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We quantize the set of all quarter Bogomol’nyi-Prasad-Sommerfield (BPS) brane probe solutions in
global AdS; X §3 X T*#/K3 found in G. Mandal, S. Raju, and M. Smedback, preceding article, Phys. Rev.
D 77, 046011 (2008).. We show that, generically, these solutions give rise to states in discrete
representations of the SL(2, R) Wess-Zumino-Witten model on AdS;. Our procedure provides us with
a detailed description of the low energy ; and  BPS sectors of string theory on this background. The  BPS
partition function jumps as we move off the point in moduli space where the bulk theta angle and Neveu-
Schwarz fields vanish. We show that generic % BPS states are protected because they correspond to
geodesics rather than puffed up branes. By exactly quantizing the simplest of the probes above, we verify
our description of % BPS states and find agreement with the known spectrum of % BPS states of the
boundary theory. We also consider the contribution of these probes to the elliptic genus and discuss

puzzles, and their possible resolutions, in reproducing the elliptic genus of the symmetric product.
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I. INTRODUCTION

Recently, Mandal, Raju, and Smedbick constructed the
moduli space of all quarter Bogomol nyi-Prasad-
Sommerfield (BPS) brane probes in type IIB string theory
on global AdS; X §* X T*/K3 [1]. These brane probes
consist of D1 branes, D5 branes that wrap the internal
manifold, and bound states of D1-D5 branes. The condition
for supersymmetry translates, roughly, into the statement
that these branes must always be ‘“‘left-moving.” In this
paper, we will attempt to quantize this set of solutions. This
provides a complete description of the low energy structure
of the i BPS sector of string theory in this background.

The AdS/CFT conjecture [2] relates type IIB superstring
theory on global AdS; X §* X T*/K3 to the Neveu-
Schwarz (NS) sector of a (4, 4) CFT living on the boundary
of AdS. The NS sector of the N =4 algebra in 1 + 1
dimensions has short representations that are built on a
special kind of lowest weight state called a chiral primary.
(A chiral primary has the property that its R charge is equal
to its conformal weight.) The % BPS states of the boundary
theory are of the form |anything)|chiral primary). The
probe solutions that we will discuss are dual to these states.

One of the exciting features of these probes in global
AdS is that, for a generic assignment of charges (i.e. space-
time momenta), they are bound to the center of AdS and
cannot escape to infinity. This, however, makes the quan-
tization of these probes difficult since, in the interior of
AdS, the natural symplectic structure on the space of
solutions couples different degrees of freedom to each
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other in a complicated manner. To circumvent this diffi-
culty, we first rewrite the supersymmetric probe solutions
of [1] as left-moving classical solutions of a ‘“‘Polyakov”-
type nonlinear sigma model. The “bound states” above
then give rise to states in discrete representations of the
SL(2, R) Wess-Zumino-Witten (WZW) model on AdS;.

The supersymmetric solutions we have described have
the property that they exist only when the bulk theta angle
and NS-NS fields are set to zero. Now, it is well known that
on this special submanifold of moduli space the boundary
theory is singular because the stack of D1 and D5 branes
that make up the background can separate at no cost in
energy [3]. This leads to the presence of a continuum in the
spectrum that vanishes as soon as we turn on a theta angle
or NS-NS fields. It is natural to ask if this continuum meets
the space of i BPS states. Generically, as we have ex-
plained, % BPS states are described by discrete states that
do not lie in a continuum. However, it turns out that, for a
very special assignment of charges, supersymmetric
probes in AdS can escape to infinity. Semiclassically, the
quantization of these special probes gives rise to states at
the bottom of continua.

So, when the theta angle and NS-NS fields are set to
zero, the % BPS partition function has an intricate structure,
that we will describe in some detail, with unambiguous
contributions from all the discrete states. As soon as we
turn on one of the bulk moduli above, the % BPS partition
function jumps. Such a process can happen when short
representations combine in pairs to form long representa-
tions. For example, in /N" = 4 Yang Mills theory on S* X
R, which is dual to type IIB string theory on AdSs X S, it
is known that both the = and § BPS partition functions
jump as soon as we turn on a 't Hooft coupling and are not
further renormalized [4].
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However, by taking appropriate limits of the ‘—1‘ BPS
partition function, one may obtain two “‘protected” quan-
tities: the elliptic genus and the spectrum of % BPS states
(states that are built on a lowest weight state of the form
chiral primary)|chiral primary)).! These quantities are
protected in that they do not change as we move about
on the moduli space unless the spectrum changes discon-
tinuously at some point. So it is of interest to compare our
results for these quantities with their known values at the
point in moduli space where the boundary theory becomes
a symmetric product.

Now, de Boer, building on [5], found that the low energy
structure of the % BPS partition function and elliptic genus
of the symmetric product had a striking property [6,7]. He
found that these partition functions, for energies lower
than the Banados-Teitelboim-Zanelli (BTZ) black-hole
threshold, were completely explained by gravitons and
multigravitons, with an appropriate exclusion principle.”
The discussion above gives us, for the first time, a clear
explanation of this phenomenon. Supersymmetric giant
graviton solutions do not exist at a generic point in moduli
space. Hence, almost everywhere in moduli space, the %
BPS partition function and elliptic genus are protected and
see contributions only from gravitons and multigravitons at
low energies.

However, we are also left with a puzzle because, on this
special submanifold of moduli space, giant graviton solu-
tions do exist far below the black-hole threshold. Why is
their signature not seen in the % BPS partition function and

'Since the terms i BPS partition function and elliptic genus
are, unfortunately, sometimes used interchangeably in the litera-
ture, we pause here to review our terminology. In a (4, 4) theory,
states may be indexed by their left- and right-moving conformal
weights i, h and R charges r, 7. The partition function depends
on four chemical potentials:

Z(B, B, p, p) = Tre Ph=Bh—pr=pr, (1)
The % BPS partition function depends on three chemical poten-
tials and is given by

Zl/4(B’ P, la‘) = [%I—I»EOZ(B) B’ P, _B + la) (2)

The elliptic genus depends on two chemical potentials and is
given by

E(B, p) = Z(B, B. p. =B + 27mi), 3)
where the right-hand side is actually independent of J3. The 1
BPS partition function also depends on two chemical potentials:

Zip(p p) = . Jigngﬁwzw, B-B+uw—-B+p.

This range of energies is what contributes to the “polar part”
of the elliptic genus. Since the elliptic genus can be almost
completely reconstructed from a knowledge of its polar part [8],
it appears that this index in AdS; knows only about gravitons,
just like its counterpart in AdSs [4].
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elliptic genus evaluated at the symmetric product point? In
Sec. III D, we resolve half of this puzzle by showing that,
except at very special charges, giant gravitons cannot
describe % BPS states. The classical solutions that corre-
spond to generic 3 BPS states, all the way up to the
threshold of the BTZ black hole, are geodesics and not
puffed up branes—gravitons rather than giant gravitons.
The question of the elliptic genus is more subtle. The
elliptic genus is ‘“blind” to right-moving charges. So,
semiclassically, the sum that contributes to the elliptic
genus runs not only over “bound states” but also over
the states at the bottom of continua. The presence of this
continuum removes the puzzle since it invalidates the usual
arguments that protect the index.

To verify this semiclassical story, we exactly quantize
the simplest of the probes above—the D-string—by dual-
izing to an F1-NS5 frame and using the techniques of
[9,10]. This analysis yields results that are almost entirely
in accordance with our semiclassical expectations. We
view this as a validation of our basic philosophy that the
supersymmetric sector of the full quantum theory may be
understood by quantizing supersymmetric classical solu-
tions (this idea has previously been exploited in [11-18]).
We find, as expected, discrete % BPS states that, moreover,
obey exactly the same energy formula that we obtain by
semiclassical methods. By taking limits of the % BPS
partition function, we are also able to reproduce, almost
exactly, the spectrum of % BPS states of the symmetric
product. However, we find, as has been found earlier
[19] and as is expected from an analysis of the singularities
of the boundary theory on this submanifold of moduli
space [3], that some chiral primaries are missing. These
missing chiral primaries are exactly at the point where,
semiclassically, we expect to find a continuum. However,
in the exact analysis, the measure for the continuum
vanishes at this point. We discuss this issue further in
Sec. V.

A brief outline of this paper is as follows. In Sec. II, we
review the construction of i BPS brane probe solutions
described in [1] and discuss some toy examples of semi-
classical quantization. In Sec. III, we describe a second
approach to classical supersymmetric solutions that turns
out to be much more convenient for purposes of quantiza-
tion. In Sec. IV, we discuss the quantization of these probe
solutions and show that they correspond to states in dis-
crete representations of the SL(2, R) WZW model. We also
describe the resultant Hilbert space in the semiclassical
approximation. In Sec. V, we perform an independent and
exact quantization of the simplest of the probes above—D-
strings. By restricting the partition function of D-strings to
its supersymmetric subsector, we validate the energy for-
mula of Sec. IV. We also use this exact calculation to
discuss, more precisely, the contribution of these probes
to the elliptic genus and the half-BPS partition function;
the latter matches very well with the result expected from
the symmetric product.
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I1. CLASSICAL SUPERSYMMETRIC SOLUTIONS
IN GLOBAL AdS;

A. Review

We start this section with a self-contained review of the
relevant parts of [1], although we present only the results
and no proofs.

Consider global AdS; X §3 X T* with metric

ds* = G dxtdx”

= g‘/%a’[—costhdt2 + sinh?pd6?* + dp?
v

+ d{? + cos’{d¢p? + sin*¢d$3] + fQQl a'ds?,.
%

&)
ds, is the metric on the internal T whose sides are of
length 277v'/4. g, Q,, Q5 are parameters that determine the

string coupling constant, and the 3-form and 7-form
Ramond-Ramond (RR) field strengths according to the
formulas summarized in Table I below. We are following
the notation of [5]. We parametrize the internal manifold
using the coordinate z!-*. Although we will concentrate
here on the case where the internal manifold is 7%, our
results may be easily generalized to K3.

TABLE 1.

PHYSICAL REVIEW D 77, 046012 (2008)

If the theta angle (a linear combination of the RR 0- and
4-form) and NS-NS fields are set to zero, then, as we
explain below, this background supports % BPS brane
probes that consist of D1 branes, D5 branes, and also

bound states of p D1 and g D5 branes.

First, consider the case of a D-string (i.e. p = 1, ¢ = 0).
The bosonic part of the brane action is
S = [ Limedrdo
_ 1
- 2ma’
e*P
X wa,BaX"’“ang”TdeO', (6)

where h = det(G,,9,X*35X"), @, B run over the two
worldsheet coordinates o, 7, and B is the RR 2-form and
¢ the dilaton specified in Table I. Now, consider the
“effective” metric:

ds* = Gt dxtdx”
= Qs[—cosh’pdt> + sinthdﬂ2 + dp? + d?

+ COSQZCZ(f)2 + Sln2§d¢2] + - dsmt Q)

If we define A = det(GS!',9,X*d3X"), then classically

D branes in global AdS.

Geometry

dsz = P[—cosh?pdi* + sinh?>pd6? + dp? + d{* + cos*{dp? + sin®{dep3] +

= 82 2= & 00,

Q] ds‘mt

== d—B = Qssin2{d{ Ad¢ A dd, + Qssinh(2p)dp A dt A d6

E-_-& [cos2{d¢1 Ade, —
BPS condmon
E-L—-J —J,=
Null vector tangenz to worldvolume
n* + 713
Solunon

t=71, 0=0(c)+ 71, p=p(o)

9
6t

{=140), 1 =¢i(0)+ 7, ¢y=¢r(o)+ 7
th th(a-)
Momenta
Slnh2ﬂ9,2 +COSZ{¢12 +sm2§¢’2+§’2 +p12+ ab Z
Y= cos? { ¢} +sin? { ¢} +sinh? p6’
P, = Q‘[ ycosth + sinh?p6’]
Py #)sinh?p]

,Q: [(—y + ¢})cos?¢ + L(cos2¢ — 1)¢ph]

f’ [( y + @h)sin? — L(cos2f + 1) ]
P —Qs p'

— *Q; g/
PZ,, = m[gllm z%'] (internal manifold)

(cosh(2p) — 1)dt A dB]

~ [(P,+ Py + Py +Py)do=0
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the action (6) may be rewritten as

S = f £brane

1 1
-5 f V—hdrdo +
w

27a’
e*P
X fBM,,aaX“aﬁX”Tdecr (8)
Q; does not appear in the effective action above, and this
explains why only Qs and not Q; appears in the formulas
of Table L.

