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Midisuperspace supersymmetric quantum cosmology
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We investigate the canonical quantization in the framework of N = 1 simple supergravity for the case
of a very simple gravitational midisuperspace described by Gowdy 7> cosmological models. We consider
supersymmetric quantum cosmology in the mentioned midisuperspace, where a matrix representation for
the gravitino covector-spinor is used. The full Lorentz constraint and its implications for the wave function
of the Universe are analyzed in detail. We found that there are indeed physical states in the midisuperspace
sector of the theory in contrast to the case of minisuperspace where there exist no physical states.
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I. INTRODUCTION

According to Misner [1,2], quantum cosmology is the
evolution of cosmological spacetimes as trajectories in the
finite dimensional sector of superspace, the so-called min-
isuperspace, related to the finite number of parameters that
describe ¢ = const. slices of the models and the quantum
version of such models, respectively. Taking the metric of a
cosmological model which is truncated by an enormous
degree of imposed symmetry, and plugging it into a quan-
tization procedure cannot give an answer that could be
considered in any way as a quantum gravity solution.
What is being done in quantum cosmology, is the assump-
tion that one can represent a metric as a series expansion in
space-dependent modes, where the cosmological minisu-
perspace model is the homogeneous mode, and the cosmo-
logical midisuperspace model is the first nonhomogeneous
mode. This artificial “freezing” of the modes before quan-
tization is an obvious violation of the uncertainty principle
and cannot lead to an exact solution. However, the results
of applying this untenable quantization procedure have
always seemed to predict a rather reasonable and internally
consistent behavior of the Universe that it has been difficult
to believe that it does not have any physical meaning.

After the invention of supergravity by Freedman,
Nieuwenhuizen, and Ferrara [3], Teitelboim [4—6] showed
that this theory provides a natural classical square root of
gravity a la Dirac. Taking the square root of the constraints
amounts to taking the square root of the corresponding
quantum equations, introducing spin in a natural way.
Thereby, the total number of constraints of the theory
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increases. Besides the constraints of the original theory,
there appear now new constraints (the square roots) closing
under anticommutation. The complete set of constraints
forms a graded algebra [5,6]. The role of the Dirac square
root will be played by the new constraints. Furthermore,
the local supersymmetry of the action should have pro-
found consequences upon the resulting quantum theory, for
example, the supersymmetric constraints will provide a
Dirac square root of the second-order Wheeler-DeWitt
equation governing the dynamics of the wave function of
the Universe.

The classical field equations arising from the N =1
supergravity Lagrangian were derived by Pilati [7] by
using the canonical formalism. There are constraints for
each of the gauge symmetries contained in the theory, i.e.,
spacetime, diffeomorphisms, local Lorentz invariance, and
supersymmetry. One important result that follows from the
analysis of the field equations is that the Cartan relation
relates the torsion tensor and the Rarita-Schwinger grav-
itino field, so that it can be used to eliminate the torsion
tensor from the theory.

The canonical quantization of supergravity is performed
in general by applying Dirac’s procedure for constrained
systems. According to it, quantization is performed by
choosing a foliation for spacetime, i.e., a (3 + 1) decom-
position of the canonical theory, in which the Lagrange
multipliers are the normal components constraining the
symmetry generators of the corresponding gauge fields.
Of course, all the constraints should annihilate the ground
state of the wave function. For the supergravity case, there
are three different constraints in the problem, namely, the
generators H . Of the translations (Hamiltonian and dif-
feomorphism), the generators 7, of local Lorentz rota-
tions, and the Majorana spinor (Fermionic functions)
supersymmetric generators S. The Lagrange multipliers
constraining these generators are the normal components
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e{]‘, Woup, and \PO, of the coframe, connection, and grav-
itino field, respectively.

It turns out [5] that the Hamiltonian constraint is
identically satisfied once the supersymmetric constraint is
fulfilled since they satisfy the relation {S(x),S(x)}=
yAH ,8(x,x'). Accordingly, only the Lorentz and super-
symmetric constraints are the central issue of the quantiza-
tion problem.

The gravitino field appearing in the constraints can be
realized in two different ways, namely, by differential
operators or by matrices as in the Dirac equation. In this
work we will use a matrix representation, a la Dirac, for the
gravitino field and since its corresponding momenta are
proportional to the Rarita-Schwinger field itself, we will
not rename them as it happens in the differential operators
approach [8].

It is important to stress that general relativity, and there-
fore supergravity, does not seem to possess a natural time
variable, while quantum theory relies quite heavily on a
preferred time [9]. Since the nature of time in quantum
gravity is not yet clear, the classical constraints of canoni-
cal supergravity do not contain any time parameter, after
applying to them the canonical quantization procedure.
Therefore, it is needed a kind of internal time, which is
fixed by means of a gauge choice, or by a classical solution
to drive the dynamical behavior of the resulting quantum
theory [10].

As mentioned above, the minisuperspace is often known
as the homogeneous cosmology sector, infinitely many
degrees of freedom are artificially frozen by symmetries.
This reduction is so drastic that only a nonphysical finite
number of degrees of freedom is left. The requirement of
homogeneity restricts the allowed hypersurfaces to the
leaves of a privileged foliation, which is labeled by a single
internal time variable, it is usually the volume. One can
parametrize such hypersurfaces of homogeneity by the
standard Euler angles coordinates and characterize the
spatial metric uniquely by three real parameters.

