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Geometric phase in supersymmetric quantum mechanics
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We explore the geometric phase in N = (2, 2) supersymmetric quantum mechanics. The Witten index
ensures the existence of degenerate ground states, resulting in a non-Abelian Berry connection. We exhibit
a nonrenormalization theorem which prohibits the connection from receiving perturbative corrections.
However, we show that it does receive corrections from BPS instantons. We compute the one-instanton
contribution to the Berry connection for the massive CP! sigma-model as the potential is varied. This
system has two ground states and the associated Berry connection is the smooth SU(2) ’t Hooft-Polyakov

monopole.

DOI: 10.1103/PhysRevD.77.025009

L. INTRODUCTION

The purpose of this paper is to explore the geometric
phase—or Berry’s phase—among the ground states of
quantum mechanical systems exhibiting N = (2, 2) su-
persymmetry. Our goal is to show that Berry’s phase and
supersymmetry are natural bedfellows: the Berry connec-
tion is protected by a perturbative nonrenormalization
theorem, but receives corrections from BPS instantons.

Berry’s phase governs the evolution of a quantum state
as the parameters of the system are varied adiabatically [1—
3]. Consider a Hamiltonian H(72) depending on the collec-
tion of parameters m € M. We focus on the fate of the N
ground states of the system, spanned by the basis |i,(172)),
a=1,..., N. As the parameters vary adiabatically along a
closed path I in M, the ground states return to themselves
up to a U(N) rotation,

|¢u>—»Pexp(—i5§F2ab : drﬁ)hm (L1

where the u(N) valued Berry connection over M is defined

by
ab - <lr//b

The canonical example of an Abelian Berry’s phase arises
for a spin 1/2 particle in a magnetic field B

¢a>. (1.2)

H=B & (1.3)

where ¢ are the Pauli matrices and the magnetic field BeE
R3 plays the role of the parameters 7. It is a simple matter
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to compute the Abelian Berry connection A for the ground
state of this system [1]: it is the connection of a Dirac
monopole,’ with field strength

>

VXA= (1.4)

i
2B3
The curvature singularity at B = 0 reflects the fact that the
spin-up and spin-down states become degenerate at this
point. Indeed, the Dirac monopole provides a good ap-
proximation to Berry’s phase in the vicinity of any two-
state level crossing. However, in more complicated quan-
tum mechanical systems, far from the degenerate point, it
is typically difficult to compute the Berry connection since
exact expressions for the ground states appearing in (1.2)
are rarely known. In this paper we shall show that the Berry
connection is exactly computable in quantum mechanical
systems with N = (2, 2) supersymmetry.

The parameters that we will focus on are a triplet of
masses m = (m;, my, m3) that exist in supersymmetric
quantum mechanics. N = (2, 2) supersymmetry can be
thought of as the dimensional reduction of N" = 1 super-
symmetry in four dimensions, and the masses /m arise as
background values for the spatial components of the four-
dimensional gauge field.> The fact that the masses

'As pointed out in [4], the first appearance of the Dirac
monopole was actually in the context of the Born-
Oppenheimer approximation for diatomic systems, in what is
now recognized as a Berry connection. This was some two years
before Dirac’s work and more than 50 years prior to Berry. The
monopole tourist can view this connection as the cosé term in

% (15) of [5

The parameters m would not respect Lorentz invariance in
four-dimensional theories, which is the reason they are perhaps
less familiar than holomorphic parameters which appear in the
superpotential. The triplet of masses in quantum mechanics is
cousin to the real mass in three dimensions [6] and the complex
twisted mass in two dimensions [7].
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parametrize R, just like the magnetic fields of the simple
Hamiltonian (1.3), is no coincidence: the Berry connec-
tions that we will find will be variants on the theme of the
monopole.

The paper is organized as follows. In Sec. 3, we describe
some general properties of N = (2, 2) quantum mechan-
ics, including the multiplet structure, Lagrangians, sym-
metries and the space of parameters. Sections III and IV
contain the computations of Berry’s phase. Section III
deals with systems with a single ground state. We present
a nonrenormalization theorem, previously derived by
Denef [8], which protects Berry’s phase from receiving
perturbative corrections. This allows us to find exact ex-
pressions for Berry’s phase in complicated systems, far
from level crossing points. In each case, the Berry connec-
tion is simply a sum of Dirac monopoles.

In Sec. IV we turn to the more interesting situation with
N > 1 ground states and study the corresponding U(N)
Berry connection [3]. The Witten index of supersymmetric
systems [9] provides a natural mechanism to ensure the
degeneracy of ground states over the full range of parame-
ters. This mechanism is qualitatively different from the
coset construction [3] or Kramers degeneracy [10] that
has previously been used in the study of non-Abelian
Berry’s phase and, in recent years, has found application
in condensed matter systems [11-13] and quantum com-
puting [14,15]. Our focus will be on the simplest super-
symmetric system admitting two ground states: the CP!
sigma-model with potential governed by m € R?>. We
show that BPS instantons carry the right Fermi zero-
mode structure to contribute to the off-diagonal compo-
nents of the non-Abelian Berry connection, and we per-
form the explicit one-instanton calculation. One of the
interesting features of this calculation is that, despite su-
persymmetry, the nonzero modes around the background
of the instanton do not cancel. We show that the Berry
connection for the CP! sigma-model is the SU(2) *t Hooft-
Polyakov monopole which, at large distances, looks like a
Dirac monopole, but with the singularity at the origin
resolved.

The literature contains a few earlier discussions of the
relationship between Berry’s phase and supersymmetry.
The #t* equations of [16—18] apply in the context of N =
(2,2) quantum mechanics, and deal with the Berry con-
nection as the complex parameters of the superpotential are
varied. This is in contrast to the present paper where we
vary the triplet of vector multiplet parameters. The differ-
ence is somewhat analogous to the distinction between the
Coulomb branch and Higgs branch in higher-dimensional
theories and we shall make this analogy more complete in
Sec. . A discussion of Berry’s phase that is more closely
related to the present paper appeared in the context of the
matrix theory description of a D2-brane moving in the
background of a D4-brane [19]. The calculation of [19]
is essentially identical to that of Sec. III A. In a companion
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paper [20] we will describe a somewhat different non-
Abelian Berry’s phase that occurs for a DO-brane moving
in the background of a D4-brane.