If we denote the energy and angular momenta in global
AdS by E, L, respectively, and the two SU(2) angular
momenta on the S° by # 11;212 then the bulk BPS
bound is

It was found in [1] that probe D-strings saturate this bound

provided the vector n# = + 5 + 54— + 55~ is tangent to

the brane worldvolume at all points.

Now, let us say we are given the shape of the D-string at
a particular point of time. We can then translate each point
on the string along the integral curves of the null vector
field above to generate the entire brane worldvolume.
Hence, the set of all supersymmetric brane worldvolumes
is the same as the set of all initial shapes of the D-string.

The brane worldvolume is parametrized by 10 functions
X*(o, 7). Let us now choose the coordinate 7 along the
brane worldvolume to be such that

IXH _
a7

In the coordinate system of (5), n* is just a constant so we
can explicitly solve the equation above for the functions
X*. We find that

nt. (10)

t=r, 0 =06(c)+7, p = p(o), { = {(o),
b = ¢i(0) + 1, by = ¢y(0) + 7, % = z%o0).
(1)

Hence, the set of all supersymmetric D-strings may be
parametrized (up to a reparametrization of o) by the set
of all profile functions 6(o), p(a), ¢,(0), d,(0), 2%(a).?
In Table I we summarize these results and also evaluate the
spacetime momenta [that integrate to give conserved
charges of the action (8)] on these solutions.

Now we turn to D5 branes. It may be shown, either by a
kappa symmetry analysis or an analysis of the Dirac-Born-
Infeld (DBI) action, that D5 branes that wrap the internal
manifold and have the property that the vector n* is

*In order for the brane worldvolume to satisfy the equations of
motion, it is important that the determinant of the worldsheet
metric not vanish at any point. In the parametrization above, this
means X’ - X must maintain a constant sign.
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tangent to their worldvolume at each point are also super-
symmetric [1]. The formulas for the momenta in Table I are
then all valid but with Q5 replaced by Q;.

The third and last kind of supersymmetric probe is a
bound state of p D1 branes and ¢ D5 branes. To obtain a
supersymmetric probe of this kind, we start with a stack of
coincident g D5 branes, all of which maintain the killing
vector n* tangent to their worldvolume at each point. Now,
we turn on U(g) gauge fields on the worldvolume: A;(o).
These are translationally invariant along 7 and give rise to a
field strength:

F=F,doAd + %F,»jdzi Ad7. (12)

The condition for supersymmetry then is that this field
strength be self-dual on the internal manifold: F;; =
ef]lF - We interpret this configuration as being a super-
symmetric bound state of g D5 branes and p D1 branes,
where p is the instanton number of F,

1
P==s f Tr(F A F), (13)
877 Min

and F is normalized in the conventional way. These
classical instanton configurations have moduli, and instead
of using the gauge fields A;(o), it is convenient to parame-
trize them in terms of their moduli {%(o). Note that the
moduli can vary as a function of o without spoiling
supersymmetry.

Somewhat surprisingly, the formulas for the momenta
presented in Table I continue to be valid for such (p, ¢)
strings with the following two generalizations:

(1) Qs is replaced by

k= p(Qs—q) +q(Q, — p). (14)

(2) The internal manifold M, is replaced by the moduli
space of p instantons in a U(g) theory on M;,,. We
will denote this manifold by M, .. For uniformity
of notation, we will henceforth use M,y = My,.
The coordinates z* will also be used for M, .

This result relies on the fact that classically, within the DBI
approximation, the dynamics of the supersymmetric sub-
sector of the 5 + 1 dimensional D5 brane theory reduces to
the dynamics of a 1 + 1 dimensional sigma model, without
taking an IR limit.

The probe solutions listed above have several salient

features:

(1) They have an energy gap—E = min{Qs, Q,}. This
is intuitive because below this energy one would
expect the Hilbert space to comprise gravitons. At
the minimum energy above, stringy effects in the
form of these supersymmetric giant gravitons make
their appearance.

(2) In the AdS background that we have been discus-
sing, we can turn on self-dual NS-NS fluxes on the
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internal manifold and a theta angle. On the bound-
ary, this corresponds to deforming the theory with
some marginal operators [20]. The formulas of
Table I are valid on the submanifold of moduli space
where the coefficients of these operators are set to
zero. If we move off this submanifold, there are no
BPS giant graviton solutions. This means that the %
BPS partition function which, as we will find, has an
intricate structure on this submanifold jumps as
soon as we move off it. The only i BPS states at a
generic point in moduli space are then given by the %
BPS gravitons and multiparticles of these. This ex-
plains why the low energy elliptic genus and % BPS
partition function of the symmetric product do not
see contributions from the ; BPS giant gravitons that
we have described.

(3) Now it is well known that, on the special submani-
|

PHYSICAL REVIEW D 77, 046012 (2008)

fold of moduli space that we have been considering,
the boundary theory is singular [3]. This raises the
question as to whether the states obtained by quan-
tizing the solutions of Table I are somehow localized
about the singularities of the Higgs branch. In par-
ticular, one may worry about whether these states
are located in a continuum. That this is not so can be
seen from the fact that, for generic charges, these
solutions are bound to the interior of AdS and
cannot go off to the boundary of AdS.

Consider, a D-string near the boundary of AdS. Such
a string can have finite energy only if the flux
through the string almost cancels its tension.
Hence, it must wrap the 6 direction. Now, we can
use our freedom to redefine o to set 8’ = w. For
such a string, if we take the strict p — oo limit, we
obtain

QS ] Q5 j sinh2p9'2 COS2 ¢/12 si 2 ¢/22 4 p/z + Ga},Xa/ b
E—L = j'ja’ — é n é X
2 C052§¢/1 + Sin2§¢'2 + Sinh2p9'

2

Thus, we notice that, for strings stretched close to the
boundary, the quantity £ — L must be quantized in
units of Q5. For intermediate, and generic, values of
E — L the solutions of Table I are “bound” to the
center of AdS. This indicates that quantizing them
would lead to discrete states, rather than states that

are at the bottom of a continuum.
Let us elucidate point (3) above by considering another
subset of solutions that do not wrap the 6 circle at all.
Consider the following solution (parametrized by w, pg, £,

¢10’ 00):

0(o) = 6, p(a) = po, {(o) = &,
$1(0) = ¢y, + wo, ¢y(0) = wo. (16)

t=r,

Note that we can absorb the constant in ¢,(o) into a shift
in the origin of . For this solution (using w > 0 which is
necessary for supersymmetry)

E = Qswcosh*(p,), L = Qswsinh?*(p),

. a7
J1 = Qswsin®({p), Jo = Qswcos*({p).
In this subsector, a given set of charges fixes pg:
L
sinh?py = ——. (18)
" wos

Equation (18) has a resemblance to the formula for the
size of the extremal BTZ black hole, and we refer the
interested reader to [1] for the details of this analogy.
This discussion provides us with an inkling of one of the
main results of this paper. Quantizing classical supersym-

i|da' = Qsw. (15)

[
metric solutions in global AdS generically leads to

“bound” states.

B. Quantization using the DBI action:
Preliminary attempts

The space of all classical solutions of a theory is iso-
morphic to its phase space. The Lagrangian equips this
space with a symplectic structure. This may be used to
canonically quantize the theory. The advantage of this
approach is that it maintains covariance. Furthermore, we
can restrict attention to a subsector of phase space by
identifying the corresponding classical solutions. This
technique was, it seems, invented by Dedecker [21],
studied in [22-26], and later brought back into use by
[27,28]. We refer the reader to [29] for a nice exposition
of this method.

The philosophy of this paper is that it may be possible to
quantize special subsectors of solutions, for example,
supersymmetric subsectors, to obtain a subset of the full
Hilbert space. We have enumerated all low energy super-
symmetric classical solutions to type IIB string theory on
global AdS; in the previous subsection. Unfortunately it is
not technically feasible to quantize all these solutions using
the action (8) and its associated symplectic form. In
Sec. IV, we will show how this problem may be attacked
using another method. For this subsection, however, we
will restrict attention to even smaller subsectors. There is
no strict justification for this since the symplectic form
does couple the subset of solutions we will discuss below to
other solutions not in this subset. Yet, these studies are
useful as foy examples that yield some insight into the
structure of the quantum theory.
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To start with, let us consider the subset of solutions (11)
where we restrict to

6(c) =0,  plo)={(0) =0,
(19)
¢1(0) = ¢y(0) = wo,
with an arbitrary profile on the internal manifold M, ,. For

large p, g this is not a severe restriction since most of the
degrees of freedom of the string are in the fluctuations on
M, ,.

The profile of the string on the classical instanton moduli
space M, , is parametrized by functions z%(o ), with con-
jugate momenta P = — 5L 2 gM(z%)" where g™ is the
metric on M, .. The spacetime energy and angular mo-
mentum are given by

E+L kw  hy
=5t — =, 20
2 2 w 2 2 (20)
ﬁ fgi?bt(za)'(zb)'dO' is the “level” of the
sigma model on M, ,
To see what happens when we quantize the canonical

structure above, consider the space of functions X(o) with
the symplectic form

where h;, =

0= f _5X(0) A 6X(a')621—;:. @1

Expanding X (o) = \/Xﬁ ™7 the symplectic structure (21)
n

leads to the usual Dirac bracket prescription:

{an X—n}D.B. = ir n>0. (22)

Promoting Dirac brackets to commutators will lead to a
Fock space that has the usual left-moving oscillator modes
of a scalar field, but no right-moving oscillators or mo-
mentum zero modes. Since these zero modes are what tie
the left and right movers together, what we have here is the
purely “left-moving” part of a scalar field.

In exactly the same way, in the example above, we
obtain the left-moving part of the quantum nonlinear sigma
model on M, ,. We will denote this Hilbert space, that
comprises the trivial zero mode sector, by H(!M,, ). The
energy in AdS is related to the level of this CFT by the
formula (20).

The sigma model on M, , is conformal and admits an
N = 4 supersymmetric extension. Now, the left-moving
level of the boundary theory is given by E“, and one
may think that the superconformal algebra carries over
from the worldsheet to spacetime via formula (20). The
usual Virasoro algebra [see (55)] is indeed invariant under
the redefinition L/, 5noﬁ = f(LW,, — 8,059), € = cw,
but now we see that the shift £* "W does not allow us to use this
prescription for Eq. (20). In Sec. IV, we will see how the
N = 4 sigma model on M, , is supplemented with de-
grees of freedom from the “‘center-of-mass” coordinates
that shift the central charge to correctly generate this shift.

PHYSICAL REVIEW D 77, 046012 (2008)

To make the example above technically tractable, we
were forced to fix the center-of-mass coordinates of the
strings. We will now relax this assumption slightly and
consider a slightly different subset of solutions. We fix to

b1 =(d1)o + 7, dr = (h2)o T 7,
(23)

0=wo+ T,

where (@))o, (h1)y are two real constants, and w is an
integer. p, { and the profile on M, , remain arbitrary. On
this submanifold, we can expand out the p and {'in (11) as

. s

ple) =3 e, (= met. 24
Z Zkl —o0 2k|l’l

The momenta of Table I then lead to the Dirac bracket

prescriptions, for n > 0:

—i{ly {ubpp =1 (25)

Promoting these Dirac brackets to commutators leads, as
we explained above, to the left-moving sector of the
Hilbert space of a free scalar field. Already, we see that
the spacetime momenta do not have simple quadratic ex-
pressions in terms of the ‘“‘creation” and ‘‘annihilation”
operators above, except for

- i{pn’ p—n}D.B. =1,

_ N, + Ny + hig
W )

(26)

where N, N, are the levels of the p and { CFT and h;, is
the level of the nonlinear sigma model on M, q.4

The two examples above give us some insight into the
structure of the full quantum theory. For example, we see
that the excitations on the internal manifold M , , enter the
formulas for spacetime energy and angular momentum in
the simple fashion specified by (20) and (26). We will
obtain similar formulas in the full quantization that we
perform in Sec. IV.