The supersymmetric approach to quantum cosmology
was first introduced by Macias et al. [8], and means the
study of N = 1 quantum supergravity models restricted to
the homogeneous minisuperspace sector of the Wheeler’s
superspace as direct generalizations of standard Wheeler-
DeWitt quantum cosmological models. The standard ap-
proach to quantum cosmology consists in a canonical
quantization of the homogeneous minisuperspace model,
which is obtained by imposing certain symmetry condi-
tions on the metrics allowed on the spacelike slices of the
Universe [11,12]. The dynamics of the system is governed
by the Wheeler-DeWitt equation which is a second-order
Klein-Gordon-like differential constraint equation for the
state function of the Universe [13]. The most general
minisuperspace models analyzed in the literature corre-
spond to homogeneous and anisotropic Bianchi-type cos-
mological models. Since the corresponding metrics depend
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only on time, the dynamics of the spacelike 3-dimensional
slices becomes trivial, unless an additional reparametriza-
tion is performed. Usually, in the reparametrization one of
the scale factors of the Bianchi type metric, i.e., the volume
Q) of the Misner parametrization, is fixed as internal time,
as a consequence of fixing a gauge, so that the Wheeler-
DeWitt equation generates a state function of the Universe
which explicitly depends on the gauge fixed internal time
and on the remaining scale factors, related to the anisot-
ropy of such models. It is worthwhile to stress that the
volume () is not a proper time parameter.

It has been found that in the framework of the minisuper-
space sector of the simple supergravity approach, without
having a (super) Casimir operator, there are no physical
states. Moreover, there exists only a nonphysical trivial rest
frame type (bosonic state) state function [14]. However, the
trivial “rest frame” type solution exists only for arbitrary
Lorentz symmetry generators [15-22].

In all the cases the failure to find physical states [23]
could be attributed to the fact that, due to the strong
symmetry reduction, only a finite number of degrees of
freedom can be considered, in the minisuperspace. To face
this difficulty one needs to analyze genuine field theories
with an infinite number of degrees of freedom. An option
would be to consider milder symmetry reductions which
leave unaffected a specific set of true local degrees of
freedom. These are the so-called midisuperspace models,
which break the homogeneity of the standard Bianchi
models. The midisuperspace models provide a canonical
description of Einstein spacetimes with a group of isome-
tries. Symmetries remove infinitely many degrees of free-
dom of the gravitational field, but there still remain
infinitely many degrees of freedom. In spite of this sim-
plification, the midisuperspace constraints of general rela-
tivity are still complicated functionals of the canonical
variables, without a natural time parameter.

The simplest midisuperspace generalization of the ho-
mogeneous minisuperspace models are the Gowdy cosmo-
logical models, since they possess two Killing vectors, i.e.,
two ignorable coordinates, reducing the problem to time
(as in standard quantum cosmology) and to one space
coordinate, which completely eliminates homogeneity
and leads to a system with an infinite number of degrees
of freedom, i.e., a true field theory. Such spacetimes have a
long history in general relativity. The field equations in this
case can be shown to be equivalent to the wave equation for
a scalar field propagating in a fictitious flat (2 + 1)-
dimensional spacetime [24]. The local degrees of freedom
are contained in the scalar field. In fact, the study of
midisuperspace models and covariant field systems like
string models indicates that if there exists an internal
time which converts the old constraints of general relativity
into a Schrodinger equation form, such a time variable is a
nonlocal functional of the geometric variables.

The Gowdy 73 cosmological models have been ana-
lyzed in the context of nonperturbative canonical quanti-
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zation of gravity [25,26]. The arbitrariness in the selection
of a time parameter is a problem that immediately appears
in the process of quantization. For a specific choice of time,
it was shown that there does not exist a unitary operator
that could be used to generate the corresponding quantum
evolution. Therefore, even in the case of midisuperspace
models there is no natural time parameter.

In this work we will consider the specific midisuper-
space described by Gowdy 73 cosmological models
[27,28], in the context of N = 1 supergravity. The quantum
constraints of the theory are analyzed in the search of
physical states.

This paper is organized as follows. In Sec. II, the ca-
nonical formulation of simple supergravity N =1 is
briefly revisited. In Sec. III, the model independent
Lorentz constraint is analyzed and explicitly solved, fol-
lowing closely notations and conventions of [23]. In
Sec. 1V, the Gowdy 73 cosmological models and their
main properties are reviewed. Section V is devoted to the
investigation of the model dependent supersymmetric con-
straint, and in Sec. VI we find solutions for the state
function of the Universe, for both the polarized case and
for the unpolarized case. The last section contains several
final remarks.

II. CANONICAL FORMULATION OF N =1
SUPERGRAVITY

The starting point is the (N =1)

Lagrangian

supergravity

1 i -
L= 5\/ _gR - ESMAVP\I’)\‘)/S’)/MDV\PW (1)
where
DV = al/ + (l/z)wVABUAB (2)

is the covariant derivative and 48 := (1/4) X

P = ¥Pyh.
For the y* matrices we use a real Majorana representa-
tion

0 _ 0 0'2 1 — i0'3 0
Y o> 0/ Y 0 io)
3 _ia'l 0
Y 0 —iol )

in which the anticommutator relation {y4, Y8} = 2948 is
satisfied, and o are the standard Pauli matrices. Moreover,
vs = iy?y'y?y3. The Rarita-Schwinger field W :=
W,w4, a spinor-valued one-form, is subject to the
Majorana condition W = W7 C, with C the charge conju-
gation matrix. The vector-spinor gravitino field can be

written in components form as

3)
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(///,Ll
W,q= ﬁzi , 4)
lr//pA

where w is a vector index and A is a spinor index. In this
representation the Majorana condition reads W =
—ipT ,},O.

The coupling constant is set to one and the Ricci rotation
coefficients w, 5 read

WyAB = (DVAB + KVAB’ (5)

where @,,p are the standard Levi-Civita Ricci rotation
coefficients. The contortion tensor is

K, ap = e tep’K,,, and 6
(6)
_1 _
KVILP - E(Tv,up T,upv + TPV/L)'

Greek indices from the end of the alphabet, i.e.
A, v, p, - - -, always range over 0, 1, 2, 3; Greek indices
from the beginning of the alphabeti.e. «, 8,7y, - - -, over 1,
2, 3; and both refer to world coordinates. Capital Latin
indices, i.e. A, B, ... run over 0, 1, 2, 3 and small Latin
indices, i.e. a, b, ... over 1, 2, 3, and are those with respect
to a local orthonormal basis.

