+s)
I'(7+n+2s)
IroO+n+ys)
15120
I'G+n+ys)
—3yGB+n+s)pM2—ys) -

=7F2— 1512
15120 ( ){ 3120

+ 28350 + 29232

I'G+n+2s)
+ =
22680 F(7 +n+ )
I'®+ n+2s)

——— + 29547
Irao+n+s) 2

[T(1+n+2)2R2—s) =32 —s)?yB+n+s) —

PHYSICAL REVIEW D 77, 093010 (2008)

7x0 15x°  29x7  469x®  29531x°
4 8 15 240 240 )]
I'6 +n + 2s)

' +n+s)
I'O+n+2s) I'(1o +n + 2s)
i1 +n+ys) Ira2+n+s)

+ 26460
+ 29531

VB +n+s)

YOG +n+95)]+30Q2— )Y G +n+s)+yPQ2—5)

— G+ n+ )]+ PO — ) — YOG+ n+ s))]}. @51)
The analytic result for {)3(s) can then be expressed in terms of the Sg)(s, n) integrals as follows:
03(5) = = 302805, 1) + 2 50(s,2) - 22505 3) - 1]61;%3 §0(s,4) + 220 50(s,5) — LI 505, 6

-2 50, 7) + 1L 109‘ 25800 8) + 2L 80(5,9) - 2 80(5,0) - ﬁsg%, 1)+ g s, -2)

+ 28G5, -3) - 1603;”( =505, -5 + 22433”( 6 - 20 -1+ 2526,0

- _sg)(s, —1) - _5§5>(s, -2) - 1045(2>( 3) + %39(& —4) + %sg%, -5) — 928 57 55(s, =)
+ 20 =5 S5 - %sg%, —8) — ﬁsg%, 0) + §s<;><s, —2) - gsg”(s, -3) - 4833)(& —4)

" ?sg”(s, =5)+ 20505, 6) = 1650(s, ~7) + 5 55, ~8) = 2 SP(s, ~9). (4.52)

In particular, the value of Q3(s) at s =0 fixes the
contribution to the muon anomaly from the Feynman
diagram in Fig. 8, i.e.,

4
) = (2) 0500)
v
B (a)4[_ 151849 2
.

32
+—7*—=7¢3)| 453
0824 T sl )] (453)
Knowing ;(s) and R, (s), we have all the ingredients to

(eppp)

evaluate a, in Fig. 2(d). We discuss these calculations
in the next section.

% YT

FIG. 8 (color online). Eighth order Feynman diagram with
three lowest order muon-loop vacuum polarization insertions.

V. EIGHTH ORDER RESULTS FROM ELECTRON
AND MUON VACUUM POLARIZATION LOOPS

We now have all the ingredients to proceed to the
calculation of the eighth order contributions illustrated by
the Feynman diagrams in Fig. 1.

Three electron loops, Fig. 1(a) (one diagram).—We re-
call the expression in Eq. (3.14)

4 ¢ tico 2\ —s
aleee) (E) L f o ds(‘“?) T()T(1 — $)Q(s)
v m

2mi Je,—ico @

The converse mapping theorem relates the asymptotic
(eee)

behavior of a, "~ as a function of the small mass ratio
4m?/m?, to the singularities of the integrand in this equa-
tion as a function of the Mellin s-complex variable. Using
the explicit expressions for (s) and R;(s) given in
Egs. (4.1) and (4.28), we can proceed to the calculation
of the singular series expansion of the integrand in ques-
tion. The relevant singularities are those in the left-hand
side of the Mellin s plane. They occur as multipoles at s =
0, —1, =2, =3 - -, because of the factors I'(s) and Rs(s),
and as single poles at s = —1/2, —3/2, —5/2, ... because
of the factor {)(s). The leading singularity at s — O has a
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quadruple pole, a triple pole, a double pole, and a single
pole. Their residues govern the successive terms of

O(log? Z—Z‘), of O(log? :';—3;), of @(logﬁ—fg), and of O(Cte.) in

the leading contributions to aﬁf“}) for % large

2 2
(ece) __ 24[i1 3ﬂ_2_51 2 M
au [s—>0]< ) 54 °% m2 . 2

p 108 &
317 @?\, m’ 8609 25 2
+ =+ = log— ———— 7 — = :
(324 27)1°gmg 5832 162" 95(3)]
(5.2)

The next-to-leading singularity at s — —1/2 is a simple
pole, induced by Q¢(—1/2), which governs the contribu-
tion of O(Z<)

aged ~ (E)4 m, 101 7.
bt\m) m,, 1536

me
my,

(5.3)

The next singularity at s — —1 in the Mellin plane is again
a multipole type singularity which, by the inverse mapping
theorem, governs the terms

coe a\* m2 2 m? 13 m?
als )[3:—1](_) — [ ——log®—4 + —log? —%
e

7/ my 9 m; 9 m
152 4 m2, 967 26
— ==+ -7 )log—45 + —+ =7
(27 977)°g 27315 27"

136
+—203) | 54

200)] (5.4

There is no problem in evaluating as many terms as we
wish. In the appendix, we give the result of the asymptotic

contribution to aﬁfee) up to terms of @[(%)4(;7—2%)5/ 2].
m

Because of the present experimental error in the ~* ratio,

there is no need to go beyond this approximation, but we

have checked that including higher order terms up to
2 .

