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Holst actions for supergravity theories
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The Holst action containing the Immirzi parameter for pure gravity is generalized to supergravity
theories. Supergravity equations of motion are not modified by such generalizations, thus preserving
supersymmetry. Dependence on the Immirzi parameter does not emerge in the classical equations of
motion. This is in contrast with the recent observation of Perez and Rovelli for gravity action containing
the original Holst term and a minimally coupled Dirac fermion, where the classical equations of motion do

develop a dependence on the Immirzi parameter.
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I. INTRODUCTION

In the first order formalism, pure gravity is described
through three coupling constants; while two of them
(Newton’s gravitational and cosmological constants) are
dimensionful, the third (known as the Immirzi parameter)
is dimensionless. In the action, these are associated with
the Hilbert-Palatini, cosmological, and Holst terms, re-
spectively. Ignoring the cosmological term, we present
Holst’s generalization [1] of the Hilbert-Palatini action in
the natural system of fundamental units where Newton’s
constant G = 1/(8) as’

1 v .
S= E /d4xe gb [R,uvab(w) + lnR,uVab(w)] (1)

where 345 = %ef‘ﬂeﬁ] and R4 (w) = B[va]“b +
w[#“"wy]”h. The second term containing the parameter 7

is the Holst action with R,,,** = 1€"“/R,,,.;, and n~ 1 is

the Immirzi parameter [2]. For = —i, the action (1) leads
to the self-dual Ashtekar canonical formalism for gravity in
terms of complex SU(2) connection [3]. For real 7, this
action allows a Hamiltonian formulation [1,4] in terms of
real SU(2) connection which coincides with that of
Barbero [5] for n = 1.

In the first order formalism, equations of motion are
obtained by varying the Hilbert-Palatini-Holst action (1)
with respect to the connection w M“b and tetrad ey, fields
independently. Variation with respect to w M"b leads to the
standard no-torsion equation: D[M(w)e,“}] = 0, which can

be solved for the connection in terms of tetrad fields in the
usual way: w = w(e) where the standard spin connection
is
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'Our conventions are as follows: Latin indices in the beginning
of alphabet, a, b, c,..., run over 1, 2, 3, 4 and e%e"* = 5,
ef.e;, = g, The tetrad component e‘; is imaginary, and so are
the connection components w* (i = 1,2, 3) and the determinant

e of tetrad ¢4, ¢* = —e = — gef““ﬁeab(,deZeﬂjeged. The usual
antisymmetric Levi-Civita density of weight one e“”*# has
values =1 or 0, and € uvap takes values *e? or 0; completely

antisymmetric €7 = €,;,, are =1 or 0.
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w,(e) = %[e”“a[uei] - e”ba[ﬂei] - ep”e”ba[pefr]efL].

2

Variation of the action (1) with respect to the tetrad e,
leads to the usual Einstein equation: R, * — %effR =0.
Thus, adding the Holst action to the Hilbert-Palatini action
as in Eq. (1) does not change the equations of motion of
the theory. Notice that, for @ = w(e), the Holst term
in the Lagrangian density is identically zero:
eSEVR,, P (w(e)) =1t PR, ,,p(w(e)) = 0, due to the
cyclicity property R, ,q4)5(w(e)) = 0.

While classical equations of motion do not depend on
the Immirzi parameter, nonperturbative physical effects
depending on this parameter are expected to appear in
quantum gravity.

Inclusion of spin 1/2 fermions into Holst’s generalized
Hilbert-Palatini action (1) has been done recently by Perez
and Rovelli and also by Freidel, Minic, and Takeuchi [6].
This has been achieved by minimal coupling of the fermion

through a term —(1/2)(Ay*D (@)X — D ,(@)Ay* A) into
the action (1) without changing the Holst term. This indeed
does change equations of motion leading to dependence on
the Immirzi parameter even at the classical level. However,
as shown by Mercuri [7], it is possible to modify the Holst
action in the presence of Dirac fermions so that the clas-
sical equations of motion stay independent of the Immirzi
parameter. To do this, to the Einstein-Cartan action®:

1 ” _
Sor = 5 f dxe[SER,,, (@) — Ay D, ()
+ D, (w)Ay*A], 3)

we add a modified Holst term introducing a nonminimal
coupling for the fermion:

*In our conventions all the Dirac gamma matrices are hermi-
10,2734

tian, (y)T =y, y*y" + yPy* =26 and ys = vy’ vy,
(ys)? = +1 and o, = %7[03/;,]. For Majorana fermions ¢ =
T C, where C is the charge conjugation matrix with properties

ctc=cct=1,c"=-C, Cy,C ! = —yI.
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Sunar =5 [ el 4 R () — K5y D)

= D, (w)Aysy*Al )

Variation of the total action Scr T SHolste With respect to
the connection field w , b yields the standard torsion equa-
tion as an equation of motion:

Dy, (w)ey,

= 2T/.Llla(/\) =-e aé/.LVa,BX’YSFyB)“ (5)

This can be solved as

@ w,uab(e) + K;Lab(/\) (6)

where w(e) is the spin connection of pure gravity (2) and
the contorsion tensor is given by (the general relation
between the torsion and the contorsion is 2Tw,)‘ =

mab — w,u,ab(e’ /\) =

_ A
K]
,uab()\)

It is straightforward to check that the fermionic Holst
Lagrangian density (4) above is a total derivative for the
connection w(e, A) = w(e) + «(A) given by (6) and (7).
Mercuri has made an interesting observation [7] that the
modified Holst action Sy [ @(e, A)] can be cast in a form
involving the Nieh-Yan invariant density and divergence of
an axial current density in the following manner:

—1€5 €apeadYsYIA. @)

i
Sunalw(e V1= =T [ dallyy + 0,00 ®
where J,,(A) = eAysy A and the Nieh-Yan invariant den-
sity, in general, is [8]

INY = e,u,va,B[Tluya aBa %E(;LbVRaﬁah(w)]- (9)

For the present case, notice that e#”%# T (MN)Top4(A)
is identically zero for the explicit torsion expression of
Eq. (5), and hence the Nieh-Yan invariant density is simply
—(1/2)erreP ij’,,Ra gab(@(e, A)). In general, the Nieh-Yan
topological invariant density is just the divergence of the
pseudotrace axial vector constructed from the torsion:

INY = e,u,I/o(,BaMTVa'B' (10)

This allows us to see that the modified Holst Lagrangian
density is indeed a total derivative when the connection
equation of motion (6) and (7) is used:

i
Suaelw(e, 0= [ i, 101

6

where we have used the fact that 2e#*AT,, (1) =
—3J#(A).

Next, variations of the total action Sgg + Sgr With
respect to the tetrad field ef, and fermion A lead to the same

L jd“ Xk 4By T, (),
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equations of motion as those obtained from the variations
of the gravity-fermion action Sgr alone, making these
classical equations of motion independent of the Immirzi
parameter.

Coupling of higher spin fermions to gravity also requires
a special consideration in the presence of the Holst term.
For example, we could consider the supergravity theories
which contain spin 3/2 fermions. If we add the original
Holst term of Eq. (1) without any modifications to the
standard actions of these theories in the manner done by
Perez and Rovelli [6] for spin 1/2 fermions, the equations
of motion obtained from the resulting actions will indeed
develop dependence on the Immirzi parameter, indicating
violation of supersymmetry. It is worthwhile to ask if there
are any possible modifications of the Holst term which
preserve the original supergravity equations of motion. In
the following, we shall discuss such modifications of the
Holst action, which, when added to the standard N = 1, 2,
4 supergravity actions, will leave the supergravity equa-
tions of motion unchanged and thereby preserve supersym-
metry. In addition, we shall also see that, in each of these
cases, for the connection satisfying the connection equa-
tion of motion, the modified Holst action can be written in
an analogous form as written by Mercuri for spin 1/2
fermions (8).

