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We derive the semiclassical evolution of massless conformally coupled scalar matter in the de Sitter
space-time from the Born-Oppenheimer reduction of the Wheeler-DeWitt equation. We find a remarkable
difference with respect to the minimally coupled case: the effect of the quantum gravitational corrections
does not depend on the momentum of the scalar mode up to second order in the Planck length and,
therefore, there are no relevant corrections to the dispersion relation.
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I. INTRODUCTION

Inflation [1] has by now become the standard picture of
the early Universe since it solves some of the problems of
the standard big-bang scenario and allows one to make
testable predictions about the spectrum of the cosmic
microwave background radiation. It also provides a win-
dow towards trans-Planckian physics [2] as it magnifies all
quantum fluctuations and redshifts originally trans-
Planckian frequencies down to the range of low energy
physics currently observed.

In general, one expects that the standard results of
quantum field theory can be no more fully trusted on
approaching the Planckian regime or, at least, that the
dispersion relations of matter fields change for large
wave number k. Most attempts have tested the effects of
dispersion relations ! � !�k� chosen ad hoc [2]. In
Ref. [3], we have instead derived the dispersion relation
for a minimally coupled massless scalar field from a min-
isuperspace action by lifting the principle of time-
reparametrization invariance to a quantum symmetry. We
then obtained an Hamiltonian constraint from which the
Born-Oppenheimer (BO) reduction [4] allowed to properly
and unambiguously recover the semiclassical limit of
quantum field theory on a curved background starting
from the Wheeler-DeWitt (WDW) equation [5]. This pro-
cedure yields ‘‘quantum fluctuation’’ terms in the matter
equation whose effect on the power spectrum was derived
for the simplest model of de Sitter inflation.

In the present paper, we wish to extend the analysis to
the case of a generic coupling between the matter field and
gravity and will also include an inflaton field so as to
consider a generic inflationary evolution, at least for the
more formal part. We shall first show that it is possible to
treat both the cosmological scale factor a and the inflaton
semiclassically, and obtain the relevant corrections for the

matter field. We shall then specialize again to de Sitter
inflation, this time for conformally coupled massless scalar
matter and derive its effective dynamics. Quite remarkably,
we shall see that no relevant corrections appear at (rela-
tively) large scale factor in the Schrödinger equation and
the dispersion relation remains unaffected, ! ’ k=a, to
second order in the Planck length. Of course, it is well
known that a conformally coupled scalar field can be
rescaled and, by making use of the conformal time, it
decouples from background gravity (i.e., to zero order in
the Planck length). However, our approach allows us to
show that, in a sense, this decoupling extends to include
quantum gravitational fluctuations to second order in the
Planck length. The effect of such fluctuations is given in
terms of complicated operators acting on the scalar field
state and the ‘‘triviality’’ of the final result is therefore not
at all obvious from the outset.

In the next section, we shall briefly introduce the model
and its classical dynamics. For the sake of generality, we
shall treat the inflaton as an independent degree of freedom
minimally coupled to the cosmological scale factor and
also consider a generic coupling of the perturbation field to
gravity. The WDW equation in the BO decomposition will
then be analyzed in Sec. III and its application to the
specific case of a conformally coupled perturbation in de
Sitter inflation given in Sec. IV. Finally, we shall comment
on our findings in Sec. V.

We shall use units with c � 1 and � � 8�GN.

II. CLASSICAL MODEL

Let us begin by briefly reviewing the classical dynamics
for the system in consideration. More details can be found,
for example, in Ref. [6], where however only one matter
field was considered.

