
Rotating spacetimes with asymptotic nonflat structure and the gyromagnetic ratio

Alikram N. Aliev
Feza Gürsey Institute, P. K. 6 Çengelköy, 34684 Istanbul, Turkey
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In general relativity, the gyromagnetic ratio for all stationary, axisymmetric, and asymptotically flat
Einstein-Maxwell fields is known to be g � 2. In this paper, we continue our previous works of
examination of this result for rotating charged spacetimes with asymptotic nonflat structure. We first
consider two instructive examples of these spacetimes: The spacetime of a Kerr-Newman black hole with
a straight cosmic string on its axis of symmetry and the Kerr-Newman Taub-NUT (Newman-Unti-
Tamburino) spacetime. We show that for both spacetimes the gyromagnetic ratio g � 2 independent of
their asymptotic structure. We also extend this result to a general class of metrics which admit separation
of variables for the Hamilton-Jacobi and wave equations. We proceed with the study of the gyromagnetic
ratio in higher dimensions by considering the general solution for rotating charged black holes in minimal
five-dimensional gauged supergravity. We obtain the analytic expressions for two distinct gyromagnetic
ratios of these black holes that are associated with their two independent rotation parameters. These
expressions reveal the dependence of the gyromagnetic ratio on both the curvature radius of the AdS
background and the parameters of the black holes: The mass, electric charge, and two rotation parameters.
We explore some special cases of interest and show that when the two rotation parameters are equal to
each other and the rotation occurs at the maximum angular velocity, the gyromagnetic ratio g � 4
regardless of the value of the electric charge. This agrees precisely with our earlier result obtained for
general Kerr-AdS black holes with a test electric charge. We also show that in the Bogomol’nyi-Prasad-
Sommerfield (BPS) limit the gyromagnetic ratio for a supersymmetric black hole with equal rotation
parameters ranges between 2 and 4.
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I. INTRODUCTION

In the theory of electromagnetism, it is a well-known
fact that rotation of a uniformly charged body creates a
stationary magnetic field. The magnetic field has a dipole
character and its far distance behavior determines the
magnetic moment of the body. There is a simple relation
between the magnetic dipole moment and the total angular
momentum of the body and the constant of proportionality
in this relation defines the gyromagnetic ratio g. In all
cases, when the motion is slow and the charge-to-mass
ratio is constant, the gyromagnetic ratio g � 1. However,
this result drastically changes for a charged quantum par-
ticle. The most direct manifestation of this appears in the
nonrelativistic limit of the Dirac equation in a uniform
magnetic field. It turns out that for an electron the gyro-
magnetic ratio corresponds to g � 2. Furthermore, it is
now well justified that, up to radiative corrections, the
value g � 2 is the natural gyromagnetic ratio for charged
quantum particles of arbitrary spin [1–4].

It is a striking fact that in general relativity rotating
charged black holes possess the same value of the gyro-
magnetic ratio as an electron and other elementary parti-
cles [5]. As is known, the black holes are uniquely
characterized by their independent physical parameters,
the mass, angular momentum, and the electric charge. It
is also known that in some respects a rotating charged
black hole behaves like an ordinary electrodynamical ob-
ject. One therefore may expect that the black hole must
have a magnetic dipole moment determined by its inde-

pendent physical parameters. The ratio of the magnetic
moment to the associated angular momentum is given by
the g-factor of 2, unlike the case of a rotating uniformly
charged matter for which g � 1. Subsequently, it has been
shown that g � 2 is related to the internal symmetry of the
system and it remains unchanged for all stationary, axi-
symmetric, and asymptotically flat solutions of the
Einstein-Maxwell equations (see for instance, Refs. [6–
8]). The gyromagnetic ratio has also been examined for a
loop of charged matter rotating around a static charged
black hole. The analysis has shown that for large radii of
the loop, the gyromagnetic ratio reduces to g � 1, whereas
it approaches the general-relativistic value g � 2 when the
loop merges with the event horizon of the black hole [9].

Recently, there has been a renewed interest in the gyro-
magnetic ratio of charged rotating systems in general
relativity. In [10], the authors considered a spherical model
consisting of a charged mass shell in the limit of slow
rotation. It was found that in a wide range of the model
parameters determined by the mass, charge, and radius of
the system, the gyromagnetic ratio remained near the g �
2. On the other hand, it has been argued in [11] that g � 2
cannot be attained in a model for rapidly rotating and
charged compact stars. Moreover, it turns out that g � 2
for a relativistically rotating charged disk whose electro-
magnetic field in a certain limit is described by the
‘‘magic’’ field of the Kerr-Newman black hole when the
gravitational interaction is turned off [12]. In a more
general context of spacetimes fulfilling Carter’s separabil-
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ity ansatz, the gyromagnetic ratio was studied in [13]. It has
been shown that with zero cosmological constant and zero
gravitomagnetic monopole all these spacetimes must have
the gyromagnetic ratio g � 2. It should be noted that the
presence of an additional dilaton and other fields in four
dimensions makes the gyromagnetic ratio different from
g � 2 (see, for instance [14]). The behavior of the gyro-
magnetic ratio in higher-dimensional spacetimes has been
the subject of recent studies in [15,16].