II. SUPERSYMMETRIC QUANTUM MECHANICS

Quantum mechanics with N = (2, 2) supersymmetry
follows from the dimensional reduction of 2N = 1 super-
symmetric theories in four dimensions. The superalgebra
has four real supercharges and is sometimes referred to as
N = 4A supersymmetry.’ The supercharges form a com-
plex doublet Q, = (Q_, Q) with the supersymmetry al-
gebra given by

{Qar Q,B} = {Qw Q_B} = 0,
{Qa’ Qﬂ} = 2H6aﬁ + 25-ozﬁ : Z

The triplet of central terms Z can be thought of as the
momentum in the three reduced dimensions. The automor-
phism group of the algebra is

R = SU@2)g X U(l),

Q2.1

(2.2)

under which the supercharges Q transform in the 2,
representation, while the central charges 7 transform as
3p. We start with a brief review of the different super-
symmetric multiplets that we will make use of; for the
most part these are familiar from other theories with four
supercharges.

Vector and Linear Multiplets

The Abelian vector multiplet V contains a single gauge
field Ay. In quantum mechanics its role is to impose the
constraint of Gauss’ law on the Hilbert space. The prop-
agating degrees of freedom consist of three real scalars X
that arise from the dimensional reduction of the four-
dimensional gauge field, and a pair of complex fermions
As. There is also an auxiliary field D. Under the
R-symmetry, X transforms in 3, while A transforms in
2. ;. We will usually write A = (A_, A, )T.

In higher-dimensional theories, it is useful to consider
the gauge-invariant multiplet, which contains the Abelian
field strength as opposed to the gauge potential.* In quan-
tum mechanics, the analogous object is a triplet of linear

multiplets 3 [21,22],

>

3 =iDaDV
= X +i0GA+i0GA— 050D+ 0G X X)0+ ...

The kinetic terms for the vector multiplet are given by

In contrast, N = 4B supersymmetry descends from N =
(0, 4) theories in two dimensions.

“For example, in four dimensions the field strength is con-
tained in the chiral multiplet W,, = D D D, V; in three dimen-
sions one may dualize the Abelian vector multiplet for a linear
multiplet defined by J = e“'GD_aDﬁV; while in two dimensions
the relevant object is the twisted chiral multiplet 3 = D, D_V.
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1 _2 1 3
Lvector = ? fd20d2022 = 282 X2 + P
2.3)

In nonrelativistic quantum mechanics, the coefficient 1/g>
should be thought of as the mass of a particle moving in the
X direction; nonetheless we continue to use the notation of
coupling constants more appropriate to higher dimensional
field theories.

Chiral Multiplets

The chiral multiplet ® is familiar from four dimensions
and so we will be brief. It contains a complex scalar ¢ and
a pair of complex Grassmann fields . which we again
write as ¢ = (¢_, ¢, )T. There is also the complex auxil-
iary field F. The scalars ¢ are invariant under SU(2)g,
while the fermions are doublets. For a chiral multiplet with
charge g under the U(1) vector multiplet, the Lagrangian is
given by

Lepiral = f d*0d*6 d ¢V d

=D,¢I* + JiD, - X - &) + |FI? + gDI$?
— @ X2|pI? — iV2q(Peaphars —He)  (24)

with D, = ¢ — iqAy¢p. In this paper we will work with
Abelian gauged linear sigma models [23], built from a
single U(1) vector multiplet coupled to some number of
chiral multiplets.

The parameter space

The Berry connection is a gauge connection over the
space of parameters M of the theory. Supersymmetric
quantum mechanics has a number of different parameters,
which can be considered as background fields living in
different supermultiplets.

As is familiar from many contexts, complex parameters
that appear in the superpotential lie in background chiral
multiplets. Just as in higher-dimensional field theories
[24], certain properties of the quantum mechanics depend
analytically on these parameters. For example, this holo-
morphic dependence is behind the ##* equations of [16].
We can introduce a complex mass parameter w of this type
only if we have two chiral multiplets, ® and o, carrying
opposite gauge charge. We can then write the gauge-
invariant superpotential,

W = udd (2.5)

A second class of parameters lives in the linear multiplets

3. These are the triplet of mass parameters described in the
introduction. They are associated to weakly gauging a
U(1)r flavor symmetry of the quantum mechanics and,
unlike the complex mass parameter u, can be assigned to
a single chiral multiplet ®,
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Higgs Branch
of parameters

Coulomb branch
of parameters

FIG. 1. The parameter space of the supersymmetric quantum
mechanics.

o f HODt exp(d i - 50)D

=191 + i —m?|$)” — P - Gy (2.6)
Here m = |m|. If ® also carries charge g under the U(1)
gauge multiplet, the mass terms are given by (q)? -
m)?|¢|?, with similar expressions for the fermions.

An important feature of these parameters is that it may
not be consistent with supersymmetry to turn on u # 0
and m # 0 at the same time. This can be most simply seen
by viewing m and u as dynamical background supermul-
tiplets. To illustrate this, consider the theory with two
chiral multiplets ® and d of gauge charge +1 and —1,
respectively. One may introduce a triplet of masses 7 by
weakly gauging the U(1) global symmetry under which
both ® and @ have charge +1. This will give rise to
masses,

(X = m)?l > + (X + )| |2 2.7)

However, invariance of the superpotential (2.5) under
U(1)y requires that w carries charge —2. This results in the
further contribution to the potential energy 4m?|u|> which
gives a nonzero ground-state energy, and hence breaks
supersymmetry, if both 7 and u are nonvanishing.” This
kind of behavior is very familiar for dynamical fields
where it gives rise to the usual distinction between the
Coulomb branch and Higgs branch of vacua. Here we see
the same phenomenon at play in the space of parameters,
rather than the space of vacua. We use the same nomen-
clature. The space of parameters of the theory is depicted
in Fig. 1. u provides a coordinate for the Higgs branch of
parameters, while m provide coordinates on the Coulomb

3 Another way to see this is that the fermion ¢ which sits in the
background chiral multiplet with  has a nonzero transformation
under supersymmetry, 6 = ié(/m - 0)u, and cannot be set to
Zero.
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branch. In this paper, we will focus on the Berry connec-
tion over the Coulomb branch of parameters.