We start from the action

 S �
1

2

Z
d4x

�������
�g
p

��
1

�
� ��2

�
R� �@��2 ��2�2

� �@��2 �m2�2 � V���
�
; (1)
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where � is the minimally coupled inflaton, � describes
perturbations with a generic coupling � to gravity,m and�
are the mass of � and � respectively, g is the determinant
of the metric, and V��� a potential for �. Given the
Friedmann-Robertson-Walker metric [7]

 d s2 � �N2dt2 � a2

�
dr

1� Kr2 � r
2d�2

�
; (2)

where N � N�t� is the lapse function and a � a�t� the
scale factor, the curvature scalar becomes

 R �
6

N2

�
�a
a
�

_a
a

_N
N
�

_a2

a2 � N
2 K

a2

�
; (3)

where K � 0, �1 is the spatial curvature and _f � @tf.
We are primarily interested in considering the field � as

a perturbation over the background driven by the inflaton
�. Denoting with �k a given mode of � and with ’ the
homogenous mode of �, the above expression can there-
fore be written as the sum over the actions for each mode of
�,
 

Sk �
1

2

Z
Na3dt

� _�2
k

N2 �!
2
k�

2
k �

6

a2 �v� ��
2
k�

�
_a2

N2 � K
�

� 12�
�k _a _�k

aN2 �
_’2

N2 �m
2’2 � V’

�
; (4)

in which we eliminated second derivatives of a by inte-
grating by parts [6],

 !2
k �

k2

a2 ��
2; (5)

and v � V =� where Va3 is the ‘‘volume of the uni-
verse.’’ In the following, we shall just consider one mode
at a time and omit the corresponding index k when this
does not cause confusion.

A. Lagrangian dynamics

Varying the action and then setting N � 1 (proper time
gauge t � �, so that _f � @�f) yields
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It is also easy to verify that the Hamiltonian constraint (6)
is conserved for any �,
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�S
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B. Hamiltonian dynamics

The conjugate momenta are given by
 

PN �
@L

@ _N
� 0;

Pa �
@L
@ _a
�

6a
N
��a� _�� _a�v� ��2��

P� �
@L
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@ _’
�
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(11)

and one can reexpress the super-Hamiltonian as
 

H � �
�aPa � 6��P��2

12a3W����
�
P2
�

2a3 � 3Ka�v� ��2� �
P2
’

2a3

�
a3

2
�!2�2 �m2’2 � V’�; (12)

where we have again set N � 1 and

 W���� � v� ��1� 6���2: (13)

Of course, equivalent expressions of the super-
Hamiltonian can be implemented by applying canonical
transformations. For example, in order to quantize the
system canonically, it is more convenient to use �H 	
W����H (see Ref. [6] for the details), namely,
 

�H��
�aPa� 6��P��2

12a3 �
W����

2a3 �P
2
��P

2
’

� 6Ka4�v���2��a6�!2�2�m2’2�V’��: (14)

III. SEMICLASSICAL MODEL

The quantization of the system is realized canonically,
i.e. by replacing the classical variables and momenta with
the respective operators. The Hamiltonian constraint �H �
0 then becomes the WDW equation [8]

 Ĥj�i � 0: (15)

A convenient way to treat this equation is to operate the BO
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factorization [3,4,6]

 ��a;�; ’� �  �a�X��;’; a�: (16)

The operators P̂a, P̂�, and P̂’ are defined as usual,

 P̂ a � �i@@a; P̂� � �i@@�; P̂’ � �i@@’;

(17)

and we also define the scalar product

 hXjYi �
Z

d�d’X
��;’; a�Y��;’; a�: (18)

It is now convenient to factor out a geometrical phase
and redefine the wave functions as

  ! ~ � e��i=@�
R
hXjP̂ajXida 

X ! ~X � e��i=@�
R
hXjP̂ajXidaX;

(19)

from which it follows that  X � ~ ~X and

 h ~XjP̂aj ~Xi � 0: (20)

We shall omit tildes from now on.

A. Gravitational equation

We obtain the equation for the gravitational wave func-
tion  by contracting the WDW equation with hXj, and
using Eq. (20),

 hXjÔ��; �P̂ajX i � �hÔP̂ai � hÔiP̂a�j i; (21)

where Ô is any operator and hÔi 	 hXjÔjXi. In details,
 

1

2

�
�

1

6a3 �a
2P̂2

a � 12�h�̂P̂�iaP̂a � 36�2h�̂2P̂2
�i�
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1

a3 �hŴ�P̂
2
�i � hŴ�P̂

2
’i� � 6KahŴ��v� ��̂

2�i

� a3�!2hŴ��̂
2i �m2hŴ�’̂

2i � hŴ�V̂’i�
�
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�
1

2

�
hP̂2

ai

6a
�

2�

a2 h�̂P̂�P̂ai
�
j i 	 �̂�g�j i: (22)

