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We clarify some properties of projective superspace by using a manifestly superconformal notation. In
particular, we analyze the N � 2 scalar multiplet in detail, including its action, and the propagator and its
super-Schwinger parameters. The internal symmetry is taken to be noncompact (after Wick rotation),
allowing boundary conditions that preserve it off shell. Generalization to N � 4 suggests the coset
superspace PSU�2; 2j4�=OSp�4j4� for the AdS/CFT superstring.
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I. PROBLEMS WITH EXTENDED SUPERSPACE

Several useful approaches (at least for the simplest case)
have been applied to the superspaces of extended super-
symmetry. Of particular interest are subspaces of the full
superspaces that use only half of the anticommuting coor-
dinates. One case is chiral superspaces, which use anti-
commuting Weyl spinors of only one chirality; however,
they require the corresponding antichiral superfields for
unitarity, and so save nothing when constructing actions
and Feynman rules. More important are twisted chiral
superspaces, which use equal numbers of Weyl spinors of
each chirality (so each half of the corresponding chirality
of the full superspace), which allow reality conditions, with
the help of additional ‘‘internal’’ coordinates. These ap-
proaches have a few shortcomings, as accentuated by their
treatment of superconformal invariance, whose relevance
has become increasingly appreciated with the advent of the
AdS/CFT approach [1]:

(1) Harmonic superspace [2] is not always manifestly
superconformal; its action for the conformal N � 2
(‘‘improved’’) tensor multiplet has explicit depen-
dence on the internal coordinates [3]. This compli-
cates expressions for general coupling to
supergravity, which is best represented as conformal
supergravity, which gauges the internal symmetry,
coupled to a conformal action for compensating and
physical matter multiplets. (The conformal action
for compensating and physical tensor multiplets is
simple in projective superspace [4].)

(2) Projective superspace [5] gives a simpler description
of N � 2 superspace and its superconformal struc-
ture with fewer internal coordinates by allowing
singularities on the sphere [for the SU(2) of N �
2]: The one-dimensional internal space is described

by a complex coordinate for this sphere (without the
complex conjugate). However, the prohibition of
singularities near one pole of the sphere is violated
by finite SU(2) transformations, which can rotate
singularities there from the opposite pole.
[Infinitesimal SU(2) invariance is not a problem.]
Also, this superspace is generally embedded in the
full superspace, obscuring many of its simplifica-
tions, especially in supergraph rules.

(3) The ‘‘flag superspace approach’’ of [6], as applied to
N � 2, used the same independent coordinates as
the corresponding projective superspace; the super-
coordinates are represented by a square matrix
(torsion-free, including spacetime). But they were
applied there only on shell, where they were less
simple than twistor superspaces. They were forced
on shell by the assumption, also used in harmonic
superspace, of regularity everywhere in the internal
space: In harmonic superspace, the reduction of the
N � 2 internal space from two- to one-dimensional
is itself the equation of motion.

In an earlier paper [7], we explained N � 4 projective/
flag superspace as arising from a type of holographic
(‘‘projective light cone’’) limit [8] of AdS5 � S5 super-
space [9], and mentioned these relations between the pro-
jective and flag approaches. Here we give more detail, with
some new results, and, in particular, explain how the holo-
graphic interpretation naturally resolves the problem of
singularities.

We first reformulate the projective superspace in a rep-
resentation (‘‘analytic’’) where only the independent coor-
dinates appear, making the relation to the flag superspace
approach more obvious. This also makes superconformal
symmetry (and component expansions) more transparent,
especially in the action and propagator. (The original pro-
jective approach was geared toward expansion in terms of
N � 1 superfields.)

We then Wick rotate the internal symmetry to make it
noncompact, with the internal space as a compact coset,
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identified with the boundary of the group space. The
arbitrary closed curve on the N � 2 sphere [for SU(2)]
where projective superfields live (as prescribed by contour
integration in the action) is then replaced with the SU(1,1)-
invariant boundary of the hyperbolic plane, justifying the
manipulations used previously in projective superspace.