It is worth emphasizing that the most crucial point in all
cases described above is that the gyromagnetic ratio has
been studied in spacetimes with asymptotic flat structure.
Therefore, it is a natural question to ask how does the
gyromagnetic ratio change in rotating spacetimes with
asymptotic nonflat structure? In recent works [17,18] this
question was examined for rotating charged black holes in
four and higher dimensions with asymptotic anti-de Sitter
(AdS) structure. It was shown that in four dimensions the
Kerr-Newman-AdS black holes must have the same gyro-
magnetic ratio as the usual Kerr-Newman black holes. This
extends the result of [13] for Carter separable spacetimes to
include a nonzero cosmological constant. Furthermore, an
interesting behavior of the gyromagnetic ratio was found
for charged Kerr-AdS black holes with a single angular
momentum in all higher dimensions. It turned out that in
the limit of maximal rotation determined by the curvature
radius of the AdS spacetime, g! 2 regardless of the
spacetime dimension. This result was further confirmed
in [19] within numerical calculations.

In this paper we continue the study of the gyromagnetic
ratio for rotating spacetimes with asymptotic nonflat struc-
ture. We begin with the most instructive case of a Kerr-
Newman black hole pierced by a straight cosmic string. A
model of this kind was first considered in [20]. The pres-
ence of the cosmic string on the symmetry axis of the black
hole will destroy the asymptotic structure of the metric
which becomes an asymptotically conical rather than
asymptotically flat one. Another example of destroying
the asymptotic structure of the Kerr metric is realized in
the familiar Kerr-Taub-NUT solution of the Einstein field
equations [21]. This solution describes a localized axisym-
metric source which, in addition to the ordinary mass
(gravitoelectric charge), also carries a gravitomagnetic
charge (NUT charge). It is the NUT charge that destroys
the asymptotic flat structure of the metric and in this sense
it may be thought of as a ‘‘measure’’ of the asymptotic
nonflatness. The different aspects of the Kerr-Taub-NUT
family of solutions were investigated by many authors (see
[22–25] and references therein). We also consider a gen-
eral class of four-dimensional metrics which involve both
cosmological constant and gravitomagnetic monopole
charge and for which the Hamilton-Jacobi and wave equa-
tions admit separation of variables. As a higher-
dimensional example of rotating spacetimes with asymp-
totic nonflat structure, we examine a recently discovered

general black hole solution of minimal five-dimensional
supergravity with a cosmological constant [26].

The organization of the paper is as follows. In Sec. II we
discuss properties of the Kerr-Newman spacetime threaded
by a cosmic string. We evaluate the physical parameters of
the spacetime: The charge, mass, and angular momentum.
Here we also determine the magnetic dipole moment and
show that the gyromagnetic ratio is not affected by the
conical parameter of the spacetime. In Sec. III we consider
Kerr-Newman-Taub-NUT spacetime and describe the ef-
fect of the NUT charge on the rotational and electromag-
netic properties of the spacetime metric. We introduce two
equivalent definitions for the gyromagnetic ratio of this
spacetime and find that it must have the value g � 2. We
also consider a general class of Carter separable space-
times and show that they all possess the same gyromag-
netic ratio g � 2 independent of their asymptotic nature. In
Sec. IV we study the gyromagnetic ratio of general rotating
black holes in minimal five-dimensional gauged super-
gravity. We obtain expressions for two independent gyro-
magnetic ratios associated with two orthogonal 2-planes of
rotation. We also discuss some interesting special cases of
these expressions.

II. KERR-NEWMAN BLACK HOLES PIERCED BY
A COSMIC STRING

The spacetime around a rotating and charged black hole
containing a straight cosmic string on its axis of symmetry
is described by the Kerr-Newman solution with asymptoti-
cally conical behavior. It is given by the metric
 

ds2 � �
�

�
�dt� ab0sin2�d��2 ��

�
dr2

�
� d�2

�

�
sin2�

�
�adt� �r2 � a2�b0d��

2; (1)

where

 � � r2 � 2Mr� a2 �Q2; � � r2 � a2cos2�: (2)

The determinant of the metric is given by

 

�������
�g
p

� b0� sin�: (3)

In the absence of the cosmic string, M is the mass, a �
J=M is the rotation parameter, and Q is the electric charge
of the black hole. The parameter b0 � 1� 4� accounts for
physical effects of the cosmic string and makes the asymp-
totic behavior of the metric conical. Here� is a linear mass
density, 0< b0 � 1 and we use the units in which c � @ �
G � 1. It can be easily checked that the asymptotic limit of
the metric (1), after an appropriate coordinate transforma-
tion, is equivalent to the canonical form of the metric
outside of a straight cosmic string [27]

 ds2 � �dt2 � d�2 � dz2 � b2
0�

2d’2; (4)
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where ��; z; ’� are the usual cylindrical coordinates with
0 � ’< 2�.

