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Model-independent bottom baryon mass predictions in the 1/N, expansion
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Recent discoveries of the 5,, 2, and 3 baryons at the Tevatron are in good agreement with model-
independent mass predictions made a decade ago based on a combined expansion in 1/N,, 1/mg, and
SU(3) flavor symmetry breaking. Using the new experimental data as input, mass predictions for the
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undiscovered bottom baryons =, 2}, €,, and ) and for many unmeasured bottom baryon mass
splittings are updated. The observed ground state charm baryons exhibit the mass hierarchy previously
predicted by the 1/N,, 1/mg, and SU(3) flavor-breaking expansion.
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The spectrum of baryons containing a single heavy
quark was analyzed over a decade ago based on an expan-
sion in 1/mg, 1/N,, and SU(3) flavor symmetry breaking
[1,2]. A hierarchy of mass splittings was predicted for
baryons containing a single heavy quark Q, and for differ-
ences of the heavy-quark spin-independent mass splittings
of O = b baryons and Q = c¢ baryons. Differences of spin-
independent mass splittings of heavy-quark baryons and
mass splittings of the octet and decuplet baryons also were
shown to exhibit an interesting hierarchy in the 1/N,
expansion. From this analysis, all of the unknown charm
and bottom baryon masses were predicted. Five of these
baryons have since been discovered. Table I gives the mass
predictions of Ref. [2] and the discovered masses; all of the
observed masses are in good agreement with the theoreti-
cal predictions.

In this paper, the recent precise measurements of the =,
2, and 3; masses are used to update mass predictions for
the remaining undiscovered bottom baryons 2}, 5, Q,,
and ()} and other unmeasured bottom baryon mass split-
tings. Since all charm baryons have been discovered, it also
is possible to compare the entire theoretically predicted
hierarchy of heavy-quark baryon mass splittings given by
the combined 1/N., 1/my, and SU(3) flavor-breaking
expansion with the experimental measurements for the
case Q = c.

The measured bottom baryon masses now are [5,7,8]

Ay =5620.2 = 1.6 MeV,
2, = 5811.5 = 1.7 MeV,

2, = 5792.9 = 3.0 MeV,
3% =5832.7 + 1.8 MeV,
(D

where the =, mass is taken from the more precise CDF
measurement, the quoted experimental values for X, and
2} are the average mass of the two charged baryons,
30 = %(E;(*) + 3, ), and statistical and systematic er-
rors have been combined in quadrature. The experimental
values of the charm baryon masses [5] are
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PACS numbers: 12.39.Hg, 11.15.Pg, 14.20.Lq, 14.20.Mr

A.=2286.46+0.14MeV, 3, =2453.56+0.16 MeV,
3r=2518.0=0.8MeV, E,=2469.5+0.3MeV,
B/ =25769+2.1MeV, E=2646.4%0.9MeV,
0, =2697.5+2.6MeV, QF=27683*3.0MeV, (2)

where the ()7 mass is obtained from the measurement
(Q; —Q.) =70.8 = 1.5 MeV [4] by BABAR.

Predictions for the four undiscovered bottom baryons,
E}, Bj. Q,, and Qj, can be obtained using four mass
relations. The most accurate mass relations of Refs. [1,2]
are used. The most suppressed mass combination in the
1/N, expansion involving only baryons with a single
bottom quark is

S =2 — 28, — B) +(Q; — Q,)]
= +0.07 MeV, 3)

where +0.07 MeV is the estimated size of the mass split-
ting based on theory [1]. This mass combination, which
corresponds to the J,{T®, G**} operator in the 1/N, expan-
sion, is second order in SU(3) flavor breaking, first order in
1/mg, and suppressed by 1/NZ.

A second very accurate mass relation is obtained from
the joint 1/N, expansion for baryons containing a single
bottom quark and baryons containing a single charm
quark:

(=, +235) = 2(8), +25;) + (Q, +2Q;)]

= (2. +237) — 2(E. + 2E)) + (Q. +2Q7)]

+ 0.3 MeV, 4

where =0.3 MeV is the theoretical estimate of the mass
combination [1]. This mass combination corresponds to the
L{T8, T*} operator in the 1/N, expansion, which is second
order in SU(3) breaking, suppressed by the heavy-quark
flavor symmetry-breaking parameter (1/m,. — 1/m;)A,
where A is of order Agcp, and suppressed by 1/N?2. The
charm baryon mass splitting in Eq. (4) is equal to —2.6 =
1.4 MeV experimentally (see Table III). The experimental
error on the charm baryon mass splitting dominates the
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Mass predictions of Ref. [2] and the experimentally measured masses.

