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Perturbative finiteness of three-dimensional supersymmetric QED to all orders
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Within the superfield formalism, we study the ultraviolet properties of the three-dimensional super-
symmetric quantum electrodynamics. The theory is shown to be finite at all loop orders in a particular

gauge.
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The presence of divergences is one of the main proper-
ties of quantum field theory. This has motivated the devel-
opment of renormalization methods and the search for
special finite field theories. The expectations of finding
finite theories are strongly related with supersymmetry,
which is well known to improve the ultraviolet behavior
of models due to mutual cancellation of bosonic and
fermionic contributions. Some notable examples in four
dimensions are in the realm of extended supersymmetric
theories, such as the N = 4 super-Yang-Mills [1] and
some N = 2 superconformal models (see e.g. [2]), which
turn out to be finite (discussions on the existence of finite
noncommutative field theories can be found in [3,4]).
Three-dimensional models have better ultraviolet proper-
ties and are therefore natural candidates to be finite.
Indeed, the pure (i.e. without matter) Yang-Mills theory
in three dimensions was shown to be finite in [5]. As for
supersymmetric models, the pure Yang-Mills-Chern-
Simons model was shown to be super-renormalizable
and, furthermore, finite, in [6]. Minimally coupled to mat-
ter, three-dimensional supersymmetric gauge theories are
still super-renormalizable, with superficial divergences ap-
pearing up to two-loops. In [7], the noncommutative
Abelian and non-Abelian SUSY gauge models where
shown to be one-loop finite. The remaining problem is
the study of the two-loop quantum corrections in these
theories, which would allow us to establish if they are
finite. As a first step in this direction, in this work we
will show the two-loop finiteness of the (commutative)
three-dimensional supersymmetric quantum electrody-
namics (SQED;) coupled to matter by explicitly calculat-
ing the relevant Green functions.

The starting point of our study is the classical action of
SQED;

S = fd%{% Wew,, — %VC“CDV&(D + M(i)(b}, (1)
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where W* =1DBD*Ag, and V¥ = (D* — ieA®) is the
gauge supercovariant derivative. Here and further we use
the notations and conventions adopted in [8]. Using the
definition of V¢, we can explicitly rewrite Eq. (1) as

S = fdsz{% Wew, + &(D? + M) + ig[Dachaq)

- 2 -
— dA*D, D] — %(D@A“Aa}. )
This action is invariant under the following infinitesimal
gauge transformations:
8@ = —iedK,

8O = ieKD,  5A, = —D,K,

3)
where the gauge parameter K = K(x, 0) is a real scalar
superfield.

The quantization of this theory requires the inclusion in

Eq. (2) of the gauge fixing term and the corresponding
Faddeev-Popov ghosts action

1
SGF+FP = deZ[_EDaAaD2DBA‘B - EDzC:|. (4)

The propagators of the model can be cast as

- (D*—M
(@ 0)b(—k 02 = —i 0 M5,
i D?

(An(k, 0))Ap(—k, 6,)) = (DgD, — aD,Dg)d,,

2 (k2)?
D2
(c(k, 6))c(—k, 0y)) = ipalz, )

where 8, = 6%(6; — 6,). Note that, as this theory is
Abelian and commutative, the ghosts decouple.

To describe the renormalization properties of the model,
we must calculate the superficial degree of divergence w of
an arbitrary diagram. We denote the number of vertices of
the form (D*®A,® — ®A,D*®) and DDPA? by V; and
V3, respectively. The number of propagators for the ® and
gauge superfields are given by P4 and P,. For an arbitrary
diagram, the superficial degree of divergence w is given by
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w=2L—2PA—P4)+73. (6)

Indeed, each loop contributes to w with 3 from the
integral in @k and —1 from the contraction of the loop
to a point. Each gauge propagator contributes —2, and each
matter propagator —1. The number of propagators in a
given Feynman diagram can be written in terms of the
number of external superfields (E) and vertices as

Pq) == %(2‘/3 + 2V3 - E(I))y PA = %(V3 + 2V3 - EA)

Using the well-known topological identity L + V —
P =1, we obtain
Vi E¢ Np

a)=2—V4——

2 2 2’ ™

where Np is the number of operators D® acting on the
external legs of the diagram.