The potential one-form that describes the corresponding
electromagnetic field in the spacetime (1) is given by

 A � �
Qr
�
�dt� ab0sin2�d�� (5)

and for the nonvanishing covariant components of the
electromagnetic field tensor, we have

 F01 �
Q

�2 ��� 2r2�; F13 �
Qab0

�2 ��� 2r2�sin2�;

F02 �
Qra2 sin2�

�2 ; F23 �
Qrab0

�2 �r2 � a2� sin2�:

(6)

In the following we shall also need contravariant compo-
nents of this tensor, for which we obtain
 

F01 ��
Q�r2� a2�

�3 ��� 2r2�; F13 �
Qa

�3b0

��� 2r2�;

F02 ��
Qra2

�3 sin2�; F23 �
2Qar

�3b0

cot�: (7)

It is clear that the physical parameters of the metric (1)
containing a cosmic string will differ from those of the
usual Kerr-Newman metric. Indeed, evaluating the
Gaussian flux for the electric charge

 Q0 �
1

4�

I
?F (8)

we find that

 Q0 � Qb0: (9)

We note that here and in what follows F � dA, the star
stands for the Hodge dual and the prime refers to physical
quantities. The existence of two commuting Killing vector
��t� � @t and ���� � @� in the spacetime (1) enables us to
use the standard Komar formulas for the mass and angular
momentum

 M0 � �
1

8�

I
?d�̂�t�; J0 �

1

16�

I
?d�̂���; (10)

where the Killing one-form �̂ � ��dx� and the integration
is performed over a two-dimensional hypersurface at spa-
tial infinity. The calculations yield

 M0 � Mb0; J0 � Jb2
0: (11)

The cosmic string also changes the angular velocity and the
surface area of the horizon. We find that

 �0H �
a

b0�r2
� � a

2�
; A0 � 4�b0�r

2
� � a

2�; (12)

where r� is the radius of the horizon determined by the
equation � � 0. On the other hand, it is easy to show that
the electrostatic potential of the horizon and its Hawking

temperature remain unchanged. That is, we have the usual
expressions

 �H �
Qr�

r2
� � a

2 ; T �
r� �M

2��r2
� � a

2�
: (13)

It is straightforward to verify that the above quantities
satisfy the first law of thermodynamics

 dE � TdS��0HdJ
0 ��HdQ

0; (14)

where the total energy E � M0 and the entropy S � A0=4.
Next, we calculate the magnetic dipole moment. We first

define an orthonormal frame given by the basis one-forms
of the metric (1)

 e0 � �
�

�
�1=2�dt� ab0sin2�d��;

e3 �
sin�

�1=2
�adt� b0�r2 � a2�d��;

e1 �

�
�

�

�
1=2
dr; e2 � �1=2d�:

(15)

The electromagnetic field two-form written in this frame
takes the form

 F �
Q

�2 ���� 2r2�e0 ^ e1 � 2ra cos�e3 ^ e2�: (16)

Thus, an observer in the frame (15) sees only the radial
components of the electric and magnetic fields. For the
leading behavior of these fields at spatial infinity, we have

 Er̂ �
Q0

b0r2 �O

�
1

r4

�
; (17)

 Br̂ �
2Q0a

b0r
3 cos��O

�
1

r5

�
: (18)

It follows that Q0 is the electric charge as given in (9) and
the radial magnetic field is determined by the magnetic
dipole moment

 �0 � Qab2
0 � �b2

0: (19)

Defining now the gyromagnetic ratio by the relation

 �0 � g
Q0J0

2M0
(20)

we have g � 2. We conclude that the gyromagnetic ratio of
the Kerr-Newman black hole with asymptotic conical
structure remains equal to 2, thus being not affected by
the cosmic string on its axis of symmetry.

It may be useful to note that in the small-charge limit,
Q	 M, we can also prove that g � 2 independent of the
conical parameter b0. For this purpose, we employ an
approach which is similar to that of [28]. (See also
Refs. [15–18]). We begin with the twist one-form
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 !̂ �
1

2
?��̂�t� ^ d�̂�t��: (21)

Writing out this quantity explicitly in the metric (1) with
Q	 M, we obtain

 !̂ � �
aM

�2 �2r cos�dr� ��� 2r2� sin�d��: (22)

It is easy to check that this equation implies the existence
of a scalar twist potential given by

 � �
Ma cos�

�
: (23)

Now we define the magnetic field one-form

 B̂ � i�̂�t�
?F � ?��̂�t� ^ F�; (24)

which written out explicitly, by making use of the expres-
sions in (7), takes the form

 B̂ �
aQ

�2 �2r cos�dr� ��� 2r2� sin�d��: (25)

This expression can also be put in the form

 B̂ � �d�; (26)

where the magnetostatic potential is given by

 � �
Qa cos�

�
: (27)

It is important to note that the expressions in (22), (23),
(25), and (27) do not contain the conical parameter b0 of
the spacetime at all.

Comparison of Eqs. (23) and (27) leads to the relation

 � �
Q
M

� (28)

that can be used, on equal footing with Eq. (20), as a new
definition for the gyromagnetic ratio. This proves that g �
2.