Unfortunately, it does not seem technically possible to
proceed and quantize the entire space of solutions in
Table I by extending these techniques. So, we will turn,
in the next section, to another approach to classical solu-
tions, using the “Polyakov’ action.

ITII. ANOTHER APPROACH TO CLASSICAL
SOLUTIONS: “POLYAKOV” ACTION

Although we could quantize a limited subsector of the
moduli space of supersymmetric solutions above, the sym-
plectic form and Hamiltonian on the entire moduli space
do not lend themselves to simultaneous diagonalization in
any simple fashion. So, we will now present another ap-

“*It is known that, in the full quantum theory, both the p CFT
and the { CFT develop linear dilaton terms, but we cannot derive
these shifts in the stress tensor from our semiclassical
perspective.
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proach to analyzing classical solutions in global AdS that
will be useful for quantization.

In the action (8) that governs the motion of the D-string,
we can introduce a worldsheet metric to get rid of v/ —h°ff.
We can then fix conformal gauge and introduce light-cone
coordinates x~ = 7 * ¢ to obtain the action

?——f(Ge“ n *‘”) LXEO X'dxtdxo.  (27)

This is exactly the same as the usual transition from the
Nambu-Goto to the Polyakov action (the 2P stands for
Polyakov) for the F-string. We emphasize that the manipu-
lation above is purely classical.

A classical solution of the action above is equivalent to a
classical solution of the DBI action only after we impose
the Virasoro constraints:

T(x") =T(k") =0, (28)

where T and T are the classical left- and right-moving
stress tensors derived from the action (27).

The symplectic structure on the set of all solutions to the
action (27) that obey the constraints (28), saturate the
bound (9) and for which the worldsheet determinant never
vanishes is identical to the symplectic structure on the set
of solutions to the action (8) saturating the bound (9). As
we explained in the previous section, the symplectic struc-
ture on the space of supersymmetric (p, g) strings is the
same as the symplectic structure on the space of super-
symmetric solutions to the action (8) with the substitutions

0s — p(Qs — q) + q(Q, — p), My — M, 4. (29)

This means that, as long as we are interested only in
supersymmetric solutions, we can use the action (27),
with the substitutions (29) for (p, g) strings also. This
allows us to treat (1, 0) strings on the same footing as all
other (p, ¢) strings in the discussion below.

A. The SL(2, R) X SU(2) WZW model: Background
and notation

The action (27) may be recast as an SL(2, R) X SU(2)
WZW model in addition to the nonlinear sigma model on
the internal manifold. To see this define

g = ei((t—ﬁ)/Z)Uzeptmei((1+9)/2)0‘2y

A L (30)
g = el((¢1_¢2)/2)‘73el§0'2€l((¢1+¢2)/2)f73.

Clearly, g, € SL(2, R) and g, € SU(2). The action (27),
with the generalization (29), may be written as

_k _ _
S =g [ Tlle 0P + (g5 0,0+ T

+ T3 + Sine 31)
where the terms F;,QVL;(Z) an are the usual Wess
Zumino terms for SU(2) and SL(2, R), respectively (see

SL(2,R)
d I'y,
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[30] and references therein for details), and S, is the
action for the nonlinear sigma model on the internal mani-
fold M p.q- We will, sometimes, find it convenient to work
with the group element

§ =898 (32)

where g € SL(2, R) X SU(2).

So, apart from the nonlinear sigma model on M, ,, we
now have exactly a WZW model of level k on SL(2, R) X
SU(2). The SU(2) WZW model has been studied very
widely, and the SL(2, R) model has attracted attention in
the studies of fundamental strings propagating on AdS;. In
what follows, we will draw heavily on the studies of
[9,10,31].

It is important that we wish to study the WZW model on
the global cover of SL(2, R). In our analysis, we will need
to ensure that the string worldsheet closes in global AdS;
and not just in the group parametrization (30). This has
consequences that we will mention below.

Classical solutions of the WZW model can be decom-
posed into a product of a left-moving solution and a right-
moving solution.

g™ x7) =g (x)gm(x7). (33)

The entire solution must, of course, be periodic as a
function of o, but the two individual components only
need to come back to each other up to a monodromy, M €
SL(2,R) X SU(2).

g (" +2m) = g"(x")M,

(34)
g (™ —2m)=Mg (x7)
The decomposition of Eq. (33) is not unique. Given
a classical solution g(x*,x”), a decomposition
{g*(x"), g (x7)}, and any constant group element U,
one obtains another decomposition of the same solution
via {g*U, U"'g~}. Under this, M — U~ 'MU. Hence, M
is determined only up to conjugation. Classical solutions of
the WZW model may be classified by the conjugacy class
of M.

The quantum WZW model has a current algebra sym-
metry, and the Hilbert space breaks up into representations
of this algebra. It was shown in [32] that, at least for the
case of the SU(2) affine algebra, all states in a particular
representation have the same monodromy eigenvalue.
Conversely, as we will do, one may use the monodromy
to obtain information about which states occur in the
spectrum.

Our model has six right-moving and six left-moving
conserved currents. Three correspond to SL(2, R) genera-
tors, and three correspond to SU(2) generators. Explicitly,
these currents are given by
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Ja(xT) = kTr(G 9, 8.8, "),
Jx7) = kTr((G*)* g 'a_gy),

Ki(xT) = kTr<_120- 8+g2g{1>, (35)

Kix™) = kTr<_i(20i)* 82_18_82>.

In the first line, a runs over the set {z, +, —}, and we take
G* ==, G* =G *iG’ =1(o% *ic¥). In the third
and fourth lines, i runs over x, y, z. The left- and right-
moving stress energy tensors are given by

TO) = L (O + PR+ (P + (K92 + ()
+ (K5)?) + Tin(x),

T() = (R + (PP + (R + (R + (RO
(R + Ty, (36)

where Tj,(x"), T (x™) are the left- and right-moving
stress energy tensors of the sigma model on the internal
manifold. We will only need the property that
[ Tin(x)dx* =0, [ Tip(x™)dx™ = 0.

We will find it convenient to use the modes

T(_x+) = ZLneinx+’ Ji(x+) — Z],l:leimﬁ,
Ki(x") = ZKileinxJ" Tr) = ZL”neinx’, 37)
Jix™) = Zj;emr’ Rix) = Zki}e"”i-

The energy E and angular momentum L in global AdS
are related to the zero modes of these currents.

E+L_JZ JI_JZ_KZ
2 v 2 0 (38)
E - L ~, Jl + Jz ~
2 v K
Hence, the BPS bound (9) is saturated when
J§ =K. (39)

B. Solving the right-moving sector

We will now show that the supersymmetry relation (39)
and the Virasoro constraints (28) are enough to solve for
the entire right-moving sector of the nonlinear sigma
model (27).

First, recall that, even in conformal gauge, we have the
freedom to redefine x~ — f(x~). We will choose this free-
dom to set

Ji(x7) =Ji (a constant). (40)
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Let us see how this gauge may be reached. From the
definition of the current, (35), we see that under a coor-
dinate transformation xj; — x™:

-~ ox~ - _
J(xq) =F_ldﬂ(x ). 41

Hence, if we define a new coordinate by

_ o
o _ ) 42)
0X51q J§
we will explicitly reach the gauge (40). Notice that (42) is
always well defined since, to obtain a solution to the
Virasoro constraints, we must have j(z) > 0. Second, the
constant J§ is automatically determined by demanding that
the new coordinate have the same periodicity as the old
coordinate, i.e. x” (x,y + 2m) = x"(x,,y) + 2. This is
reassuring, since (38) tells us that J§ is a physical quantity;
so, gauge fixing should leave it unaltered.
Now, consider the Virasoro constraint

Ly,=0. (43)
In the gauge above, this reads

(T + KLG + Y |1 + L + K1 + K
n=0

+ K32 =0. (44)

Using relation (39), we find that this implies that, except
for J§ which is set equal to K5 by (39) and remains an
arbitrary parameter, all the other Fourier components that
appear in the expression above are set to zero.
Lyt=0, J=5h=K=K,=0
(45)

Kizo = Jhz0 =0, Ko = Ji

We can now solve the equations (35) to completely
obtain the right-moving sector of our theory in terms of
the single arbitrary parameter J§. In particular, referring to
the notation of (32), we see that

jz
ais'x0) = sn el |,
. (46)
JZ
g™, x7) = gz()C*)éXP{ifUax_}-

All right-moving excitations on the internal manifold are
also set to zero by (45).

Actually, these solutions are just the solutions (11) in a

new guise. Referring to the group parametrization (30), we
see the solutions (46) translate to
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T

= +7 -

o, 1) =t(x") TR
jz

(o, 7) =60(x") + ﬁx*,

di1(o,7) = (x) + g_ix’

do(o, 1) = ¢r(xh) + ;—ix_, 47)

plo,7) = p(x7),
{(o, ) = L(x7),
7%(o, 1) = z¢(x™).

Two points are worth emphasizing.

(1) By solving the right-moving side of the SL(2, R) and
SU(2) WZW models, we have also determined the
monodromy of the left-moving side.

(2) The monodromy of the SU(2) part and the SL(2, R)
part are linked, since they both depend on the same
parameter J§.

As we mentioned, the monodromy of the solution gives
us information about which representation of the current
algebra we are in. The two features above then mean that,
at least semiclassically, once we specify the representation
of the right-moving SL(2, R) current algebra, this deter-
mines the representation of the left-moving SL(2, R) alge-
bra and the left- and right-moving SU(2) current algebras
(the inclusion of fermions modifies this statement slightly
as we discuss in Sec. V).

SL(2, R) has three types of conjugacy classes. Given
I' € SL(2, R), we determine its conjugacy class to be of
type elliptic [(Tr(I"))?> < 4], parabolic [(Tr(I'))> = 4], or
hyperbolic [(Tr(I'))> > 4]. We see that, generically, the
monodromy of the solutions (46) lies in an elliptic conju-
gacy class of the group. We will find, later, that quantizing
these solutions will give rise to ““short strings™ in AdS;.
This is linked to the observation made above that, unless
E — L is quantized in units of k, our strings are bound to
the center of AdS;. When jf) = ”—2" in Eq. (46) for some
integer n, the monodromy of the solutions (46) is £ 1. This
kind of solution can escape to infinity and lies at the cusp of
short and long strings. One may suspect that on quantiza-
tion these solutions would give rise to states at the bottom
of a continuum. Semiclassically, this is indeed true. The
full quantum analysis in Sec. V raises a puzzle regarding
this that we will discuss there.

C. Winding sectors

Notice that given a solution of the form (46) we can
generate another solution using the transformation

iwjos(x iwy oy (x™/2)

gt x)—>e ge

(48)

82(X+, x_) — ei‘Vz”3(x+/2)gzeiw|173()5’/2).

In Eq. (46), this operation takes J§ — J§ + &
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The two parameters that determine the “‘spectral flow”
operation above have the property that w;, w, € Z and
wy = wi(mod)2. Notice two important features above.
First, we have to spectral flow the left-moving part of the
SL(2, R) model by exactly the same amount as the right-
moving part; this is required by the periodicity of the
worldsheet in global AdS; which is the global cover of
SL(2, R). Supersymmetry now determines that the right-
moving part of the SU(2) WZW model must also be
spectrally flowed by w,. However, periodicity on S3
merely requires w, = w;(mod)2.