It follows from Eq. (6) that there are no superficially
divergent supergraphs at three or higher loop orders or with
more than two external legs. Two-point vertex functions
can be divergent at one and two-loop orders. As for the
one-loop graphs, the only potentially linearly divergent are
those in Fig. 2, whose sum we will show to be finite; the
two-point vertex function of the & superfield in Fig. 1
happens to be finite by power counting. The logarithmi-
cally divergent graphs appear at two loops (Fig. 3), and
their finiteness will also be established by direct
computation.

The one-loop diagrams that contribute to the two-point
vertex function of the @ superfield are depicted in the
Fig. 1. The expression corresponding to the diagram 1(a)
is given by

G et [ dp &k 1
PPa g / @2m)? ) @a) ()?[(k — p)* + M?]
X ®(p, O)[7(1 — a)(k - p)(D* + M)
+ 3ak?*(D* + M) — 7k*D? + aMk*]1®(—p, 6),
(8)

whereas the diagram 1(b) vanishes since
[d6,5,,(D*)?8,, = 0. Similar to [7], the two-point vertex
function of the scalar superfield, given by Eq. (8), is finite

{7

(a) (b)

FIG. 1. One-loop contribution to the two-point function of the
scalar superfield. Continuous lines represents the external fields
® and ®, and wave lines represents the gauge superfield propa-
gator.
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(@ (b)

FIG. 2. One-loop contribution to the two-point function of
gauge superfield A,. Continuous lines represent the matter
superfield propagator, and wave crossed lines represent the
external gauge superfield.

in any gauge, but it takes the simplest form in the Feynman
gauge (a0 = 1),

2 d3]) _ 5
= = + J—
Sav =5 | Gy 2P D+ M)D(=p,6)
&k 1

. 9
@) Tk = pP + M7] ®

Two diagrams contributing to the radiative correction to
the two-point vertex function of the gauge superfield A
are depicted in Fig. 2. The contribution of the diagram 2(a)
reads

e> [ d’p
Sine = — [ 2P _2gax(p, 0)A,(~p, 6
AAa 2 (277_)3 (p ) ( p )
A’k 1

@) (& + MOk — p)? + M)
X {(k2 + M)A(p, 0)A(~p, 0)

M
+ A% (p, 0)(pj — 83DHA,
1
— L AP@EP + DAL, 9)}. (10)

while, for the diagram 2(b), we have
g = e’ d*p

d*k 1
Qm)? k> + M*

d*60A%(p, 0)A,(—p, 0)

(1n

Adding up Egs. (10) and (11), and carrying out some
algebraic manipulations, we arrive at

43
Sar =€ f LS Of(p, MYWW, — MATW,}, (12)

@y
where
&’k 1
100 = [ ooy ooy O

It is important that the linear divergent terms present in
Egs. (10) and (11), which would correspond to the genera-
tion of a mass for the gauge superfield, cancel among
themselves so the gauge invariance of the result is mani-
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fest. The correction S, turns out to be finite, similar to
[7,9], and corresponds to nonlocal contributions to the
Maxwell and Chern-Simons terms.

Now let us turn to the two-loop approximation. Up to
now, we have shown that the logarithmic divergences in the
model can arise only at the two-loop level. One should
notice that the logarithmic divergences are absent in the
one-loop order in all three-dimensional field theories due
to the symmetry of the Feynman integral [7] (however, this
is not so in theories with effective dynamics obtained
within the 1/N expansion [9,10]). Since we are interested
in the divergent parts, and keeping in mind Eq. (7), we will
explicitly calculate all contributions to the effective action
proportional to A*A,, where no covariant derivatives end
up in the external legs, in the two-loop approximation. The
corresponding supergraphs are depicted in Fig. 3.