The propagator is the linchpin tying mechanics to field
theory, as it is the solution to the free wave equation. The
one that followed from the projective superspace action
can be recognized as the inverse superdeterminant, ex-
pected by symmetry from the flag superspace approach
[10]. We introduce super-Schwinger parameters to make it
Gaussian in the supercoordinates, allowing the usual sim-
plifications in integration in Feynman rules. Like the origi-
nal Schwinger parameters, this supersymmetric
generalization is suggested by considerations of first quan-
tization [7]. Since Schwinger parameters automatically
arise as the fifth dimension in the projective light cone
limit of AdS5, these super-Schwinger parameters are natu-
rally interpreted as additional superspace coordinates that
become nondynamical in this limit; adding these to the
projective superspace coordinates for N � 4 leads to a
simple, new proposal for a coset superspace for the AdS/
CFT superstring.

II. PROJECTIVE SUPERSPACE

A. Coset space

Conformal symmetry in D-dimensional spacetime is
described by a coset G/H, where G is the conformal group
SO(D,2) and H is the Lorentz group and dilatation, H �
SO�D� 1; 1�SO�1; 1�. The number of D-dimensional co-
ordinates is not the dimension of the coset G/H, but half
that. This relevant half we call the ‘‘half-coset,’’ denoted by
G=H� . When G is compact, such spaces are ‘‘Hermitian
symmetric spaces,’’ and the ‘‘half’’ is the restriction to just
the complex coordinates and not their complex conjugates;
but for spacetime symmetries G is noncompact, and usu-
ally there is no complex structure. In the example above,
the complex structure would have been implied if the
SO(1,1) were SO(2). (Our identification of this space as
half of a certain coset space, rather than all of another coset
with a larger isotropy group, emphasizes the similarities of
this construction in the various cases.)

The four-dimensional N-extended superconformal
group is �P�SU�2; 2jN�, and the half-coset describing pro-
jective superspace is U�2; 2jN�=U�1; 1j N2�

2 � . (The ‘‘P’’ is
only for N � 4. The N can be divided unevenly for other
superspaces; e.g., all in one isotropy subgroup for chiral
superspace.) The bosonic subspace is the product of
SU�2; 2�=SL�2;C�GL�1� � , describing four-dimensional
spacetime, and the internal space SU�N�=SU�N2�

2U�1� � .
For N � 2 the one-dimensional internal space is
SU�2�=U�1� � , representing a curve on a two-dimensional
sphere; later by Wick rotation we will consider the non-
compact symmetry of the internal space SU�1; 1�=U�1� � ,

representing the symmetry-invariant boundary of the hy-
perbolic plane.

The group element of U�2; 2jN� is denoted as

 zA
M �

zA
M zA

M0

zA0
M zA0

M0

 !
�

I v
0 I

� �
u�1 0

0 u0

� �
I 0
w I

� �

�
u�1 � vu0w vu0

u0w u0

� �
;

dividing the indices into the halves corresponding to the
two U�1; 1j N2�’s. We have a similar expression for z�1:

 z�1 � zM
A �

zM
A zM

A0

zM0
A zM0

A0

 !

�
I 0
�w I

� �
u 0
0 u0�1

� �
I �v
0 I

� �

�
u �uv
�wu u0�1 � wuv

� �
:

The projective coordinates w are the remainder after gaug-
ing away the rest from the left of zA

M or right of zM
A.

B. Projective space

An alternative noncoset description starts with rectan-
gular subsets of z and its inverse that are still representa-
tions of the global group: We use only ZA0

M and zM
A,

defined to satisfy their portion of the definition of the
inverse,

 zA0
MzM

B � 0:

This has the solution

 zA0
M � u0 w I

� �
; zM

A �
I
�w

� �
u

in agreement with the above. Then only u and u0 need to be
gauged away.

A set of projective coordinates are defined in terms of
the first rectangle as

 wM0
N � �zA0

M0 ��1zA0
N �

x _�
� �� _�

n

�m0
� ym0

n

 !

with indices �; _� � 1; 2, and m;m0 � 1; . . . ; N=2, and
�zA0

M0 ��1zA0
N0 � �N

0

M0 , or in terms of the second as

 wM0
N � �zM0

A�zN
A��1:

Under the global superconformal group �P�SU�2; 2jN�with
elements

 gN
M �

a c
b d

� �
;

one of the above rectangles transforms as

 zA0
M ! zA0

N gN
M � u0�wa� bwc� d�
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and thus the projective coordinate transforms as

 wM0
N ! �wc� d��1�wa� b�:

This construction is the usual definition of the term
‘‘projective’’ (for real, complex, or quaternionic spaces),
defining a nonlinear realization of the global group as the
ratio of elements of the subgroup, which together form a
representation. [A relevant example is the projective space
HP�1j N2�, the superspace used for the supersymmetric gen-
eralization [11] of the Atiyah-Drin’feld-Hitchin-Manin
construction of instantons.] Generally, one needs only
one of the two rectangles (and thus no constraint), but we
find it useful to consider both, for reasons we now explain.