Theory

Experiment

E/ =2580.8 + 2.1 MeV
QF =2760.5 = 4.9 MeV
=, = 5805.7 + 8.1 MeV
3, = 5824.2 + 9.0 MeV
3% = 5840.0 = 8.8 MeV

Bl =2576.5 £ 2.3 MeV [3]

QOF =2768.3 = 3.0 MeV [4,5]

E, =5774 = 11 =15 MeV [6], B, = 5792.9 £ 2.5 + 1.7 MeV [7]
3, = 58115 £ 1.7 MeV [8]

2} = 158327+ 1.8 MeV [8]

theoretical error of £0.3 MeV of the mass relation Eq. (4)
at present. A more accurate measurement of the charm
baryon mass splitting would allow a more accurate pre-
diction of the analogous bottom baryon mass splitting
based on Eq. (4). An alternative mass relation for the
bottom baryon mass combination on the left-hand side of
Eq. (4) is obtained from the joint 1/N, expansion for
baryons containing a single heavy quark and baryons con-
taining no heavy quarks:

I, +235) = 2(8) + 28 + (Q, +2Q))]
= {[L2N — = —3A + 2E) + }(4A — 537
—2E* +30)] + 1.5 MeV, (5)

where =1.5 MeV is the estimated size of the mass combi-
nation based on theory [1]. This mass combination of
heavy-quark baryons and ordinary baryons corresponds
to the Ny{T®, T®} operator in the 1/N, expansion, which
is second order in SU(3) breaking and suppressed by 1/N2.
The combination of octet and decuplet masses on the right-
hand side of the equation is equal to —4.43 MeV with
negligible error. Equation (5) is a less accurate mass rela-
tion than Eq. (4), but it currently yields a comparable
extraction of the bottom baryon mass splitting given the
experimental uncertainty of the charm baryon mass com-
bination appearing in Eq. (4).

A third very accurate mass relation is obtained from the
joint 1/N, expansion for baryons containing a single bot-
tom quark and baryons containing a single charm quark:

5
_g(Ab —

I

1
p) + 5533, +255)
— (B} +2E;) —2(Q, +2Q3)]

5 L) 1 *
= - - 5)+— +
S(A o) + 33, + 250)
—(EL+2E}) —2(Q, +20)] = 1.0 MeV, (6)

where 1.0 MeV is the estimate of the mass combination
based on theory [1]. This mass combination corresponds to
the 1;J,G™ operator in the 1/N, expansion, which is first
order in SU(3) breaking, suppressed by the heavy-quark
flavor symmetry-breaking parameter (1/m, — 1/my)A
and suppressed by 1/N2. The charm baryon mass splitting
is equal to 36.5 = 0.6 MeV experimentally (see Table III).

The final mass relation is

1 =
8[3(27, -2, - EZ - ﬂﬁ,) - 2(97, — Q)]

_ mec
Zcmb

— 20 - QL.)]), %)

1 P (= =l
<6[3(Ec Ec) ('—'c ‘—'c)

which corresponds to renormalization improved 1/my

scaling of the corresponding charm baryon mass splitting.

The charm baryon mass splitting is measured to be 2.6 *

0.8 MeV and the scale factor (Z,m./Z.m,;) is equal to

0.24 + 0.05 [2], where Z,,/Z, = [a(m})/a,(m.)]/?.
Using the experimental input

(35 — %) =212+ 2.5 MeV,
(A — Bp) = —172.7 = 3.4 MeV, (8)
13, +23;) = 5825.6 = 1.3 MeV,

the four mass relations equations (3) and (5)—(7) yield the
predictions

Bl =5929.7 = 4.4 MeV,
Q, = 6039.1 = 8.3 MeV,

B =5950.3 = 4.2 MeV,
Q) = 6058.9 + 8.1 MeV.
()]

[Use of Eq. (4) rather than Eq. (5) yields comparable
precision with slightly different central values.]