Assuming that the effect of �̂�g� is negligible and that  
is peaked on a classical trajectory a � a���, we can em-
ploy the WKB approximation, neglecting terms of order @2

or higher,

  ’  wkb � e��i=@��S0�@S1�; (23)

where S0 and S1 are implicitly defined by the relations

 @aS0 � Pa @aS1 � f�a� 	
i
2

@aPa
Pa � z�a�

z�a� �
6�
a
h�̂P̂�i;

(24)

whence

 P̂ a wkb � �Pa � @f�a�� wkb: (25)

This allows us to write the semiclassical Hamilton-Jacobi
equation for a � a���,
 

3a
�

_a2 � K
hŴ��v� ��̂

2�i

hŴ�i
2

�
�
hŴ�P̂

2
�i � hŴ�P̂

2
’i

2a3hŴ�i
2

�
a3

2hŴ�i
2
�!2hŴ��̂

2i �m2hŴ�’̂2i � hŴ�V̂’i�

� �3�2
h�̂2P̂2

�i � h�̂P̂�i
2

a3hŴ�i
2

	 ��; (26)

in which we used the semiclassical expression for Pa,

 Pa � 6
�
a
h�̂P̂�i � 6a _ahŴ�i: (27)

Neglecting ��, approximating the mean values of products
of operators with the products of their mean values, replac-
ing P̂� and P̂’ with their classical expressions, and ex-
panding Ŵ�, one can finally recover the semiclassical
gravitational equation (6).

B. Matter equation

The equation for the evolution of matter states is ob-
tained by computing

 ĤjX i � jXihXjĤjX i � 0: (28)

Note that the procedure defined by this formula implies
that our matter equations will always contain structures of
the form Ô� hÔi for relevant operators Ô, and this will
turn out very important, for example, for the operator
ordering [see the discussion after Eq. (54)].

We can introduce the (proper) time according to

 _aP̂a � �i@ _a
@
@a
	 �i@

@
@�

(29)

and, using (25), Eq. (28) yields

 �i@@� � �Ĥ � hĤi��jXi � �̂�m�jXi; (30)

where

 Ĥ � Ĥ� �
Ŵ�

hŴ�i
Ĥ’; (31)

and
 

�̂�m� � �
1

12ahŴ�i

�
P̂2
a � hP̂

2
ai � 12

�
a
���̂P̂� � h�̂P̂�i�P̂a

� h�̂P̂�P̂ai� �
i@
a _a

�
_a�

a �a
_a
� a _a

@ahŴ�i

hŴ�i

� �
h�̂P̂�i � a@ah�̂P̂�i

a2hŴ�i

�
P̂a

�
: (32)
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The two Hamiltonians are given by
 

Ĥ� �
Ŵ�

2hŴ�i
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� 6�
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�
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�
�
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 Ĥ ’ �
1

2

�
P̂2
’

a3 � a
3�m2’̂2 � V̂’�

�
: (34)

Upon neglecting �̂�m� and rescaling jXi as

 X ! �X � Xe��i=@�
R
hĤid�; (35)

we recover the usual Schrödinger equation for the full
matter wave function:

 i@@� j �Xi � Ĥj �Xi: (36)

C. Separating the Schrödinger equation

The scalar fields � and ’ still appear together in
Eq. (36). However, if we write the matter wave function
as the product of a wave function for the inflaton and one
for the perturbation,

 X��;’; a� � ���; a�	�’; a�; (37)

we can derive two separate Schrödinger equations for the
wave functions � and 	 from Eq. (30).