There are two further parameters of interest. We have
already seen the gauge coupling constant g2 in the vector
multiplet Lagrangian. We may also introduce a real Fayet
Tliopoulos (FI) parameter r by the SU(2)g invariant inte-
gral,

Ly = r/dé&d@ -3 = rD. 2.8)

III. ABELIAN BERRY’S PHASE

In this section we discuss Berry’s phase in systems with
a single ground state. We start with the simplest occurrence
of Berry’s phase: a free chiral multiplet ® with the mass
triplet 7. Since this will provide the “tree-level”” approxi-
mation to Berry’s phase in more complicated systems, we
spend some time describing this basic setup from both the
Hamiltonian and the Lagrangian viewpoints. The latter will
provide a useful spring-board to discuss Berry’s phase in
interacting theories.

A. Berry’s phase in a free theory

Using the spinor notation 7 = (¢_, ), the
Lagrangian for a free chiral multiplet ® with mass 7 is
Lfree = |¢|2 + “le—mzld)lz - &(fh : &)lﬁ (31)
Note that the fermion mass term is reminiscent of the
simple Hamiltonian (1.3) described in the introduction.
This term will indeed be responsible for Berry’s phase.
We pass to the Hamiltonian formalism by introducing
the canonical momenta 7 = d)_f and the Fermionic con-
jugate momenta dL/dy = —iy, giving us a Hamiltonian
consisting of a two bosonic and two fermionic harmonic
oscillators,
H = |7|> + i2|p)? + JGi - 5)ip. (3.2)
We now quantize this theory using the canonical approach.

We use the usual Schrodinger representation for the bo-
sonic fields,

[ 7]=i=m=—i

I

while the fermionic anticommutation relations {¢, ¢} = 1
are implemented by defining a reference state |0) annihi-
lated by ¢: i, |0) = _|0) = 0. We then form a basis of
the fermionic Hilbert space by acting on |0) with the
creation operators . to form the four states

g-10), P g-|0).

We focus on the fermionic part of the Hamiltonian,

(3.3)

|0), ¥ 10) (3.4)
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Hp = g - ). (3.5)

The top and bottom states are both excited states in the
Hilbert space: they have Hp|0) = Hpi,y_|0) =0 so
that, once dressed with the ground state of the complex
boson ¢, they have energy +m. Here we focus on the
ground state of the system which lies in the two-
dimensional fermionic Hilbert space J{, spanned by
+-|0). The fermionic Hamiltonian (3.5) acts on this space
as

Hp=m" d. (3.6)
Hp has eigenvalues *=m. The fermionic ground state [())
satisfies Hy|Q)) = —m|Q) so that, once dressed with the
bosonic ground state, it yields a state with vanishing energy
as expected in a supersymmetric system.

The Hamiltonian (3.6) acting on the ground state coin-
cides with that of a spin 1/2 particle in a magnetic field
(1.3). Correspondingly, the Berry connection of the ground
state as the parameters /m are varied is given by the Dirac
monopole. To give an explicit form of the connection, we
should first pick a gauge which, in this context, means
reference choice of ground state—including the phase—
for each . To this end, we define the projection operator
onto the ground state

(3.7

Then we define the phase of our reference ground states to
be that of the (un-normalized) state P_i,|0), which is
valid everywhere except along the half-line m =
(0,0, —m) where the ground state |{)) is orthogonal to
1 10). As a result, the Berry connection has a Dirac string
singu_}arity along this axis. The Berry connection is A=
QIV|Q). Tt is a simple matter to compute the explicit
connection which is given by the Dirac monopole. In
Cartesian coordinates, it is
eijm j

ADirac —
! 2m(m + ms)

i,j=172 and AP =0

(3.8)
For a closed, adiabatic variation of the parameters i, the
Berry phase is the then given by the integral of this con-
nection so that

Q) — exp<—ij£fi : drﬁ)lQ). (3.9)

B. The Born-Oppenheimer approximation

One man’s fixed parameter is another’s dynamical
degree of freedom. This is the essence of the Born-
Oppenheimer approximation in which the ‘“‘parameters”
of the model are not really fixed, but merely slowly moving
degrees of freedom. We may endow the parameters 772 with
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dynamics by introducing the canonical kinetic terms

1 .
2—62;712. (3.10)

The Born-Oppenheimer approximation is then valid if
e? < (m)’. This ensures that the ¢ fields have high fre-
quency and may be treated in a fixed m background. From
a modern perspective, this is equivalent to the Wilsonian
approach to quantum mechanics, in which the fast moving
¢ degrees of freedom are integrated out. (Note, however,
that in quantum mechanics the fast moving degrees of
freedom are the physical light particles, while in field
theory they are the virtual heavy particles). As in field
theory, the Born-Oppenheimer-Wilson framework is
ideally suited to working in the language of path integrals
and effective actions rather than Hamiltonians [25,26]. In
this section we show how to reproduce the Berry’s phase
from this perspective.

We wish to integrate out the ¢ and ¢ fields in (3.1) in the
background of time varying parameters s(t). This results
in contributions to the effective action for . The contri-
bution from the bosons ¢ is given by

—97 — m(t)2>

L, =

& (3.11)

Liose = logdet( g

where the vacuum value for the masses may be taken to be
mo == [{ dim(t). The determinant may be easily com-
puted as an expansion of . The first two terms are given
by
52
Loge = —m+os+ ... (3.12)
8m
Here the first term corresponds to the usual zero-point
energy of ¢, while the second term can be interpreted as
a finite renormalization of the kinetic term 1/e* — 1/e% +
1/4m3.
The contribution from the fermions ¢ is given by the
determinants

9, = m(r) - &> (3.13)

‘Efermi = - 10gdet<f .