O[(2)*(%:)*] does not change our final numerical result
3

in Table 1 in the appendix. The terms up to (9[(%)4(;1—23)3/ 2]

agree with those obtained by Laporta [8] using a very
different method. The agreement with the numerical deter-
mination by Kinoshita and Nio [5] is quite remarkable,
although our result is of course more precise.

Two electron loops and one muon loop, Fig. 1(b) (three
diagrams).—The corresponding expression is the one in
Eq. (3.15)

4 ¢ tioo 2\ —s
aleew) — (3) 3L [ o ds(“”;e) T - $)0Q,(s)
m

) 2mi Je—ioo “

X Ry(s), (5.5)

with ;(s) and R,(s) given in Egs. (4.15) and (4.12). The
relevant singularities in the Mellin s plane occur at s =
0, —1, =2, —3, - - - as multipoles. The singularity at s = 0
governs the terms
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2 2
(cen) __ E“[(Q_l)l 2"
Gu [s—»0]<7T) 108 9)%% 2

_(61 _72)10 m?, +7627+ 13 , 4 4]
162 27)%m2 1044 271" 45T |
(5.6)
in the asymptotic expansion. The next-to-leading singular-
ity is at s = —1, and it is responsible for the higher order
terms
2 2
(o) _ (@ 4(&)[<_E L4 2>1 My
w [5*1]<77) m2 )L\ 27 79T ) %2
227 4
+— -7 5.7
8 3" ] oD

The analytic results in Egs. (5.6) and (5.7) agree with those
given by Laporta in Ref. [8]. As discussed previously, there
is no singularity at s = —1/2 because of the presence of a
muon-loop self-energy [see the discussion around
Eq. (4.20)]. There could be a priori a singularity at s =
—3/2, because it appears in the singular expansion of
Q,(s); however, it is screened by the fact that R,(s) has a
zero at s = —3/2. In the appendix, we give the result for
aﬁfe” ) including the terms of (9[(%)4(%3)2]. Taking into
"

account higher order terms brings in contributions that
numerically are of the order of the error induced by the

2
m . . .
present value of the —% ratio in the previous terms.
e

Numerically, our result is more precise than the one ob-
tained by Kinoshita and Nio [5], though it agrees very well
within their quoted error.

One electron loop and two muon loops, Fig. .—1(c)
(three diagrams).—The corresponding expression is the
one in Eq. (3.16)

(enp) _ (@} L’/'cs-kioo (4mg>_s ~
o (77) 32771' ei—ico ds m INGINCRE)
X Qs ()R, (s),

with Q,(s) and R,(s) given in Eqgs. (4.42) and (4.3). The
relevant singularities in the Mellin s plane occur at s =
0, —1, =2, =3, - - -. The singularity at s = 0 is a double
pole and governs the terms

glenw) (3)4[<_%_i
B o\ 324 135
57899 5383 , 2

D8B83 a2 4—3;(3)] (5.9)
9720 4050 27 45 ) ’

(5.8)

8 2
m+ = {(3)) log—m’;
3 m

e

The next-to-leading singularity at s = —1 is a single pole,
which governs the next-to-leading term

(epp) a4(mg>|:458_26 »_8 3] 510
““ [ﬁﬂ](w) mw2)lsr 1057 340} G110

and so on. The results in Egs. (5.9) and (5.10) agree with
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those of Laporta [8]. In the appendix, we have also in-
cluded terms up to (9[(%)4(%3)2]. These are the terms one

needs to fix a\¢#* to the accuracy required by the present

knowledge of the 7% mass ratio. It is not surprising that this

analytic evaluauon allows for a more accurate determina-
tion of this term than the numerical estimate by Kinoshita
and Nio [5], though it agrees with it within their given
erTor.

VI. TENTH ORDER RESULTS FROM ELECTRON
AND MUON VACUUM POLARIZATION LOOPS

We also have all the ingredients to proceed to the cal-
culation of the tenth order contributions illustrated by the
Feynman diagrams in Fig. 2.