To find an evolution equation for the inflaton, we con-
tract Eq. (30) with h�j and obtain

 �i@@� � �Ĥ’ � h	jĤ’j	i��j	i � h�j�̂
�m�j�	i; (38)

where the right-hand side is given by
 

h�j�̂�m�j�	i � �
1

12ahŴ�i

�
P̂2
a � h	jP̂

2
aj	i

�
i@
a

�
1�

a �a

_a2 � a
@ahŴ�i

hŴ�i

� �
h�̂P̂�i � a@ah�̂P̂�i

_aa2hŴ�i

�
P̂a

�
j	i; (39)

in which we used

 �h�j�̂P̂�P̂aj�i � h�̂P̂�P̂ai�j	i � 0: (40)

We will assume that the effect of the quantum fluctuations
(39) on the background can be neglected. Hence, by re-
scaling 	 as usual,

 	! �	 � 	e��i=@�
R
h	jĤ’j	id�; (41)

Eq. (38) becomes a Schrödinger equation for the inflaton in
which the field � does not enter explicitly. In the WKB
approximation for 	 (as well as a), one can therefore
consider solutions to the classical Einstein equations which
are not affected by the presence of the perturbation � (the
particular case of de Sitter inflation will be analyzed in the
following section).

We shall likewise obtain the evolution equation for the
perturbing field �. Contracting Eq. (30) with h	j, we get
the following equation for �:

 �
i@@� � Ĥ� � h�jĤ�j�i �

�
Ŵ�

hŴ�i
� 1

�
h	jĤ’j	i

�

� j�i � h	j�̂�m�j	�i; (42)

where
 

h	j�̂�m�j	�i � �
1

12ahŴ�i

�
P̂2
a � h�jP̂

2
aj�i

� 12
�
a
���̂P̂� � h�̂P̂�i�P̂a � h�̂P̂�P̂ai�

�
i@
a

�
1�

a �a

_a2 � a
@ahŴ�i

hŴ�i

� �
h�̂P̂�i � a@ah�̂P̂�i

_aa2hŴ�i

�
P̂a

�
j�i: (43)

It is worth noting that the inflaton ’ explicitly contributes
to the dynamics of � whenever the operator Ŵ� does not
act trivially on �. It is only in that case that one obtains

 �i@@� � Ĥ��j ��i � 0; (44)

after neglecting h	j�̂�m�j	�i and rescaling

 �! �� � �e��i=@�
R
h�jĤ�j�id�: (45)

IV. DE SITTER INFLATION

Since the minimally coupled case � � 0 on the flat (K �
0) de Sitter space-time has already been studied in detail in
Ref. [3], we shall here apply the general formalism devel-
oped so far to the conformal case � � 1=6 and � � 0 with

 a��� � a0e
H �; (46)

where H is the Hubble constant and we set a�0� � a0 for
the arbitrary value of the scale factor at proper time � � 0
[9]. We also require that the matter mode k lies inside the
de Sitter horizon, at least at the initial time � � �0, so that

 k >Ha��0�: (47)

Equation (43) then simplifies considerably, sinceW1=6 � v
and
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h	j�̂�m�j	�i � �
‘2

P

12a@

�
P̂2
a � h�jP̂

2
aj�i

�
2

a
���̂P̂� � h�j�̂P̂�j�i � i@�P̂a

� h�j�̂P̂�P̂aj�i�
�
j�i; (48)

where ‘P � v�1=2 is the Planck length. All these contribu-
tions, once evaluated on an invariant eigenstate (see the
next subsection), will turn out to be of order @‘2

P.
The Hamiltonian is now given by

 Ĥ � �
1

2

�P̂2
�

a3 �!
2a3�̂2

�
�H �̂P̂� � ‘

2
PĤp

� Ĥ0 � ‘2
PĤp; (49)

where we have explicitly separated the perturbing
Hamiltonian,

 Ĥ p � �
�̂2P̂2

�

12a3
@
�
h�̂P̂�i�̂P̂�

6a3
@

�
i�̂P̂�
6a3 : (50)

A final simplification can be obtained by rephasing �
according to

 �! �s � �e��i=@�
R
h�jĤ0j�id�; (51)

which yields

 �i@@� � Ĥ0�j�si � �̂sj�si; (52)

where
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�
1

2
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�

�
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H
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��̂P̂� � h�̂P̂�is�

�
i@

H
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2H 2
�@2
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2
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�
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H