Specific linear combinations are predicted with greater
precision:

E; —E},) =20.6 = 1.9 MeV,
Q5 — Q) = 19.8 £ 3.1 MeV,
HE) +28;) = 5943.4 = 42 MeV,
1Q, +20;5) = 6052.3 = 8.0 MeV.

(10)

The first two heavy-quark spin-violating mass splittings
are obtained using Egs. (3) and (7), whereas the last two
mass combinations are obtained using Eqs. (5) and (6). In
addition, Egs. (3) and (5) together imply

= 549 £ 2.2 MeV. (11)
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The first mass combination is square brackets is measured,
see Table II, so Eq. (11) implies

HE), +2E;) — B, = 150.5 = 3.0 MeV. (12)

Notice that the extraction of the individual masses in
Eq. (9) is dominated by the uncertainties of the spin-
averaged mass splittings in Eq. (10). These errors can be
significantly reduced if the charm baryon mass splitting
H(E +23) —2(EL +28) + (Q, +20Q0)] is mea-
sured more accurately, since mass relation Eq. (4) then
can be used to yield a much more accurate value of the
analogous bottom baryon mass splitting.

It also is possible to extract the bottom baryon heavy-
quark spin-violating mass splittings by a simple rescaling
of the corresponding charm baryon mass splittings,

K _ mec *
(Eb 2b) Zcmb (Ec 2c):
x5y = "0 ¢ g* =
=b '—‘b) Zcmb —c =c)h (13)
me
Q; = Q) = Q- Q).
( b b) Zcmb( c c)

The experimental value (X; —%,) =21.2 £2.5 MeV
and the theoretical extraction of (2, — E}) in Eq. (10)
are more accurate than the values obtained using the re-
scaling equation (13). The extraction () —Q,) =
17.0 = 3.6 MeV following from Eq. (13) is only slightly
less accurate than the value obtained in Eq. (10).

The 1/N, expansion for the baryon mass operator takes
the form

N,
‘ 1
M= c"_——0", 14
2 N o

where the set of n-body quark operators O forms a
complete and independent operator basis for the physical

TABLE II.
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quantity considered [9]. For baryons with N, valence quark
lines, the set of independent operators ends with N, .-body
operators. The operator bases for several different 1/N.,
expansions involving heavy-quark baryon masses were
obtained in Ref. [1]. The matrix elements of all operators
in the 1/N, expansion are known, as is the leading 1/N,
dependence of each operator. Each operator in Eq. (14),
however, is multiplied by an unknown coefficient c(”)(N%)

which is order unity to leading order in the 1/N, expan-
sion. Thus, the 1/N, expansion predicts a scaling in 1/N,
of specific mass combinations corresponding to individual
operators in the operator basis. The 1/N, expansion for
heavy-quark baryons generalizes to include an expansion
in 1/my and light-quark flavor symmetry breaking. Each
operator in the operator basis first occurs at a known order
in heavy-quark spin-flavor symmetry breaking and light-
quark flavor symmetry breaking. Thus, the combined 1/N,
expansion predicts a hierarchy of baryon mass splittings in
the expansion parameters 1/N., (Aqgcp/mg), and SU(3)
flavor symmetry breaking. The leading terms in the 1/N.
expansion are

M = N1+ Nomg + ---, (15)

where, without loss of generality, the coefficients of the 1
and N operators can be set equal to unity, thus defining
mg and A for the expansion. The hierarchy of mass split-
tings of the various 1/N,. expansions studied in Ref. [1] are
summarized in Tables II, III, IV, V, VI, VII, and VIII.
Tables II, III, and IV give the isospin flavor symmetry
analysis of the mass hierarchy for baryons with fixed
strangeness, whereas Tables V, VI, VII, and VIII present
the SU(3) flavor symmetry-breaking analysis. The mass
relations equations (3)—(7) used to predict the unmeasured
bottom baryon masses in Eq. (9) are the most suppressed
mass combinations in Tables V, VI, and VII.