C. Charge conjugation

A similar result can be obtained for the transformation
law of the ‘‘inverse rectangle’’ zM

A in terms of the ele-
ments of the inverse matrix g�1. However, it is more
convenient to replace these with elements of g using the
unitarity condition of U�2; 2jN�,

 gy�g � �; �2 � 1; �y � �;

where � is the U�2; 2jN� metric (using bars and dots to
indicate complex conjugation)

 �
_MN �

� n _� n0

_�
_m
�
_m0

0 0 �iC2 0
0 I 0 0
iC2 0 0 0
0 0 0 I

0BBB@
1CCCA

with, e.g.,

 �C2�
�� �

0 i
�i 0

� �
; �I� _mn � �nm

to obtain the same transformation law under G (but not
necessarily under H) for the ‘‘charge conjugate,’’ defining
the charge conjugation operation ‘‘C’’ by

 Cz � z�1y�; z0 � zg) �Cz�0 � �Cz�g;

where we again keep only the rectangle

 �z�1y�� _AM � �z _N

_A�
_NM:

This leads directly to the definition of the charge conjugate
of w, which will be useful for constructing Hermitian
objects: Defining Cw in terms of Cz by taking the same
ratio as for findingw in terms of z (using only the rectangle
parts of z),

 CwM0
N � ��zy�1�� _AM0 	�1�zy�1�� _AN

�
C2�x

y � �yyy�1 ��y�C2 �iC2�
yyy�1

iyy�1 ��yC2 �yy�1

� �
:

(The C2’s are for raising and lowering spinor indices. Note

that C2x was Hermitian in the real representation, satisfy-
ing C2x

yC2 � x.)
The measure for the projective coordinates transforms

under the superconformal �P�SU�2; 2jN� as

 dw! dw�s det�wc� d�	�2 str�I�; str�I� � 2�
N
2
:

This follows from
 

dzA0
M ! dzA0

M

dz � dwdu0�s det�u0�	str�I�

u0 ! u0�wc� d� ) du0 ! du0�s det�wc� d�	str�I�;

where the power of str�I� for the transformation of du0

comes from performing it separately for each value of A0

on du0 (and similarly for dz in terms of du0 and dw). The
measure for the charge conjugated coordinates Cw is re-
lated to the above through the Jacobian:

 �d�Cw�	y � dws det
�
@�Cw�y

@w

�
� dw�det�y�	2 str�I�:

Then one defines the superfield  �w� to be a density in
terms of the scalar ‘‘volume element’’

 dw� �w�	2 � dw0� 0�w0�	2:

So under charge conjugation we have
 

dw��C ��w�	2 � fd�Cw�� �Cw�	2gy

) �C ��w� � �det�y�	str�I�� �Cw�	y:

Then the action

 S �
Z
dw�C ��w� �w�

is invariant under both superconformal transformations
and charge conjugation. For the N � 2 scalar multiplet
of the next section, the factor �det�y�	str�I� is simply y.
(This factor of y was introduced as a measure factor in
the original projective superspace approach.)

The existence of this type of ‘‘complex conjugation,’’
and the corresponding reality conditions, allows the defi-
nition of real quantities, even though one is working on a
space whose coordinates are not considered real. In fact,
even with the usual real coordinates, one is forced to
consider complexification even for spacetime itself, e.g.,
for integration around poles in Feynman diagrams in
Minkowski space; in that case, one never treats this as
doubling of coordinates—the complex-conjugate coordi-
nates are not considered. This should be distinguished from
the case of ‘‘holomorphic fields’’ on the Euclidean world
sheet in string theory, since there antiholomorphic fields
also exist. This is especially clear from the fact that both
string coordinates are always required to write actions. In
contrast, here even the (real) actions are written on the half-
coset.
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III. SCALAR HYPERMULTIPLET