�
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H
�
i
2
@

�
�@� � h@�is�

�
1

H
�h�̂P̂�is � i@��i@@� � hĤ0is�

�
; (53)

with hÔis � h�sjÔj�si for any operator Ô.
So far no particular operator ordering was chosen for �̂

and P̂�. We shall now choose the Weyl ordering by sym-

metrizing �̂s in �̂ and P̂� [10] according to
 

2�̂P̂� ! �̂P̂� � P̂��̂ � 2�̂P̂� � i@

�̂2P̂2
� ! �̂2P̂2

� � 2i@�̂P̂� � @
2=2:

(54)

Any other ordering would eventually result in different
c-number terms (proportional to @

2) which do not appear
in �̂s due to the general form �̂s � Ô� hÔis [as we noted
after Eq. (28)]. Substituting in Eq. (52), after some algebra,

one obtains

 

�
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6H a3

�
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‘2
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j�si; (55)

where
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i
2
�
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@
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and
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H

@

�
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H
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3

2
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@
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� � h@

2
�is�
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�
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H
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�
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�

�
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@
�
i
2

�
�Ĥ0 � hĤ0is�: (57)

These are the expressions which we shall estimate in the
following.

A. Perturbative analysis

We now proceed to solve the matter equation (55)
perturbatively (in ‘P). As can be seen by looking at
Eq. (55) and (57) [see also the discussion following
Eq. (62)], the terms denoted by � and � represent a
perturbation to the usual Schrödinger equation only when

 
 �
‘2

P

6Ha3
 1; (58)

so, strictly speaking, it is only for (relatively) late times
such that [11]

 a��� �
�
‘2

P

6H

�
1=3
� ‘P; (59)

that the perturbative treatment makes sense. In what fol-
lows, we will then assume that this relation holds and
neglect terms proportional to 
2, so that

 


�̂

1� 
�
’ 
�̂: (60)

However, we shall also discuss what might happen outside
of this regime.

To zero order in 
, the matter equation is just [12]

 �i@@� � Ĥ0�j�si � 0; (61)

with an Hamiltonian of the form
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 Ĥ 0 �
1
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�P̂2
�
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2a3�̂2

�
�

H

2
��̂P̂� � P̂��̂�

�
@k
a

�
b̂yb̂�

1

2

�
�
i
2
@H ��b̂y�2 � b̂2�; (62)

in which the invariant operators b̂ and b̂y are defined in
Appendix A. Note that the squeezing term containing �b̂y�2

and b̂2 vanishes for vanishing H , although this limit is
critical for our treatment in that the definition of time (29)
loses its meaning for _a! 0 [13]. In particular, on assum-
ing that matter modes are generated in a Bunch-Davies
vacuum [tantamount to our condition (A15)] and using
Eqs. (A32)–(A36), the effect of the perturbation �̂ given
in Eq. (57) on invariant eigenstates j�si � jni can be easily
estimated as

 
�̂ ’ 

@H

4
��b̂y�2 � b̂2� �

‘2
P@

24a3 ��b̂
y�2 � b̂2�: (63)

Even if the regime 
 * 1 is clearly nonperturbative, one
could try to examine in a qualitative way what happens
assuming that Eqs. (A32)–(A36) still hold approximately.
One then finds

 


�̂

1� 
�
’

1� i


1� 
2 

@H

4
��b̂y�2 � b̂2�: (64)

For 
� 1, this expression then yields

 


�̂

1� 
�
’

1� i
8

@H ��b̂y�2 � b̂2�; (65)

and, for 
� 1,

 


�̂

1� 
�
’
i
4
@H ��b̂y�2 � b̂2�: (66)

It is remarkable that, in all regimes, the correction amounts
to a mere renormalization of the coefficient of the squeez-
ing term independent of k, so that the effective Schrödinger
equation can be written as

 �i@@� � Ĥnew�j�si � 0; (67)

where

 Ĥ new �
@k
a

�
b̂yb̂�

1

2

�
�
i
2
�@H ��b̂y�2 � b̂2�; (68)

and

 � �

8><
>:

1�
i‘2

P

12Ha3 for 
 1
3�i

4 for 
� 1
1
2 for 
� 1:

(69)

Except for the case 
� 1, the operator Ĥnew is however
not Hermitian, despite the fact that the approach followed
ensures that the evolution of the system remains unitary
[14]. Note also that the squeezing term remains negligible
for large momenta, that is aH =k 1.