II. N = 1 SUPERGRAVITY WITH HOLST ACTION

The simplest supersymmetric generalization of Einstein
gravity is N = 1 supergravity [9], which is described by a
spin 3/2 Majorana spinor, the gravitino ¢,,, and the tetrad
field ej;. The generalized supergravity action containing
the modified Holst term for this theory is given by

S1 = Ssg1 T SsHolstl» (11)

where the supergravity action is
1
Ssg1 = 3 [d“x[eEah R, (w)

— 7P, ysY,Da(w)g] (12)

and the supersymmetric Holst action as introduced by
Tsuda [10] is

SSHolstl = fd“x[eEab R,," ()
- EMVQB¢MYVDa(w)¢B]' (13)
Again for n = —i, action (11) is the N = 1 supersymmet-

ric generalization of the Ashtekar chiral action.

Variation of the action S; with respect to the connection
wff’ leads to the standard torsion equation of N = 1 super-
gravity:

D[p,(w)e(,l,] = 2Tp,1ﬂ(¢) =

which in turn is solved by

Wuy b (14)
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w0, "= w, ") = w,)+ Kk, ") as)

where w(e) is the pure gravity spin connection given by (2)
and the contorsion tensor is

;Laﬂ(lr//) 4['7[/017#‘//3 + lpﬂ)’alﬂﬁ lz,u,’}/,Bwa]‘ (16)

Next, the supersymmetric Holst Lagrangian density (13)
is a total derivative for @ = w(e, ). It can also be cast in
the form as in (8) involving the Nieh-Yan topological
invariant density and divergence of an axial current density
as

SSHolstl[w(e: l//)] == ﬂ

5 [ dhliny + 0,0 @)) (7)

where now we have the gravitino axial vector current
density J*(if) = Le***Pi),y,ihg. Here also, Fierz re-
arrangement implies e“”“'gTM,,a(w)Taﬁ”(w) = 0 for the
torsion given by (14), and hence the Nieh-Yan density is
simply —(1/2)e*"*FX45 R, ,qp(w(e, i)). Using the gen-
eral property of the Nieh-Yan topological invariant density
given in Eq. (10), it follows that the modified Holst
Lagrangian density for the connection w(e, ) is a total
derivative:

Sshoisul@(e, ¥)] = - /d4X3MJ“(¢)

”7

2 d4 e,u,vaﬂa Tvaﬂ(l//)

This is to be contrasted with the pure gravity case above
where the Holst Lagrangian density is exactly zero for w =
w(e).

When the substitution @ = w(e, ¢) is made into the
variation of the super-Holst action (13) with respect to
the gravitino ¢, and tetrad ey, fields, we obtain integrals
over total derivatives, and hence these do not contribute to
the equations of motion which come entirely from the
variations of the supergravity action Sgg; (12). Thus the
addition of the super-Holst action (13) to the supergravity
action (12) does not change the standard equations of
motion of N = 1 supergravity.

III. N = 2 SUPER-HOLST ACTION

The next-level supersymmetric generalization of
Einstein gravity is N = 2 supergravity [11]. Besides the
tetrad fields e}, and their two superpartner gravitinos whose
chiral projections are glfL and Y, I = 1,2 (s, = +¢L
and ys¢;,, = —i;,), this theory also contains an Abelian
gauge field A ,. The action for this theory is given by [11]
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1 vR
Ssgo = fd“xe[z PR, (w) —

1 -
- ZE”V"B(II/L%DQ(G))%B -

1
7 FurF™

ll;luyVDa(w)l//[ﬁ)

Te, (FHuv + Frry
2\/—'7[’,u¢f IJ( )

Msﬂm(/m eI(Fm + F W)} (18)

where the supercovariant field strength is

ﬁ a[,u, v] T(lﬁl (/IVEIJ + wl,u'vbfv )
and the self-(antiself-)dual field strengths are F, =% X
(Fy, =" F,,) and the star dual * is given by "F,, =
ﬁ €uvapl “p
We generalize the N = 2 supergravity action (18) by
adding a modified Holst term to obtain the new action as

Sy = Ssc2 T SsHolst2s (19)

where the super-Holst action is
H 4 1 MV ab
SsHolsz = im | d'xe 5 “ab R, (@)

1 - _
- Ee””“ﬁg%gb,’,glf,azpw

1 _
- Z_Ee#VaB(,?ﬂiLFvaa(w)lp]ﬂ

+ &WVDa(wwg)} (20)