10, —my- o
These determinants include the Berry phase, as first shown
by Stone [27]. The simplest way to see this is to recall that
the determinants compute the vacuum-vacuum amplitude.
To leading order, this includes the dynamical phase

¢ [4mD and the Berry phase ¢/ 43 This translates
into an effective action,

£fermi = +m+A_)(ﬁ1)f’7’l+ (314)

The first term is the zero point energy of a Grassmannian
variable and cancels the contribution in (3.12) as expected
in a supersymmetric theory. The Berry connection appear-
ing in the second term is the Dirac monopole (3.8). There is
no further renormalization to the kinetic terms from the
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fermions. In summary, the effect of these simple one-loop
computations in quantum mechanics is to provide an ef-
fective low-energy dynamics of the parameters m which,
up to two derivatives, is given by

.. 1 1.
Leff=A-m+<@+W>nz2+... (3.15)
with the first term identified as the Berry connection.

The supersymmetric completion

As we reviewed in Sec. 3, the parameters m can be
thought of as living in a supersymmetric vector multiplet
V. As well as the three parameters 7, this multiplet also
contains a gauge field u, an auxiliary scalar D and two
complex fermions 7.. If we are to apply the Born-
Oppenheimer approximation in a supersymmetric manner,
the kinetic terms (3.10) must be accompanied with suitable
terms for the other fields in the multiplet, together with
further Yukawa coupling interactions. For e? # 0, the
Lagrangian (3.10) should be replaced by,

5 i1

while (3.1) is now generalized to include interaction terms
between the chiral multiplet and vector multiplet fields,
given by (2.4) with X replaced by the parameter 72, and A
replaced by 7. In the Born-Oppenheimer approximation,
we once again should integrate out the chiral multiplet in
the regime e? < (m)®. We now search for an effective
action for the vector multiplet that itself preserves super-
symmetry. Such an action was derived by Denef in [8]. (As
action of the same form was also derived previously by
Smilga in the study of the zero mode dynamics of SQED
[28,29]. Integrating out the chiral multiplets gives the
supersymmetric completion of the Berry term,

1

> N _”7’1'5’
-EBerry =A-m _%D + nmn (317)

This Lagrangian is invariant under the supersymmetry
transformations,

du=iné& —ién n
. (3.18)
dn=m-d¢&+iD¢ 7.
One of the consequences of supersymmetry is that the
presence of kinetic terms for parameters also introduces
new interaction terms. These are written in Eq. (2.4) and
they further affect the dynamics of the theory. For example,
the D-term interactions in (2.4) give rise to a one-loop
potential over the parameter space. This is then captured
in the effective theory (3.17) by the D-term which gives
rise to the potential,
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V= 1 /1 4 1 \-!

8m*\e* 4m?

where we have invoked the coupling renormalization
(3.15). Thus the true supersymmetric vacuum lies at m —
. One may wonder whether these interactions also
change the Berry connection, which was computed in the
strict > =0 limit. In principle there could be e?/m?
corrections to the connection. The fact that this cannot
happen follows from a nonrenormalization theorem proven
by Denef [8]. He considered the most general Lagrangian

containing a single time derivative and fermi bi-linear
terms, consistent with the SU(2)z symmetry of the model,

(3.19)

L = A(n) - m — U(m)D + C(m)im + 7 C(in) - 61
(3.20)

with arbitrary functions A, U, Cand C. Requiring that this
action is supersymmetric places strong constraints on these
functions. The supersymmetry transformations (3.18) are
dictated (at this order) by the superspace formulation [22].
Invariance of the Lagrangian then requires

C=VU=VXA and C=0. (3.21)
Allowing for singular behavior at the origin, the most
general spherically symmetric solution to these constraints
is the Dirac monopole connection (3.8). This is the prom-
ised nonrenormalization theorem for the Berry connection.
We will now apply this to compute Betry’s phase in more
complicated, interacting theories.

C. Berry’s phase in interacting theories

We now turn to interacting theories where more com-
plicated Berry’s connections may be expected. In this
section we restrict to theories with a single ground state,
ensuring an Abelian Berry connection. We will treat the
more interesting theories with multiple, degenerate ground
states in the following section.

We consider the U(1) gauge theory with two chiral
multiplets & and ® of charge +1 and —1 respectively.
This is the dimensional reduction of N' = 1 SQED. The
bosonic part of the Lagrangian is given by

J S 7 5
L= fgzxz + 1D, + 1D, P - X2 + 1)

2
~ (gl ~ 131~ r2. (3.22)
Note that we have introduced a FI parameter r > 0.
Although the vector multiplet scalars X look ripe to treat
in the Born-Oppenheimer approximation, we will not do so
here; instead we take the limit g> — oo where the theory
reduces to a gauged linear sigma-model with target space
defined by the D-flatness conditions,
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lp> — o> =r (3.23)

modulo the gauge action ¢ — e¢“¢ and ¢ — e .
Asymptotically this is the cone C/Z,. The conical singu-
larity is resolved by the FI parameter » > 0. Since we are
not treating X as the parameters for Berry’s connection, we
must introduce different parameters. We will do that now.

The parameter space

We wish to introduce a potential on the target space. As
discussed in Sec. , there is a Higgs branch and Coulomb
branch of parameters for this model. The physics on these
two branches is very different.

Moving on the Higgs branch of parameters requires us to
introduce the gauge invariant superpotential W = u®®.
When p # 0, there is no simultaneous solution to the
D-term constraints (3.23) and the F-term constraints ¢ =
¢ = 0, and supersymmetry is spontaneously broken.

Moving on the Coulomb branch of parameters introdu-
ces the triplet of masses 7 arising from weakly gauging the
U(1)y flavour symmetry of the model, under which ® —
¢'®® and ® — ¢*®. The masses sit in the Lagrangian by
replacing the X2(|¢|% + |$|?) term in (3.22) by (2.7). In
contrast to the complex mass, the presence of m does not
break supersymmetry. The theory has a unique classical
ground state given by

X=nm, |2 =r, é=0. (3.24)

This behavior is consistent with the Witten index because
the point w = m = 0 is singular: here the potential on the
noncompact vacuum moduli space vanishes, allowing the
ground state wave function to spread into the asymptotic
regime of C/Z, and become non-normalizable. At this
point, the zero-energy state exits the Hilbert space of the
theory and the theory breaks supersymmetry.