The calculational procedure adopted by us was the
following: the D-algebra manipulations on the two-loops
supergraphs were performed with the help of the
MATHEMATICA package SusyMath [11]. From the resulting
(unintegrated) terms, we extracted all those proportional to
A“A,. Finally, we considered the lowest term in an expan-
sion of this result around vanishing external momentum,
which corresponds to a mass term for the gauge superfield
A%,

e
&mmg=—1f@ﬁ%fﬂ%MWn0MJ—n®'U@

Any ultraviolet divergence present at the two-loop level
must appear in this term and, as shown in [6], this is the
only possible supersymmetric (but not BRST) invariant
divergent term that could be induced in the effective action.

o

(a) (b)
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We may now describe the outcomes of our calculations.
The diagrams 3(a) and 3(d) happen to vanish identically, as
a consequence of the vanishing of 1(b). As for the remain-
ing diagrams, we obtained

Taa = Case) + Tase) + Tase) + Taagn + Taar (15)

where
AR ) S
Lo =16 | Gy @arp
N (1—a)k-q)
[ (2 + MA)[(k + ) + M*](¢*)?
1
K+ MOk + g + M1
2M*(1 + @)
W+MWW+W+M%4 "
o e Pk dq
Paro =10 =0 | 5o Gap
4(k . q)2k2
[(k2 + Mk + 9 + M*F(q?)?
- 2(k2)2
(K + MY)[(k + q)* + M*Tq?
3(k - q)*M?
K+ MP[k + 97 + MPF(g)?
M*K?
W Mk + g + MPPS } 0

(0) (d)

G A

(e) () (€9)

FIG. 3. Logarithmically divergent two-point diagrams.
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. etk dq (1~ a)(k-q)°
L
M@ 6 | @m) (277)3[

k2

&+ MLk + 7 + MY &+ MLk + 97 + Mg
Ta(k*)?

ak*M?

R (e e e e VO R e VeV R VL (R Ve

. et &k d3q
Lasgy = il + )5 [ 555 50
1
T (R Ve
et &’k d’q
o =706 | @y @my
[l e
(K> + M?)[(k + g)* + M?](¢*)*
(1= 2a)k-q)?
(K> + M?)[(k + q)* + M?](¢*)*
kK +2(1 — a)M?
(Ea o ieam e SNCY

The two-loop integrals were performed through the
regularization by dimensional reduction [12], using for-
mulas from [13], and we obtained

y 1
Tt = ggap (@ 8] ¢ = (= ném) = 1)

- 1n<2ilﬂ + %(m - 3)}, @1

where 7y is the Euler’s constant. Unlike what happens in
one loop, the mass term for the gauge superfield does not
vanish identically. This fact signalizes that our regulariza-
tion is not preserving the gauge symmetry at two loops,
although it manifestly preserves supersymmetry. The
known inconsistencies of dimensional reduction [14] are
not relevant in the loop order we are considering [6]. Gauge
symmetry may be restored by the introduction of a mass
counterterm in the classical Lagrangian. For the specific
gauge a = —8, the two-point vertex function turns out to
be finite, and only a finite counterterm is needed to ensure
the BRST symmetry.

} (18)

[

We have studied the perturbative finiteness of the three-
dimensional supersymmetric quantum electrodynamics.
The only possible divergence in the theory, arising in the
two-point vertex function of the gauge superfield, turns out
to vanish for a specific gauge choice &« = —8. This fact
was established by means of a direct calculation of the
potentially divergent vertex functions, up to the two-loop
order. The finiteness of the n-point functions only in a
specific gauge also happens in other supersymmetric mod-
els, such as in the N = 4 super-Yang-Mills theory in four
spacetime dimensions [1].

It is interesting to compare our results with the ones in
[6], where, in the absence of matter, the Yang-Mills-Chern-
Simons model was shown to be finite and, furthermore,
BRST invariant, unlike what happens here. Note that, in the
component formalism used by [6], ultraviolet divergences
can appear up to three-loop order, whereas in the superfield
formalism used by us, they appear at most at the two-loop
order. A peculiarity of the regularization by dimensional
reduction, when coupling to matter is considered, is that a
finite mass counterterm is needed to ensure the gauge
invariance of the vertex functions. Two natural extensions
of our work would be the evaluation of the non-Abelian
version of this model, and the two-loops quantum correc-
tions in three-dimensional noncommutative gauge theo-
ries, which we have already studied at the one-loop level
in [7].
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