Mass splittings of baryons containing a single heavy-quark Q for strangeness S =

0, —1, and —2 baryons. The operator matrix element and the 1/mg and 1/N,. suppressions of
each mass combination are given. The singlet mass combination has a mass which is my + N A
at leading order in the 1/mg and 1/N, expansions. The J, - J, operator violates heavy-quark
spin symmetry and is proportional to 1/m. The final two columns list the experimental values
of the mass combinations in MeV for Q = ¢ and Q = b baryons when known.

Operator Mass combination (0) 1/my 1/N, O=c 0=b

1 Ao 1 g * 228646 =0.14 56202 + 1.6
J2 1Eo +23)) — Ag 2 1 1/N., 210.0 = 0.5 205.4 + 2.1
Je-Jg 35— 29 3 2/my  1/N, 64.4 + 0.8 21.2+25
1 =P 1 * * 2469.5 +0.3 57929 *3.0
J? 1(Ep +2E,) — Eop 2 1 1/N. 153.7 0.9

Je+Jp B — Ep 2 2/my  1/N, 69.5+ 2.3

1+ Qg +207) # * * 27447 2.2

Je-Jp O, —Qp 2 2/my  1/N, 70.8 = 1.5

034012-3



ELIZABETH E. JENKINS

PHYSICAL REVIEW D 77, 034012 (2008)

TABLE III. Mass splittings between baryons containing a single bottom quark and baryons containing a single charm quark for
strangeness S = 0 and S = —1 baryons. The experimental values in MeV of the mass combinations are given in the final column.
Operator Mass combination (0) 1/mg 1/N. Experiment
i (Ap — A) 1 (my — m,) 1 3333.7 £ 1.6
LJ? BE.+23) - AT -[BE, +235) — Ay) 2 G — 1/N2 46+22
L (Bp — Be 1 (mp —m,) 1 3323.4 £3.0
I3 (2L +28) ~ B~ (5} +25) - B)] 2 G — 55 /N2

The measured heavy-quark baryon mass splittings allow
a detailed comparison of the theoretical hierarchy with the
experimental data. The experimental hierarchy is in ex-
cellent agreement with the 1/N, hierarchy. The J% mass
splittings [3 (3o + 255) —Agl, O =c, and Q = b, in
Table II are predicted to be equal to 2A/N,, independent
of the heavy-quark mass mg, up to a coefficient of order
unity. The experimental values of 210.0 = 0.5 MeV and
205.4 = 2.1 MeV correspond to coefficients very close to
unity, for the value A ~ 300 MeV which follows from
Eq. (15). Moreover, the difference of these Q = c and Q =
b mass splittings (see Table I1I) is 4.6 = 2.2 MeV, which is
in excellent agreement with the theoretical prediction for
the I3J7 mass splitting of 2A /N, times the suppression
factor (1/2m, — 1/2m,)A/N, ~ 1/45 up to a coefficient
of order unity. The heavy-quark number dependent N QJ%
mass splitting

[(Zo +235) — Ag] —
given in Table IV, is equal to 2A /N, times the suppression
factor 1/N, up to a coefficient of order unity. The Q = ¢
and Q = b mass splittings are more suppressed than this
expectation, implying a coefficient significantly less than
unity prediction of the 1/N, expansion in this instance. The
heavy-quark spin-dependent J,, - J, mass splittings (EE —
EQ), Q = c, and Q = b, in Table II also are in excellent
agreement with the theoretical prediction of 3A /m,, times
a coefficient of order unity. The 1/m,, scaling of the mass
splittings is evident. There is further evidence for the 1/N,
hierarchy in the SU(3) flavor symmetry-breaking analysis
of Table V. The T® mass splittings (E, — Ap), O = ¢, and
Q = b compare favorably with the theoretical prediction
@(GAX), where A, ~ 1 GeV and € ~0.2-0.3, times a