In the case at hand the canonical variables are the
covariant spatial components of the vierbein e¢,, their
conjugate momenta p,“, and the spatial covariant compo-
nents of the vector spinor ¥, defined on a generic space-
like hypersurface. There are three different constraints in
the problem, namely, the generators JH u Of the transla-
tions and diffeomorphisms, the generators J v of local
Lorentz rotations, and the Majorana spinor supersymmet-
ric generators S.

The Lagrange multipliers constraining the generators of
translations, rotations, and supersymmetry transformations
are the normal components e, wy,p, and W, respec-
tively, of the corresponding gauge fields e* ws @ uap, and
v . With respect to the timelike normal vector n.

Therefore, the canonical form of the simple (N = 1)
supergravity Lagrangian (1) can be written as [7]

H= eAO‘,]-[A + %wéBJAB + q’oS
=NH | +NH,; + Lo Tt +¥,S, (1)

where H 4, J 45, and S are constructed from the canonical
variables only and do not depend on the multipliers. In the
equivalent form of the canonical Lagrangian H |, H,,
and J42 are the usual Hamiltonian, diffeomorphism, and
rotational Lorentz bosonic constraints, respectively, and S
the supersymmetric fermionic constraint. Now the lapse
function N = ¢,°, the shift vector N; = ¢,, wg, 5, and ¥,
are the corresponding Lagrange multipliers. The super-
gravity generators satisfy the following algebra discovered
by Teitelboim [5]:
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{S(x), S(&)} = YA H 4 8(x, x'), ®)

[S@), H ()] = 12 eapT P 8(x, ), ©)
[S(), T4 ()] = —a*PS5(x, x'), (10)
[FHa), Hp()] = =Ty H ¢ + 3Q05c0T P
+ HypS)d(x, x'), (1)
[H (), T¥(N] = (8H" = 8¢ HP)d(x x), (12)

[jAB(x), jCD(xl)] — (nchBD _ nBCjAD + nBDjAC
— AP TBC)S(x, x'). (13)

Note that even the bosonic part is only a closed soft gauge
algebra [29] due to the appearance of torsion and curvature,
instead of structure constants, on the right-hand side. The
fields

Hyp = DyVg — DV, (14)
Sapc = vs(YaHpc + %eAlLe[B;LYD*Hc]D): (15)
Quzep = Rasep — Va2 s1en, (16)

play the role of curvature two-forms and depend on the
canonical variables of the theory. Without them, the alge-
bra goes over into the supersymmetry algebra of flat space
[30].

Consequently, physical states | W) in the quantum theory
have to satisfy the conditions

S|‘I’>:0, HA|‘I'>:O, jAqu,> =0. (A7)

Note that the supersymmetric constraint S|W) = 0 is the
“square root” of the Hamiltonian one, on account of (8),
and implies H ,|W) = 0, so the second condition is re-
dundant. Thus, we will focus only on the Lorentz .7 45 and
supersymmetric S constraints, which are explicitly given
as follows [7]:

J aB =Ps“€ga — Pp*Caa — WaﬂO'AB‘I'aA
=2ps“epla T Tapo = 2P, €pla + %¢[T,4;4¢B]ﬂr
(18)
where

i
Tuvr = Z\P[,UJ’Y/\\I’W]’ (19)

are the components of the spin tensor, see (8.7) of [31],
¢ 4.2 are the densitized local gravitino components (see
Eq. (25)), and

i

2

a:

T %P W sysy, (20)
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is the momentum conjugate to the gravitino field. In the last
step we have used the Majorana condition [32] ¥ =
WTC = —iWT0, Equivalently in terms of the dual gen-
erators

i
2

the Lorentz constraint reads

T a=5€upc TP = Ty=0, (21

i 1
Ja= 3 EOABC[zp[BaeC]a + 3 d)T[B_;Z\ pA } (22)

It is interesting to note that, as expected due to the time
arbitrariness, the condition 7, = 0 implies that Jyz = 0,
therefore reducing the Lorentz constraint to pure spatial
rotations on the hypersurface of constant time.

The generator of supersymmetry reads [7]

i
2

1 -
+ 5 Vey by, (23)

S = —iekysy,V, ¥, — ~po 4,

where ¥, = —N°, with N the lapse function.
A further constraint, the Cartan relation

Tyvr = =470 = =iV 72V (24)

o

relates the torsion tensor to the Rarita-Schwinger field and
is used to eliminate the torsion from the theory, leaving it
only with first class constraints [33].

It is rather convenient to use instead of the gravitino field
itself, its densitized local components

b, = ee,* ¥y, (25)

as the basic fields commuting with all nonspinor variables,
here e = (e = det(e,?). This variable was already found
to be the natural one for the gravitino field, see [34]. This
choice suggests a matrix realization of the ¢; 4 obeying

{bia, d;8} = —é(ﬁ’ﬂ’i)ﬂ\:g- (26)

Here A and B are spinor indices, and the gravitational
variables appear nowhere.

III. LORENTZ CONSTRAINT

We will assume the following form for the wave function
of the Universe

v,
A\
V=, =| 1
| > H qjlll
‘PIV

(27)

Using the real Majorana representation (3) for the
y-matrices [14,35] as well as the anticommuting relation
(26) between the components of the gravitino field, we can
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write the components of the Lorentz generator (22) and of
the supersymmetric generator (23).