A. Transformation to analytic representation

For N � 1 chiral superfields, the chirality condition
�d� � 0 becomes simply independence from ��, �@� � 0,
by the complex coordinate transformation

 x! x� i� ��) �d! �@

from the real representation to the chiral one. The original
formulation of projective N � 2 superspace was in a real
representation. The constraints there also can be converted
into partial derivatives by transforming to an analytic
representation. (A similar transformation was applied in
harmonic superspace [2].) The choice of analytic �’s is
obvious if the superspace is written in six-dimensional
notation, since all 4D N � 2 matter multiplets exist as
multiplets of minimal 6D supersymmetry. This should
not be confused with the choice, usually made by the
proponents of projective superspace, of N � 1 �’s:
Projective superspace is a twisted superspace, using a �
and �� that are not complex conjugates. In the following we
will use 6D notation as shorthand: ~� is the 6D charge
conjugate of the 4-component �; applying it twice gives
�� because of pseudoreality. (I.e., ~� is the complex con-
jugate of � times an antisymmetric matrix.) We also write
as a 4-vector (part of a 6-vector) expressions quadratic in
these spinors, where, e.g., �~� � �~�� because this vector is
antisymmetric in the spinor indices.

For N � 2, the analyticity condition ~d� � 0 (where ~d is
a 4-spinor) becomes independence from ~� (the fermionic
coordinates not included in w) by successive complex
coordinate transformations: For � an ‘‘arctic’’ superfield
in the real representation �~d� � 0� corresponding to  in
the analytic one �~@ � 0�,

 

~d � �X~@X�1��1; � � �X ;

Xx � x� �~�; �� � �� y~�

from the analytic representation to the real one [where
�X �w� �  ��Xw�, etc.; our coordinate transformation
operators are exponentials of derivatives].

This transformation of coordinate representations is
straightforward on any superfield, but nonunitary. This is
similar to the case for N � 1 chiral superfields, where the
transformation to the representation that removes �� from
chiral superfields does not perform a similar service for
antichiral superfields. The situation is not as bad in the
projective case: In the real representation usually used for
projective superspace, complex conjugation must be ac-
companied by the replacement yy ! �1=y for the internal
coordinate. As we have seen, this is just the internal part of
charge conjugation. That is all that is required in the real
representation, since there only y is treated as a complex
coordinate, while x is real in the usual sense, and all �’s
still appear. Combining this with the transformation to the

analytic representation produces the charge conjugation
derived in the previous section: The resulting action is

 S �
Z
�I��y� �

Z
� �Cw�	y �w�

in terms of the y-inversion

 I y � �1=y
;

where � and  are defined to be Taylor expandable in y as
boundary conditions. The relation between the two forms
of the action follows from
 

X�1��1��I��y�	 � �X
�1�
�1I�X �y � �O �y ;

Ow � Cw;

where applying the successive transformations, we found

 O y � �1=y
; O� � �~�=y
;

Ox � x� ~� ~� =y
;

which agrees with the previous expression for Cw after
making the appropriate definition of the 4-spinor � in terms
of the 2-spinors � and ��. (The Jacobian determinant of X
and � is 1.)

The relation of the propagator in that formalism to the
1=s det�w� w0� required by superconformal invariance is
slightly more obscure: They wrote it as (in our notation, but
still in the real representation)
 

h�I��y�w���w0�i � y�1�y� y0��3 ~d4 ~d04��1

� �4�~�� ~�0��4��� �0��4�x� x0�:

The y�1 is canceled by usingC in place of � �Cw�	y. The
transformation from the real to the analytic representation
given above replaces
 

~d4 ~d04�4�~�� ~�0��4��� �0��4�x� x0�

! ~@4 ~@04�4�~�� ~�0��4���� �0� � �y� y0�~�	

� �4��x� x0� � ��� �0�~�	

� �y� y0�4�4��x� x0� � ��� �0�� ��� ��0�=�y� y0�	;

where we used the first � to replace ~�0 ! ~� in the others,
then killed it with the ~@04 (which is the same as ~�0 integra-
tion), and finally used the second �with the ~@4 to replace ~�.
(Then we reverted to 2-spinor notation.) Using
��1�4�x� � 1=x2 (up to normalization), the final result is
 

h�C ��w� �w0�i

�
y� y0

��x� x0� � ��� �0�� ��� ��0�=�y� y0�	2

�
1

s det�w� w0�
:

(Similar results have been obtained in the harmonic super-
space formalism [12], although they were not identified in
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terms of the superdeterminant. Differences are expected
from the fact that multiplets there live on a larger internal
space off shell.)