Four electron loops, Fig. 2(a) (one diagram).—We recall
the expression in Eq. (3.19)

aleeed =( ) = )ﬁ f _: ds(ti—n?)_sF(lv)F(l )

M
X Qp(s)R4(s), 6.1)

with Q(s) and R4(s) given in Egs. (4.1) and (4.47). The
converse mapping theorem relates the asymptotic behavior
of a\¢°®) as a function of the small mass ratio 4m2/ m?,, to
the singular series expansion of the integrand in this equa-
tion. The relevant singularities are those in the left-hand
side of the Mellin s plane. They occur as multipoles at s =
0, —1, =2, =3, ..., because of the factors I'(s) and R,(s);
and as single poles at s = —1/2, —3/2, —5/2, ... because
of the factor (s). The multipoles at s — 0 govern the
asymptotic contributions

2 2
(ccce) _ (& S{Ll 4 My _gl 3 My
@ [s—»0]<77) 162 08 m2 243 8 2
317 | 2 m?
+ (o= + — 72 Jlog? %
(486 8177)0g m2
2
(8609 50 2 +_§(3)) ﬂ 64613
4374 2437 m2 26244
317 2 100
+—m+ 7+ —{(3 } 6.2
2" T eV (6:2)
There is only a simple pole at s = —1/2. It governs the
next-to-leading asymptotic contribution
(eece) a ]/2[ 18203 4] 6.3
e [H-lm< ) ( i) 540" | O

The contributions in Egs. (6.2) and (6.3) agree with those
given by Laporta in Ref. [9]. We have calculated further
contributions, up to the required accuracy governed by the

present knowledge of the 75 ratio. They are given in the

appendix. Numerically, although our result is much more
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precise than the one given by Kinoshita and Nio [5], it
agrees very well with it within their quoted errors.

Three electron loops and one muon loop, Fig. 2(b) (four
diagrams).—We recall the expression in Eq. (3.20)

aleeen) — ( )( 4)271 f _+: ds(i:;g)_sl“(s)l‘(l )

"
X Q1 (s)R;3(s), (6.4)

with Q;(s) and R;(s) given in Egs. (4.15) and (4.28). The
relevant singularities here occur as multipoles at s =
0, —1, =2, —3,..., because of the factors I'(s) and R;(s),
and as single poles at s = —3/2, —5/2, ... because of the
factor () (s). The multipoles at s — 0 govern the asymp-
totic contributions

2
(ceen) _ (& 5{<g_i 2)1 3 M
am [s—»O](7T) 243 817 )% 2

61 2, m>
= — = 1 2K
(243 SIW)Og m2

N (7627 L2 5, 16 4)10 mi, 64244
7627 52 5 16 4\ e, 64244
1458 81 135 &2 " 6561
2593, 8 476 16
+ 2 =22 E) + 3}.
“as” Tas”T s 9t m0
(6.5)

This expression agrees with the one given by Laporta [9].
We have also calculated the corresponding terms up to
@[(Z—E)S/ 2], as required by the wanted accuracy. Again,
i

although numerically our result is much more precise
than the one given by Kinoshita and Nio [5], it agrees
very well with it within their quoted errors.

Two electron loops and two muon loops, Fig. .—2(c) (six
diagrams).—We recall the expression in Eq. (3.21)

i = (Y ot [ () roma -

X Q,(s)Ry(s), (6.6)

with ,(s) and R,(s) in Egs. (4.42) and (4.12). Here, the
multipoles at s = 0 generate the terms

2
(cepp) _ (& 5{( 238 2 10,4 )1 2 M
au [s—»O](W) 486 405" g( ) Jlog™ 5

57899 10766 8
(Gms 5™ Ty ‘ﬁf“))
X log"h _ 1090561 148921 , 106 ,
m% 109350 91125 6075
10732

6.7)

e () + 3 772;(3)}

which agree with the expression found in Laporta [9].
We have also calculated the contributions up to
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(9[(::—25)310;;,3 "’%], which can be found in the appendix. Our

numerical result agrees with the one given by Kinoshita
and Nio [5] within their quoted errors.

One electron loop and three muon loops, Fig. .—2(d)
(four diagrams).—We recall the expression in Eq. (3.22)

(eppp) _ b festio 4m%)s _
ol (7)(4BWhLﬂw¢<m2 T(s)[(1 - 5)

“
X Q3(s)R(s), (6.8)

with Q3(s) and R;(s) in Egs. (4.42) and (4.12). Here, there
is a double pole at s = 0, which generates the terms

2
(eppp) _ (& 5{(151849 8 4+_ )1 M
A [s—»O](7T) 30618 1357 " 1g9¢®))log

46796257 143 , 124
- P+

3214 890 81 8505

| 92476 S

W {(3) — 5(3)} (6.9

in agreement with the expression found in Laporta [9]. We
have also calculated the contributions up to

(9[(”:—%)310g3 Z—%], which are given in the appendix. Our

numerical result also agrees very well with the one given
by Kinoshita and Nio [5] within their quoted errors.

VII. CONTRIBUTIONS FROM ELECTRON LOOPS
AND ONE TAU LOOP

We shall finally discuss the calculation of vacuum po-
larization contributions involving electron loops and a tau
loop. The corresponding expressions are the ones in
Egs. (3.17) and (3.23). As already mentioned, the problem
here is the nonfactorization of the dependence in the two
Mellin variables s and ¢ because of the presence in the
integrand of the function O(s, r) defined in Eq. (3.18).