Berry’s phase

On the Coulomb branch of parameters, the dimension-
less coupling for our massive sigma model is 1/mr. For
mr >> 1, the ground state wave function is restricted to a
region of field space much smaller than the curvature of the
target space, and is well approximated by the free theory
described in Sec. III A. The Berry connection for the
ground state is, to leading order, described by the Dirac
monopole (3.8). Naively one may expect corrections to the
Berry connection, which can be computed perturbatively in
1/mr, as the ground state wave function begins to feel the
curvature of the target space. The fact that such corrections
cannot occur has nothing to do with the supersymmetric
nonrenormalization theorem, but instead follows from the
fact that the quantized flux emitted from the singularity is
conserved as one moves in parameter space. This ensures
that any corrections to the curvature are solenoidal in
nature. Yet there are no such corrections consistent with
the SO(3) rotational symmetry of the problem.

025009-6



GEOMETRIC PHASE IN SUPERSYMMETRIC QUANTUM ...

1. Further examples

It is a simple matter to cook up related models with a
single ground state without SO(3) symmetry. We could
consider the gauged linear sigma model built from U(1)
with a single chiral multiplet ® of charge +1 and M chiral
multiplets (13,- of charge —1. The D-term constraint is

M
B> = > 1il> =r. (3.25)
i=1

We endow ® with the triplet of masses 7, and each <i>,»
with masses I"?ll-. For r >0 and m # 1}1,, the theory has a
unique classical ground state given by X = /i and |p1?> =r
with ¢; = 0. For the present purposes we will fix 1421,» and
ask about the behavior of the ground state as we vary . We
expect M singular points, lying at m = ﬁzi, at which a
branch of Higgs vacua emerges. Alternatively, we can
view these as points where a new Higgs branch of super-
symmetric parameters is admitted, corresponding to a
superpotential W = u,;®;®, so that the parameter space
of the theory looks like that shown in Fig. 2.

Now the symmetries of the problem are not sufficient to
rule out general solenoidal contributions to the Berry con-
nection. However, the nonrenormalization theorem of the
previous section is: we may integrate out all fields to derive
an effective action for the parameters m which is of the
form (3.20). The constraints (3.21) are now satisfied by a
iuperposition of Dirac monopoles, lying at positions m =
m;,

NSN

3

R M
i=1

1

(3.26)

3
Su

In summary, the restriction of supersymmetry requires that
the Berry’s phase does not receive any corrections from its
simple “tree-level” value and, even in the full interacting
theory is still given by the Dirac monopole. While it is
pleasing to be able to make precise statements about
objects in interacting quantum mechanics it is, nonetheless,
a little disappointing that the object is not particularly

FIG. 2. The parameter space with multiple chiral multiplets.
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novel. In the next section we will instead turn to a situation
where a more interesting Berry connection emerges.

IV. NON-ABELIAN BERRY’S PHASE

Supersymmetry provides a natural arena in which to
study non-Abelian Berry’s phases. The Witten index
Tr(—1)" counts the number of ground states in the theory,
modulo sign: +1 for ground states in the bosonic Hilbert
space; — 1 for ground states in the fermionic Hilbert space.
The Witten index is invariant under deformations of the
parameters of a supersymmetric theory and provides a
mechanism to ensure the existence of degenerate ground
states. In this section we discuss a simple supersymmetric
system with two ground states. We compute the U(2) Berry
connection over the R parameter space. We show that it is
given by a smooth 't Hooft-Polyakov monopole.

The CP! sigma model

Our simple model is supersymmetric quantum mechan-
ics with CP! target space and a potential. We construct this
target space from a gauged linear theory with U(1) gauge
group and two chiral multiplets, both of charge +1. The
bosonic part of the Lagrangian is given by

1 52 2 > -
L= ngx + Z 1D, ¢il> — (X — i) il
i=1

g
_7(|¢1|2+|¢2|2_’”)2- 4.1)

In the limit g2 — oo, the D-term restricts us to S° defined
by

[ 1> + o> =1

Further dividing by gauge transformations ¢; — e'®¢;
leaves us with the target space CP! = S2. The triplets of
mass parameters /7; induce a potential on this space. By a
suitable shift of X we may choose

4.2)

We are interested in computing the Berry connection that
arises as we adiabatically vary . (The CP' model was
also the system in which the #* equations were first
applied to compute Berry’s phase, this time as the com-
plexified Kéhler class t = r + if of the d = 1 + 1 dimen-
sional theory is varied [18]).

In the absence of masses 71, the model admits an SU(2)
global symmetry, transforming ¢; in the doublet represen-
tation. This is simply the isometry of the CP' target space.
The masses can be thought of as living in a background
vector multiplet for SU(2) and therefore transform in the
adjoint representation. Since m also transforms in the 3 of
SU(2), it breaks the non-Abelian global symmetries to
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their Cartan subalgebra®

i SUQ)s X SUQ)p — Uy X U1y (4.4)

The global U(1)r symmetry acts on the bosons as ¢ —
e'%¢, and ¢, — e ¢, and will play a role in the dis-
cussion of instantons. For nonzero i, the theory has two,
isolated, classical vacua. They are

(i) Vacuum 1: X = /i with |¢,]|?> = r and ¢, = 0.

(i) Vacuum 2: X = —s with ¢, = 0 and |,|? = r.

The Witten index ensures that both of these vacua survive
in the quantum theory [9]. This introduces yet another
U(2)g symmetry, which is the gauge symmetry rotating
these ground states in the quantum theory. This is the
reason that our Berry connection is, a priori, a
U(2)-valued object over R®. However, in this case there
exists a distinguished basis of ground states, given by the
eigenstates under U(1)p. (In fact, U(1), would do equally
well for these purposes). The fact that the ground states
carry different quantum numbers under U(1)f/4 leads to
“spontaneous breaking” of the U(2); symmetry to the
Cartan subalgebra, which can then be identified with
U(1)g X U(1)p. Note that at the origin of parameter space
m = 0, there is no breaking (4.4) and, correspondingly, no
way to distinguish the two ground states; here U(2)s
remains unbroken.