B. Wick rotation

In general, quantum theories are treated off shell in
Euclidean space (then Wick rotated back), on shell directly
in Minkowski space: The (Stückelberg-Feynman) propa-
gator for a real field is real in Euclidean space, complex in
Minkowski space; so quantum fields keep their reality
properties only in Euclidean space. (Similar remarks apply
to instanton solutions.) But the wave equation for a massive
field has no solutions in Euclidean space (p2 �m2 is
strictly positive there), so asymptotic states are defined
only in Minkowski space.

However, Wick rotation of spinors, and thus fermionic
coordinates, leads to problems with reality, since Majorana
properties depend not only on the number of dimensions of
spacetime but also on its signature. Here we extend the
question to the internal coordinates y of projective super-
space. We find that Wick rotation solves a problem with
finite internal symmetry transformations off shell, in a way
suggested by the derivation of projective superspace from a
projective light cone (‘‘holographic’’) limit.

The problem is that in the projective superspace ap-
proach superfields must have singularities in the internal
space off shell. For example, the arctic superfield has
singularities in y only at infinity, so it can be Taylor
expanded about the origin. This is not a problem on shell:
There the only nonvanishing components are at zeroth and
first orders in y. The y component may seem singular at
infinity, but this is only a coordinate singularity: Using the
transformation for  given in the previous section, per-
forming the rotation y! �1=y of each pole to the other,
the density transformation of  produces an extra factor of
y that returns the regular form of  . (Similar remarks apply
to the � dependence.) But the regularity of the off-shell
components is lost: All negative powers of y are produced.
[Infinitesimal SU(2) transformations will never show the
motion of the singularities from infinity.]

The solution we propose is to replace the internal sym-
metry group SU(2) with the noncompact SU(1,1) by Wick
rotation off shell: The complex coordinate of the sphere,
used for contour integration in the action, is then replaced
with the coordinate of the boundary of the hyperbolic plane
(2D space of constant negative curvature), which is invari-
ant under the group.

C. Half-cosets

In general, the metric of a space of constant (scalar)
curvature in D dimensions can be written in conformally
flat coordinates as

 

dx2

�a� b � x� c 1
2 x

2�2

with curvature tensor

 Rab
cd � ��b2 � 2ac��c

�a�
d
b	:

The constants (a, c, bm) form a �D� 2�-vector, in light
cone basis, that breaks conformal invariance; conformal
transformations SO�D� 1; 1� (or a Wick rotation, as ap-
propriate to adding 1 space and 1 time dimension to the D-
dimensional space) rotate this vector, but do not change its
magnitude, the curvature. Here we will consider spaces of
Euclidean signature in D � 2 (used in the inner products
indicated above), as for the sphere. However, we Wick
rotate to change the sign of the curvature from positive to
negative, making it noncompact.

There are 2 convenient choices for the 4-vector (a, c,
bm). The choice naturally identifying the coset as
SL�2;R�=SO�2� is to use a component of b: Labeling the
2 coordinates y and y0, we find the metric

 

dy2 � �dy0�
2

�y0�
2

of the Poincaré (upper) half-plane. Inserting back a scale
into the metric gives

 ds2 �
dy2 � R2�dy0�

2

�y0�
2 :

The projective light cone limit R! 0 yields the boundary
y0 � 0, the real axis of the complex plane, a one-
dimensional flat space with conformal factor

 ds2 �
dy2

�y0�
2 :

The y coordinate is the coset parameter of the half-coset
SL�2�=SO�2� � . In these coordinates we see the close
analogy to the holographic treatment of AdS5. We should
also recognize the invariance of the real axis under SL(2)
from its application to open-string tree amplitudes.

The choice naturally associated with SU�1; 1�=U�1� is to
use a and c: In terms of a complex coordinate y and its
complex conjugate �y, the resulting metric is

 

dyd �y

�1� y �y�2

of the Poincaré disk, which is identical to the metric for the
sphere except for the change in sign in the denominator.
The invariant boundary is now jyj � 1: We can thus choose
this boundary as the contour of integration in the action, for
functions nonsingular in y on the disk. This y parametrizes
the half-coset SU�1; 1�=U�1� � .