It is well known that as we fix a particular basis for the
vierbein, as, for instance, the SO(3) one, the Lorentz con-
straint (22) reduces to

i i
Ta= EGOABC|:E ‘f’[TB;q ¢C]ﬁ} (28)

Therefore

T1=-3062282 + 632,21 (29

Tr==3l6:28" + d1ads*l (0)

Ti=—3lbiad™ + baad ML (D)

By means of the algebra (26), which the components of the
gravitino field fulfill, we arrive at a realization of the
components of the Lorentz constraint in terms of the
standard generators of the ordinary rotation group O(3)
[14]

0 0 0 0
lo o 1 0
Js="llg -1 0 0]
0 0 0 0
000 0
~lo o0 o0 -1
J2_100005 (32)
010 0
00 0 0
oo o0 o0
Ji="lg 0 o 1
00 —1 0

Consequently, for instance, the component V¥, of the state
function should have four components, i.e., ¥, =
(W}, W2, W3, ¥}, analogously for W;;;, and Wy .

Let us analyze the Lorentz condition 7 45| W) = 0 which
explicitly reads

0 0 0 0\/w
0 0 Jin Jis v
P = 1 =.

T asl¥) 0 —Jn 0 ES W

0 =Ji3 Iz O Yy
(33)

This implies the conditions [36]

T Vi = =TV, 34)
VAT V7 \723\1’1% (35)
VAT STV ETS 4778 (36)
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or equivalently, we can write the conditions (34)—(36) as

T3V = TV, 37)
T3V =TV, (38)
T2V =TV, (39)

respectively.

It is interesting to note that there is no condition in (34)—
(36) or equivalently in (37)—(39) involving V¥;. By replac-
ing the representation (32) into Egs. (37)—(39), one obtains
the following system of algebraic equations for the differ-
ent components of the state function of the Universe

\lf%” = \I,%V =0, \P?u = _qf?v’ (40)
\P?I = \P%v =0, \P%I = _\I,‘I‘V’ (41)

\P?l = \Ij?11 =0, \If%l =
The solution of (40)—(42) is straightforward and reads

-3, (42)

(43)

and reduces each of the ¥;;, ¥;;;, and W,y to only one
component.

This ends the analysis of the Lorentz constraint. Notice
that in the bosonic Wigner ‘“‘rest frame” -like solution for
the state function of the Universe is a scalar with only one
independent component [23].

IV. GOWDY 7° COSMOLOGICAL MODELS

Gowdy cosmological models are inhomogeneous time-
dependent solutions of Einstein’s vacuum equations with
compact Cauchy spatial hypersurfaces whose topology can
be either 7° or ' X §? [27,28]. Other particular topologies
are contained in these two as special cases. Here we will
focus on 73 models for which the line element can be
written as [37]

dS2 — e—(/\/2)+37d72 _ e—(A/2)—TdX2 _ e2r[eP(da.
+ Qdbé)* + e Pdé?), (44)

where P, Q, A, and 7 depend on the nonignorable coor-
dinates 7 and y. The spatial hypersurfaces (7 = const.) are
compact if we require that 0 =< y, o, § = 2. The expres-
sion in square brackets depicts the metric on the 72 sub-
space which is generated by the commuting Killing vectors
d, and d5. The coordinate y labels the different tori.
When the Killing vectors are hypersurface orthogonal,
the general line element (44) becomes diagonal with Q =
0 and the corresponding cosmological models are called
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polarized. In this last case, the subspace T? corresponds to
the spatial surfaces of a (2 + 1) fictitious flat spacetime in
which a scalar field, represented by the metric structural
function P, propagates [25]. The local degrees of freedom
contained in the scalar field are true gravitational degrees
of freedom which cannot be eliminated by a choice of
gauge. We are thus facing a genuine field theory which is
a special case of a midisuperspace model. Notice that the
infinite number of degrees of freedom contained in this
midisuperspace model can be associated with the inhomo-
geneous character of the spacetime. If we neglect the
inhomogeneities present in the model, we would obtain a
minisuperspace model with a finite number of degrees of
freedom, probably related to a Bianchi cosmological
model. The general unpolarized case (Q # 0) also corre-
sponds to a midisuperspace model; however, its interpre-
tation in terms of a dynamical scalar field in a (2 + 1)
spacetime cannot be realized.

In order to write the Gowdy line element (44) in
Arnowitt-Deser-Misner (ADM) form [38] we introduce
the lapse N and shift functions N; as follows, c.f. [37]

N = g 2[g0]71/2 = exp[i — 37][g®] /2, (45)

N; = g0 =0, (46)

where, as usual, N and N; are gauge functions usually fixed
to N =1, and N; = 0, which implies a restriction on the
time development of the coordinates off the initial hyper-
surface. A further restriction is that 7 does not depend on Y,
ie.,

it 0 =
wx
is also introduced in order to reduce the configuration
space of the problem to one in which A has only 1 degree
of freedom, i.e., A = A(#), although P and Q retain their
infinitely many degrees of freedom as arbitrary functions
of y [39].
Therefore, Eq. (44) can be written as

ds? = N%dr? — e_("/z)_Tci,\/2
— e2"[ef(do + Qdd)? + e Pds*].  (48)

r=1(), = A=A, 47

The structure of the line element (48) suggests the follow-
ing choice for the basis

o' =dy,
w3 = dé,

w® = dr,
49)
w? = (do + QdJ),

in order to write the Gowdy line element in the standard
ADM form, i.e., ds* = N*dr*> + g;;o'w/ [2]. Therefore,
in this basis the metric (48) reduces

dsZ — NZdTZ — e(_(/\/z)_T)(a)l)z — ezT[eP(wZ)Z

+ e P(w?)?], (50)
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hence, the corresponding coframe reads

O = Ndr, el = - WH-(/2) 1.