A. Two electron loops and one tau loop

The corresponding expression in this case is the one
given in Eq. (3.17). Using the result obtained for R,(s) in
Eq. (4.12) and the expression for (s, ¢) in Eq. (3.18), we

(eeT) 3 ¢y Hico

have
4 ¢, Fico 4m2\-s (mE\ 1
=0 ok [ o [l D
m) (i) cy—ioo my, ms;

XF(1+2s—2t)F(2—s+t)g
IrG+s—1 9
6+ 13s + 45> T2(1 + 5)[(2 — s)
S22+ 5B+ s) I'G+s)
FOra — or2e — )
' 4 — 2r)

cy—i00

(7.1)

The evaluation of the asymptotic behavior of this type of
integral calls for a more sophisticated material than the
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inverse mapping theorem applied to the previous cases,
where there was only one ratio of masses. Indeed, the
generalization of the inverse mapping theorem to this
case is a typical problem of calculus of residues in C2.
Let us then adopt the standard notation of multidimen-
sional complex analysis [25] and denote by w'¢” the
following 2-form

2\/F(4m§>—s(mi)—tl“(t)l“(l -2 -1
3 \m?, m2 T4 — 21
6+ 13s +4s2) I (s + D2 — )
S22+ 5B +s) I(s +3)
T(1 + 25 — 2072 — 5 + 1)
I'G+s—1

ween) =

ds A dt. (7.2)

Recall that the Mellin-Barnes representation in Eq. (7.1)
is valid for all s and 7 such that Re(s) €]0, 1[ and Re(r) €
1— 1, 0[, these two conditions resulting in the gray funda-
mental square in the plane [Re(s), Re(z)], as illustrated in
Fig. 9. In the case of two Mellin variables, this fundamental
square, which in general may become a fundamental poly-
hedra, generalizes the concept of the fundamental strip in

2 are small,

the case of one variable. Since both 2 - f and Z
“

the asymptotic behavior we are looking for in Eq. (7.1),
will be governed by the residues associated to the singu-

7/ 7/
v s }%(t)
/ / 4
/
/ 7/ 7/
/ 7/ 7/
Re(s) PN
)z s Y
18 17 .
/ 7/ /
7/
/ /
/ / 7/
/ / 7/
@ ::
ya / / /
ya / / s
s / s
/ /
s / 7 H /
ya / / /
‘ » 2
7/
Va 7/ / / 7
/ 7/ 7 / 7
% s 4
s s 7
Va 7/ / 4
a 7/
S s s -3
Y 7 7 //
/ / / ,
/ 7 v
/ / /
/ 7/ /

N
B8
NHR

FIG. 9 (color online). Plot of the divisors and the singular set
of points of " in Eq. (7.2). The small red dots are singular-
ities of the first kind; the larger red dots are singularities of the
second kind. Notice that the singularities on the line s = — %,
k = 1, are screened by the presence of the factor I'(s + %) in the
denominator of (",
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larities of @@ in the cone {Re(s) = 0,Re(r) = —1},
denoted by II in Fig. 9. Formally, the solution to our
problem is then given by the sum [26]

a\4
a%”) = (—) Z RCS(SO,tO)(t)(e”).
m (so,t0)EIL

From the expression in Eq. (7.2), one can easily see that
the singularities in the plane [Re(s), Re(z)] associated to
w'“? are defined by a set of straight lines. For example,
I'(2 — s + 1) induces a family of singular lines parameter-
ized by the affine equation Re(r) = Re(s) — 2+ n),n =
0. Each of the singular lines is called a divisor. As dis-
cussed in Ref. [27], it is sufficient for our purposes to
consider the singular set of points defined by the intersec-
tions of all the divisors in the appropriate cone. In our case,
a subset of the nearest singular points to the origin of the
cone 11, is illustrated by the red dots in Fig. 9.

There are in fact two kinds of singularities to consider:

(1) Singularities of the first kind—Where only vertical
and horizontal divisors (two or more) cross each
other. In order to obtain the residue associated to
such a singular point (sg, t;), one proceeds as fol-
lows:

(1) First perform the change of variables s < s + s,
t < ty + t so as to bring the singularity to the origin
(0, 0).

(ii) Use the functional relation I'(z + 1) = zI'(z) for
each singular gamma function until reaching an
expression of the type

h(s, 1)

w'en) = 2 2 de A dt,
s

(7.3)

(7.4)

explicitly showing the full singular behavior at the
origin, with A(s, r) an analytic function at (0, 0), and
n and m positive integers.

(ii1)) Then, use the Cauchy formula

1 6n+m72h(s’ l)

Res (g0 @7 =

(7.5)

(2) Singularities of the second kind.—Where two or
more divisors cross each other, one or more of
them being oblique lines. This is the case, for in-
stance, at the point (0, —2) in Fig. 9. In fact, in our
case, the singularities of the second kind at a point
(sg, tp) are induced either by the oblique divisors
generated by I'(1 + 2s + 2r) or the oblique divisors
generated by I'(2 — s + ). In order to obtain the
residue associated to a singularity of the second kind
at a generic point (s, #;), one proceeds as follows:

(i) Again, first perform the change of variables s <
sg+ s, 1>ty + t so as to bring the problem back
to a singularity at the origin (0, 0); and then apply the

(n=D!m =Dt 35" Tar" T | g0
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functional relation I'(z + 1) = zI'(z) to the singular
gamma functions in question, until able to write
"7 in a way that explicitly shows the full singular
behavior in question

h(s, 1)

(er) = T
@
s""(—s + 1)

ds A dt, (7.6)

with A(s, r) an analytic function at (0, 0) and n and m
positive integers. The factor ¢ — s in the denominator
is specific to the class of oblique divisors in our case,
which are all parallel lines to s = ¢ with multiplicity
one.