III. KERR-NEWMAN-TAUB-NUT SPACETIME

The Kerr-Newman-Taub-NUT spacetime is one of the
most instructive examples of spacetimes with asymptotic
nonflat structure known in general relativity [21]. It is a
stationary axially symmetric solution of the Einstein-
Maxwell equations which describes a rotating electrically
charged source endowed with NUT charge as well. The
corresponding metric of the spacetime can be written in the
form
 

ds2 � �
�

�
�dt� �d��2 � �

�
dr2

�
� d�2

�

�
sin2�

�
�adt� �r2 � a2 � ‘2�d��2; (29)

where

 � � r2 � 2Mr� a2 � ‘2 �Q2;

� � r2 � �‘� a cos��2; � � asin2�� 2‘ cos�:

(30)

The parameter M is the gravitational mass of the source, a
is its rotation parameter, and Q and ‘ are the electric and
NUT charges, respectively. The determinant of the metric
is given by

 

�������
�g
p

� � sin� (31)

and for the inverse metric components, we have
 

g00 � �
1

��

�
�r2 � a2 � ‘2�2 ��a2sin2�

� 4‘�
cot�
sin�

��� ‘ cos��
�
;

g11 �
�

�
; g22 �

1

�
;

g33 �
1

��sin2�
��� a2sin2��;

g03 � �
1

��

�
�2Mr� 2‘2 �Q2�a� 2‘�

cot�
sin�

�
: (32)

The electromagnetic field of the source is described by
the potential one-form

 A � �
Qr
�
�dt� �d��; (33)

leading to the following nonvanishing components of the
electromagnetic field tensor

 F01 �
Q

�2 ��� 2r2�; F13 �
Q�

�2 ��� 2r2�;

F02 �
2Qra

�2 �‘� a cos�� sin�;

F23 �
2Qr

�2 sin��r2 � a2 � ‘2��‘� a cos��:

(34)

The contravariant components of this tensor are given by

 F01 � �
Q

�3 �r
2 � a2 � ‘2���� 2r2�;

F02 � �
Qr

�3

�
a2 sin2�� 4‘2 cot��

a‘
sin�
�1� 3 cos2��

�
;

F13 �
aQ

�3 ��� 2r2�; F23 �
2Qr

�3

�‘� a cos��
sin�

:

(35)

With vanishing NUT charge, ‘ � 0, the above expressions
go over into (6) and (7) taken for b0 � 1.

Inspection of the Komar integrals (10) for the metric
(29) at spatial infinity confirms that M0 � M and J0 � J �
aM. Indeed, for the dominant behavior of the correspond-
ing integrands, we have
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 �t;r
�t� �

M

r2 �O

�
1

r4

�
; (36)

 �t;r
�’� � �

3M�

r2 �
2‘ cos�
r

�O

�
1

r4

�
: (37)

Inserting these expansions into (10) and performing the
integration over a two-sphere at infinity we verify the
statement made above. We note that the second term in
(37) makes no contribution to the surface integral due to
the integration over the angle �. Thus, the NUT charge
does not affect the usual Komar expressions for the mass
and angular momentum.

However, the physical effect of the NUT charge can be
read off from the asymptotic behavior of the metric (29).
For this purpose, following our previous works [17,18], we
employ a ‘‘background subtraction’’ approach. This yields

 �g03 � �
2M�asin2�� 2‘ cos��

r
�O

�
1

r3

�
; (38)

where we have taken the difference between the off-
diagonal components of the metric under consideration
and its reference background. The latter is obtained from
the former by setting M � 0 in it. This expression shows
that in addition to the usual angular momentum or grav-
itomagnetic dipole moment JD (in the terminology of
gravitomagnetism), the source can also be assigned a
‘‘specific angular momentum’’ jM of similar order deter-
mined by the NUT charge (gravitomagnetic monopole
moment). That is, we have

 JD � aM; jM � ‘M: (39)

In accordance with these two angular momenta, the
Kerr-Newman-Taub-NUT source must also have two mag-
netic moments. To see this, it is enough to consider the
asymptotic form of the associated radial magnetic field.
Again, we choose an orthonormal frame

 e0 �

�
�

�

�
1=2
�dt� �d��;

e3 �
sin�

�1=2
�adt� �r2 � a2 � ‘2�d��;

e1 �

�
�

�

�
1=2
dr; e2 � �1=2d�;

(40)

in which, for the radial electric and magnetic fields, we
obtain

 Er̂ �
Q

r2 �O

�
1

r4

�
; (41)

 Br̂ �
2Q�‘� a cos��

r3 �O

�
1

r5

�
: (42)

The first expression is the Coulomb field of the electric
charge Q. From the second expression it follows that the

radial magnetic field is generated by two independent
quantities; the usual magnetic dipole moment �D and the
‘‘specific magnetic moment’’ �M which is due to the NUT
charge. Thus, we have

 �D � aQ; �M � ‘Q: (43)

These considerations allow us to write down the following
defining relations for the gyromagnetic ratio

 �D � g1
QJD
2M

; �M � g2
QjM
2M

: (44)

Comparing the corresponding expressions in (39) and (43),
we find that g1 � g2 � 2. Hence, the gyromagnetic ratio
for a Kerr-Newman-Taub-NUT source endowed with both
electric and NUT charges is g � 2. We see that this value
remains unchanged, when the rotation parameter of the
source vanishes.