Second, since 7(SU(2)) = 0, we cannot classify the
solutions of the SU(2) WZW model by their winding
number. This is not true for SL(2, R) since 7(SL(2, R)) =
Z. Solutions to the SL(2, R) WZW model hence break up
into sectors labeled by two integers, one for the left-
moving solution and the other for the right-moving solu-
tion. Since we are considering the global cover of SL(2, R),
closure of the worldsheet requires the two integers to be
equal. So, solutions of the WZW model with a target space
that is the global cover of SL(2, R) break up into sectors
labeled by a single integer w.

D. 1 BPS states

Before we conclude our discussion of classical solu-
tions, we would like to discuss two additional issues. The
first regards ‘“‘chiral, chiral primaries” in global AdS.
These are half-BPS states of the N = 4 algebra on the
boundary and are chiral primaries on the left and on the
right. This means that they satisfy the BPS relations

E-L=J,+J, E+L=J—J. (49

Extending the analysis of Sec. II, we conclude that
probes that maintain both
d d d d
—t—+ —+
ar 90 dd, ¢,
d d n d d
My = — — — 4+
29t 90 ad, 0o,

ny =

(50)

preserve the required eight supersymmetries.

From our list of solutions, we can see that this fixes both
the o dependence and the 7 dependence. In particular, the
only allowed solutions are

t=r, 0 =wo+ T, ¢, = const + T,
¢, =wo + 7, p = const, Gh
{ = const, 7zl = const.

0 29

The two tangent vectors above are then = and £ — 2 -

We now encounter a surprise. Calculating the charges of
these solutions from Table I, we find that, for a (p, q)
probe, E = J; = kw and L = J, = 0 where £ is given by
(14). However, the boundary theory has chiral-chiral pri-
maries for all half-integer values of the scaling dimension
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(EL) up to % , not just the small subset above. Evidently,
smooth giant gravitons cannot describe generic chiral pri-
maries; a point that was stressed in [33].

Moving now to the Polyakov approach, we can find the
classical solutions for chiral-chiral primaries by merely
repeating the analysis above for the left-moving side. We
find that the solutions that obey the relations (49) and have
the correct periodicity on the worldsheet are

Jg Jg
g1xt, x7) = exp{i]?asz“}exp{ilfa'zx_},
52
SNV R NI S
g, x7) =exp i 03T explic o,

where, as before, g, is an element of SL(2, R) and g, an
element of SU(2). The form (52) is unique up to an
irrelevant additive shift in o. If we move to spacetime,
using the parametrization (30), we find that the solutions
(52) correspond to curves that pass through p = 0 (the
center of AdS) and sit at { = 0. Hence, the values of  and
¢, are ill defined, but if we take these values to be zero,

20T
9 =0,p=

then the solutions (52) correspond to t =
0, =2, ¢ =0,{=0.

We now notice a remarkable feature about these solu-
tions. Spectral flow does not puff these geodesics into
strings. The transformation (48) takes J§ — J§ + % but
leaves the solution in the form of a geodesic placed at p =
0, { = 0. This simple observation explains several facts
about the bulk spectrum of chiral-chiral primaries that have
hitherto been puzzles:

(1) The spectrum of chiral-chiral operators in nonzero-
winding sectors was calculated in a nice paper by
Argurio, Giveon, and Shomer [19] (AGS) and found
to be a continuation of a graviton spectrum. While
one may expect stringy effects to start showing at
energies of order Qs or Oy, this does not happen for
chiral-chiral operators because spectral flow does
not puff these geodesics up into strings. This also
explains why de Boer, in [6], was successful in
reproducing the spectrum of (1/2) BPS states on
the boundary up to energies % by naively extend-
ing the graviton spectrum.

(2) AGS conjectured that, in each winding sector, some
chiral operators (with charges integrally quantized
in units of %) vanished into the continuum. We see
that, at exactly these values of the charge, chiral-
chiral primaries are described by giant gravitons as
in Eq. (51). Classically, they can be at any value of p
including p — . Quantum mechanically, this
means that they are at the bottom of a continuum

>The Polyakov formalism can accommodate these solutions
because solutions to the action (27) obeying the constraints (28)
comprise all solutions to the action (8) plus geodesics.
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of nonsupersymmetric states and we may expect
difficulty in counting them.

(3) From the spectrum of chiral operators, AGS also
discussed the possibility that the boundary theory
was a deformation of the iterated symmetric product
((Mi)9%/50.)91/S,,. However, since the classical
solutions corresponding to chiral operators are geo-
desics, they do not differentiate between different
probes; we cannot determine if they are constituted
by D1 branes, D5 branes, or a bound state of these.
Even in the semiclassical quantum analysis below,
we find that chiral-chiral operators can be obtained
by quantizing any of these probes. This restores the
democracy between Q; and Qs.

(4) Correlation functions of chiral-chiral operators, in
the zero-winding sector, were recently calculated by
Gaberdiel and Kirsch [34] and Dabholkar and
Pakman [35]. The insight above, that chiral-chiral
operators do not ““see” winding, indicates that simi-
lar results would be obtained by repeating this cal-
culation in sectors of nonzero winding.

IV. SEMICLASSICAL QUANTIZATION

We will now use the insights of the previous sections to
deduce features of the % BPS sector of quantum string
theory on AdS;. Throughout this section, we will work in
a semiclassical limit, where the charges of the states that
we consider are large, and hence, for example, j(j + 1)
may be well approximated by j2. There are two reasons for
doing this. The first is that the analysis we perform here is
valid for general (p, g) probes. The second is that we will
find that when we perform an exact analysis of the D-string
by dualizing to an F1-NS5 frame, it will turn out that the
formulas we derive in this section are quantitatively correct
including all the additive factors of 1. The factors that we
neglect conspire to cancel.

As we mentioned in the previous section, a (p, g) probe
leads to an SL(2, R) X SU(2) model with level k given by
Eq. (14). The details of the internal manifold, M will
not be too important for us here.

The approach we will adopt is as follows. We start by
reviewing the Hilbert space of the SL(2, R) and SU(2)
WZW models. The question that faces us then is to under-
stand what sector of this Hilbert space corresponds to the
solutions (46) obeying the Virasoro constraints. We tackle
this question in Sec. IV B.

p.q°

A. The SU(2) and SL(2, R) WZW models: A review

The SL(2, R) and SU(2) WZW models each have three
left-moving conserved currents defined in Eq. (35), which
we call J' and K', respectively. In the quantum theory these
currents give rise to an affine symmetry via the commuta-
tion relations
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kn
[J Jm] n+mr [pr an] = - 7 6n+m,0’

[J;IL’ Jr;] = 2J;21+m + kn5n+m,0'
(33)

. kn
[K,Z,, K;Z] - —Kn_+m’ [K m - 7 6n+m,0r
[K;’ Kr;] = 2Kfl+m + kn8n+m,0'

The stress energy tensors, for each algebra, are given by the
usual Sugawara construction. In particular, the modes L,
are given by

[SLRR) _ ﬁ; [mim TiTn o + I di
- 2J,7-,1J7-_m}
» 4
L5U0) _ m; [m_zw K Ky oy + KK
+ 2K,§1Kim}
where : ... : implies normal ordering where negatively

moded operators are placed before positively moded op-
erators. These modes obey the algebra

(L3R, ga] = —mJe

n+m’

[L5V?) ka] = —mK@

[LﬁL(ZR)’ L;S’nL(Z,R)] —(n— ;;I’i,;fﬁ%m
SR
[L:272, Li'®] = (n = mLyY
+ 4(16713_2)(113 = 1)8 4 mo-

Representations of the SU(2) affine algebra are con-
structed by starting with a lowest weight state |j) obeying
K251 =0, Kf1j) =0, K*|j) = jlj). Such a state is
called an ““affine primary.” Given an affine primary, one
acts in all possible ways with the lowering operators Kn Zor
K, and removes null states to construct the entire repre-
sentation. We will denote a representation built on an affine
primary of weight j as £/ The spectrum of the SU(2)
model at level k comprises the “diagonal modular invari-
ant” ®;_g1/2. /2L’ ® L7, where the left-moving affine
primary has the same weight as the right-moving affine
primary. We refer the reader to [36] for details.

The spectrum of the SL(2, R) WZW model is more
intricate, because this group is noncompact. The SL(2, R)
WZW model also has lowest weight representations of the
kind described above. These are discussed in [9,37], and
we refer the interested reader there for details. Here, we
review the two kinds of representations that are most
relevant to strings propagating on AdS;.

PHYSICAL REVIEW D 77, 046012 (2008)

(1) Discrete lowest weight representations TAD]+ These
representations are labeled by a real number j. j is
related to the second Casimir via ¢, = 3{JJ, Jg'} —
(J§)? = —j(j — 1). One starts with a state |}, j)
obeying

TSl iy = Jolj jy =

(56)
Jélj, j> = Jjlj. )
and then acts with the remaining operators of the
algebra {/2%,Jf} to obtain the entire
representation.
(2) Continuous lowest weight representations C“ These
representations are labeled by a real number s with
j =73+ is. The second Casimir ¢, = —j(j — 1) =
s+ %. One starts with a state |s, @, a) obeying

Blj, a, a) = alj, a, ),

(57)

ISl e, @) =0

and acts with the remaining operators of the algebra
{2, Ji} to obtain the entire representation.
Evidently, one may restrict 0 = a < 1.
Now, notice that both the SL(2, R) and SU(2) models
have a ““spectral flow” symmetry. The transformations

kw

kw
o= Ji +—8,0  Ki—Ki+—35,
n n D) n,0 D) ,0

JE—J5., K- KL

o (58)

— 5 ,
4 n,0
2

k
— LY® 4wk + % 8o

LELL(Z,R) - LﬁL(ZR) — Wi —

LSU(Z)

preserve the algebra (53) and (55).° For the SU(2) algebra,
at level k, spectral flow by an odd number of units maps us
from a representation of lowest weight j to a representation
of lowest weight§ — Jj. Spectral flow by an even number of
units maps us back to the representation of lowest weight j.
However, for the SL(2, R) algebra, spectral flow generi-
cally produces a new representation that is not a lowest
weight representation at all. We denote these spectrally
flowed representations by @}” and C’ya It was explained
first in [38] and later in [9,10] that a consistent Hilbert
space of bosonic strings propagatmg in AdS; is formed by

considering all DW+ ® D with 1< j <% and all

(172)“3 ®C(1/2)+is. Note that the Values of j and w on
the right and left have to be the same.

®In this paper, we will think of spectral flow as an operation on
states that leaves the operators themselves unchanged.
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B. Linking classical solutions to quantum states

We need to identify which subsector of the spectrum
above corresponds to the solutions discussed in Sec. III B.
Recall that an analysis of supersymmetry allowed us to
completely solve the right-moving sector. This, in turn,
also determined the monodromy of the left-moving sector,
since the left- and right-moving parts of the solution are
constrained to have the same monodromy. The link be-
tween classical solutions and quantum states goes through
the monodromy. The key result that we need was proved by
Chu et al. in [32], drawing on the study of [39]. For other
studies examining the canonical formalism applied to
WZW models, see [40] and references therein.

Recall that the phase space of the WZW model consists
of all classical solutions to the action, and these are of the
form (33). The conjugacy class of the monodromy is a
well-defined function on phase space. Canonical quantiza-
tion promotes this function to an operator. The authors of
[32] considered the SU(2) model. Conjugacy classes of
SU(2) are labeled by a single real number 0 = v < 7 with
corresponding group element e”?3. In [32], it was shown
that states in the representation £/ with 0 < j <% were
eigenstates of the operator v with eigenvalue

C2j+1
Y2 "

[SU@2)]) (59

The analysis of [32] is rather intricate, but it is not hard
to understand the semiclassical origins of formula (59).
The affine primary of a lowest weight representation and
other states obtained by acting on it with the zero modes of
the algebra are the states in the representation that have the
lowest conformal weight. Hence, we can derive a semi-
classical version of formula (59) by considering all solu-
tions with a given monodromy and minimizing their
conformal weight. Consider, the right-moving part of a
classical solution of the SU(2) WZW model, which we
parametrize as in (30),

2y(x7) = e 1)~ b6 /D3 il ) =iy )+ ol )/ Do
(60)

with the boundary condition

§(x7 +2m) = "7 gy (x7). (61)
We can obtain the currents of this group element using the
formulas in (35). We find that the zero modes of the stress
energy tensor and K* current are given by

L' = Z%Tk ﬁ (oGP + SIP(Bh)? + (P)dx,

K = 2£ f(coszé’qb’1 + sin?{ b )dx .