(i1) Apply the transformation law for residues [28] to
the form w“” in Eq. (7.6) so as to fully decouple
the s and ¢ dependence in the denominator. This, of
course, requires some explanation, which we pro-
vide next .

To be precise, let us discuss the case of the singular point
(0, —2) in Fig. 9. There is a very important theorem in
multidimensional complex analysis, known as the trans-
formation law for residues [28] which, in the case of C2,
states that if U is an open set containing (0, 0); if

— [ fl (S, t) T
f | £, 1) | (7.7)
and
— i gl(s’ t) i
87 a0 ] (7-5)

are two analytic mappings from U to C? such that

£71(0,0) = g '(0,0) = (0,0), and if there exists an ana-
lytic two-by-two matrix A such that g = Af, then

h(s, 1)

Res gy ————

OO f1(s, 0fas 0

h(s, 1) detA(s, 1)

g1(s, 1)ga(s, 1)

ds A dt

= Res() dsAdt. (1.9

The application of this theorem to our case goes as follows:
(i) First note that with the change of variables s — s —

t,t— 1,
h(s, 1)
R ———ds Adt
00 st(—s + 1) $
h(=s+11)
= RCS(O‘O) mdé‘ A dt. (710)

We do this because in this form and as shown in the
next step, we can then find easily a matrix A to apply
the transformation law for residues.

(i1) Indeed, with f the vector

f = [(—ssi i ] (7.11)
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we can find a matrix A, which does the transforma-

tion
[—s4]=[—t2+3st—3s2 s][ ]
* s2—3st+32 t]L(— s+t
\ J | Ve J\ ~~ J
=g =A =f
(7.12)
and

detA = —(s3 + 1%). (7.13)

(iii) By virtue of the theorem quoted above, we can then

assert that
h(—=s+11)
R ds A dt
B0 G+ 3 Y
3
= Resph(—s + ¢, n= "L ds A dt
Res g A( +tt)<1 + )d Adt
= —s — Tt —)ds
©0) ’ stt st

CA[P[A(=s+1,0)] | 3[h(=s +1,1)]
B 5[ ar - ds’ ](00)’
(7.14)

where in going from the second line to the third, we
have applied the Cauchy formula in Eq. (7.5).

(iv) Finally, from Eq. (7.10), and applying the formula
for chain derivation in Eq. (7.14), we get the result

h(s, t
RGS(() 0) ”(si))ds A dt
_19%h(s, 1) 1 0%h(s, 1)
2 a5t oo 2 9592 o
1 03h(s, ¢
Lo | (7.15)
6 ot (0,0)

We shall now proceed to the calculation of a'¢°” in

Eq. (7.3), following the procedure that we have just
outlined.

Singularities on the line t = —1.—The leading singu-
larity is at the point (s¢, o) = (0, —1), and it is a singularity
of the first kind. After translation to the origin and the
reduction to an explicit singular form, we can write ("
in the following way:

(eet) — h(()’_l)(s, t)
@ = 3
st

ds A dt, (7.16)

with
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2 4ms\ s 1-¢
ho s, 1) = \;_(mz ) (mz)
I'G+2s—20I'(l — s + 1)
¢ +s-—1

I'2(1 + s)I'(2 — 5)(6 + 135 + 45?)
(2 +5)(s +3)IG + s)
G -—ora +nor@ -1

7.17
(—1+ 0I(6 — 21) (717
Then, using Eq. (7.5), we get
1 8%h,—
Res(o,_l)w(e”) _ (0:2 1)
2 0s 0,0)
2 2 2
= (ml‘)[ilogZ Mu L lo My
m2J1135 m2 135 “m?
61
-+ 7| 7.18
2430 ' 405 " ] (7.18)
The next singularity on the line + = —1 is at the point

(80, 9) = (=1, —1), and it is also a singularity of the first
kind. In a similar way to the singularity in (0, —1), one can
easily find that the residue associated to this singularity is
given by the expression

m2\T 2 m> 5
(eer) — (e KT
Res (-1,-1)@ < )[15 lo og g 9], (719)

which gives a small contribution because of the suppres-
sion factor (%)

Singularities on the line t = —2.—The singularity near-
est to the origin on the line t = —2 is at (s, y) = (0, —2),
and it is of the second kind. After translation to the origin
and the reduction to an explicit singular form, we can write
w'°*? in the following way:

he —(s, 1)
(eer) — Q=D Y o Ay 7.20
@ sSt(—s + 1) s ’ (7.20)
where
Am2\-s m>\2—1 2. /7
ho _ 1) = ¢ _/") i
o= () G5
I'G+2s—20I'd1 —s+1
I'é+s—1