B. Late time dispersion relation

The case 
 1 is similar to ‘2
PH

2 � �2  1 in
Ref. [3]. One can therefore employ the same kind of
perturbative expansion,

 j�si � jnsi ’ �1̂� �2R̂n�jni; (70)

where R̂n must then satisfy

 �i@@�R̂n � �Ĥ0; R̂n��jni �



�2 �̂jni: (71)

This implies that

 R̂ n � rb̂2 � r
�b̂y�2; (72)

where

 ia _r� 2kr � �
1

24H 2a2
; (73)

whose solution [assuming r��! 1� � 0] is given by

 r��� �
1

96k3

�
1�

2ik

Ha

�
1�

ik

Ha

�
� e��2ik=Ha�

�
; (74)

from which it is again clear that R̂n is not anti-Hermitian
[a � a��� is given in Eq. (46)].

In order to determine a (modified) dispersion relation for
the mode k, we first need to determine an effective
Hermitian Hamiltonian Ĥeff so that the states j ��si evolved
by it produce the same expectation values for any observ-
ables X̂ as those given by j�si in Eq. (70),

 h ��sjX̂j ��si � h�sjX̂j�si: (75)

To first order in 
, we can write

 Ĥ eff � i@�@�Û�Û
�1; (76)

where the complete propagator Û is given by

 Û ’ �1̂� i�2Ĥn�Û0; (77)

with Û0 the propagator for the Schrödinger equation (61),
so that

 j ��si � j �nsi � Ûjni ’ �1̂� i�2Ĥn�jni: (78)

After some algebra, one finds

 Ĥ eff ’ Ĥ0 � �
2�@@�Ĥn � i�Ĥ0; Ĥn��: (79)

The Hermitian operator Ĥn can be finally determined by
imposing the condition (75) for X̂ � �̂2, P̂2

�, and f�̂; P̂�g,
which yields

 Ĥ n � i
n2 � n� 1

2n� 1
�rb̂2 � r
�b̂y�2�; (80)

where r � r��� is the same solution to Eq. (73). Putting all
the pieces together, the effective Hamiltonian is then given
by
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 Ĥ eff ’ Ĥ0 �
‘2

P@

24a3 ��b̂
y�2 � b̂2�

�
1

2

�P̂2
�

�
��!2

eff�̂
2
�
� ���̂P̂� � P̂��̂�; (81)

with effective mass and frequency

 ��� � 1=6� ’ a3

�
1�

‘2
P

12ka2

�
(82)

 !eff�� � 1=6� ’ !; (83)

and

 ��� � 1=6� � �
H

2
: (84)

To make the comparison easier, we report here the results
for the minimally coupled case [15],

 ��� � 0� ’ a3

�
1�

3‘2
P

ka2

�
(85)

 !eff�� � 0� ’ !
�

1�
3‘2

PH
2

4k3

�
(86)

 ��� � 0� ’
3‘2

PH

4ka2 : (87)

The most evident difference is therefore that the effective
frequency !eff�� � 1=6� ’ ! to first order in ‘2

P. The
effective mass is changed in both cases by terms propor-
tional to 1=k, which can be interpreted as a different
‘‘effective’’ cosmological scale factor aeff � �1=3�k� for
each matter mode. We remark that matter modes are gen-
erated inside the Hubble horizon, so that no infrared di-
vergence occurs in the above expressions by virtue of
Eq. (47).

V. CONCLUSIONS

We have analyzed the dynamics of a scalar field generi-
cally coupled to gravity driven by an inflaton following the
approach of Refs. [4,6]. After showing under which con-
ditions one can treat the cosmological scale factor and the
inflaton as (coupled) classical degrees of freedom, we
specialized to massless conformally coupled matter in de
Sitter inflation.