IV. PROPAGATOR

A. Field equations

The equations of motion for a superspinless projective
multiplet are [7]
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 @
�M
�M0@N�

N0� � 0:

These include the massless Klein-Gordon equation in
spinor notation and the equation of 	 symmetry, common
to all massless multiplets. They also include the analog of
the Klein-Gordon equation for the internal coordinates:

 @
�m
�m0@n�

n0� � 0;

which differs in that the indices are symmetrized instead of
antisymmetrized. For N � 2 this is simply @2=@y2 � 0.
Written in terms of vector indices, this equation for N � 4
becomes

 @i@j �
1

D

ij
kl@k@l � 0

for indices i; j; . . . that range over D � 4 values. This
equation is D-dimensionally conformal: Just as the
Klein-Gordon equation can be made Weyl scale invariant
in curved space by adding a curvature term

 ��
1

4

D� 2

D� 1
R � 0

so can this one as

 rirj �
1

D� 2
Rij � tr � 0:

Since the linearly realized superconformal transforma-
tions include translations and �P�SU�1; 1j N2�

2 transforma-
tions, the only candidate for a Green function is some
function of the superdeterminant. It is easily checked,
using

 

d�lns det�M�	 � str�M�1dM�;

d�M�1� � �M�1�dM�M�1

) @M
M0 �lns det�w�	 � w�1

M
M0 ;

@M
M0w�1

N
N0 � �w�1

M
N0w�1

N
M0

(where extra signs from reordering of graded indices are
understood), that

 @
�M
�M0@N�

N0��s det�w� w0�	�1 � 0 for w � w0:

Forw � w0, there are �-function terms, as elucidated by an
(Euclidean) � prescription:

 @�M
�M0@N�

N0� 1

s det�w� � �
� �2�

s det�w�

�s det�w� � �	3
w�1

�M
�M0w�1

N�
N0� � ���s det�w�	w�1

�M
�M0w�1

N�
N0�

[for s det�w� � 0]. For example, for N � 0 this gives the
usual, since ��x2�=x2 � �2�4�x� (in Euclidean space).

The propagator is thus

 
 �w;w0� �
1

s det�w� w0�
;

where the superdeterminant takes the usual form; for N �
2,

 

1

s det�w�
�

y

�x� � ��=y�2
:

The fact that the y determinant appears in the numerator
and the x determinant appears in the denominator of such
propagators questions their relationship to AdS5 � S5,
where x and y are treated symmetrically (at least locally).

This should be compared with the corresponding N � 1
case, the propagator connecting a chiral scalar multiplet
superfield to an antichiral one,

 
 �x; �; x0; ��0� �
1

�x� x0 � i� ��0�2
:

Note that a Taylor expansion in � of either one will first
produce 1=x2 terms for scalars, then 1=x3 terms for spinors,
and finally �4�x� terms for auxiliary fields (as follows from
the wave equation satisfied by the propagator).

B. Super-Schwinger parameters

Schwinger parametrization is convenient for evaluation
of Feynman diagrams as well as relating them to first
quantization. For both these purposes, the parametrization
must correspond to a positive-definite action (after Wick
rotation): Thus, the coordinates (or momenta) must appear
quadratically, while the Schwinger parameter is con-
strained to be positive, which can be accomplished by
having it also appear quadratically.

In [7] we introduced a ‘‘quadratic multiplier’’ action for
the superparticle in projective superspace, inspired by that
following from the projective light cone limit of the
AdS5 � S

5 Green-Schwarz action, but avoiding second-
class constraints, and with both the coordinates and multi-
pliers appearing quadratically. Ignoring questions of quan-
tization by directly replacing the path integral with an
ordinary integral, and derivatives with finite differences,
the result is a Schwinger parametrization appropriate for
producing the superdeterminant:
 Z

dudu0�e�S2 �
1

s det�w� w0�

S2 �
1

2

A

0B0
ABJA0
AJB0

B

JA0
A � uA0

M0 �w� w0�M0
MuM

A

� � �s det�uM
A�s det�uA0

M0 �	N=2�1
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where 
 and 
0 are the metrics of OSp�N2 j2�. u and u0 then
belong to the coset �P�S�U�1; 1j N2�

2	=OSp�N2 j2�
2. (The

‘‘S’’, and ‘‘P’’ for N � 4, deal with the fact that uA0
M0

and uM
A appear only as their product.) This action can be

recognized as the quadratic multiplier action if we identify
‘‘metrics’’ e, e0 for the ‘‘vielbeins’’ u, u0:
 

eM
0N0 � 
A

0B0uA0
M0uB0

N0 ;

eMN � 
ABuM
AuN

B

) S2 �
1
2e
M0N0eMN�w� w0�M0

M�w� w0�N0
N:

The integral can be evaluated by using a first-order formal-
ism,

 S1 �
1
2


AB
A0B0PA
A0PB

B0 � iPA
A0JA0

A:

This allows the u, u0 integrals to be evaluated without �:
 

1

sdet�w�
�
Z
dudu0dP�sdet�u�sdet�u0�	N=2�1e�P

2=2�iPu0wu

� �sdet�w�	1�N=2
Z
dPe�P

2=2�sdet�i@P�	
N=2�1

�
Z
dudu0e�iPu

0wu

� �sdet�w�	�1
Z
dPe�P

2=2�sdet�i@P�	
N=2�1

��sdet�iP�	N=2�2;

where we have used the identity
 

sdet�eM� � estr�M�

) sdet�M
N� � �sdet�M�	str�IN��sdet�N�	str�IM�

as applied to P 
 w. The final P integral can then be
normalized to 1. [The answer can also be obtained using
superconformal invariance to show that the result is
s det�w� to a power determined by dimensional analysis,
where the normalization can be fixed by considering the
case w � I.]

The measure � is a bit arbitrary, since it depends on the
choice of variables of integration: For example, we could
make changes of variables such as

 dudu0 � d�u�1�d�u0�1��s det	�u�s det�u0�	2

since uA
M and uM0

A0 seem as good a choice as uM
A and

uA0
M0 . Another choice depends on the form of the first-

order formalism:

 P0M � uM
APA

B0uB0
N0 ) dP0 � dP��s det�u�s det�u0�	:

With our choices of variables � � 1 for N � 2, but with
the latter change it would be trivial for N � 4.
Alternatively, such factors might be generated by
‘‘ghosts’’: For example, for N � 4, we could use the extra
action

 S� �
1

2
�M�NeMN �

1

2
�M0�N0eM

0N0 ;

� �
Z
d�d� 0e�S� ;

where the �’s have normal statistics [e.g., �� is an anti-
commuting spinor; for N � 0 they would have opposite
statistics; other powers of the s det�u�’s can be generated by
multiple copies of � ’s]. Note that positivity of these terms
is guaranteed by that of e and e0, which are themselves
expressed as squares of u and u0. [The same would not be
true for using an analogous term of the form � _w�0 !
��w� w0��0 to generate the original superdeterminant,
since w� w0 is not positive definite: Twistor actions of
the form � _w�0 imply conjugate momentum p � ��0 posi-
tive in Minkowski space, and hence do not lead to
Stückelberg-Feynman propagators.]

C. New coset

Having rewritten the action of [7] in terms of the cur-
rents J (of elsewhere in that same paper), we can now see
that, although the dynamic variables w belong to the same
coset U�2; 2jN�=U�1; 1j N2�

2� as before, the variables w, u,
u0 collectively belong to �P�SU�2; 2jN�=OSp�N2 j2�

2 � ,
which differs from that obtained from the projective light
cone limit of the Green-Schwarz action. This new coset can
be obtained from the same limit of the coset
�P�SU�2; 2jN�=OSp�Nj4�, which is a more natural coset
to describe the superspace of AdS5, as OSp�Nj4� is the
supersymmetry group of AdS4, so this is the direct super-
symmetrization of AdS5 � SO�4; 2�=SO�4; 1�. [Actually, it
generalizes SO�4; 2�=SO�3; 2�, so there is some question
about the change in signature, and sign of the curvature.]
Also, some variables were lost in the limit for the previous
coset, while for this new coset all the same variables w, u,
u0 remain, only u and u0 become nondynamical (in direct
analogy to the N � 0 case).