(6 + 135 + 422 (1 + )['2 — s)
2+ 5B+ TG+ s)
F(1+or@—1e I2(4—1
(—1+0(-2+ 2T -2t
(7.21)

Then, using the result in Eq. (7.15), we get
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1 9*h,— L1 h 1 9h,—
Res 0.-2) w(eer) — (20: 2) (0, 22) +_ (Oé 2)
2 0s°0t (0,0) 2 dsot (0,0) 6 at (0,0)
2 2 2 2 2 2
m\2[ 1 m 1 m 37 m 1 m 37 my,
= ——log? “—( —+ )1 2—"+< log?—% + —— log—%
<m%) [1260 027 420 %2 * 22100)"°F 2 T 420" 2 * 22050 %%
40783 m? 3 m?, 2229213 m? 2 30026659
7) og—5 + log?—% + (L - 7) og—5 T ] (7.22)
4630500 ms 19600 mg 630 12348000 m: 1512 5186160000
which for convenience we have ordered in decreasing powers of ( ”)zlog" '2‘ withn =3,2,1,0.
The other singularities on the line t = —2 (for s = —1, —2 and further) turn out to give contributions that are too small

to be of physical relevance.

Other singularities.—In fact, there is only one more singularity that can give rise to a term of the order of the present
experimental error limitations. This is the singularity at (0, —3). Its residue can be computed exactly in the same way as the

one for the singularity at (0, —2) with the result, ordered in decreasing powers of (Z—Z‘Plog" ':1—%2‘ withn =3,2,1,0:

243 2 2
Res (o5 @) — ("’;_g) [TZ?,SIOgS ”r;_g _ (% g%
1368473 mi, 131
187535250) o2, 5 * 397675 %8
311791591
- M]'

199 oMy, my 199 mg
U B P ST i
595350) 08 2 (945 82 T 297675 E 2
m?, ( 4 1102961) m,
- - me — 0 T
m2  \2835 75014100/ “m? 14175

(7.23)

The total contribution from Eqgs. (7.18), (7.19), (7.22), and (7.23) to a(“T) ordered in a decreasing order of magnitude, is

given in Eq. (A7) in the appendix.

B. Three electron loops and one tau loop

The corresponding expression in this case is the one given in Eq. (3.23). Using the result obtained for R;(s) in Eq. (4.28)
and the expression for O(s, 7) in Eq. (3.18), we can write explicitly the two form associated to this integral as follows:

8w

(eeet) —

4m?
864 <
P7(S)
% [s(l 92+ )

4 — 21

where P-(s) is the polynomial given in Eq. (4.33). When
comparing the two forms w(e”) in Eq. (7.2) and w,; (ecen) i
Eq. (7.24), we can see that they only differ in the form of
the factorized s dependence. Therefore, except for the
multiplicity of the vertical divisors, the plot of the singular
points associated to '¢““”, which we show in Fig. 10, is
pretty much the same as the one for a)ﬁfe” in Fig. 9. It is
then not surprising that the calculation of the asymptotic
behavior of the integral in Eq. (3.23) turns out to be very
similar to the one discussed in the previous subsection.
Residues at the singular points in Fig. 10 are computed
following the strategy discussed in the previous subsection,
where one uses the functional relations I'(z + 1) = zI'(z)

and (1 +2) = V() — L

— (14 )35+ 21s + 3s¥)(277% — 1621//(1)(5))]

)ﬂ( )tF(t)F(l — )22 - 1) ()1 - s)
m;

M+ )
ra+2s—20rR—s+1
I'G+s—1

ds A dt,

(7.24)

For the singularities of the first kind, one can then use
Eq. (7.5). The new type of singularities of the second kind
are reducible to a form of the type

h(s, 1)
stt(—s + 1)

w(eeer) —

ds A dt, (7.25)

with h some analytic function at the origin. In this case, the
appropriate A matrix to implement the transformation law
for residues reads:

[

and proceeding as explained in the previous subsection one
finally obtains

—13 + 452 — 65*t + 45° s

-3+ 45t — 652+ 48 ¢t (7.26)
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£(1)

s d FIG. 10 (color online). Plot of some of the divisors and singular
7 points of wﬁf“’) with the same conventions as in Fig. 9. Only the
d multiplicity of the vertical divisors differs from the former case
7/
/
/
7/
/s
/
7/
7/
7/
7/
7/
7/
R h(s, t) ds Ad Singularities on the line t = —1.—As in the case of
00 @ T ) s*t(—s + 1) Adt al¢?, the leading singularity is the one at (so, 7o) =
9*h(s, 1) 9*h(s, 1) 9*h(s, 1) 3hs, 1) (0,—1), and it is a singularity of the first kind.
[ i t4 — + 5 = ] . Performing the change of variables 7 < —1 + ¢ we write
T4 at dsat ds°at as”at 1,0 o 5.9
_pls, 1
(7.27) weeen) = %d Adt, (7.28)
s
Let us now discuss the explicit calculation of a'¢¢”. where
|