A = N), (16)

coefficient of order unity. Notice that the J;G™ mass split-
ting is predicted to be suppressed relative to the 7% mass
splitting by the factor 5/8N,; the experimental Q = ¢
splittings in Table V of 36.5 £0.6 MeV and 183.0 =
0.3 MeV, respectively, show a relative suppression factor
in excellent agreement with this expectation. The flavor-27
mass splittings {T%, T8} and J),{T®, G™*}, suppressed by two
powers of SU(3) flavor symmetry breaking, are measured
for Q = c baryons, but with significant error bars; a better
experimental determination is necessary for a meaningful
comparison with the theoretical hierarchy. Most of the
SU(3) flavor-breaking mass splittings in Table V for Q =
b baryons are not yet determined experimentally, so the
hierarchy of differences of charm and bottom baryon
heavy-quark spin-independent mass splittings in Table VI
is largely untested. The I3T® mass splitting,

(Bc—Ad) = (Bp — Ay), (17)
is measured, and is consistent with the theoretical predic-
tion of a suppression factor of (1/2m, — 1/2m;,)A/N, ~
1/45 relative to the individual 7® mass splittings (2, —
AQ), 0 = ¢, and Q = b, given in Table V. The theoretical
prediction is ~5 MeV, whereas experimentally the mass
splitting is 10.3 * 3.4 MeV. The N,T® mass splittings of
Table VII are predicted to be suppressed by a factor of
1/N, relative to the T® mass splittings (£, — Ap), Q = ¢
and Q = b, of Table V. A suppression of this level is
evident. Finally, Table VIII lists the percentage accuracy
of the mass splittings in the SU(3) flavor symmetry-
breaking analysis. The percentage accuracies compare fa-
vorably with the dimensionless product of symmetry-
breaking factors (A/mg), 1/N., and € in each case.
[Note that the percentage accuracies of the mass combina-

TABLE IV. Mass splittings between baryons containing a single heavy quark Q and baryons containing no heavy quarks for
strangeness S = 0 and S = —1 baryons. The experimental values in MeV of the mass combinations for Q = ¢ and Q = b baryons are
given in the final two columns.

Operator Mass combination (0) 1/mg 1/N, O=c 0=b
No Ay — (5N = A) 1 mg 1 1420.9 + 0.2 4754.6 + 1.6
NoJi (3o +235) — Apl —2(A—N) 2 1 1/N? 144 0.8 9.8 22
No o — BB +A) - 3] 1 mg 1 1348.4 + 0.3 4671.8 + 3.0
NoJi (B + 2”* —Epl =3[z - 133 + A)] 2 1 1/N? 132+ 0.9
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TABLE V. Mass splittings of baryons containing a single heavy quark Q. The operator matrix element and the 1/mg, 1/N,, and
SU(3) flavor-breaking e suppression factors of each mass combination are tabulated. The second set of mass combinations violates
heavy-quark spin symmetry, whereas the first set does not. The singlet operator is m, + N, A at leading orders in the 1/mg and 1/N,
expansions. Experimental values of the charm and bottom baryon mass combinations in MeV are given in the final two columns.

Operator Mass combination Oy 1/mg 1/N, ¢ Q=c 0=b
1 H(Ap +2Ep) 1 ® % 124085 +0.2 57353 = 2.1
J? —1(Ap +2Ep) + L[S, + 235) + %(E/Q +2Ep) + 1(Qp + 201 2 1 1/N. 1 171.6 0.5
T8 (Eg— Ag) B 1 € 183003 172734
JiG® —5(Ap — Eo) +5[(3p +235) —3(Bp +2E,) —3(Qp +20p)] 5=¢ 1 1/N. e 365%06
{8, T%} IR (S +235) — 2(B) +2B)) +1(Qg +205)] 3 1 /N, € -26%14
JerJo §[3(35 — 3g) + 2(B — Ep) + (25 — Q)] 3 2/mg 1/N, 1 672%0.9
JHG® EoE) 2 2/my 1/N, €
({e 'JQ)TS —3[3(35 —2p) — (B — Bp) —2(Q5 — Q)1+ 53 E0Ey 5157 2/mg 1/NZ €
J{T8, G} i35 = 2p) —2(E) — Ep) +(Q; — Qp)] % 2/my 1/N? € —09=*1.2
*

I/N, e 2608

)
~~
3

©

—1[3(8 — Sg) — (B — Ep) — 2(Q5 — Qp)]

TABLE VI. Mass splittings which violate heavy-quark flavor symmetry, but preserve heavy-quark spin symmetry. Experimental
values of the mass combinations in MeV are given in the final column.