2 = T (P/2) 42

D

& = =(P/2) 3

and satisfies the standard orthonormality condition
ghret ef, = n8, with e = ¢, w*. The dual basis to
the coframe (51) reads

Qo =N"19, Q, = WD+ )
Q, = %e(_T_(P/Z»wz, Qy = TP g
where | = 9,, w, = dg, and w3 = —Q0d, + J; are the

components of the dual basis to (49). In the basis (51) it is
straightforward to calculate the connection one-form, i.e.,
de* = —w A e€ = —wipeP A eC. Hence, the only
nonvanishing components of the connection w g read

ITA .
Wi = —wiop =§[—+ T}

2
P
W = TWyn = T 5"'7 ’
wy30 = —wyz = —€’0,
P
Wy = — gy = _e<A/4>+<f/z)7X, (53)
Wy = —wyy3 = —eWHTPQ
P,
w = —w =T
330 303 7 5
P
W33] = TwW313 = e()‘/4)+(7/2)7)(’

where the dot means time derivative. Therefore, the corre-
sponding  covariant  derivative, ie., V,=Q,+
T @ape Y Y°, reads

V) = W2y, + iB + 7"i|7/170, (54)

| 1
V2:§€< T P/z)w2_2|:

N o

. 1,
+ 7.i|,y2,y0 _ 5ePQ,yf'v,yO

P 1
- e(/\/4)+(r/2)TX,y2,yl _ 5‘,v,()‘/4)+(7/2)ePQ)(,);),1,

(55)
Irp
V. = (=7+P/2) I 3,0
3= ¢ w3 ) VY
(A/4)+(T/2)PX 34,1

According to (25), the densitized local components of the
gravitino field are thus given by
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= e(—27)¢1’ W, = e((’\/4)_("/2)+(P/2))¢2,

(57)
Uy = e WA=(/24(P/2) g

V. SUPERSYMMETRIC CONSTRAINT

Since we are considering simple (N = 1) supergravity,
i.e., only two supersymmetric charges, whose square van-
ishes, the general expression (23) for the supersymmetric
constraint reduces to

i
S = —ie"ysy,Vyee ¥, — EPQA7A€_1€Ha¢a

II
=il g1~ Vo)

11
(Yt Vs — vy ?/\

I
— (3y2py — 273¢>3)TP — (¥b3 — v'¥* ¥ )
P

il
X &P =2 = Y (Yibs =y pp)e WX

_ 0
+ YY) — ylps)e WD/ P 7"} (58)

where 11, IT), IIp, and 11, are the conjugated momenta,
in the selected foliation, to 7, A, P, and Q, respectively, and
the subindex y means %.

The complete supersymmetric constraint is obtained by
integrating the y-dependence in (58), i.e.,

21
© = Sdy. (59)
0

In order to perform the integration, we expand our gener-
alized coordinates and their conjugated momenta in terms
of the one-dimensional complete set of functions
(cosmy, sinm ), namely,

My =1Ilp + Z(Hpn cosny + Ilp_, sinny),  (60)

n=1

P=P,+ Z(P” cosny + P_, sinny), (61)

n=1

My = Mgy + > (Mg, cosny + My, sinny), (62)
n=1

Q=00+ i(Qn cosny + Q_,sinny),  (63)
n=1

this implies that
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21 21 had
f de)(=f [HPO+Z(HP,,cosnX
0 0 n=1

+ 1II,_, sinn)():|d)(

= 27T]._.[p0, (64)
2 2
[ P, dy =P
0 0
g 2
= [PO + Z(Pn cosny + P_, sinn,\/)}
n=1 0
Therefore, assuming the condition (65) for P,
T P dy — e [Ty + ST (I
e = ¢'o ,, COST
ﬁ oadx ﬁ [ 00 r; 0 X
+ 1y, sinn)()}d)(
= 27T€P0HQ0, (66)

2
f efQ,dy=e"Q
0

2
0
21

=eP0[QO + i(anosn/\H- Q_nsinn/\/)}

n=1

=P Q,. (67)

Hence, the final form of the supersymmetric constraint
(58) reads

i I
o= Z{(71¢1 Y3 ), — (Y s + Y15 — 7’1¢1)T)t
—203y2¢y —2¥3p3)p, —4(¥2 b3 — ¥'¥* ¥ 1)
X eP Ly, — YOy (Y3 3 — Y2 py)e " WDHE/2)p,

=292 (Y3 ) — ' p3)e"W/DH/ 2))€P°Qo}» (68)

where a constant factor has been included in a redefinition
of all integrated quantities.

VI. PHYSICAL STATES

In order to quantize the problem that we have outlined
above, we will convert I, IT,, IIp , Iy , Py, and Q into
operators i%, i%, i 5%0, i SLQO, PO, QO, respectively. They
act on the state function of the Universe ¥ and the super-
symmetric constraint &, Eq. (68), becomes also an opera-
tor which, according to the Dirac canonical quantization
procedure, should annihilate the state function of the
Universe, i.e.,

Slw) =o. (69)
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The solutions to the supersymmetric constraint, Eq. (69),
for the state function V' given by (43), as result of solving
the Lorentz constraint, are known as physical states of the
theory.

Since {@A, @B} =0, for A # B we can take each
& 4 to operate in orthogonal subspaces, and we can write
S|W) = 0 in the form

S 0 0 0 v,
0 & 0 0 Y| _ 0 (70)
0 0 &5 0 Vi '
0 0 0 &/\¥y

where each of the & 2 will be a matrix operator of the
smallest rank possible that produces the appropriate alge-

bra for ©.