8y (4m2\ s (m2\1=T(1 + )12 — 123 — ) I2(1 + 5)[(1 — 5)
Monls:0) =gz < ) (m2) (—1+ 02T(6 — 21) T+ )
% { sP;(s)

0y~ (1 965 + 215 + 300162 + 27 — 16204001 + 7]
y 'G+2s—20I'd —s+1)

7.29
ra+s—1 (7.29)
From this expression we obtain
1 9*he -
R 3 (eeet) — 0,-1)
S o-n® 31 as? 0,0)
mi\[ 4 mi, 2 m; 122 8a?\. my 2269 4z’
Pl 2 jog e - = 2—“—(———) Duy 27 0T 3], 7.30
(mz)[ms O 2 T 405 8 2 T \3645 1215 7732805 215 405 0s{@] a0
which provides the leading contribution to aife”)

The next singularity is at (s, o) = (—1, —1). Also, a singularity of the first kind, whose residue we find to be

2 2 2 5
Res(_l‘_l)w(eee*r) — (m_g)l:ilogzm—'; 20 my, N 634 8
ms m

"7 1%, T 405 ﬁ] (731

and gives a contribution suppressed by a factor ( z)
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Singularities on the line t = —2.—The singularity at (s, #y) = (0, —2) is of the second kind. After the change of
variables t < —2 + t, and using standard functional relations, one can write ®¢*”) in the following way

h —»(s, ¢
wleeen) = —O=2% 2)( ) ds A dt

7.32
s*t(—s + 1) (7.32)
with

87 (4m\=s(mp\2= T(1 + O[3 — (4 — 1) T*(1 + )01 — s)
ho-2(s 0 =3y ( ) (mZ) (—1+n(-2+0T@ -2 TE+y)
sP4(s) B B B i
X {W (14 s)(35 +21s + 3sH)[—162 + 277%s> — 16241 (1 + s)]}
r'é+2s—20I'd — s + t)
TG+s—1 (7.33)
According to Eq. (7.27), we have

4 4 4 3
Res o @(€?) = i[a ho-2 |, P02 | (Mo 0 h<o,2>]
’ 4! 0,0)

att dsor as%ar’ as3at
_ <mi>2|:—#10g4m—%‘ ( L gm_fL_ 37 )10g3m_i
3780 m2  \945 Tm? 99225 m2
( m_i 37 logm_i 40783 )0 2 M
m2 33075 °m? 6945750 m2

2 2 2 2

37 m 40783 m m
SR L P — - )1 —+ 1
(945 m2 33075 ¢ m2 3472875 © 3 15 31550 )log m2 14700 ©

229213 ? 5 m?, 30026659 ? mi, 24827672279 59
e R

— 2
18522000 945 m? 3889620000 1134 2 544546800000 13608 i

2
3 My
2

m
b e = 00 (7.34)
4725 1225 '

which for convenience we have ordered in decreasing powers of ( ")zlog" ‘2‘ withn =4,3,2, 1, 0.

Singularities on the line t = —3.—The singularity at (0, —3) is also of the second kind, and its residue can be computed
in the same way as the one for the singularity at (0, —2). One finds

2

m2\3 2 m> 8 m? 398 m?
R B (eecer) — < :“) [__1 4 K _< 1 S 7>1 3 H
es,-3)® m2) | 78505 % 2 \8505 52 2679075) % m2

4 mj 398 m2, 1368473 , M3,
—|5g5clog”—5 + 0g—5 — s ———|log~—
2835 0% 2 893025 Cm2  281302875) % w2
m?, 398 m2, 2736946 ~ m> m?, 524 m?
+ (21022 2“—71—"—3) P _ log® &
<8505 08 o ¥ 593025 °¢ 2 T 281302875 %nr 2835 ° %)) 1087 T 3670075 08 2

(1102961 87r2) L m
+ + 1

2 ( 311791591 4’ ) m2, 20302969165147
— + 0 72_
me

112521150 = 8505 m2  \254441622500 42525 446596444350000
6299 , 32, 209 ]
— 3 7.35
1913625 " 42525 ' 893025 ¢G) (7.35)

[

which for convenience we have ordered in decreasing
2 2
powers of (%)ﬂog” ':T’; withn =4, 3,2, 1, 0.
The other singularities have residues that give contribu-

tions smaller than the error induced by the leading term.
The total contribution from Egs. (7.30), (7.31), (7.34), and

(7.35) to a'¢*“”, ordered in a decreasing order of magni-
tude, is given in Eq. (A17) in the appendix. Notice that,
numerically, the contribution with one tau loop and three

electron loops: a'¢““”, is of the same size as the contribu-

tion from three muon loops and one electron loop: a\¢**#*.
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APPENDIX

The purpose of this appendix is to collect systematically

the various results discussed in the previous sections. This
|

2

2

PHYSICAL REVIEW D 77, 093010 (2008)

may be useful to readers who are only interested in the final
analytic expressions and the numerical results. The values
that we have used for the lepton masses are the ones in the
2006 Particle Data Group booklet [29]:

m, = 0.510998 92(04) MeV,
m, = 105.658369(9) MeV and
m, = 1776.99(29) MeV.