Notice that this N = 2 super-Holst action has an addi-
tional four-gravitino term as compared to the similar N =
1 super-Holst action (13). This term plays an important
role, as shall be seen in what follows. Also, in this modified
Holst action, there are only fields that couple to the con-
nection field w in the original supergravity action; no terms
involving the gauge field A,, are included. This modified
Holst action, as it is, does have the desired property of
leaving the original supergravity equations unaltered. To
see this, we vary the generalized total action S, (19) with
respect to the connection w M“b to obtain

-5 f d'xem " B[D, (0)Sth + ¢4y 4]
1 . cd
X <§ eabcd + ln5u66bd>6wy =\,
which implies

ek BD () 2oy = —her el Ty g,

which in turn leads to the standard torsion equation of N =
2 supergravity:
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D[M(w)el‘j] = 2T, () = YLy 4y, + Y1,y o)
whose solution is given by

0, = 0, (e, ) = 0,(e) + K, D).

u (21)

Here w #‘”’(e) is the usual torsion-free spin connection (2),
and the contorsion tensor of N = 2 supergravity is

Ty uthip + o yathip — WLy pira + ccl
(22)

Thus, despite the additional super-Holst term Sgps2 in the
total action S, above, the connection equations (21) and
(22) obtained are the standard N = 2 supergravity
equations.

Next, for this connection w(e, i), the super-Holst
Lagrangian density (20) is a total derivative. To see this,
notice that

K;Laﬂ( )

- %EMV“B[IZL’YVDa(w(er ‘P))‘ﬁm + lpl,u’}/VD (w(e lﬂ))‘ﬁfg
+ %inc{//i&[al/’lﬁ] = _%[a/,c']'u(‘ﬁ) + GMVaﬁT/LVaT ]
(23)

where the axial current density J* (i) = e** Pyl y .
To obtain this relation we have made use of ZTM,,)‘ =

— Ky = ] lzf# ¥, and the identity

— 3BT (DT " () = 3 P ol p,

which can be checked easily using the explicit expression
for the torsion and a simple Fierz rearrangement. Clearly
the four-gravitino term in the left-hand side of Eq. (23),
which has its origin in the four-gravitino term in the super-
Holst action (20), is important to obtain the desired form of
this equation.

Here also, for the connection w(e, ) given by (21) and
(22), the super-Holst Lagrangian density can be written in a
special form in terms of the Nieh-Yan invariant density and
divergence of an axial current density as

Ssoelw(e, )] = — 21 f dxlhey + 9, 74(0)] 24)

Again using the general property of the Nieh-Yan invariant
density and relating it to a derivative of torsion (10), we
find that super-Holst Lagrangian density is a total deriva-
tive for the connection w(e, i):
in
Ssuoiselw(e, )] = vy d*xd , J* ()
= ey T, 0(0), (25
- 7 X€ ntvaB (lﬁ ’ ( )
|

2k %(Wﬂf*(%ma(ww,g + Do) |
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where we have used the fact that 2e*"*AT,, (i) =
—J4 ().

Not only is the connection equation of N = 2 supergrav-
ity unchanged by adding the super-Holst action (20), other
equations of motion are also unmodified. For example, to
check this explicitly, substituting w = w(e, ) = w(e) +
k(i) into the variation of the super-Holst Lagrangian
density Lgpose (20) with respect to the gravitino field
!, leads to

6£SH01512i|

6¢,{L w=w(e,ih)

i : ]
B8, y, Do (g + G, 71Dl w(e))

X 61&% + E&Lybwlﬂ’(avb + 5%%@1&1;;1

o

where the last two terms can be checked to cancel against
each other by using the explicit expression for the N = 2
contorsion tensor (22) and a Fierz rearrangement. Again
we notice that the presence of the four-gravitino term in the
N = 2 super-Holst action (20) is important for this can-
cellation to happen. Now the first two terms in the right-
hand side of the above equation combine into a total
derivative:

o ‘ESHolstZ

[y, S0,

”7 va 1,
](u:w(e,z/f) = _76M 'Baﬂ(6¢{/7a¢llﬁ)

Hence this variation does not contribute to the gravitino
equation of motion; only contributions to the variation of
the total action S, of Eq. (19) come from the supergravity
action Sgg, (18) yielding the standard supergravity
equations.