A. The polarized case Q = 0

The polarized case is obtained from (68) by setting the
metric structure function Q@ = 0, i.e.,

i

2 . o i
o= Z{l(yld’l - ’)’%”3)5 + E(Vzd’z + Y,
)2 2By s — 2y )
oA 5P,

— Y'Y (Y by — YA py)el-WDFE 2))130}- (71)

The operator & has four spinor components:

P . 1) i 1)
S =i(—¢ — ¢32)§ + 5(_¢24 + 3 + d)ll)a
. 1)
+ 2i(—3 ¢y — 24’32)5—]30
+ (g1 + P33)e"WITED (72)

ps . o j é
&, = i(d1, — ¢31)§ + %(¢23 + 3 — ¢12)5

. 1)
+ 2i(3¢pp3 — 2¢31)5—P0
+ (= + p3g)e VAP (73)

o

1) ] 1)
=i(—¢i3 — ¢34)§ + %(d’zz + pay + ¢13)a

. 1)
+ 2i(3¢pay — 2‘1’34)67]30

+ (= as — pa)e WA (74)
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L. 5 5
Sy =i(d1s — ¢33)§ + 5(‘4’21 + ¢33 — ¢14)5
. 1)
+ 2i(=3¢y — 2¢33)5—PO
+ (hoy — pap)e WA P, (75)

the components (72)—(75) of the supersymmetric con-
straint & can be written in compact form as

ps . o i é . o
Eﬂl:lMﬂlg—FlMﬂzﬁ—i_lMﬂBSipo

+ Mﬂ4e(*<"/2)+(7/2>)130, (76)

or equivalently
o

A o o A
.= +ir + I3 4 T2 +/2)p
ATE ST e oP, ¢ 0

(77)

As can be easily seen, we need to find a matrix realization
consisting of a set of four independent matrices satisfying
the algebra {I'"4, T8} =0, for A # B=1,-- -, 4. In order
to solve the equations S aV 4 = 0 for the polarized case,
we use the following 4 X 4 matrix realization of the I'"4
matrices:

0 0 0 i 0 0 0 —i
00 i O 0 0 i 0
1 — 2 _
T 01'00’F 0 —i 0 0|
i 00 0 i 0 0 0
(78)
0 0 1 0 00 —i 0
r3=0 0 0 —1 F4_ooo —i
1 0 o o[ 0 0 0
0 -1 0 0 0i 0 0
(79)

This choice implies that each W 4 splits itself into a four
components object. Therefore, the supersymmetric condi-
tion reduces to the following set of equations

o N o o
[N CYOVRIRCTE)) Y-S I\ PR B\ P
1[8 € 0} A3 [67 6)1} A4 g

Py
(80)

é 1) 1) N
= — W g3 —i| ——+ QDD P T, =0,
[57 5J A3 ’[5190 ¢ R

81)

o - o o
| —— + CWDEEDP T, — | — — — Wy, =0,
l|:5P0 € 0 [*Al1 57 oAl A2

(82)
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6 6 o .
| =+ =W, —i| —— — CWDHED P P, =)
[57 S)J Al l|:5P0 e o|*Aa2=Y

(83)
or equivalently
5 57
— =¥ 4, =0,
[57 oA | Al (84)
[i e p T, =0,
Py _
5 57
— = — ¥4, =0,
[57 sA| M (85)
5 o
O jcaramp . =0,
|:5P0 0_ A2
5 57
— = |W a5 =0,
[57 SA| M (86)
5 o
— = QDD P AT 4, =0,
|:5P0 0_ A3
5 57
= - =W, =0,
[57 sA| M (87)
5 O
O 4 corep, o, = 0.
|:5P0 0_ A4

It is straightforward to see that only Egs. (84) and (86) can
be consistently solved. Therefore, the physical state reads

2
(88)

P2
Y, = VYaexplm(r — 7)] exp[—e(()‘/z)+(7/2)) —0:|,

Y a,=0, (89)
P2
WV a3 =" as0exp[m(A— T)]Cxp[e(()‘/z)ﬂﬁz»?o} 90)

\Ifﬂ4 = 0’ (91)
or equivalently
_ pz
W 4,0 exp[ — el "W/ F(7/2) iy

V4 =exp[lm(A — 7 0 p ’
A plm( )] U 150 exp[e(—(A/2)+(T/2)) %5]

0
92)

where W 4,9 and ¥ 43, are integration constants and m is a
separation constant.

B. The unpolarized case Q # 0

Let us now consider the general case of the supersym-
metric constraint for the Gowdy 7° cosmological models
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i
4

. 5
—2i(3y* ¢y — 273¢>3)5—PO =YY (Vb3 — ¥ o)

A~ 6 J 5
©= {(’)’ldh - 73¢3)§ - %(729{)2 + ¥ — 7’%’1)5

X (CWDTED Py — di(y s — ¥y y el —52
0

—2Y"Y’ (¥’ ¢ - 7'¢3)e(“/2)“’/2”6’%@0}- (93)
As before, the operator & has four spinor components:
S . o i o
S =il — ¢32)§ + 5(“1’24 + ¢3p + ¢11)a
6
+ 2i(—3 -2 _—
(=3¢ b3) 5P,

+ (o1 + p33)e WD,

s
+4i(— 3 + el
(=15 + ¢34) 50,

+2(—py — o) ADTE/ Db 04)
o . o i P
S, =i(¢p — ¢31)§ + §(¢23 + ¢y — ¢l2)5

; 0

+ 2i(Bpyz — 2‘1’31)871:,0

+(—¢n+ ¢34)e(—(/\/2)+(7/2))p0
; 5 O
+ 4i(— 1y — Pa3)e’ 50

+ 2(¢3 — ¢11)e(f(A/ZH(T/z))eﬁ”QAo, (95)

1) ] 1)
(=3 — ¢34)§ + %(d’zz + 3y + ¢13)67)1

o
I

: 1)
+2i(3¢dy — 2¢34)6—P0
+ (=3 — p3)e"WATE2 P
: s 8
+ 4i(y — Pyp)et 50,
+ 2z + pra)e WA, (96)

o
Il

. 1) i 1)

i(h1s — ¢33)§ + 5(“1’21 + P33 — ¢14)a
. 1)