As in the previous section, one can prove the above value
of the gyromagnetic ratio employing the formalism of twist
potentials. Again assuming small electric charge, Q	 M,
and calculating the twist one-form in (21) for the metric
(29), we obtain

 !̂ �
a sin�

�2 �M��� 2r2� � 2r‘�‘� a cos���d�

�
2Mr�‘� a cos�� � ‘��� 2r2�

�2 dr: (45)

Straightforward calculations show that the potential one-
form is generated by the scalar twist

 � �
aM cos�� ‘�M� r�

�
: (46)

This expression involves an undesired term that is not
vanishing for M � 0. This is due to the asymptotic nonflat
structure of the spacetime under consideration. To make
the scalar twist physically meaningful, we perform the
background subtraction which yields

 �� �
M�‘� a cos��

�
: (47)

It follows that for zero rotation parameter a of the metric
(29), the timelike Killing vector @t still fails to be hyper-
surface orthogonal, that is the NUT charge generates an
additional ‘‘rotation’’ of the metric.

Similarly, using the expressions in (35) one can evaluate
the magnetic field one-form (24). We find that

 B̂ �
Q

�2 �2r�‘� a cos��dr� a��� 2r2� sin�d��: (48)

This allows us to introduce a magnetostatic potential of the
form

 � �
Q
�
�‘� a cos��: (49)

This equation along with that in (47) leads us to the relation
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 � �
Q
M
�� (50)

that is equivalent to the definitions in (44). In this respect, it
remarkably combines them into one, thereby proving the
gyromagnetic ratio g � 2 for the Kerr-Newman-Taub-
NUT source.

Inclusion of the cosmological constant

To complete the above discussion of the gyromagnetic
ratio for rotating spacetimes with asymptotic nonflat struc-
ture in four dimensions, we consider now a general class of
metrics which admit separation of variables for the
Hamilton-Jacobi and Schrödinger equations [29]. As is
known, these Carter separable spacetimes include a cos-
mological constant as well. Using the Plebanski approach
[30] one can find the most convenient form for these
metrics. It is given by

 ds2 � �
Y

r2 � p2 �d	� p
2d �2 �

r2 � p2

Y
dr2

�
r2 � p2

X
dp2 �

X

r2 � p2 �d	� r
2d �2; (51)

where

 X � 
� �p2 � �p4 � 2Lp;

Y � 
� �r2 � �r4 � 2Mr�Q2:
(52)

The parameters M, �, L, Q are related to the mass, cos-
mological constant, NUT, and electric charges, respec-
tively. The remaining 
 and � are arbitrary real
parameters. We have set the possible magnetic charge
equal to zero.

The potential one-form for the electromagnetic field of
these metrics is given by

 A � �
Qr

r2 � p2 �d	� p
2d �: (53)

These metrics satisfy the coupled system of the Einstein-
Maxwell equations with the cosmological constant � �
3�.

If we choose the parameters
 


 � �a2 � ‘2��1��‘2�; � � 1� ��a2 � 2‘2�;

L � ‘�1� �a2�; (54)

and make the redefinitions of the coordinates given by

 	 � t�
a2 � ‘2

a�
�;  � �

�
a�

;

p � ‘� a cos�;

(55)

where � � 1� �a2, the metric (51) takes the form

 

ds2 � �
�r

�

�
dt�

�
�
d�

�
2
��

�
dr2

�r
�
d�2

��

�

�
��sin2�

�

�
adt�

r2 � a2 � ‘2

�
d�

�
2
; (56)

where
 

�r � �r
2 � a2 � ‘2��1� �r2� � 2Mr�Q2

� �‘2�a2 � ‘2 � 3r2�; (57)

 �� � 1� ��2‘� a cos��2; (58)

and the metric functions � and � are the same as those
given in (30). (See also [31] for an alternative choice of the
parameters). As for the potential one-form (53), it reduces
to

 A � �
Qr
�

�
dt�

�
�
d�

�
: (59)

The metric (56) is a generalization of the Kerr-Newman-
Taub-NUT solution (29) to include the cosmological con-
stant. In what follows, we take the cosmological constant
to be negative, without loss of generality.

For the electromagnetic field two-form we obtain
 

F�
Q��� 2r2�

�2

�
dt�

�
�
d�

�
^dr

�
2Qr�‘�acos�� sin�

�2

�
adt�

r2�a2� ‘2

�
d�

�
^d�:

(60)

The contravariant components of the electromagnetic field
tensor F01 and F02 are the same as those given in (35),
while the remaining components F13 and F23 are equal to
their counterparts in (35) multiplied by �.