Berry’s phase

The dimensionless coupling of our model is 1/mr. In the
limit mr > 1, the physics around each vacuum is de-
scribed by a single, free chiral multiplet and, to leading
order, the ground state is simply Gaussian. In vacuum 1, ¢,
is eaten by the Higgs mechanism and the remaining dy-
namical field is ®,, with mass +2m. As explained in
Sec. III A, the U(1) Berry’s connection for this vacuum is
the Dirac monopole connection AP T contrast, in vac-
uum 2 the free chiral multiplet is ®, with mass —2s% and
the Berry connection is —A”™ Putting these two results
together, the leading order U(2) Berry connection is given
by

A = AP 3 (4.5)
which, in fact, lies in SU(2) rather than U(2). This con-
nection inherits the Dirac string singularity along the i =
(0, 0, —m) half-axis. However, as is well known, one may
eliminate this through the use of a singular SU(2) gauge
transformation,

(4.6)

= exp<— i0(myo! — m10'2)>

2, /m* — m3

®The subgroup U(1), C SU(2)z may be identified with the
axial U(1), symmetry in two-dimensional N = (2, 2) theories.
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under which the Dirac monopole-anti-monopole pair (4.5)
becomes A# =UA, Ut — i(0, U)U' which takes the rota-
tionally symmetric form

m,
w= €uvp7—>0".

nrp 2m2

4.7

As is clear in this gauge, the U(2); gauge symmetry of the
ground states is locked with the SU(2); symmetry rotating
m.
Equation (4.7) is the leading order form of the Berry
connection, valid in the regime mr >> 1. Like the Dirac
monopole, it is singular at mr = 0. In the Abelian case, this
singularity reflected the existence of a new ground state.
Does a similar phenomenon occur in the non-Abelian
case? In fact, it cannot. When m = 0, we have the usual
CP! sigma-model without potential. Witten showed many
years ago that the vacuum states of this model correspond
to the cohomology’ of CP' [9]: there are precisely two
ground states at mr = 0. Since there is no extra degeneracy
in the ground state spectrum, there should be no singularity
in the Berry connection. We conclude that the Berry con-
nection in the full theory must take the form,

7

= €pp ot a?(1 = flmr)

mp n2

(4.8)

where the structure is fixed by SU(2) covariance, and the
profile function has asymptotics
0 mr — 00
1) = 15, Gy 49)
This is precisely the form of the ’t Hooft-Polyakov mono-
pole [30,31]. It remains to determine the function f(mr). In
the previous section we showed that there are no perturba-
tive corrections to the Berry connection around any vac-
uum. The derivation of this result did not include possible
tunnelling effects to other vacua. We will now show that
such tunnelling effects arise from BPS instantons and
contribute to the Berry connection.

mr — Q.

B. Instantons

In supersymmetric quantum field theories, the objects
that receive contributions from BPS instantons are typi-
cally rather special: they are protected “BPS” quantities
that have been much studied over the past decade or more.
In theories with N" = (1, 1) supersymmetry, Witten fa-
mously showed that BPS instantons tunnel between vacua

"In making the map to cohomology for a nonlinear sigma-
model, one usually chooses the SU(2); violating quantization
condition ¢ ,;|0) = _;|0) = 0, with the map of creation opera-
tors to differential forms: ¢, ; — dz; and y_; — (—1)Vdz'. Here
we have instead quantized in a manifestly SU(2); invariant
fashion, with t;,0) = ¢, _|0) = 0. The quantum physics re-
mains unchanged, but the map to cohomology requires alter-
ation. This is the reason that the ground states of our model have
a single fermion excited, while the cohomology of CP! is even.

025009-8



GEOMETRIC PHASE IN SUPERSYMMETRIC QUANTUM ...

with Morse index differing by one; they play a crucial role
in deriving the strong form of Morse inequalities [32].
However, the question of which physical quantity receives
instanton corrections in quantum mechanics with extended
supersymmetry has not been satisfactorily answered. Here
we show that, in the case of N = (2, 2) supersymmetry,
the relevant object is the Berry connection.

The instanton equations

Kinks in the CP' sigma model with potential were first
discussed in [33]. To derive the first order equations obeyed
by the kinks, we first Wick rotate to Euclidean time 7 =
—it. For simplicity, we choose the masses to be aligned
along m = (0,0, m). The kink profile then takes the form
X = (0,0, X(7)). The bosonic part of the Euclidean action
can then be written as

2
Sp = [dr3 5007+ 3 1D, + (X = m Pl
8 i=1

2
+ 5P + 1P = 2

= [dr5m@0.X = £11P + 1l — 1)
8

+ (0, X) (11> + ol — 1)
+ Z|Dr¢i — (X —m)e,?

+ (D, ;! (X — m;) + He). (4.10)
Integrating the last term by parts partially cancels the other
cross term, and provides the Bogomolnyi bound for the
kink
+o00
Skink = r/ drd,. X = 2mr 4.11)
where the boundary conditions are chosen such that the

kink interpolates from vacuum 1 to vacuum 2 as 7 in-
creases, 1.€.

—m T— +00

o (4.12)

X - {
T— —00,

The bound on the action (4.11) is saturated when the

Bogomolnyi equations for the kink are satisfied,

9.X =g*(I, 1> + |pal> — 1) D ;=X —m),
4.13)

While analytic solutions to these equations are not known
for general finite g2, it is a simple matter to solve them in
the g2 — oo limit (see, for example, [34]) where the U(1)
gauge theory reduces to the CP! sigma-model.