The main conclusion is that, at least in the perturbative
regime 
 1 corresponding to a relatively large cosmo-
logical scale factor (compared to the Planck length), quan-
tum gravitational corrections in the Schrödinger equation
are negligible, since one can introduce an effective
Hamiltonian (81) with the same effective frequency and
squeezing term (to order ‘2

P) that appear in the usual
Eq. (61) obtained from quantum field theory on that clas-
sical background. This result can be viewed as an extension
to order ‘2

P of the well-known fact that conformally

coupled scalar fields evolve freely on a cosmological back-
ground and is strikingly different from what we obtained
for a minimally coupled scalar field in Ref. [3], for which
both the effective frequency and squeezing term instead
contain corrections starting at order ‘2

P.

APPENDIX: MATTER STATES FOR GENERAL
COUPLING

The unperturbed Eq. (61) can be solved for a general
value of � provided

 

Ŵ�

hŴ�i
’ 1; (A1)

so that the Hamiltonian Ĥ0 can be expressed as

 Ĥ 0 � @!��â
y
�â� �

1
2�; (A2)

where

 !2
� � !2 � 6�

�
K

a2 � 6�
_a2

a2

�
(A3)

and �â�; â
y
�� � 1 with

 â � �

�����������
a3!�

2@

s �
�̂�

i
!�

�P̂�
a3 � 6�

_a
a
�̂
��
: (A4)

For this Hamiltonian, the relevant invariant operators
[3,6,16] satisfying �b̂�; b̂

y
�� � 1 are given by

 b̂ � � i

�����������
a32

2@

s �P̂�
a3 �

�
i

2 �
_

� 6

_a
a

�
��

1

4

��
�̂
�
; (A5)

and its Hermitian conjugate. The function  � ��� must
be a solution to the Pinney equation

 ���2 �
1

3 ; (A6)

with

 �2 � !2
� �

�
12��

3

4

�
_a2

a2 �

�
6��

3

2

�
�a
a
: (A7)

The eigenstates of the invariant number operator,

 n̂ bjni � b̂y�b̂�jni � njni; (A8)

then provide us with the exact solutions we are looking for,
namely

 jni �
e�in���������

n!
p �b̂y��

nj0i; (A9)

where b̂� j 0i � 0 and

 � �
Z � dt

2�t�
: (A10)

INFLATION AND THE SEMICLASSICAL DYNAMICS OF A . . . PHYSICAL REVIEW D 77, 044002 (2008)

044002-7



For a de Sitter space-time, with _a2=a2 � �a=a �H 2,
we then have

 �2 � Ae�2H � � B; (A11)

where

 A � k2 � 6�K; B � 36��� 1=4�2H 2 ��2:

(A12)

The general solution to Eq. (A6) can be written as

  �
1

w

���������������������������������������������������������������������
c1h2

1 � c2h2
2 � 2

����������������������
c1c2 � w2

q
h1h2

r
; (A13)

where h1 and h2 must be any two linear independent
solutions to the auxiliary homogeneous equation,

 ���2 � 0; (A14)

w � _h1h2 � h1
_h2 is their Wronskian and c1, c2 are coef-

ficients to be fixed by appropriate initial conditions at � �
�0. For example, a common requirement is that the invari-
ant number operator and the Hamiltonian are proportional
at � � �0 � �1 [3,6],

 n̂ b�� � �1� / Ĥ0�� � �1�: (A15)

This amounts to requiring that

 â y�â� / b̂
y
�b̂�; at � � �1: (A16)

It can be shown that this uniquely implies that

 â � / b̂�; ây� / b̂
y
�; at � � �1; (A17)

and from these relations one finds the appropriate initial
conditions for  as

 ��0 � �1� �
1�������������������

!���1�
q

_��0 � �1� �
3

2
H��1� �

3H

2
�������������������
!���1�

q :

(A18)

It also follows that j0i is then the usual Bunch-Davies
vacuum of minimum energy at � � �0.

A convenient pair of solutions h1 and h2 is given in
terms of the Hankel functions

 h1��;�� � iH�1�� �z� � iJ��z� � N��z�

h2��;�� � iH�2�� �z� � iJ��z� � N��z�;
(A19)

where H, J, and N are the Hankel, Bessel, and Neumann
functions, respectively,

 � �

����
B
p

H
; z �

����
A
p

H
e�H t; (A20)

and w � i4H =� [17].