+2i(—=3¢y — 2¢33)5—P0

+ (og — pz)el WA,

5 O
+ 4i(pp + P3y)eo
12 31 500
+ 2= sy + prz)e " WD, (97)
once again, the components (94)—(97) of the supersym-
metric constraint & can be written in compact form as
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M 0 +iM 0 +iM 0
A Algo A2 5N AS&PO

QS

)
00
+ Mﬂée(’("/z)””z))e}% Qo» 98)

+ M aue WD 4 i oo

or equivalently

A o 15} 15} .
&, =il +ir2 2 +r3 + [e—A/D+(/2) p
R P ) N T N 0

+ iTSePo i + T6e(—(A/2)+(7/2)) o Py Qo' (99)
8Q

It is straightforward to see that we need to find a matrix
realization consisting of a set of six independent matrices
satisfying the algebra {I'A, '8} = 0,forA # B=1,---,6.
In order to solve the equations S a2V 4 = 0 for the unpo-
larized case. We use the following 8 X 8 matrix realization
of the I'"* matrices:

0 0 0 0 0 0 0 —1
0 0 00 0 0 1 0
0 0 00 0 -10 0
p_|0 00 0 1 0 0 0
0 0 0 -1 0 0 0 0
0 01 0 0 0 0 O
0 -1 0 0 0 0 0 O
1 0 0 0 0 0 0 0
(100)
0 0 0 00 0O O 1
0 0 0 00 0 —10
00 0 00 -1 0 0
p_|0 0 0 01 0 0 0
00 0 10 0 0 of
0 0 -1 00 0 0 0
0 -1 0 00 0 0 0
1 0 0 00 O 0 O
0 0 00 1 0 0 0
0 0 0 0 0 —-10 0
0 0 00 0 0 1 0
m_|0 0 0 0 0 0 0 -1
1 0 0 0 0 0 0 O
0 -1 0 0 0 0 0 O
0 01 0 0 0 0 O
0 0 0 -1 0 0 0 0
(101)
0000 - 0 0 O
0000 0O —i 0 O
0000 0 O —i O
0000 0 0 0 -
i 000 0 0 0 0/
0 i 00 0 O 0 O
00 i 0O O O O O
000 i O O O O
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0 0 0 0 0o -1 0 0
0 0 0 0o -1 0 0 0
0 0 0 0 0 0 0 -1
s — 0 0 0 0 0 0 -1 0 ,
0 -1 0 0 0 0 0 0
-1 0 0 0 0 0 0 0
0 0 0 -1 0 0 0 0
0 0o -1 0 0 0 0 0
0 0 0 00 —-i O O
0o 0 0 017 O 0 O
0 0 0 00 O 0 i
s — 0o 0 0 00 0 —-i O (102)
0O —-i 0 00 O O O
i 0 0 00 O O0 O
0o 0o 0 ¢ 0 O 0 O
0O 0 -2 00 O O O

This choice implies that each ¥ 4 splits itself into an eight
components object. Therefore, the supersymmetric condi-

tion & a4V 4 = Oreduces to the following set of equations

5 67
—+— | =
[57 sA| A 0
[ Oy pcamremp w,, =0, (103)
8P, |
s o
_ L(=(A/2)+(7/2) r =
[—5Q0 e Qo_ Al ,
5 67
— Wy, =
[57 sa ) a2 =0
5 R
[_A — WP, =0, (104)
P, |
s O
+ 2O ., =0,
[5Q0 e Qo_ A2
5 57
AR "
[57 sa|
[iA 1 ecemp Ty, =0, (105)
P, |
s o
4 A W . =0
[SQO e Qo_ A3 ,
s 57
2w, =
[57 sa | a0
5 R
[_A — WD B |, = 0, (106)
8P, |
s C
— OO W, =0
[SQO e Qo_ a4 =0,
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|: 52 . % _‘IfAS o the physical state reads
S T : W4, =V 0exp[m(A — 7)]
L WP, =0 107) p2 — OF
——e g 0
[6P0 o |¥as ( % exp[_e((;\/zwf/z))(uﬂ (111)
-— 2 ’
o A
[5Q — DD P W s = 0,
0 -
6 5 ] \PﬂZ = \Ifﬂzo eXp[m(/\ - T)]
[57+ 53 a0 =0 x exp[_euuz)ﬂr/z»(%%%)} (112)
[ % e+ ep |y =0, (108)
! 0 - Va3 =0, (113)
[SQ + WM, W a6 = 0,
0 -
W, =0, (114)
5 87
[3_ “oa)Yar=0
5 T /\: Va5 =Y a5 eXp[m()\ - T)]
O corep w o, — o, 10 P5 + 0%
[6130 e o Va7 (109) % exp[e(()./z)ﬂr/z))(PO%QO)} (115)
[62 + o020, W, = 0,
0 _
W a6 = Va0 explm(A — 7)]
5 8 P + 0}
[E ~ 51 /YA =0 « exp[_e<—u/z>+<f/2>><P°%Q0>} (116)
[% o0+ p | =0, (110)
; 0 B Va7, =0, (17)
[@ — W G W = 0,
0 . Vs =0, (118)

It is straightforward to see that only Egs. (103), (104),
(107), and (108) can be consistently solved. Therefore, or equivalently

general case 'V general case 'V,
v v
Al e A2
20 T st 20
AR
10 ,,.,.,.'.g:.:.::::...,.. 10
%
X
WANSS,
R
1 R I i
RS
-20 NN -20 W 5
10 NKs 10 R
-10 >0 -10 LI Q
-5 0 -5 Q 0
P 5 10"0 P 5 10-10
general case Wy 5 general case Wy g
Q
w AR v
& QR
LR 1
10 &&W 77777 SN
X 711/ LSRS N
1020 R 7 10 RIS
X RS
RS
40 LR 10
1 10 LR 5
QXY
-10 -10 3 R 0
5 0 I 500
P 10 10-10

FIG. 1. Behavior of the nonvanishing components of the state function of the Universe W 4; with respect to Py and Q,, for the special
solution (119). We fixed 7 and A to a constant value.
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WV a = explm(A — 7)]

Y a10 eXp[ —(=(A/2)+(7/2)) (133;@3)]

- T —p2+0?
W 50 exp[ — e~/ +(/2) (ot luy)
0
. (—(/\02)+( 2P+ 05
W 450 exple( "D H(7/2) (Fe 0]
2
¥ 260 exp[—e(*(ﬁ/2)+(r/2))(@)]
0
0

(119)

where V¥ 210, Y220, V.50, and W g4, are integration
constants and m is, as before, a separation constant.
Figure 1 shows explicitly the behavior of the solution
(119).