The action for this coset takes a very simple form in a
block triangular gauge for OSp�Nj4� (as is allowed by the
graded generalization of the decomposition of a general
matrix into orthogonal and triangular factors): Gauging
v � 0 in the expression for a general element of
�P�SU�2; 2jN�, and inserting factors of R as defined by
the projective light cone limit, the action is

 S
�
�P�SU�2; 2jN�
OSp�Nj4�

�
� SPLC�w; u; u

0	

� R2S
�
�P�S�U�1; 2jN=2�2	

OSp�N=2j2�2

�
;

where SPLC is the action of the previous subsection, and
R2S�. . .	 is the action for u and u0 (no w appears there),
since after gauging v�0, OSp�N2 j2�

2 is the residual gauge
invariance. Modified projective light cone limits yield
other superspaces, such as chiral, by just changing the
range of the ‘‘M’’ and ‘‘M0’’ indices to (nj2) and (N�nj2)

SUPERCONFORMAL SPACES AND IMPLICATIONS FOR . . . PHYSICAL REVIEW D 77, 065017 (2008)

065017-7



for n � N=2 [7]. However, these superspaces have no
charge conjugation (because of unequal numbers of �’s
and ��’s), and so are not useful for constructing field theory
actions.

Because of this residual invariance, all these actions can
easily be rewritten in forms where u and u0 are replaced by
e and e0. The same is true for the full coset
�P�SU�2; 2jN�=OSp�Nj4�: We can replace the
�P�SU�2; 2jN� group element z with

 EMN � 
ABzA
MzB

N

�
eMN � eP

0Q0wP0
MwQ0

N eN
0P0wP0

M

eM
0P0wP0

N eM
0N0

 !
;

where we have substituted the triangular gauge (v � 0)
form for z. E satisfies the condition

 1 � s det�EMN � �
s det�eM

0N0 �

s det�eMN�
�

�s det�uA0
M0 �

s det�uM
A�

�
2
;

where eMN is the inverse of the eMN that appears in SPLC.
The action can be written as

 S�
Z

str� _EE�1 _EE�1�

which has the ‘‘P’’ invariance E! Eei� as a consequence
of the s det condition for the case N � 4. (E also satisfies a
unitarity condition, but this is obscured in the analytic
representation, where coordinates appear without their
complex conjugates.)

V. PROSPECTS

We have reviewed projective superspace, and, in par-
ticular, the N � 2 scalar multiplet, in a notation where the
irrelevant coordinates of the rest of the full superspace do
not appear, so that superconformal transformations are
manifest. This allowed a simple derivation of charge con-
jugation, and thus the action, in a new, manifestly super-
conformal form. We then proposed a holographic
interpretation of the integration contour that avoided sin-
gularities after finite SU(2) transformations. Finally, we
gave a manifestly superconformal Schwinger parametriza-
tion of the propagator, and found that it could be obtained
as a projective light cone limit from a new coset on an
AdS5 spacetime.

Our general discussion may allow generalization to the
N � 4 superparticle. This also would require an under-

standing of the ghost structure, to understand the Yang-
Mills gauge field and not just its field strength. (Such
behavior is known from quantization of the extended spin-
ning particle [13].) For example, although a superdetermi-
nant can again be used to describe the propagator of the
(super)field strength, the same is not true for gauge-
dependent quantities such as the gauge field, since gauge
fixing destroys manifest conformal invariance.

Our general discussion of actions in projective super-
space should help generalization to N � 4 also. There we
expect complications simply from the fact that the internal
space increases dimensions from 1 to 4, allowing choices
for gauge-covariant wave equations in that space from
index structure alone.

The new coset suggested by super-Schwinger parame-
trization would require a new string action (from the case
N � 4). The internal space is not identifiable (classically)
with S5, so this model would be a dual to the usual one, if
the conformal anomaly cancels after including ghosts.
(Extra ‘‘dimensions’’ do not hurt if they are compact:
This is known, e.g., from Wess-Zumino models, where
currents with a given level number, and thus conformal
anomaly, are represented by a boson for each generator of
the algebra, rather than one for each generator of the
Cartan subalgebra [14].) The ghost structure is not obvious,
since the quadratic multipliers cannot be gauge fields like
the usual linear Lagrange multipliers: They may them-
selves be the result of a gauge fixing for 	 symmetry and
its relatives; however, we saw that the superdeterminant
propagator still satisfies the wave equations for these sym-
metries. The multipliers must also appear as some type of
moduli or conserved quantities (at least in the superparticle
case) to allow the path integral for the propagator to reduce
to an ordinary integral as above.
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Note added.—After this paper appeared on the archive,
Kuzenko [15] described (nonmanifest) superconformal
transformations on projective superspace in the real
representation.
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