Fermions

The crux of the instanton calculation lies, as always, in
the fermion zero modes. After Wick rotation the equations
of motion for the fermions take the form
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i) =45 )0

where, in the vacuum 7; = (0, 0, m;) with the ansatz X =
(0, 0, X), the Dirac operators take the form

(4.14)

iV2¢; D, + (X —m) “15)
_ 1 s

At — 20, iN2; .
ivV2¢; D, + (X —m)

One can check that A has zero modes, while AT has none.
[For example, AAT is a positive definite operator, with the
off-diagonal components vanishing on the instanton
Egs. (4.13)]. This ensures that the kink has two fermionic
zero modes, carried by the pairs (A_, ;) and (A, ¢;_).

The existence of these fermi zero modes guarantees that
the instantons do not lead to tunnelling between vacuum
states, but instead contribute only to two-fermi correlation
functions. We now show that these correlation functions
can be identified with the Berry connection. The first
vacuum state is given by the ground state of Hp = i, (i -
d)i,. For m = (0, 0, m), the first vacuum state is therefore
[1) = 4, |0). It is a simple matter to compute the variation
of this vacuum state as we change .

. i
O I = =0, [) =5 Gt 1. 3,11 =0
m

(4.16)

where all derivatives are evaluated at m = (0, 0, m). The
off-diagonal components of the non-Abelian Berry con-
nection at this point are therefore given by

1 _
(A = —i(Ay) = _%<2|1/f2—l//2+|1>,

(A3)1, = 0.

But, from the zero-mode analysis above, this matrix ele-
ment receives contributions from instantons. It is worth
commenting on the symmetries at this point. The ground
states |1) and |2) carry charge +1 and —1 respectively
under U(1),. This alone ensures that their overlap is van-
ishing (1|2) = 0. However, the zero modes of the instanton
also carry U(1)4 charge 2, so that the matrix element
arising in Berry’s phase can be nonzero.

‘We now compare this to the rotationally symmetric form
of the gauge connection (4.8). Performing the inverse
gauge transformation (4.6), we find that the subsequent
connection at the point m = (0, 0, m) is

4.17)

f
Ai = % €; 3
Comparing these two equations, we see that the instantons
indeed contribute to Berry’s phase. The leading order
correction to the asymptotic profile of the monopole is

o;  i,j=12 and A;=0. (4.18)
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given by the matrix element

f= <2|1Z271//2+ |1).

We now compute the leading contribution to this matrix
element.

The instanton calculation

Solutions to the kink equations (4.13) have two collec-
tive coordinates. The first, 7, simply corresponds to the
center of the kink in Euclidean time. The other collective
coordinate is a phase, arising from the action of the U(1)p
flavour symmetry on the kink: ¢, — ¢, and ¢, —
e %¢,. This phase takes values in the range 6 € [0, 7)
since ¢p; — — ¢; coincides with a gauge transformation. In
the instanton calculation we must integrate over these
collective coordinates with a measure obtained by chang-
ing variables in the path integral. Explicitly,

fd _de\/_fwde\/_
MB N 81T o 2 860-
In the appendix we compute the Jacobian factors grr =
2mr and ggg = 2r/m.

A similar Jacobian factor arises for the two fermionic

zero modes. Both are Goldstino modes, arising from the
action of supersymmetry on the kink,

(4.19)

(4.20)

A= —i(d,X)e_, By = 2D, ple_

4.21)
Ay =i(0,X)E,, o = —2D,piE,.

The corresponding contribution to the instanton measure is

]d,up = fde_déJrJ;l

where the fermionic Jacobian Jp = 2mr is computed in the
Appendix.

Finally, in any semiclassical calculation, one must per-
form the Gaussian integrals over all nonzero modes around
the background of the instanton. We are used to these
cancelling due to supersymmetry [35]. Indeed, the spectra
of nonzero eigenvalues of AA' and ATA are equal
However, the spectra are also continuous, and the densities
of eigenvalues need not match. This fact that there is
indeed a mismatch in the densities manifests itself in the
index theorem counting kink zero modes [36]: one must
use the Callias index theorem, rather than the Atiyah-
Singer index theorem. The net result is that the Gaussian
integrals give rise to a nontrivial contribution in the back-
ground of the kink.® A similar effect was previously seen in
instanton calculations in d = 2 + 1 dimensional theories
[39]. The explicit computation of the one-loop determi-
nants is relegated to the Appendix. There we show that

(4.22)

8Essentially the same physics is responsible for the mass
renormalization of these kinks in d = 1 + 1 dimensional theo-
ries [37,38].
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d t
dets = —EtAA = 8m
det/AtA

where the prime denotes the removal of the zero modes.
We are now almost done. Putting everything together, the
instanton contribution to the matrix element is given by

f=Qlpr—ihri 1)

de_de
= r[de ¢ €8m|\/§fDT¢2|Ze*2’"’.
2mr

(4.23)

(4.24)

Here the integral is to be evaluated on the kink solution. In
the limit g? — oo, the kink equations (4.13) are easily
solved. In Ay = 0 gauge, we have

Jre™” Jre T
/eZmT + 6_2””’ /eZmT + e—ZmT’

1
= Zmi il
ré
1
It is now a trivial matter to perform the integral. We find

f = 4mre 2", (4.26)

b = by =

(4.25)

This is merely the leading order correction to the monopole
profile. Indeed, this is not sufficient to explain the smooth-
ness at the origin (4.9). Further corrections presumably
arise from higher-loop effects around the background of
the kink. It would be interesting to understand if the
restrictions due to supersymmetry are strong enough to
determine these corrections exactly.
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APPENDIX: INSTANTON CALCULUS

In this appendix we collect together the various elements
of the instanton computation of Sec. IV.

Bosonic Jacobian

The Jacobian for the bosonic collective coordinates is
determined by the overlap of zero modes. Our first task is
to compute these zero modes. The zero modes satisfy the
linearized Bogomolnyi equations,

2
9.(8X) = g2 (8¢, ] + 0]
i=1

2

D,5¢; — i6Agp; = Z(X —m;)d¢; + 6X ;.

i=1

(AD)
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We must supplement these with a gauge-fixing condition.
We choose to work in Ag = 0 gauge, and require

2
F = —0.(8A0) + ig? Y (¢:0¢] — 8¢:0]) = 0. (A2)
i=1

The bosonic Jacobian Jp is given by the overlap of zero
modes, Jp = ,/detg,z with

1
ga,B = de;(éaXﬁﬂX + EaAO(S,BAO)

2
+ > 8atidp o). (A3)
i=1

We now examine each zero mode in turn.