The electric charge of the source (56) is given by the
Gaussian flux in (8), which now yields

 Q0 �
Q
�
: (61)

The physical mass and angular momentum can be eval-
uated following our previous work [18]. Performing the
similar calculations for the spacetime (56) we obtain that

 M0 �
M

�2 ; J0D �
aM

�2 ; (62)

that is, the same expressions as for the Kerr-Newman-AdS
spacetime [32]. Again, the effect of the NUT charge can be
seen from the asymptotic behavior of the metric.
Performing an appropriate background subtraction, as in
the case of (38), we find ‘‘the specific angular momentum’’
due to the NUT charge

 j0M �
‘M

�2 : (63)
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We note that this quantity and the angular momentum in
(62) generalize those given in (39) to include the case of a
negative cosmological constant.

Next, evaluating the orthonormal components of the
radial electric and magnetic fields, we find the expressions
similar to (41) and (42)

 Er̂ �
Q0�

r2 �O

�
1

r4

�
; (64)

 Br̂ �
2Q0��‘� a cos��

r3 �O

�
1

r5

�
: (65)

The first expression gives the electric charge in (61), while
the second expression determines the counterparts of the
magnetic momenta in (43) for the Kerr-Newman-Taub-
NUT-AdS spacetime. We have

 �0D �
aQ
�
; �0M �

‘Q
�
: (66)

It is now easy to see that one can define the gyromagnetic
ratio in terms of the primed quantities as follows

 �0D � g1
Q0J0D
2M0

; �0M � g2
Q0j0M
2M0

: (67)

It follows immediately that g1 � g2 � 2. This result shows
that all Carter separable spacetimes satisfying the coupled
system of the Einstein-Maxwell equations in four dimen-
sions must have the gyromagnetic ratio g � 2 independent
of their asymptotic nature.

IV. ROTATING CHARGED BLACK HOLES IN
MINIMAL FIVE-DIMENSIONAL GAUGED

SUPERGRAVITY

In this section we wish to consider an example of a
higher-dimensional rotating charged spacetime with
asymptotic nonflat structure. For this purpose, we take
the general solution for rotating charged black holes in
minimal five-dimensional gauged supergravity recently
found in [26] by Chong, Cvetic̆, Lu, and Pope (CCLP).
The CCLP black holes are determined by a set of four
conserved charges: The mass, electric charge, and two

angular momenta. There are several motivations to calcu-
late the gyromagnetic ratio of these black holes. First of all,
they possess asymptotic nonflat, AdS/dS structure and the
electric charge may have arbitrary values up to the BPS
limit. This allows to study the combined influence of both
asymptotic structure and the electric charge on the gyro-
magnetic ratio of these black holes.

In a recent work [18] we calculated the gyromagnetic
ratio for general five-dimensional Kerr-AdS black holes
carrying small (test) electric charge. Since the exact metric
for the charged Kerr-AdS black holes in the Einstein-
Maxwell theory is still absent (see [16,33]), the question
of how our result will change for generic values of the
electric charge remains unclear. Though the CCLP space-
time is not the same as that needed for the Einstein-
Maxwell case, it may nevertheless serve as a good example
to evaluate the gyromagnetic ratio for generic values of the
electric charge.

Finally, the rotating black hole solutions in AdS back-
ground are of interest in the context of probing AdS/CFT
correspondence. In [34] it has been shown that there is a
deep similarity between the thermodynamic properties of
the five-dimensional Kerr-AdS black holes and their con-
formal field theory (CFT) dual on the boundary Einstein
space rotating at the speed of light. In this respect, one may
hope that the calculation of the gyromagnetic ratio for the
rotating AdS black holes in minimal five-dimensional
gauged supergravity may have a relevance for a further
probing AdS/CFT correspondence in the spirit of [34].

The CCLP metric satisfies the equation of motion for
minimal five-dimensional gauged supergravity derived
from the Lagrangian

 L � �R� 12=l2� ? 1� 1
2
?F ^ F� 1

3
��
3
p F ^ F ^ A; (68)

where the radius of the AdS background is given by the
negative cosmological constant, l2 � �6=�. In its original
form this metric was given the Boyer-Lindquist type coor-
dinates x� � ft; r; �;�;  g which are asymptotically static
[26]. For our purposes here, it is useful to employ a similar
type of coordinates which are rotating at infinity. In these
new coordinates, the metric takes the form

 

ds2 � �

�
dt�

asin2�
�a

d��
bcos2�

�b
d 

��
f
�
dt�

asin2�
�a

d��
bcos2�

�b
d 

�
�

2Q
�

�
bsin2�

�a
d��

acos2�
�b

d 
��

� �
�
dr2

�r
�
d�2

��

�
�

��sin2�
�

�
adt�

r2 � a2

�a
d�

�
2
�

��cos2�
�

�
bdt�

r2 � b2

�b
d 

�
2

�
1� r2l�2

r2�

�
abdt�

b�r2 � a2�sin2�
�a

d��
a�r2 � b2�cos2�

�b
d 

�
2
; (69)

where
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�r �
�r2 � a2��r2 � b2��1� r2l�2� � 2abQ�Q2

r2 � 2M;

f �
�r

�
�
Q2

�2 �
Q2

r2�
�

2abQ

r2�
;

�� � 1�
a2

l2
cos2��

b2

l2
sin2�; �a � 1�

a2

l2
;

� � r2 � a2cos2�� b2sin2�; �b � 1�
b2

l2
: (70)

We see that the metric is characterized by the mass M,

charge Q, and two independent rotation parameters a and
b. Furthermore, in the present form it closely resembles the
general Kerr-AdS solution found in [34] covering the latter
for Q � 0.