T

(62)

If we minimize the conformal weight in (62) subject to the
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boundary condition (61), then we find that the minimum is
reached at

{ = constant,

=~ =5
(63

2
15U — v ‘
0 (4m)°k

If we now use the fact that an affine primary of weight j has

JG+1

2 We find the semiclassical relation

conformal weight
2jm

o (64)

14

where the ~ indicates that this relation is semiclassical.
Quantum fluctuations will modify this relation to the exact
equation (59). The formula (63) is valid as long as v = 7
(otherwise, it is shorter to go around the sphere the ““other
way’’), which is consistent with the fact that the lowest
weight affine primaries of the SU(2) affine algebra are
capped at j = %
To see the significance of the constant value of { in (63),
we calculate, on this solution,
kv .
K§ = cos(2{) =— = cos(2{);. (65)
2
The possible values of K for the lowest conformal weight
of (63) range from [—j, +j]. This is what we expect since
all states in the SU(2) representation built by acting with
the zero modes of the affine algebra on the affine primary
have the same conformal weight. They are distinguished
by their eigenvalues under K3, and these eigenvalues can
range from —j ... j for an affine primary of weight j. The
highest value of j is what corresponds to the affine primary,
as we defined it above, and this is obtained at { = 0.
Now, we notice a remarkable fact. At this value of /, the
solution (63) is of the same form as the right-moving sector
of (46), considered at zero winding. This suggests that the
solutions (46) for jg < % correspond to states that, on the
right-moving side, are affine primaries of SU(2). The
solutions with jé >§ can always be obtained from these
solutions by means of the spectral flow operation (48).
Hence, the solutions with ]6 > § correspond to states that
are obtained by spectrally flowing an SU(2) affine primary
using (58).
We can repeat the semiclassical analysis above for the
SL(2, R) affine algebra. Consider a curve in SL(2, R) pa-
rametrized by

g, (x7) = el )H0GT)/2)0 oplx ) pilil ) =0G7)/20 (66

As we explained above, SL(2, R) has three types of con-
jugacy classes. However, the solutions of (46) have a
monodromy that belongs to an elliptic conjugacy class.
Hence, we will consider the boundary condition
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g1x™ +2m) = Vg (x7). (67)

This time, we have

1 27
Ly= P f (—cosh?pt” + sinh?p0”? + p?)dx",
T 0
k 2
JE = P f (cosh?pt’ — sinh?p@?)dx~. (68)
T Jo

The group parametrization (66) admits curves that wind
around the ‘“‘time” direction, but restricting to the zero-
winding sector, we find that the solution that minimizes the
conformal weight is

P=—0="x. (69

p = constant,
27

This solution has conformal weight and a J§ eigenvalue:

[SL@R) _ v?
0

kv
z — i
7 J§ = cosh2p o (70)

The value of LSLQ’R) above corresponds to the lowest
conformal weight possible in a discrete unflowed repre-
sentation D%/ with

~2j7T
P

v (1)

Repeating the argument of [32] for the SL(2, R) affine

algebra yields the quantum result

_2j—1
k—2

v 7 [SL(2,R)] (72)
As above, the formula (69) is valid for j = % which tells us
that we should consider the discrete unflowed representa-
tions D"/ only for j < % . The value of J§ in (70) can range
from j...oco which is exactly what we expect. The affine
primary itself corresponds to the lowest possible value of j
which corresponds to p = 0 in (69). At this value of p, the
solution (69) becomes identical to the right-moving solu-
tion of (46). Hence, we conjecture that the solutions (46)
correspond, on the right-moving side, to affine primaries of
discrete representation of the SL(2, R) affine algebra or to
spectral flows of these.

As we mentioned above, there are two other types of
conjugacy classes of SL(2, R). The hyperbolic conjugacy
classes, in particular, correspond to solutions that have
monodromy e°?3. The minimum conformal weight for
classical solutions with this boundary condition is
Lgl‘(z’R) = ﬁ. Hence, solutions with this monodromy
correspond to states in continuous representations. The
solutions of (46), when J§ = ’5‘ are then at the bottom of
a continuum; i.e. we can reach the continuum by moving
infinitesimally away from supersymmetry. We will have
more to say on this below.
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We are now in a position to identify the solutions of (46)
with i BPS states in spacetime. Recall that we are looking
for states of the form |anything)|chiral primary). The clas-
sical solutions of (46) also have this form. They have a very
special structure on the right-moving side and an arbitrary
solution on the left-moving side. It is then natural to
conjecture the following.

(1) Left (right) movers on the worldsheet give rise to

left (right) movers in spacetime.

(2) A chiral primary in spacetime is constructed either

(a) by taking the affine primary of a discrete

SL(2, R) representation 7Y and combining it with
an affine primary of the SU(2) representation £/7 or
(b) by spectrally flowing a state of this form by w
units.

(3) The arbitrary left-moving side of (46) is subject to
global constraints from the right-moving side.
Semiclassically, we see that this left-moving state
must belong to the sector D" X L7 X H(M,,,)
of the sigma model on SL(2,R) X SU(2) X M, ,.
Here, j/ = jif w is even, and ;' = & — j otherwise.
Of course, we need to impose the left-moving physi-
cal state conditions as well.

(4) It appears that at special values of the charges, when
the right-moving chiral primary has j = %W [recall
that according to point (2) above all such right-
moving chiral primaries in spacetime are related
by spectral flow on the worldsheet], we obtain states
that are the bottom of continua.

C. Semiclassical analysis of supersymmetric states

We will now verify the conjecture above by checking
that the states described above do indeed obey the physical
state conditions and BPS relation, and also discuss, in more
detail, the structure of the arbitrary states that appear on the
left-moving side. Classically, we need to impose the con-
straints (28). Quantum mechanically, we will demand that
physical states |a) satisfy L,|a) = 0, and we will mod out
by spurious states of the form |a) = L_,|b). What about
the mass-shell condition? In passing from classical solu-
tions to quantum states, since we are interested only in the
spectrum, we have the freedom to choose normal ordering
constants. This issue is discussed in some more detail in the
next section. In this subsection, since we are in a regime
where all charges are large compared to 1, we will not be
too precise about this and work with a semiclassical mass-
shell condition Ly|a) ~ 0.

First, consider the construction of chiral primaries in the
zero-winding sector. Consider a right-moving state |c/?)

In the exact analysis of Sec. V, we find that this construction
must be modified slightly. We need to combine the affine
primary of 7 1 with the affine primary of £/ and dress the
state with fermion zero modes.
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that is an affine primary of £/, an affine primary of DO,
and in the ground state in M pq- Lhen,

Lolcly = (ESFCR + 5V cioy
-2 -2
J J PO\ _
~ =L+ L)% =0,
( ; k)|c )
Lyley = (L3F*0 + LYy = o,
(J5 — K30y = (j — e = 0.

So, |c) obeys the physical state and supersymmetry con-
ditions. This state cannot be written as a conformal de-
scendant on the worldsheet. Hence it is not spurious. So, it
gives us a good description of a spacetime chiral primary.
Semiclassically, it appears that j runs over all the values
0= < § in half-integral steps. The exact analysis of the
next section shows us that we actually obtain a series where
j runs over 1, 1, ’5‘ — 3.

Now, notice that, given a state that satisfies the physical
state and supersymmetry conditions above, the transforma-
tions (58) take us to another state that also satisfies these
conditions. So the state |¢/") obtained by simultaneously
spectral flowing |c¢/°) by w units in both SL(2, R) and
SU(2) is also a good spacetime chiral primary. Note that
this process of spectral flow merely extends the series

above, from1.. A -1t b +1. k(wzﬂ)

This leaves behmd gaps at the Values Thls is exactly
the value of J§j, where the monodromy of the solutions (46)
becomes 1. It is also the charge assignment for which we
explained, in Sec. II, that classical probe brane solutions
could escape to infinity. It is tempting to believe then that,
at these values of J§, the chiral primaries lie at the bottom
of a continuum. We will discuss this further in a moment.

Continuing with our discussion of discrete states, let us
denote the state on the left-moving side as |a) (for “arbi-
trary”’). The global constraints of the spectrum described
above, mean that

la) € D™ x Liw x HO(M

(73)

p,q)’ (74)

where j(w) = j if w is even and & — j if w is odd. In
addition, we must impose the physical state conditions

Lay=0,  Lola)~0. (75)

To write an energy formula for |a), it is convenient to
consider the state |a~") obtained by spectral flowing |a)
by —w units. This takes us to the zero-winding sector in
SL(2, R) and to the representation £/ in SU(2). Note that
the physical state condition implies L,~ola™") = 0. Now,
|a~") may be indexed by its level in SL(2, R), N;¥ its level

in SU(2), hy; its level in the internal CFT on M, ,, Ay its

8By “level” here, we mean the oscillator level which is the
difference in the conformal weight of the state and the conformal
weight of the zero mode. For example, a state |Q)) € D™ has
level (L3H*R + =)0y = N|Q).
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J§ eigenvalue, j + Q; and its K eigenvalue, j + P. Q can
be negative because, for example, we can act with J~; on
the lowest weight state, but we have the constraint that
Q = —N. P can be negative too, because we can act with
K, on the lowest weight state.
So, the mass-shell condition for |a) then reads
. kw2 . kw2

L0|a>=<(J;:2)—wQ+(J+k2)+wP+N

+ hz + him>|a> =0

N + hy + hyy
” .

-Q=P+ (76)

Finally, we may write the spacetime charges of the state
la)c™7) as

kw . kw
E= Jo—l-JZ—( +7>+<]+Q+—>,

2
N + hy + h;
=2j+kw+P+——2—
w
w

Ji=Ki+ K5 =2j+ P+ kw,
J, =Ki— Ki=P.

The degeneracy of states with a given value of /,, P, and
hiye is given to us by the partition functions for the SU(2)
WZW model and the internal CFT. There remains the issue
of the degeneracy of nonspurious states with a given value
of N, QO that obey the physical state conditions (75). If we
are interested only in the degeneracy and not in the actual
construction of physical states, the formula for the space-
time partition function in the next section tells us to pro-
ceed as follows:

(1) Consider the affine primary of 7Y and act on it with
the oscillator modes J,'_,, J, ., never acting with
J% - Let us call this set Z. Now, consider the states
obtained by spectral flow of the states in Z by w
units. Call this set Z".

(2) Consider the states in the tensor product Z" X
L/ x HY(M,, ). Decompose the character of
this tensor product into representations of the
Virasoro algebra [41], pick out Virasoro primaries,
and impose the mass-shell condition Ly ~ 0.

The procedure above is valid for all states that lie in
discrete representations, and we have argued this is true for
almost all assignments of charges. We now turn to the case
where .76 = % = %W As we explained in Sec. II, at this
value of the charge, the giant graviton solution can go off to
infinity. This infinite volume factor means that, upon quan-
tization, the probability that a probe brane with these
charges will be found at any finite value of p is infinitesi-
mally small. Hence, to quantize solutions that have this
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value of E — L, we may simplify the formulas of Table I by
taking the p — oo limit. Furthermore, since at infinity such
a solution must wrap the @ direction to have finite energy,
we set 8/ = w. The remaining dynamical variables are p,
{, &y, ¢y, 2%, and we have

k —k

P,=—=—p, P;=——{, P.=—[gn]
P 27Tp ¢ orm 4 z 21 [g“bz ]
~ k
Py, = 5| e} — w2

. w kw  ~

All the complicated couplings between the different de-
grees of freedom have vanished in the p — oo limit.
Quantizing z“ and their conjugate momenta leads, as we
explained in Sec. II, to the left-moving sector of the non-
linear sigma model on M, .. Quantizing , ¢, ¢, leads,
as one may expect, to the left-moving sector of the SU(2)
WZW model at level k. The p theory gives rise to a U(1)
theory. In terms of this U(1) X SU(2) theory, the spacetime
energy and angular momentum are given by
E=kw+N"+h2+him, L=Np+h2+him,
w w

(79)

where £, hiy, are as above and N, is the level of the U(1)
theory.