VII. FINAL REMARKS AND CONCLUSIONS

The common concern about the use of this formalism is
whether the final result of the quantization (in our case, the
state function of the Universe) depends on the choice of a
particular foliation. To clarify this issue in the present case
let us consider another choice of the spacetime foliation,
i.e., a new time coordinate ¢ defined by

dt = ¢~ /A3 gr (120)

Then, from the general line element (44) we obtain
ds?> = d* — e dy?* — ef(ePdo? + e 7ds?), (121)

where A = A(z, y) and F = F(¢, x). For the sake of sim-
plicity we are considering here the polarized case only
(Q = 0). In this particular parametrization the lapse func-
tion becomes a constant. Consequently, the problem of the
frozen time of the canonical quantization cannot be solved
in the framework of our present analysis.

It is dangerous to draw conclusions from some models,
minisuperspace or even midisuperspace ones, to full quan-
tum gravity. One should try to avoid common practice,
which consists of solving a time problem for a model way
down in the hierarchy, and jumping to the conclusion that
the time problems of quantum gravity are removed by the
same treatment.

On the other hand, it is important to emphasize that the
physical interpretation of the wave function of the Universe
| W) presents certain difficulties. A genuine wave function
must be related to observable quantities and this implies
that | W) must yield a probability density. However, this is
not true in this case, since the wave function of the
Universe is not normalizable. Moreover, if we require
that |'W) yields a probability density for the 3-geometry,
which, as it is usual in quantum field theory, must have a
specific value at a given time, this would imply a violation
of the Hamiltonian constraint [13]. These difficulties in the
interpretation of the state function of the Universe are the
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price one has to pay for the use of the canonical quantiza-
tion procedure, and its inherent a preferred foliation, i.e.,
the isolation of a specific absolute time parameter against
which the evolution of the system should be defined. An
alternative procedure like the Dirac quantization, based on
functional integrals, does not require to single out the time
variable and could lead to a quantum system with less
interpretation difficulties [40]. Nevertheless, even this
other Dirac approach does not solve the time arbitrariness
problem.

In this work we have investigated the quantization of
Gowdy T3 cosmological models in the context of N = 1
supergravity. The quantum constraints, resulting from the
canonical quantization formalism, are explicitly analyzed
and solved. In this way, we find the state function of the
Universe for the polarized and unpolarized Gowdy T3
models. This represents a proof of the existence of physical
states in the (N = 1) supersymmetric simple midisuper-
space, corresponding to Gowdy cosmologies. This result
contrasts drastically with analogous investigations in min-
isuperspace (Bianchi-like) models, where no physical
states exist, a result that sometimes is assumed as a suffi-
cient proof to dismiss N = 1 supergravity. We have
adopted a less radical position in this work and dismiss
as nonphysical only the homogeneous minisuperspace
models. The existence of physical states in midisuperspace
models confirms this conclusion and indicates that N = 1
supergravity is a valuable theory which should be inves-
tigated further. In this context we have also obtained an
interesting result showing that, in the Gowdy 7° midisuper-
space model analyzed in this work, the state function of the
Universe, representing nontrivial physical states is com-
pletely free of anomalies [41].

On the other hand, there exists a belief that the second
quantization solves the problem of time in quantum theory
of a relativistic particle. The second quantization approach
to quantum field theory is based on the construction of a
Fock space, i.e., one takes a one-particle Hilbert space
F ). From the direct product of the one-particle states
the states which span the N-particle sector F(y) are con-
structed. The Fock space F is then the direct sum of all
such sectors, i.e., = F) & F)® Fp)® -, where
Fo) is spanned by the vacuum state. It is clear that the
Fock space F can be defined only if the one-particle state
F ) is a Hilbert space. This brings us to the Hilbert space
problem for a relativistic particle. The absence of a privi-
leged one-particle Hilbert space structure is the source of
ambiguities in constructing a unique quantum field theory
on a dynamical background [9].

In full, the second quantization merely shifts the prob-
lem of the arbitrariness of time to a different level without
really solving it. Consequently, our quantization approach
a la Pilati [7] remains valid since the second quantization
does not represent a significant improvement to the quan-
tization approach regarding the time evolution problem.
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A closer look to the second quantization approach re-
veals that it does not really solve the problem of time
evolution and its formalism resists an operational interpre-
tation, like the problems presented by the indefinite inner
product of the Klein-Gordon interpretation, which are
faced by suggesting that the solutions of the Wheeler-
DeWitt equation are to be turned to operators. This is
analogous to subjecting the relativistic particle, whose
state is described by the Klein-Gordon equation, to second
quantization.

In this work we have focused on the special case of T3
cosmologies. The generalization of our results to include

PHYSICAL REVIEW D 77, 064009 (2008)

the case of S! X $? Gowdy models seems to be straightfor-
ward. In particular, we believe that the unified parametri-
zation introduced in [42], which contains both types of
topologies, could be useful to explore the supersymmetric
Gowdy model in quite general terms.
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