The potential one-form is given by

 A � �

���
3
p
Q

�

�
dt�

asin2�
�a

d��
bcos2�

�b
d 

�
: (71)

In some cases, one also needs to know the components
of the metric (69). We obtain that

 

g00��1�
2M
�
�
r2�a2sin2��b2cos2�

l2
�
Q2

�2 ; g33�
sin2�

�2
a

�
�r2�a2��a�

2Ma2sin2�
�

�
aQsin2�

�2 �2b��aQ�
�
;

g44�
cos2�

�2
b

�
�r2�b2��b�

2Mb2cos2�
�

�
bQcos2�

�2 �2a��bQ�
�
; g03��

sin2�
�a

�
a
�
2M
�
�
r2�a2

l2

�
�
Q

�2 �b��aQ�
�
;

g04��
cos2�

�a

�
b
�
2M
�
�
r2�b2

l2

�
�
Q

�2 �a��bQ�
�
; g34�

sin2�cos2�

�2�a�b
�ab�2M��Q2��Q��a2�b2��

g11�
�

�r
; g22�

�

��
: (72)

It is interesting to note that the metric determinant does not
involve the electric charge. It is given by

 

�������
�g
p

�
r� sin� cos�

�a�b
: (73)

The electromagnetic field two-form is given by
 

F � �
2
���
3
p
Qr

�2

�
dt�

asin2�
�a

d��
bcos2�

�b
d 

�
^ dr

�

���
3
p
Qa sin2�

�2

�
adt�

r2 � a2

�a
d�

�
^ d�

�

���
3
p
Qb sin2�

�2

�
bdt�

r2 � b2

�b
d 

�
^ d�: (74)

The contravariant components of the electromagnetic field
tensor have the form

 F01 �
2
���
3
p
Q�abQ� �r2 � a2��r2 � b2��

r�3 ;

F02 �

���
3
p
Q�b2 � a2� sin2�

�3 ;

F13 � �
2
���
3
p
Q�a�Qb� a�r

2 � b2��

r�3 ;

F14 � �
2
���
3
p
Q�b�Qa� b�r2 � a2��

r�3 ;

F23 �
2
���
3
p
Qa�a cot�

�3 ;

F24 � �
2
���
3
p
Qb�b tan�

�3 :

(75)

Evaluating now the Gauss integral

 Q0 �
1

16�

I
�?F� F ^ A=

���
3
p
�; (76)

we find the physical electric charge of the black hole

 Q0 �
�

���
3
p
Q

4�a�b
: (77)

The bi-azimuthal symmetry of the spacetime (69) results
in the existence of two commuting Killing vectors ���� �
@=@� and �� � � @=@ . Thus, we can use the Komar
integrals for the angular momenta

 J0a �
1

16�

I
?d�̂���; J0b �

1

16�

I
?d�̂� �: (78)

Having performed straightforward calculations, we obtain

 J0a �
�
4



2aM� bQ�2��a�

�2
a�b

;

J0b �
�
4



2bM� aQ�2��b�

�a�2
b

:

(79)

With these angular momenta, as was shown in [26], the
total mass of the black hole satisfying the first law of
thermodynamics is given by

 M0 �
�M�2�a � 2�b ��a�b� � 2�Qabl�2��a ��b�

4�2
a�2

b

:

(80)
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We turn now to the potential one-form in (71). It reveals
that the black hole must have two magnetic dipole mo-
ments associated with two orthogonal 2-planes of rotation.
We shall determine these magnetic moments from the
asymptotic behavior of the electromagnetic field two-
form (74) in an orthonormal frame. It is remarkable that
in the asymptotic region r! 1, one can still use the
orthonormal frame constructed in [18]. Straightforward
calculations show that in this frame the leading compo-
nents of the magnetic field are given by the expressions

 F2̂ 3̂ �
2
���
3
p
Qa cos�

r4 
 �O

�
1

r6

�
; (81)

 F2̂ 4̂ � �
2
���
3
p
Qb sin�

r4 ��O

�
1

r6

�
; (82)

where

 
 �
����

1=2��� � a
2l�2�1=2 � ��� � b

2l�2�1=2

����
1=2 � ��� � a2l�2�1=2��� � b2l�2�1=2

; (83)

 � �
����

1=2��� � b2l�2�1=2 � ��� � a2l�2�1=2

����
1=2 � ��� � a2l�2�1=2��� � b2l�2�1=2

: (84)

We note that for vanishing cosmological constant, l! 1,
the quantities 
 and � tend to unity. They also go to unity
for equal rotation parameters. Furthermore, for b � 0, 
 �
1 or for a � 0, � � 1.