In fact, this U(1) X SU(2) theory is nothing but the
theory of long strings studied in [3].” We refer the reader
to that paper for details but recount two salient conclu-
sions. First, the U(1) X SU(2) theory admits an N = 4
supersymmetric extension. To obtain this we need to im-
prove the U(1) model with a linear dilaton term that
increases the central charge of the supersymmetric U(1) X
SU(2) model to 6(k — pg). Now, with the N = 4 super-
symmetric sigma model on M, ,, we have an N = 4
superconformal theory on the worldsheet, and it is not
hard to show from here that the entire superconformal
symmetry carries over from the worldsheet to spacetime
via (79).

We notice that the theory we have obtained above—
which is an N = 4 theory in the NS sector—may also be
obtained by performing spectral flow in spacetime (to be
distinguished from spectral flow on the worldsheet, which
we have been discussing) on the theory of long strings in
the background of the zero mass BTZ black hole (the
Poincare patch of AdS; with a circle identification).
However, the quantization of strings in that background
did not yield any of the discrete states that we have found in
global AdS. This provides further evidence for the argu-
ment made in [33] that the Poincare patch is not the correct

°A closely related theory was studied in [42—-44].
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background dual to the Ramond sector of the boundary
theory.

We can also obtain the energy formula above using the
analysis of states in continuous representations in [9], and
this analysis shows us that they lie at the bottom of a
continuum. The measure for continuous representations
was worked out in [10], and since the supersymmetric
states above correspond to a particular point (the bottom)
and not to a range in the continuum, they are actually of
measure zero.

Nevertheless, semiclassically we seem to have a com-
plete story. For generic charges, i BPS states occur in
discrete representations with an energy given by (77),
and at special values of the charges, where the classical
solutions can escape to infinity, they appear at the bottom
of a continuum with energy given by (79). In the exact
analysis of the D-string carried out in Sec. V, this story is
almost completely borne out except for the puzzling fact
that the measure for continuous representations vanishes in
a neighborhood of the point where we expect to find super-
symmetric states. This leads to missing chiral primaries at
special values of charges. We discuss this issue and the
implications of the observation above for the elliptic genus
in the next section.

Half-BPS states

We have provided a semiclassical description of % BPS
states above. We now discuss % BPS states in spacetime.
These are of the form |chiral primary)|chiral primary). We
will denote them by |j;, jr), Where j;, jr are the R-charge
values on the left and the right.

It is easy to construct such states on the worldsheet. They
are merely states of the form |¢/")|c¢/"). For concreteness,
consider a D-string so that k = Q5. The discussion above
tells us that, semiclassically, we should expect a chain of
such states. First, we consider w = 0 and all possible
values of j. This leads to chiral states in spacetime of the
form |/, j) with values of § = j = -1 Now, we spectral
flow these states to obtain states of the form |j + %, j+
%} There are gaps in the chiral primary spectrum at j =
%, because at these values the chiral primaries lie in the
continuum as we discussed above. The ‘“‘exclusion princi-
ple” tells us that we must restrict to w = Q. This semi-
classical picture captures all the essential features of the
exact analysis that we perform in the next section. The
inclusion of fermionic zero modes gives a degeneracy to
each element of this chain. Furthermore, it is also possible
to have j; = jp £ % The exact spectrum is worked out in
the next section.

Somewhat more curiously, we seem to get a copy of this
series of 1 BPS states from each kind of (p, g) probe.
However, this is not a surprise when we recall that the
probe solutions corresponding to chiral-chiral primaries
are geodesics that do not know anything of the internal
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structure of the probe. Hence, to obtain the correct spec-
trum of half-BPS states on the boundary, we should count
the chiral primaries only once and not repeatedly. The
simplest way to avoid overcounting is to consider the chiral
primaries obtained from the single-particle and multipar-
ticle states of the D-string. In the next section, we show
how the BPS spectrum of the boundary theory may be
reproduced this way. We could also use a different probe,
although chiral primaries obtained from a multiparticle
state of the D-string may be the same as chiral primaries
obtained from a single-particle state of a more complicated
probe.

V. EXACT ANALYSIS OF THE D-STRING

In this section, we will analyze the exact spacetime
partition function for the D-string. When the string cou-
pling is large in the D-brane picture, Q; > vg—%, we can
perform a S duality to obtain a weakly coupled F-NS5
system. The motion of D-strings in global AdS; X S* with
RR fluxes but no NS fluxes is dual to the propagation of F-
strings in AdS; X 3 with NS fluxes but no RR fluxes. This
system has been widely studied. For some early studies of
string propagation on AdS; and its relation to the AdS/CFT
correspondence, see [31,45,46]. In this section, we will rely

heavily on the papers [9,10]. Please also refer to these
|

Z(B,B) =Tr AL BLG

single particles €

—2)1/2 dry [1/2
f 3/2f1/2

[l

n=1(1 = eﬁq")(l —e ﬂq")

X

27Ti7'

where q—e T=71tiT).

et (=00 D Z 0,0\, @) Zin(4, )

The formula above is valid when b = Re(B) =
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papers for a review of the early literature on string theory
on AdS;. For later studies, see [47—49]. The supersym-
metric extension of the partition function of [10] that we
will use here was studied in [50].

For ease of presentation, we will work in the background
AdS; X §3 X T*. The calculations we perform here may
be easily repeated for K3, and none of the results we will
obtain here are affected. Our plan of attack will be to
generalize the spacetime partition function of the bosonic
string calculated in [10] to the superstring. By taking
various limits of this partition function, we will then obtain
expressions for the degeneracies of % BPS states and % BPS
states. We will also discuss the elliptic genus. This section
contains several messy manipulations with infinite prod-
ucts that we relegate to Appendix A, leaving only the
results for the main text.

We start with the formula for the spacetime partition
function of the bosonic string, derived in [10]. In terms of
the AdS energy E and angular momentum L, the levels of
the boundary CFT are given by [51]

E+L _

Ly = > Ly=——. (80)

Then

o~ (05— /47,

| sinh(B8/2)?

81

Re(B) > 0. Here, Zinysu@) =

TrT4 /SU(Q)(q oq 0) Notice the absence of the usual 57 shift. This zero-point energy has already been taken into account

in (81).

Let us expand some of the terms in the formula above. First, we consider the SU(2) partition function. We will denote the
level of this model by k — 2. At this level, the character of the representation £/, built on an affine primary with weight j, is

given by [36]

q(1/8)—(1/4k) Z. q(j+(l/2)+kn)2/k(zj+(1/2)+kn _ Z—(j+(1/2)+kn))

Tr(qLSU(Z) K5) = nez

Xi2(r p) =

where 7 = €77,

Naively, one may think that the formula above has a pole
of order 1 when z = ¢", where w € Z. However, this is not
the case, because the numerator also vanishes for this
assignment of chemical potentials. The formula above is
valid whenever |g| < 1. The partition function of the bo-
sonic SU(2) WZW model, at level k — 2, is given by

; , (82)
i0,(p, 7)

k/2—1
Z];‘U(Z) -bosonic T P) Z |X§ 2(7 p)|2 (83)

The spacetime SU(2) charges are measured by the world-
sheet SU(2) charges, and in the notation of Table I, the
spacetime SU(2) angular momenta J;, Jp are given by
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Jio+1 Ji— 1,
K T

Next, we need to include fermions and generalize the
expression to the superstring. As explained in [31] and
references therein, the addition of fermions in the
SL(2,R) and SU(2) WZW models is simple. We obtain
decoupled fermionic and bosonic WZW models, except
that the level of the bosonic SL(2, R) model is shifted to
Qs + 2 and the level of the bosonic SU(2) model is shifted
to Qs — 2. To generalize expression (81) then, we merely
|

Jp = =K (84)

Z(B’ B) p: ﬁ) = Tr eiﬂquyiléi(I;*PJL*ﬁJR

single particles

1/2 (Q5/2)—1
de 1/2 |:e_Q5(h2/47TTz) SZ
%/2 “1p &
X (2(]1725117%) 18229, (i£-2)) 2}
a4 1(§, (T )

The theta functions can be decoded by looking in
Appendix B. The contribution of the zero mode momenta
and winding on T*# is contained in the sum over the lattice
4. However, as in [52], we will focus on states that carry
0 charge under p; and pp.

Some of the symmetry of the spacetime theory is already
visible in (85). The zero modes of the # functions generate
the global supergroup SU(1, 1|2). The zero modes of the
four theta functions in the numerator correspond to the
action of eight left-moving and eight right-moving super-
charges. The zero modes of the theta functions in the
denominator correspond to the action of K, and J; .

It is not hard to repeat the calculation of the partition
function above for K3; if we work at a value of K3 moduli
where K3 is just T#/Z,, then we merely need to modify the
T* partition function above by adding in twisted sectors
and projecting onto invariant states. This will add three
more terms to the last line of (85), lead to a different
spectrum of chiral primaries below, and give a finite result
for the elliptic genus. However, none of our conclusions or
puzzles below are affected.

i (0s5/2)-1
Z1/4(B’ P> /:l’) = 4COShZZ

w=0 j=0

X ST £(Q P, h)em B@EIH/DT/2)=pP (12 +Qow/2),

w(Q — P)
—-h=0
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need to add in the worldsheet partition function for the
fermions and alter the zero-point energies and levels ap-
propriately. This is done in Appendix A which also dis-
cusses the sum over Ramond-Neveu-Schwarz (R-NS)
sectors and the Green-Schwarz-Olive (GSO) projection.
The final ingredient we need is the worldsheet partition
function of the internal 7.

Putting all of this together we find that the full partition
function of an F-string propagating in AdS; X §* X T*
with Qs units of NS flux is given by

(1240505 (7+(1/2)+0sn — ,—(+(1/2)+Q5m)
(nglq ( )> 2
0,G2, 7)

(85)

A. 1 BPS partition function

The § BPS partition function for the D-string is obtained
from the formula (85) by taking the limit 8 — o0, p —
—oo, keeping B+ p = —pu finite. It is shown in
Appendix A that in this limit we can ignore all right-
moving oscillator contributions. It is then possible to do
the integral over 7, in (85), and the remaining integral over
71 then just provides a level matching condition.

Let us define the function f by

0,(“5%, 7)20,(“FL, 7)* .o
—10 (u, 7)n(1)° X (7. v)

— Z fj(Q) P, h)627riuQ6277iv(P+j+(]/2))e271'i7'{(j(j+l)/Q5)+h}y
Q,P.h

(86)

where we expand the left-hand side in the regime where
0 <Im(x) < Im(7). Note that, at any given power of ¢ =
€>™7_ the expansion in powers of z = ¢>™" terminates after
a finite number of terms. In terms of this function f, the %
BPS partition function is given by a remarkably simple
formula.

SOy e AUt@u/DH/)

(87)

Comparing this with (77), if we redefine j — j + % we find exact agreement with the formulas for the charges given there.
Thus we see, as promised, that the semiclassical formula in Sec. IV has given us an exact answer with all factors of 1
correct, at least for the D-string. It is tempting to conjecture that this is also the case for (p, ¢) strings.
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Note that, for w > 0, we may replace Q in the second
line by Q = P + % For w = 0, the sum runs over terms
that have & = 0. These terms come from the zero modes in
the theta functions in (86) and give us the graviton multip-
lets described in [6].

Although we have written the sum (87) over all positive
w, the exclusion principle proposed in [19] along the lines
of [5,6] instructs us to cut off this sum at w = Q.