Operator Mass Combination (0) 1/mg 1/N. € Experiment
I 1A, +2E,) —1(A. +2E,) 1 my—-m.) 1 1 33268+2.1
LJ? {=3(A, +2E) + i3, +230) +3(EL +2E) +1(Q, +20)]
—{=3(A, +28,) + 32, +23)) +3(E, +2E)) +3(Q, + 201 2 G-~ /N1
B8 (B.—A)— (By — Ay LG5 1N e 103+34
L,J,G"® A —E) — 33 +23) —1(BL +2E)) —3(Q, +20)]}
By = Bp) —gl(Zp +235) —3(B, +25) —3(Q, + 201 528 Gr—a) /N €
;{TS, T8} I, +23)) - 2(EL +2E) + L(Q, +20))]
—1B(E, +23)) - 3(E) +25;) +1(Q, +20))] 3 G an) N €

TABLE VII. Mass splittings between baryons containing a single heavy quark Q and baryons containing no heavy quark. Each
N-dependent operator corresponds to a difference of a Qgq baryon mass splitting and a gggq baryon mass splitting. Experimental
values of the mass combinations in MeV for Q = ¢ and Q = b are given in the final two columns.

Operator Mass combination (0)y 1/my 1/N,. € Q0=c Q=0b
Ng T(Ag +2Ep) —iBQN +32 + A +2E8) — H@A +33* +2E "+ Q)] 1 mp 1 113151202 4641.9+2.1
NyJ? {=3(Ap +2Ep) + E[(Zp +23p) + 2(E), +2E}) +3(Qp + 2071}
=3[ (A +33* +2E* + Q) — { 2N + 33 + A + 2E)] 2 1 1/N> 1 17.6+06
NoT® —(Eg— Ap) — 16N =33 + A —4E) + LA - E* — Q) B 1 1/N, e 429%03 532*34
NyJiG™ B (A — Ep) —§l(3p +23) —§(E, + 2E}) —5(Qp +2Q)1}
— (8N =93 +3A —25) + 52A - E* - Q) sAs 1 /N e 66%06
N{T8, T8} 1B +23%) — 2(B), +2E)) +1(Qp +205)]
+1[-4@2N =3 = 3A +2E) -1 (4A - 53 - 2E* + 3Q)] 2 1 1/N?2 € 16x14
tions in Table VIII are calculated relative to the order N A In summary, there is substantive evidence for the 1/N,

contribution to the baryon mass, i.e. mg given in the first ~ hierarchy in the mass spectrum of heavy-quark baryons.
line of Table VI is subtracted from the mass combination, ~ The 1/N, expansion analysis was successful in predicting
to obtain a percentage accuracy which can be compared to  the five heavy-quark baryon masses, as exhibited in
a product of the dimensionless factors 1/N,., (A/m) and Table 1. The predictions for the remaining undiscovered
€.] bottom baryons are updated in Eq. (9).
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TABLE VIII. Accuracy of Q = ¢ and Q = b baryon mass splittings relative to the order N, mass of each mass combination.

Mass combination 1/mg 1/N. Flavor O=c 0=0b
—3(Ag +2Ep) + ¢ [(Zp +235) + 5(B), +2E)) +5(Qp +207)] 1 1/N? 1 14.55 + 0.04%

(Ep — Ap) 1 1/N, € 17.22+0.03% 1622 +0.32%
—3(Ag — Ep) +§[(Zp +235) — §(BE) +2E)) —3(Qp +20Q7)] 1 1/N? € 3.18 + 0.05%

—1 S +235) — 2(B), +2B)) +5(Qp +205)] 1 1/N? €2 0.20 +0.11%

§[3(35 — 3g) + 2(Bp — Ep) + (2 — Q)] 1/mg 1/N: 1 536+007%

== 1/mg 1/N? €

—4[3(55 — 3) — (5 — Ep) — A% — o)l + 5% 505 Umg 1N e

i35 —2p) —2(E, — Ep) +(Q; — Qp)] 1/my 1/N? e —0.07 +0.05%

— B2, — 2p) — (Ep — Ep) — 2(Q5 — Qp)] 1/my  1/N? € 0.20 * 0.06%
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