A similar conclusion holds for the other equation of
motion obtained by varying the tetrad field ej,. This can
be seen explicitly from

|5

KV Bab
ab R/LV

(e

Vo R,

= 2emﬁ[vﬂkam + Kk, 57 Kaorlep be)

= !BV, (Plyyathig) — Ly WigKarslepdeb.

w=w(e,y)
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From the expression for the contorsion tensor (22),
notice that  €***A(yl,y i —ZEMVQ’BKQIB/\ and
P BYl Y Y aK ey = 26’“’“ K, 3" Kacas S0 that adding
the above two equations yields

6 Lol
[ det SHaolstz} —0.
dei  lo=olen)

Again the Jej, variation of the total action S, obtains
contributions only from the supergravity action (18) lead-
ing to the standard supergravity equation of motion. Also,
since the super-Holst action Sgps2 (20) does not depend
on the gauge field, the last equation of motion obtained by

varying A, comes from the supergravity action Sgg, (18).

IV. N = 4 SUPERGRAVITY

Now we shall consider the generalization of the Holst
action to the case of N = 4 supergravity [12]. This theory,
|
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in its SU(4) version, describes four spin 3/2 Majorana
gravitinos whose chiral projections e,lfL and ¢, (I =1
2,3, 4) with ysyl, = +¢!, and ysi;, = — ¢, transform
as 4 and 4 representations of SU(4), and four Majorana
spin 1/2 fermions whose chiral projections A’ and A; with
ysAl = —Aland ysA; = +A; also transform as 4 and 4,
respectively. Bosonic fields of the theory include the tetrad
fields ef, and six complex vector fields A,,;; (antisymmet-
ric in 1J) and their SU(4) dual AL =(4,,,)" =
5 €"KLA kp. In addition, there are scalar fields that pa-
rametrize the coset manifold SU(1,1)/U(1). These are
represented as a doublet of SU(1, 1) complex scalar fields
b4 = (b1, ) and their SU(1, 1) dual ¢ = pB3 =
(¢7, —5) subject to the condition ¢y = Ppip; —
¢5¢, = 1. The equations of motion of this theory exhibit
an SU(1, 1) invariance, though its action does not. The
action is given by [12]

1 2
Soan = | d4xe[ R(,€) = o el ,D, @)s — 5 My  Dy(@)A, = 3,0 —-<¢ P |

8

1 - _ ~e - 1 -
Ll (Fr + B Ry gl + By — -2 Ry, + A +coc.
2\/—(1)1# ¢( ) — 2p* 7u¢v( 1J ) NG YEYH{ Cw 2\/51% 7| tee |
(26)
{
where ® = (¢! + ¢?) and ®* = (¢, — ¢,), and the co- Y Y Y ,
variant derivatives D are 1 Fi Fij - 7 \/— ("b ] + \/ze”KLwK[#y JAF)

D, (@)A; = (Dy(w) + (3i/2)a,)A,,
D,(0)A' = (D, (w) — (3i/2)a,)A,
D, (@) = (Dolw) + (/2
Dol@)yp = (Do) = (i/2)an) s,

and the SU(1, 1) invariant vectors a,, c,, and ¢,, are

ay, = i¢Aa,u¢A’ C,M = 6AB¢A8,U,¢B’
CM = EAB¢A8#¢B.

The field strengths F,,,;; =
are supercovariantized as

6[#A,,]1J and FZIV = G[MA”

v]

J

. 1 vy
SSHolsd = ”7[0'4356[5 PR, (w)

1 _ -
— 2—e€MvaB(¢LYVDa(a))¢Iﬁ + {101/1,’)/1/

—— O (e pF Iy + \/_kb[ﬂ V]AJ])

2\/_
A - 1 -
FLJV = Fﬁ{v - mq)*('ﬁ J] + \/EGIJKLJ/K[,U,’YV]AL)
1
- 2\/5 ( IJKL(//K[,U,JIVL + \/_dl[#YV]Aj])

To the N = 4 supergravity action (26), we add an ap-
propriately modified Holst term:

S4 = Ssca T SsHolstr 27)

where the N = 4 super-Holst action is given by

D (@) ~ 3Ry D, @A

- 1 - - 1 - _
— Ay*D, (w)A)) = @E’waﬁﬁ%%ﬁbla%ﬂ - EE’LWBAIYMII/{/AIYMJ’JB} (28)

Here, only those fields which are coupled to the connection
w in the supergravity action are involved, and not others
like the gauge fields A,,;;, A/, and scalar fields ¢*, which
do not have any coupling to w. Also, in addition to the

{
four-gravitino term, which is also present in the super-
Holst action for N = 2 supergravity, we have an additional
four-fermion term involving two gravitinos and two A’s.
Both these terms are important to achieve the desired result

045030-5



ROMESH K. KAUL

that equations of motion of N = 4 supergravity theory are
not modified in the presence of this super-Holst term.

Variation of the total action S, (27) with respect to the
connection w ,** leads to

f d4x|: ervaB <Dﬁ (a))E"

— eMje’le d]A’:|< €ped T 1775(“51%1)50) ab =,

A ‘/’I 57 ’)’d]'ﬁlﬁ>

This implies the standard torsion equation of N = 4 super-
gravity:

D (@)ety = 27,0 = 2T, () + T, ()]

1 - 1 -
= waﬂyuwv]l + 2_€e ae;LVQBAIYBAI’ (29)

which is solved by
O yab = w,u,ab(ey lﬂ, A) = w,u,ab(e) + Kpab (30)

where w,,,(e) is the standard pure gravitational spin
connection given by (2) and the N = 4 contorsion tensor
k has contributions from both the gravitinos ¢ and fermi-
ons A:

K,u.a,B = K;LCKB('?b) + K,u,aﬁ(A);

1 - - _
Kuap(h) = Z['Mﬂu‘//l,e + Pl Yallip — Wy pdia +ccl,

Ayo AL (31)

1
K,u,aB(A) = _4_66;4,51[30'

Like in the earlier cases of N = 1 and N = 2 supergrav-
ity, for the connection w = w(e, i, A) = w(e) + (i, A),
the super-Holst Lagrangian density Lo (28) is a total
derivative. To demonstrate that this is so, notice that

— et Bl vy, Dyw)i s + J’IMJ’VfDa(w)lﬁlﬁ)
+ 6(1_\17”@#((0)/\1 — Alyr D () A)]o=wiepn)
— 1€ BLYL Lo p + /_\IYMIPIJ//_\IVa%ﬂ]
= =3[0, (J#() + J#(N) + €*7*FT,,, T, 5] (32)

uva
where J&(¢) = G“V“Btﬁyvat/fw and JH(A) = eA;y# Al
Here we have used 27,4 () = —K[W]A(zﬁ), Tyva(A) =
—Kuve(A) and the identities eA;y*Alk,*, () =
2€*7 BT, (Y)T o pa(A), erveBT (MT,z%(A) =0,

umva
and the following relation obtained by Fierz rearrange-

ments:

_ ZEMVOIBTMVaT = _—GMVD('B[TMVLI( ) aﬁa(w)
+ ZT;um(lp)Taﬁa(A)]
= e BLYL )t g

Ay WAy o] (33)
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Notice that the two four-fermion terms of the super-Holst
action (28) have played an important role in allowing us to
write Eq. (32). Now substituting this equation into the
super-Holst action (28), we find that the super-Holst action
for o = w(e, ¥, A) takes the same special form as in the
earlier cases:

Sstosal@(e, th, )] = — 2 [ @Iy + 0,J%(, A)]

(34)

where J, (4, A) = J, () + J,(A). It is important to note
that this axial vector density J,, (¢, A) is not the conserved
axial current of the N = 4 theory; in fact, the conserved
current density associated with the axial U(1) invariance of
the theory is 7, = J, () + 3J ,(A).

Now, for the Nieh-Yan invariant density, we use

INY = E#VaBaMTyaﬁ = e'l“/aﬂa,u,[Tvaﬂ(l/f) + TVaﬁ(A)]
= 10, [J4(p) + 3T(A)]

where we have used the facts that 2e*"*FT,,5(i)) =
—J*(h), 2€+7PT . 5(A) = —3J*(A). This thus leads us

to

Sstal (e g A = = [[dxa [7) = 74(0)]
_m d*xetr Py,
[mﬁ(sﬁ) (PN IE)

Next, to check explicitly that the other equations of
motion are not changed in this case too, consider, for
example, the A; variation of the super-Holst Lagrangian
density Lgyoe from Eq. (28):

S A[ a-ﬁa SX(;I&M

—"e[(aA,w D, (@)A!