ZI/Z(IU" ) Trchlralprlmarlese'uK e
oY* rd 0s/2-1
T 1/2 _ 2
= dTle Q5b /4‘777—2
a0 >

0s/2—1 1 1
-5 3 (2(:1/2 e 1/2>+4+
nezZ* j=0

where t = e*. This is in agreement with [53]. This analysis
can easily be repeated for K3 to obtain a spectrum in
agreement with [6,7]. If we apply the exclusion principle
mentioned above, then the highest power of ¢ that appears
above is Q'ZQ* .

Notice though that the chiral primaries that correspond
to j = Qs/2 in the series above are not present. We expect
this from our semiclassical analysis above. On the bound-
ary, these missing chiral primaries result from the small
instanton singularity [3]; in the bulk this phenomenon was
first noticed in [19]. There, it was suggested, as we rea-
soned above, that these missing chiral primaries disappear
into the continuum.

Let us examine this hypothesis. In Appendix A we show
that chiral primaries can occur in the continuous spectrum
if the condition

1 i + + 12
Ptom oGy _( M> (89)
2 4 Os 0Os
is met, with w being some integer. This can only happen if
1 Q5W
=0, + +-o== 90
s J+ Qsn ] (90)

This appears promising before we realize that this condi-J

(05/2)—1

Ez(ﬁ,p)——a 2B p B) | . %

w=0 j=0

w(Q —P)
~h=0

Notice that several cancellations occur in the expression
above because of the term (—1)%/.
D. Comparison to the symmetric product

Before we compare our results for the elliptic genus and
the % BPS partition function to the symmetric product, let

/2
2172
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B. 1 BPS partition function

Now we will try and obtain the spectrum of chiral-chiral
states. To do this, in addition to the limit above, we need to
take the limit 8 — oo, p — —oo, keeping B+ p = —u
finite. It is shown in Appendix A that, in this limit, we can
ignore all contributions from the theta functions except for
the zero modes of 6,(i % Btp F2) in (85). The character for the
chiral primaries then becomes

q(j+(1/2)+an)2/Q5(Zj+(l/2)+Q5n _ Z—(j+(1/2)+Q5n)>(2005h2%) I ?

72 1/271/2 4
+1_/2+t tl/zfl/z

>(;f)j+(Q5n/2)+(1/2), (88)

[

tion cannot be met because the sum over j runs from
0.. % — 1. We discuss this issue further in Sec. VD.

C. Elliptic genus

‘We now turn to a study of the elliptic genus. The elliptic

genus is defined as

E(B, p) = tr{e Pl B0 (—1)x). (91)
The chemical potential S8 is purely formal; the elliptic
genus is independent of this parameter.

For T* the elliptic genus vanishes due to fermion zero
modes. Although, we could repeat this calculation for K3
to obtain a finite elliptic genus, we will instead consider the
quantity

Ex(B, p) = t{e Lol PEI0 (1)) (92)
This quantity was defined and studied in [52], specifically
to study BPS states in toroidal string theory. The trace is
taken only over states that have no U(1)* charge. In the

formula of (85) this instructs us to drop the sum over I'*#,
We then find

S S (DHFHQ. Poh)e FQHH I/ Qs ) p(P (/2 (05w/ ),

(93)

hs briefly review some known results. In [6,7], de Boer
found the spectrum of gravitons in AdS; X §* X K3 and
organized it into short representations of the relevant AdS
supergroup SU(1, 1]2); X SU(1, 1]2)g. His results may be
generalized to T*, and in that case the spectrum of single-
particle gravitons described above consists of the % BPS
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states of Sec. V B and their descendants under the gener-
ators of this global supergroup. In formula (85), the action
of these global generators is seen in the zero modes of the
theta functions. Now, two results were obtained in [6] (see
also [54]). First, it was found that the spectrum of chiral-
chiral primaries of the symmetric product up to energies
% could be found by multiparticling the spectrum of
single-particle chiral-chiral primaries of supergravity, sub-
ject to a suitable exclusion principle. Second, with an
extension of this exclusion principle, it was found that
the elliptic genus of supergravity also agreed with the
elliptic genus of the symmetric product until the energy
%. For the case of T a similar result regarding the
modified index (92) was proved in [52].

These results are surprising, because naively one would
expect supergravity to be valid until an energy Qs (assum-
ing Qs < Q;), and expect stringy effects to take over
beyond that. Indeed, from formula (87), we see that the i
BPS spectrum of the string theory agrees with supergravity
until energies of order Qs (i.e. in the zero-winding sector)
but disagrees for energies larger than that.

However, the result of Sec. V B shows, as was expected
from the semiclassical analysis of Sec. III D, that the % BPS

spectrum of the full string theory agrees with the % BPS

spectrum of supergravity up to an energy %, barring

some missing chiral primaries. Modulo this complication,
the calculation of [6] shows us that multiparticling the
spectrum of Eq. (88) with an appropriate exclusion princi-
ple at high energies will reproduce the spectrum of chiral-
chiral states of the symmetric product.

The issue of missing chiral primaries acquires greater
urgency in a consideration of the elliptic genus.'” From
(93) we see that, for left-moving conformal weight larger
than % the elliptic genus contains contributions from }
BPS states that are not seen in supergravity. Hence, multi-
particling this spectrum leads to a mismatch with the
elliptic genus of the symmetric product. This, however,
does not contradict any theorem, because, as we have
mentioned, the boundary theory is singular on this subma-
nifold of moduli space and has a continuum in its spec-
trum; this invalidates the index theorems that protect the
elliptic genus [55].

By modular invariance, the high temperature behavior of
the elliptic genus is dominated by the lowest energy super-
symmetric states in the spectrum. Since these new i BPS
contributions appear after an energy gap, their effect on the
high temperature behavior is exponentially subleading. So,
they do not affect entropy counting calculations. However,
it would be interesting to understand the physical interpre-
tation of these subleading contributions in the spirit of [8].

"Here, we are tacitly assuming that we are on K3. For T*
where the elliptic genus vanishes, everything in our discussion is
valid with “elliptic genus” replaced by the modified index (92).
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An interesting possibility is that these subleading terms
correspond to multi black holes.

As we deform the theory away from this point in moduli
space, the continuum must resolve to give rise to new §
BPS states |anything)|chiral primary) with chiral primaries
corresponding to j = % in the sum (88). This is necessary
to supply the missing 3 BPS states and the right } BPS states
to cancel the extra terms in (93). Schematically, this hap-
pens as follows.

On this submanifold of moduli space, the single-particle
partition function of string theory may be written as

ZB.B.p.p) =S nhhr,Pe Br=Bh-pr=pr
hh,r,F

+y f p(h, I, 1, Fe Bh—Bh—0or=p7 and,

(94)

which represents the contributions from both the discrete
and continuous representations. We have seen that the
second term does not contribute to the i BPS partition
function because

p(hh,r,h) =0, V hhr (95)

Now, the energy formula (89) does allow states with 7 = &
to exist in continuous representations. The reason the
measure above vanishes for these states is that, in the
SU((2) WZW model at level Qs — 2, there is no lowest
weight representation of weight % - % In fact, from for-
mula (82), we see that

X p-ap(mP) =0 V1 p. (96)

The character of a representation may be obtained by
symmetrizing the character of the corresponding Verma
module over the Weyl group to remove null states [56]. So,
loosely speaking, we can interpret (96) to mean that all
states in this representation are null.

As we deform the theory away from this point in moduli
space, we can imagine the supersymmetric spectrum
changing via a two step process. In the first step, the
continuum resolves into discrete states,

> f p(h, h, 1, F)e Ph=Bh=rr=pTdpdh

— Z n'(h, h, r, F)e Bh—Bh—pr=pr, 97
hh,r,F

And in the second step, % BPS discrete states combine into
long representations leaving behind a reduced supersym-
metric spectrum.

However, as we move away from this point in moduli
space by turning on RR fields, we also deform the world-
sheet current algebra. Under such a deformation, the right-
hand side of (96) may jump from zero. Then, (89) tells us
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that it is possible that

=

n(h i r, k) #0, forh€ {QSW, Os

where w is a positive integer. These new discrete states
could provide the missing chiral primaries and also pair up
with the extra % BPS states to remove them from the
supersymmetric spectrum. It would be nice to have a
more quantitative understanding of this process.

E. Higher probes

The partition function for the entire theory is obtained by
summing, not only over states of the D-string, but also over
the more complicated (p, g) probes. Now, if we take the
action (27) with the substitutions (29) seriously, and at-
tempt to quantize it like the fundamental string, we are left
with a theory that, for a generic (p, g) probe, has too large a
central charge. This is not a surprise, because the manipu-
lations that led to (29) were classical in nature. A bona-fide
analysis of supersymmetric states in these higher probes
must start with the worldvolume theory of the D5 brane.

However, the semiclassical analysis of Sec. II and the
analysis of long strings in Sec. IV suggest a possible
resolution. In formulas (20), (26), and (79) the nonlinear
sigma model on M, , made its appearance. In the bosonic
case, it seems possible to generalize the exact analysis of
the D-string by simply substituting the bosonic partition
function of M, , in place of Z;,, in formula (81), without
changing the zero-point energy (the coefficient of 75 in the
exponent) at all.

To understand this better, consider the following anal-
ogy. Say we are trying to quantize a bosonic string in d
dimensions, where d is not necessarily 26. Let us choose
light-cone gauge, and impose the mass-shell condition
(Lo — 1)|Q2) = 0. This leads to a spectrum that is free of
the Lorentz anomaly. At the massless level, we obtain a
representation of SO(d — 2), and at higher levels the spec-
trum reorganizes itself into representations of SO(d — 1).
Of course, we cannot consistently introduce interactions in
this theory, but if we are interested only in the spectrum,
this procedure leads to a sensible result.

For our case, the supersymmetric spectrum can perhaps
be obtained by appropriately supersymmetrizing this bo-
sonic spectrum obtained in this manner.

We conclude this section with a speculative possibility.
It is possible that, if we sum the contributions to the elliptic
genus over all the different (p, g) probes, the contributions
from all states except for % BPS states cancel. To check this
possibility, however, we need to be able to exactly quantize
the more complicated (p, g) probes. This is a very interest-
ing problem that we leave to future work.
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VI. RESULTS

In this paper, we first developed an alternative approach
to classical probe brane solutions in global AdS;, in terms
of the Polyakov action. We showed that the canonical
structure on the space of 4—1‘ BPS brane probes found in [1]
was the same as the canonical structure on the solutions
(46) of the sigma model (27) except that the Polyakov
approach also allowed us to identify the classical solutions
corresponding to % BPS states. We found that these states
were described by geodesics that do not see “‘stringy”
effects even at energies above Q and Qs. This explained
several facts about the spectrum of % BPS states that had,
hitherto, been puzzles.

Second, the Polyakov approach allowed us to recast the
problem of quantizing these supersymmetric probes as a
problem of quantizing the sigma model (27) and picking
out the physical subsector of the Hilbert space. We fol-
lowed this procedure and found that, generically, the quan-
tization of 4—1‘ BPS brane probes in global AdS; X 3 X
K3/T4 leads to states in discrete representations of the
SL(2, R) WZW model with energy, given as a function of
charges, by (77). Semiclassically, at special values of the
charges, the 4—1‘ BPS states are at the bottom of a continuum.
Quantizing these probes leads to the long strings studied by
Seiberg and Witten with energy given as a function of
charges by (79).

The presence of these discrete states in global AdS is in
sharp contrast to the result obtained by quantizing % BPS
brane probes in the background of the zero mass BTZ
black hole (Poincare patch with a circle identification).
There, we only obtain states at the bottom of a continuum.
So our results here bolster the argument made in [33] that
the Poincare patch is not the correct background dual to the
Ramond sector of the boundary theory.

Since, the ;{ BPS brane probe solutions cease to exist if
we turn on the bulk NS-NS fields or theta angle, we
concluded that this leads to a jump in the i BPS partition
function.