A. Eighth order results

These are the results corresponding to the Feynman
diagrams in Fig. 1 with the combinatoric factors included.
The numbers in brackets are the results from the numerical
evaluation of Kinoshita and Nio in Ref. [5].

ai = (%)4 5i410g32—% - 120581 o8 l;:g " (% i 72T_72) to l;:g B % - %Wz - _5(3) (mi)l/ 1150316 '
NETEENE ST ESE T S SN O
+ (Z—%)Z[l—lzlog“n’:l—% + %105;3 n,,,i_% + (% + ?)logzn’;—% + (? + ;3 -4 (3)) m—% 6332?03 + % 7
+ 2 o]+ @(;’2)5/ i (A1)
(:YT)47 22307698(14)  [7.223077(29)] (A2)
aifemz(%r{(% 772) os m_% (%_727_72) Z_% Zg%Jrng_% 4
Gl 5w edg 3 -3 G Tasoe T+ (- 5o
Cosoo ~577) %t * rarsonn 17 5 | 0 Gie) ot | =
= (%)40.494 072046(5)  [0.494075(6)] (A4)
o = (V-5 s+ 3400 ot + S0~ S+ 5 40
2

G - osm 300 ]+ G [ 3 s+ 500 eent - Do~ S5m0 ™
Fyrm o] o () o 3
= (%)40.027 9883227(1)  [0.027988(1)] (A6)
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2
(eeT) — 2 4{(mﬂ)[il ZE_LI Mo 61 +i 2]
i (77) m2)L135°°8 2 135 %52 2430 405
m2 2 1 2 2 m2 1 m2 m2 37 2 mZ
+ (Ze log, 5 log, | log = 5log® o+ (oialog® = o log i log
<m2)[ 0 % m2 mZ ST 1260 ° m2 19600 ° mZ 22050 CmZ T
371 ( 229213 772) log mk 40783 o™ 30026659 772 ]
" 24100 % 2~ \12348000  630) *¥m2 ~ 4630500 ZmZ 5186160000 1512
mA\[2 . mi 5 m2)\3 2 2 2 2 2 m? 131 m?
(M2 “——]+< “>[ log2 logk 1og"T — = _1og3 27 2 M
<mi>[15 %8mz "ol \m2) LT 045 %2 O8mZ O%m2 T 2835 % w2 T 297675 m2
199 2 w2199 o2 (1102961 4, ml 1368473 m?
log— 0g— — ) log—5 — ————~—~log—-
" 297675 mk 595350 ° m% \75014100 2835 " ) “¥m2 187535250 ‘m2,
311791591 > MmN m2 . mk omd
— - + ) 1oo—ZL loo—~ 1 77:” A7
472588830000 14175] @[(m3> %8 m2 8z % (A7)
a\4
= (7) 0.002 748 6(9). (A8)
T

B. Tenth order results

These are the results corresponding to the Feynman diagrams in Fig. 2 with

numerical results for a'¢°®), a'¢““®) a\¢***) and a\¢“**) agree, within errors, with

the combinatoric factors included. Our
those of Laporta [9] which, however, he

obtained using an older determination of the mass ratio m—" = 206.768 262(30). The number in brackets are the results from

the numerical evaluation of Kinoshita and Nio in Ref. [6].

2 2 2 2
(cece) _ g5{L 4m,,“_251 %Jr(ﬂJri 2)1 2&_(8609 50 2+_ 3) ﬂ 64613
an ( ) 162 0% w2 243 % 2 T \as6 81" )% w2 \a374 " 243 §3) Jlog 5+ 3654
1 2 1 2Ni2f 182

+ﬂ T+ = 4_{_&“3) <&) (_ 8203 7T4>
7297 " 135 m, 374220
mA\[2 .  ,my 52 .mgy (304 8 m2, (4924 104 m?,

+ £ )| =log* —& + —“log® —& <—+— 2)1 2—“+(—+— 2+— 3)1 —
(m2>[27 og* 2781 og’ m2 \81 277 )% 2 " \729 " w1 ” £0) Jlog_ 5
55766 608 , 8 , 592 ] (mg)z/z< 2801 4>
w05 27 a7 9T 6804 "
m2\2[ 4 m2, 17 m2, (67 16 m2, (5237 34 m?,

+ =) | ==zlog® —5 + —log* “+(—+— 2)1 3—“+( + = 2—— 3)1 20
(mz)[ms 21 2 e T )% T\ el £0) Jlog® 5
52153 134 , 16 m% 1103423 10474 34 268

o+ 7+ — ——3 — + 2—4——3
(2187 TR 4 )) m | 2e0aa 2187 " 135 48
64 128 m2\5/2

e -]+ o2y (49)
27 m,

5
=(3) 20.1428132(5)  [20.14293(23)]. (A10)
T,
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