Translational Mode

The translational zero modes are given, as usual, by
differentiating the kink solution with respect to 7. If we
work in Ay = 0 gauge, no further compensating gauge
transformation is necessary. We have

Bd)i = a,.d)l‘ and 606X = aTX

The normalization is given by

(A4)

err = [dr50.XP + 25\ = 2mr (AS)

where, to evaluate the integral, we use the instanton equa-
tions. (4.13) to express it in terms of the Euclidean action of
the kink.

Orientational modes

The orientational modes arise from acting on the solu-
tion with the U(1); global symmetry ¢, — e¢, and
¢, — e ¢p,. These are to be compensated by a gauge
transformation ¢, — eiﬁ¢1,2. The infinitesimal transfor-
mations are

0, =0, +iBdy,
86X =0,

Oy = —ifp, + B¢y,

SAg = 9, (A6)

These satisfy the two linearized instanton equations, but
the requirement of the gauge-fixing condition (A2) gives us
an equation for S,

2B =28%(B + 0)d1* +2¢%(B — )|l

Noting that this coincides with the second order equation
of motion for X, it is once again solved by the kink profile:
B = —60X/m. The normalization is

B 1 (9,X)?
860 = de? )
2r

+2(1 + X/m)?|,)* ==
m

(AT)

+2(1 = X/m)*| I

(A8)

where, once again, we employ the instanton equa-
tions (4.13) to rewrite the integral as the action.
Fermionic Jacobian

PHYSICAL REVIEW D 77, 025009 (2008)

The two fermionic zero modes carried by the kink arise

as Goldstino modes from broken supersymmetry.
Explicitly, they are given by
Al = _i(aTX)G_, {Zi+ = \/EDTQSJ.G— (A9)
Ay =i(0,X)E,, - = V2D, é..

The fermionic Jacobian Jr is computed by the overlap of
these modes,

1 - -
JF = dedE,dé+ —2/\,)\+ + ¢i+l7[/i*
8
1
= de—Z(GTX)2 + 2|D, ¢;|> = 2mr. (A10)
8

Determinants

We will compute the one-loop determinants around the
background of the kink. As in the main text, we work with
the masses m — (0,0, m) and in the gauge Ay = 0. The
fermionic Dirac operators in the background of the kink are
given in (4.15). Performing the Gaussian Grassmann inte-
gration over A and ; yields

_ detAtdet’A _ [det(AAT)det’(ATA)
detAf A, det?(AJA L)

1/2
} (A11)

where the prime denotes removal of the zero modes, and
A, is the vacuum Dirac operator, for which AgAO =
AOA(]; . To determine the bosonic determinants, we expand
all fields around the background profile of the kink;

bi— ¢ + 09, Ay — SA,,

. (A12)
X— (8X1, 5X2, X + 5X3)

The fact that the kink solves the equations of motion
ensures that terms linear in fluctuations vanish in the
expansion of the action. The terms quadratic in fluctuations
split into two groups, with no mixing between them. It can
be checked that the quadratic fluctuation operator for 6¢;
and 8X; coincides with the fermionic operator ATA. (The
zero modes of this operator are simply the bosonic zero
modes discussed above). Meanwhile, the remaining two
scalars 6X; and 6X, are governed by the fluctuation op-
erator —d2 + 2g?|¢;|>. Thus the Gaussian integration over
bosonic fields yields

_ det(—92 +2g%r) det(Al Ag)
B det(— 92 + 2% ;1?)det' (ATA)

(A13)

Finally, we must deal correctly with the gauge symmetry of
the theory using the gauge-fixing condition (A2). We im-
plement this through the standard Fadeev-Popov trick.
Under the gauge transformation 6Ay = d,a and 6¢; =

iac;, we have
SF = —02a + 2g°| ¢, (A14)

Correspondingly, we introduce ghosts ¢ and ¢ with action
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o f dre(—a2 + 2821 bilP)e. (AL5)

Integrating over the ghosts in the background of the kink,

we find

det(—a7 + 2¢%¢.1*)
det(—a2 + 2g%r)

thost = (A16)
which precisely cancels the contribution due to the 6X;
and 6X, scalar fluctuations. The upshot of these calcula-
tion is that the total determinants are given by

[detAAT
dets = I'pI'gI0 = 4| Al7
ets F1 Bt ghost det’ATA ( )

as advertised in (4.23).

The operators AAt and ATA share the same spectrum of
nonzero eigenvalues, but this spectrum is continuous and
the densities of eigenvalues differ. This means that the ratio
of determinants does not cancel. We may calculate this
ratio using the technique of [39]. We first define the regu-
lated index for the Dirac operator,

I (u?) = Tr<,u72> — Tr( w

—— ) (AIl8
ATA + u? AAT + //«2) (A18)

In the limit x> — 0, J(u?) computes the index of the Dirac
operator A. However, here we are more interested in the u
dependence of the index, due to the identity,

() 1 + 2
f i,](,ufz) = l logdet<AA7'U‘>'
M 2

) ATA T (A19)
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We strip off the two zero modes to get the primed deter-
minant by writing

1
det'ATA = lim — det(ATA + pu?)

(A20)
w0 (U

which allows us to write our desired ratio of determinants

as
AAT 00 2
dets = detAA” _ lim w exp(/ du' I(M/ )>
det/ATA u—0 o M

(A21)

Thus it remains only to compute J(u?). In fact this calcu-
lation was done some time ago by Lee to compute the
number of zero modes of the most general kinks [36]. (The
calculation follows closely the index theorem for magnetic
monopoles [40]). Lee showed that

2m
eyl

Evaluating this on (A21) gives our desired expression for

the determinants,
detAAT g
——— = 8m.
det/ ATA

I(w?) = (A22)

(A23)
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