By exactly quantizing the D-string we verified the en-
ergy formula (77). Furthermore, by taking the appropriate
limit of the & BPS partition function, we obtained, in
Eq. (88), the spectrum of single-particle chiral-chiral pri-
maries of the D-string. Modulo the issue of some ‘‘miss-
ing” chiral primaries at special charges (that result from
singularities of the boundary theory at this point in moduli
space), multiparticling this spectrum reproduces the spec-
trum of chiral-chiral primaries of the symmetric product. In
Sec. VC, we found that stringy ;1‘ BPS states in discrete
representations contribute to the bulk elliptic genus on the
special submanifold of moduli space where the back-
ground NS-NS fluxes and theta angle are set to zero.
This leads to subleading terms in the elliptic genus of the
theory on this submanifold of moduli space that are not
present in the elliptic genus of the symmetric product. In
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Sec. VD we showed that, as we move away from this
special submanifold, the continuum must resolve in a
specific way to cancel these additional contributions and
supply the missing chiral primaries.

It would be of interest to extend our analysis of (p, q)
bound state probes beyond the semiclassical approxima-
tion. This is an important direction for future work.
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APPENDIX A: TECHNICAL DETAILS OF THE
SPACETIME PARTITION FUNCTION

In this appendix, we will fill in the details that lead to the
results of Sec. V.

1. Partition function

To generalize the bosonic partition function (81), we
need to add in fermions and the By ghosts, sum over R-NS
sectors, impose the GSO projection, and explicitly include
the partition function of 74,

First, consider the worldsheet partition function for the
SL(2, R), SU(2) and T* fermions, and 87y ghosts. For each
of these, we can calculate the quantity

Z(a, b)(B, p, 7)
p(o +2m) = (= 1)*P(0).

These partition functions are listed explicitly in the table
below.

— TI'((_ 1)bFepK’—,BJ1+27TiT(LO—(c/24))’

(A

Z(0,1) Z(1,1)

3£,7)0,(0,7)!2

SL(2, R) fermions T

KGEk

570,072 0,4
77(7)‘/7 ()32

. 0,(32.7)0,(0,1)' > 93(2.1)05(0,1)"*  9,(27)0,(01)"*  0,(2.7)0,(0,7)'/
SU(2) fermions 2(2#:/-()7_)23(/2 7) 3(2ﬂ:;"()7)33(/2 7) 1(2,,,;37)13(/2 7) 4(_7,77]'()7.;3(/2 7) (A2)
4 ; 0,(0,7) 03(0,7) 6,(0,7) 04(0.7)
T* fermions 9"58)2) ;Eg)z) ongg)z) an((g)z)
, T , T , T , T
By ghosts TG o - )
Finally, the worldsheet fermionic partition function may be written as
- 6,(:2)6,(:2)6>(0) — 6,(52)61(52)81(0)* + 64G5)04(G2)64(0)* — 85(:5)85(:2)65(0)* |2
7. 0,8, p,7,7) = 2 2 21
ter(ﬁ P :8 P ) 7’(7.)6
0,(i £22)26,(i -2)°
77(7)
[
where, in the last step, we have used the Riemann identity. —477, 2 (+ ki + %)2 _
We can think of this as passing from the R-NS formalism to X +i(B+ B)c + 277'”'<f + 4 )

the Green Schwarz formalism.

2. The integral
a. Chiral primaries

Recall, as explained in [10], that the integral in (85)
starts by writing

e—k,32/4777'2 — %(%)3/2 ]oo dcce(—4777'2/k)cz+2iﬁc.

(A4)

Now, notice that if we expand the other 6 functions in (85),
then we will get an exponent of the form

1 _
—ﬁ<j+kﬁ+§+n'12>—ﬂn'11
1

i + kn + 1)?
—277i7<w+€>.

? (A5)

Our notation is slightly different from [10]. The terms €, 4,
my, my, m,, m2 merely come from expanding out all the
terms in the partition function (85), and we will consider
them in more detail in a moment.

The integral over 7, splits up into winding sectors, with
the winding sector w spanning the range ﬁ <1<

m, where, as usual, b = Re(8). The integral over ¢
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picks up poles at
—c2 _(+ki+y)?

_— + €. A6
. 7 (A6)
In each winding sector, we have the constraint
kw k(w +1)
— <Imc<——=, A7
2 2 (A7)

while the integral over 7, yields the level matching condi-
tion

(j + kn + 12 +€:(j+k:+%)2
k

Consider the antiholomorphic part of Eq. (AS). Doing
the integral over ¢ yields the term

I
~B(m + J“W””))

1
—p<m2+j+kﬁ+§>.

+ 4. (A8)

(A9)

Now, note that for this term to survive in the limit 8 =
—p + i — oo, we need to have

1 i+ ki + 12
rh2+j+kﬁ+—=n'11+\/k(7(] Z 2)+€).

2
(A10)
J

652,07 _ (L4 e PR
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We will now show that this can happen only if, in the
expansion of the partition function, we include only
“zero modes” and no “‘oscillator modes.” To lighten the
notation, define

f=j+kin+] 8 = m, — m. (Al1)

If 6 # 0 then Eq. (A10) has a solution subject to the
constraints (A7) when

kw kK 5 w+1
W tr=—+Z<k .
2 ST 2

(A12)

This inequality implies 6 > 0, and we will show that, in
this case,

€= 68w+ 1). (A13)

Hezlce, the a solution to (A10) can never be found, except
at€ =0,06=0.

Let us write out some of the # functions in (85) explic-
itly:

(1 + qnef(pr)/Z)Z(l + qneJr(B*ﬁ)/z)z

0,2, 9)6,(2,q) (1= e F)1—ef) ;-
w (ef(/?*ﬁ)/zc—fn +1)2

L1 —g"e P)(1 — g"eP)(1 — g"e P)(1 — G"eP)

(1+ C—Ine([i'fﬁ)/Z)Z 1+ 6—1)16*(/;*;‘))/2)2

~ 0]

n=0 (67'357

The reason we transformed the first line above into the
second line is for ease in series expansion. The integral
(85) has poles when 7, = 2” so_one has to be careful
while expanding 1n powers of e ~B. Here, we are in the
regime where 5 7w E D +1) <7y <5 2 . So, in the second line
above, we can expand all terms of the form ;= as ¢ x"
Now, notice that for each term, (A13) holds The first
product which goes from 1...whasm, <0,m; >0,€<
0 but |m; — m,| = | The second product which goes
from w+1...00 has m2>0 my <0, £>0 but m, —
my = %. he third product has m; <0, /i, <0, £ >0,
S0 it also satlsﬁes (A13). The other important term in (85)
is 02(1 P 7)?. Every term in the expansion of this theta
functlon has 6 = 0. Hence, the only terms that can satisfy
(A10) are the zero modes of this theta function that also
have € = 0. It is apparent that (A13) holds for the eta
functions in (85). To conclude, we need to consider only

"= 1(ePg" = 1) 251 (1= g"eP)(1 — g"e?) 1!:[1 (1=g"e F)(1 —g"e?)

(A14)

[
the zero modes in 02(1 o FL), and we can neglect everything
else in the limit 8 = —p + o — oo,

A very similar argument works for the contribution from
the continuous representations. The contribution of the
continuous representations comes from the divergences
in the integral (85) near 7, = %. To analyze these, we
replace 7 by its value at the pole everywhere except in the
divergent term and then again expand out the partition
function. By the argument above, again, we only need to
concern ourselves with zero modes. In the limit 8 =
—p — oo, the contribution from this pole vanishes unless

(j + ki + 3)?

TSI LU Y L
J ki <k k

2 4 w ) (Al5)

is met. This can only happen if
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1 kw
+ kit + == —.
J n 3

s =0, >

(A16)

However, this condition can never be met because the sum
over j runs from 0.. % — 1. Thus it is precisely the chiral
primaries that would have been in the continuum that are

missing from our list above.
|

0,(“5% + wr)20,(“52)? 05-2
—i6,(u + wr)n(r)® 7/
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b. ; BPS partition function

The 1 BPS states are of the form

|anything)|chiral primary). The first step is to extract the

antiholomorphic chiral primary from the integral, as de-

tailed above. Then, we merely need to series expand the

holomorphic term and pick out the term that satisfies the

level matching condition (AS8). The key property we need
here is

0sw/2;—(Qsw?/4) 025920257 | 052
(v—wr) = {Z e —ia(1<u>)g<r>(ﬁ igj (v) w even, (A17)
L 0sw/2,—(Qsw?/4) 2520 (FY? | 05—2
S e X Gy/2-j-1 () w odd,

where, as usual, z = ¢>™, g = ¢>™'". We can use this to shift the arguments of the # function to a regime where (86) is

applicable. Then (87) follows.

c. Elliptic genus

To obtain the elliptic genus, we should take p = — 8 + 27i. As we mentioned, the partition function (85) vanishes with
this substitution due to the zero mode contributions from the 8 functions in the numerator. Evaluating the modified index
(92) is equivalent to replacing this term with a constant, which in our normalization is — % Apart from this we see that,
with these chemical potentials, dramatic cancellations occur in formula (85). We find

1/2
d7'2 1/2
EZ(B! P)’” 3/2 / 12

7. e_QSb /4777'2< 7
Hl(ﬁ; T
Z q(j+(1/2)+Q5")2/Q5(Zj+(1/2)+Q5" — Z*(]+(1/2)+Q5n))

1 \40,(iB2)20,(i L)
)> n(7)°

(05/2)-1
(ne

x>
=0

0,2, 7)

1 L
<_ 5) (1 + o-BP2)

Z q(j+(1/2)+Q5WL)2/Q5(Zj+(1/2)+Q5m — ——(j+(1/2)+Q5m))

% mez

(1—e )1 —eP)

In the last line, we will interpret the zero modes of the theta
functions that appear as the action of the global generators
of the spacetime supergroup SU(1, 1|2). The term (1 —
e "3) which corresponds to an operator with 7 = 1, 7 = 0
represents the action of L}i The term (1 — e”) represents
an operator with 4 =0, 7 = —1 and corresponds to the
action of K, the lowering operator of the SU(2) R sym-
metry. K~ acts on the term in the numerator (z/*(1/2)km —
7~ UF(/2Fkm)) to generate an SU(2) representation. The
two other terms in the numerator (1 + e( B+p)/ 2)2 corre-
spond to fermionic operators with i = 5, 7= —5. This
term represents the action of the two global supercharges
that do not annihilate the chiral primary at the head of this
representation.

If m > 0, this chiral primary is represented by the term
Z+(1/2+0sm in the SU(2) representation. In this case, the
term z~UT(/2+0sm) represents an antichiral primary (the
reverse is true for m < 0). The surviving global super-
charges should annihilate this term. It appears that in the
formula (85) we need to impose this projection by hand.
This is equivalent to dropping the term z~U+(1/2+km) jp

>. (A18)

[
(A18) and leads to formula (93). The same projection
needs to be imposed on the holomorphic term in (85) and
(93). This deserves a better understanding.

APPENDIX B: THETA FUNCTIONS

Here we list our convention for various theta functions.
We define

9(61, b)(V, 7.) — Z ewif(p+(a/2))2+27i(v+(b/2))(p+(a/2))’
pEZ
(BD)
with the conventions
0, =6(1,1), 0, = 6(1,0),
B2
6, = 00,0, 6, =60,1) ®B2)

Defining ¢ = ¢*>™" and z = €™, the definitions above
lead to the following product formulas [36].
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0,(p,7)=—iz'q" AT =g [ [ —2z¢" N1 =2""q"),
n=1 n=0

0,(p. 1) =22 B[ T =g [ [ +2¢"" DA +27"g",
n=1 n=0

6301 =[](1~ ")
n=1

0o, ) =[]0—¢) [] (1—z¢N0—2""¢".

(1]

(2]
(3]

(4]
(5]
(6]
(71
(8]

(9]

[] +zgn(+27"g),
reN+1/2
(B3)

n=1 reN+1/2
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We sometimes use the abbreviated notation 6(p) for
0(p, 7). The 7 function is defined by

n(r) = ¢ [0 - ¢ (B4)
n=1
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