We can now use the large z expressions [18] of the
functions h1 and h2,

 h1 ’ ieH =2�

�������
H����
A
p

s ����
2

�

s �
cos

�
H����
A
p e�H � �

�
4
�

����
B
p

�

2H

�

� i sin
�
H����
A
p e�H � �

�
4
�

����
B
p

�

2H

��

�

�����������
H�������
�A
p

s
�i� 1�e�i��H =

���
A
p
�e�H ���

���
B
p

�=2H ��eH =2�

(A21)

 h2 ’ ie�H ��=2

�������
H����
A
p

s ����
2

�

s �
cos

�
H����
A
p e�H � �

�
4
�

����
B
p

�

2H

�

� i sin
�
H����
A
p e�H� �

�
4
�

����
B
p

�

2H

��

�

�����������
H�������
�A
p

s
�1� i�ei��H =

���
A
p
�e�H t��

���
B
p

�=2H ��e�H ��=2:

(A22)

Then, on considering that

 !� ’
����
A
p

e�H �; for �! �1; (A23)

and imposing the initial conditions (A18) on Eq. (A6), one
finds that c1 and c2 as function of the initial time �0 must
decay exponentially for �0 ! �1,
 

c1 � !�h
2
2 �
�2 _h2 � 3Hh2�

2

4!�

’ �
6H 2

A�
eH �0�i��2H =

���
A
p
�e�H �0��

���
B
p

=H ���

�

� ����
A
p
�

3

4
iH eH�0

�
(A24)

 

c2 � !�h
2
1 �
�2 _h1 � 3Hh1�

2

4!�

’ �
6H 2

A�
eH �0�i��

���
B
p

=H ����2H =
���
A
p
�e�H �0 �

�

� ����
A
p
�

3

4
iH eH�0

�
; (A25)

and we can set

 c1 � c2 � 0: (A26)

Finally, the solution to the Pinney equation (A6) fulfilling
these initial conditions is

  �
����������
�

2H

r �������������������������������������������������������������������������������������
J2 ���

B
p

=H

� ����
A
p

H
e�H �

�
� N2 ���

B
p

=H

� ����
A
p

H
e�H �

�s
:

(A27)
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For a conformally coupled (� � 1=6) massless (� � 0)
scalar field in spatially flat (K � 0) de Sitter, one has
W1=6 � v [so that Eq. (A1) hold] and

 !2
1=6 � !2

�
1�

�
Ha
k

�
2
�
; (A28)

which is real by virtue of the condition (47). The solution
to the Pinney equation (A6) then turns out to be very
simply

 ��� �
1����
!
p �

���
a
k

r
: (A29)

The invariant annihilation operator (A5) becomes

 b̂ �
1������
2@
p

� ���
k
p
a�̂� i

P̂����
k
p
a

�
; (A30)

from which

 �̂ �

����������
@

2ka2

s
�b̂y � b̂� P̂� � i

����������
@ka2

2

s
�b̂y � b̂�:

(A31)

We also obtain the following useful relations:

 ��̂P̂� � h�̂P̂�i�jni �
i
2
@��b̂y�2 � b̂2�jni (A32)

 �h�̂2P̂2
�i � �̂

2P̂2
��jni �

@
2

4
�b̂4 � �b̂y�4 � 4b̂2

� 4�b̂y�2�jni (A33)

 �Ĥ0 � hĤ0i�jni �
i
2
@H �b̂2 � �b̂y�2�jni (A34)

 

��̂P̂�@��h�̂P̂�@�i�jni �
i
4
@H fb̂2��b̂y�2��b̂y�4� b̂4

�
ik

aH
�2n� 1���b̂y�2� b̂2�gjni

(A35)

 

�@2
� � h@

2
�i�jni � �i

kH
2a

�
�2n� 1��b̂2 � �b̂y�2�

� i
Ha
2k
�b̂4 � �b̂y�4�

�
jni: (A36)

Using Eq. (A29), one can also write the coefficients of the
Bogoliubov transformation,

 b̂ � �
â� �ây b̂y � �ây � �
â; (A37)

as

 � �
1� ix�

��������������
1� x2
p

2�1� x2�1=4
� �

1� ix�
��������������
1� x2
p

2�1� x2�1=4
;

(A38)

where x �Ha=k.
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