_ 1 -
- AI?”L Dﬂ(w)5/\1) - E(lﬂﬁﬁ’ﬂlﬂlu
+ Y1, yH L) SA A }

where, in writing the second term on the right-hand side,
we have used the Fierz rearrangement

e y* iy, + lZm?’MlM/)/_\JYVAJ
= _EﬂyaﬁAIyM¢iA17a¢Jﬁ'

Now substituting @ = w(e, i, A) from (30), we obtain
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[on, 2] = =3¢ 38y Dy (@le)A ~ My D, (w(e)sA,
w=wl(e,i,\)

5A,

_ 1 - -
+ 5A17VA1<KMMV - E(lﬂiﬁ’”‘hu + lﬁm?’“‘ﬁi))}

Using (31) for the N = 4 contorsion tensor, the last two
terms cancel, leaving the first two terms which combine
into a total derivative:

|:5AI 6£SHolst4:| - _
A Jo=w(epn)

Similarly, variations of the super-Holst Lagrangian den-
sity (28) with respect to the gravitino ¢/L and tetrad e},
fields are

l—na#(esf\,w/\’).

in

8£SH0]5I4 va 7
Bz = = T enraB i, (30, yahip),

&ML :|w—w(e,¢f,A)
a 6£SHolst4
[acs

=0
oey, L=w<e,w>

Thus, clearly all the equations of motion obtained by
varying the modified supergravity action S, (27) are the
same as those obtained by varying the supergravity action
Ssga (26) alone; the addition of the super-Holst action
Sshois (28) does not change these classical equations of
motion. These are indeed independent of the Immirzi
parameter.

V. CONCLUDING REMARKS

We have extended the Holst action for pure gravity with
the Immirzi parameter as its associated coupling constant
to the case of supergravity theories. This has been done in a
manner that the equations of motion of supergravity theo-
ries are not changed by such modifications of the original
Holst action. This ensures that supersymmetry is preserved
and the Immirzi parameter does not play any role in the
classical equations of motion. This is unlike the case
studied by Perez and Rovelli and also by Freidel, Minic,
and Takeuchi [6], where a spin 1/2 fermion is minimally
coupled to gravity in the presence of the original Holst
action without any modification. In such a situation, the
equations of motion do develop dependence on the Immirzi
parameter.

[

For each of the N = 1, 2, 4 supergravity theories, we
find that the modified Holst Lagrangian density becomes a
total derivative when we use the connection equation of
motion w = w(e,...) = w(e) + «(...), where ellipses in-
dicate the various fermions which introduce torsion in the
theory. This total derivative takes a special form analogous
to the one described by Mercuri for the case of spin 1/2
fermions (8). It is given in terms of the Nieh-Yan invariant
density and divergence of an axial fermion current density:

SHolst[w = wle, .. )] = - %7 fd4x[INY + BMJ“( . )]
(36)

The Nieh-Yan topological density is the divergence of the
pseudotrace axial vector associated with torsion: Iy =
3, [€*"PT,,p5].

It is important to emphasize that the modified Holst
action on its own does not have this special form (36)
and reduces to this form only for the connection that
satisfies the connection equation of motion.

For arbitrary real values of the Immirzi parameter 7!,
the Holst action allows a canonical formulation of pure
gravity [1,4] in terms of a real Ashtekar-Barbero SU(2)
connection. For the modified Holst action for the case of
spin 1/2 fermions, a canonical formulation has been de-
veloped in [7]. Extension of such a canonical formulation
to N = 1 supergravity has been presented by Tsuda in [10].
In the same spirit, for the modified Holst actions (20) and
(28) for N = 2 and N = 4 supergravity theories, a similar
generalized Hamiltonian formulation can be developed.
Care needs to taken in this analysis to fix the gauge after
the proper constraint analysis is performed [13].
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