From the above expressions it follows that we can assign
two magnetic dipole moments to the black hole which are
given by

 �0a � aQ0 �
�a

�a�b
; �0b � bQ0 �

�b

�a�b
; (85)

where we have introduced the magnetic moment parame-
ters

 �a �
�

���
3
p
Qa

4
; �b �

�
���
3
p
Qb

4
: (86)

The two magnetic dipole moments allow, as discussed
earlier in [18], to define two gyromagnetic ratios by

 ga �
2M0�0a
Q0J0a

; gb �
2M0�0b
Q0J0b

: (87)

Substituting into these equations the explicit expressions
for the primed quantities, we find

 ga �
2a
�b



M�2�a � 2�b ��a�b� � 2Qabl�2��a ��b�

2aM�Qb�2��a�
;

(88)

 gb �
2b
�a



M�2�a � 2�b ��a�b� � 2Qabl�2��a ��b�

2bM�Qa�2��b�
:

(89)

We note that in the small-charge limit, Q	 M, these
expressions agree with those obtained in [18].

Let us now consider some special cases of interest;
(i) b � 0 or a � 0, a black hole with a single angular

momentum. In this case the gyromagnetic ratio, as
follows from the above expressions, is given either
by

 ga � 2��a or gb � 2��b; (90)

that is, it does not depend on the electric charge at all.
This is the previously known result of [17].

(ii) a � b, �a � �b � �, two equal angular momenta.
The two gyromagnetic ratios (88) and (89) merge
into one to give

 g � 2 

M�4��� � 4Q�1���

2M�Q�2���
: (91)

It follows that in the limit �! 0, when the rotation
occurs at the speed of light, the gyromagnetic ratio
g � 4 independent of the electric charge. This is
precisely the same result as that obtained in [18]
for small perturbative values of the electric charge.
It also confirms our earlier claim that in the critical
limit �! 0, the value of the gyromagnetic ratio
obtained for small electric charge will remain un-
changed for generic values of the charge [17].

(iii) l! 1, �a � �b � 1, zero cosmological constant.
In this case Eqs. (88) and (89) give the gyromagnetic
ratios

 ga � 3
�
1�

Qb
2aM�Qb

�
; (92)

 gb � 3
�
1�

Qa
2bM�Qa

�
; (93)

which for small values of the electric charge,Q! 0,
tend to g! 3. This agrees with our previous result
obtained in [15] for a weakly charged five-
dimensional Myers-Perry black hole. We see that
for given other parameters the growth of electric
charge acts to decrease the value of the gyromagnetic
ratios. Some related numerical analysis as well as the
study of the case with different Chern-Simons cou-
pling constant can be found in [35,36].

It is also interesting to consider a supersymmetric case in
the BPS limit. The BPS limit, as shown in [26], arises when
the condition
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 Q �
M

1� �a� b�l�1 (94)

is fulfilled. In this limit, the gyromagnetic ratio in (91)
reduces to

 g � 2 

�4����1� 2

��������������
1��
p

� � 4�1���

4��� 4
��������������
1��
p : (95)

It follows that for a supersymmetric black hole with equal
rotation parameters, the gyromagnetic ratio g � 4
achieved for critical rotation �! 0 �a! l� decreases to
its value g � 2 for �! 1 �a	 l�.

V. CONCLUSION

In past years the gyromagnetic ratio of stationary and
axisymmetric solutions of the Einstein-Maxwell equations
has been the subject of many studies in asymptotically flat
case. The present paper extends previous results on the
spacetimes with asymptotically nonflat structure. We have
considered the most simple example of the asymptotically
nonflat spacetimes, namely, the Kerr-Newman spacetime
with a straight cosmic string passing through its poles. The
asymptotic behavior of this spacetime is conical. We have
shown that the gyromagnetic ratio still remains g � 2
though the conserved parameters of the spacetime metric
change due to its conical nature. We have also shown that
the Kerr-Newman-Taub-NUT metric, whose NUT charge
makes its asymptotic structure nonflat, has the gyromag-
netic ratio g � 2. Finally, we have considered a general
class of metrics for which the Hamilton-Jacobi and wave

equations admit separation of variable. Within this Carter’s
separability ansatz we have shown that all the metrics in
this class (with both NUT charge and cosmological con-
stant) must have the gyromagnetic ratio g � 2. This result
fills a long-standing gap in the study of the gyromagnetic
ratio in general relativity by extending it to include the
NUT charge and the cosmological constant.

In the final section we have examined the gyromagnetic
ratio for the recently found general solution in minimal
five-dimensional gauged supergravity. For certain ranges
of its physical parameters, this solution represents a rotat-
ing charged black hole with two independent angular
momenta and asymptotic AdS structure. We have obtained
the general expressions for two gyromagnetic ratios of the
black hole. Exploring some special cases, we have found
that when the black hole with equal angular momenta is
rotating at the speed of light, its gyromagnetic ratio be-
comes g � 4 independent of the electric charge. This is in
agreement with our previous result obtained for small
perturbative values of the electric charge. We have also
found that for a supersymmetric case in the BPS limit the
gyromagnetic ratio ranges in the interval 2 � g � 4.
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