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Vacuum polarization for lukewarm black holes
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We compute the renormalized expectation value of the square of a quantum scalar field on a Reissner-
Nordstrom—de Sitter black hole in which the temperatures of the event and cosmological horizons are
equal (“lukewarm” black hole). Our numerical calculations for a thermal state at the same temperature as
the two horizons indicate that this renormalized expectation value is regular on both the event and
cosmological horizons. We are able to show analytically, using an approximation for the field modes near

the horizons, that this is indeed the case.

DOI: 10.1103/PhysRevD.77.024008

I. INTRODUCTION

The renormalized stress-energy tensor (RSET) (T, )ren
is an object of fundamental importance in quantum field
theory in curved space-time, since it governs, via the
semiclassical Einstein equations

G;w = 87TG<T,(LI/>1’CI1’

the backreaction of the quantum field on the space-time
geometry. Computing the RSET on a particular space-time
background is a complicated process [1-4], and, for a
quantum scalar field ¢, it is informative to study first the
renormalized vacuum polarization (¢?),.,, which is con-
siderably easier to compute and has many of the same
features as the full RSET. For example, although {¢2),.,
is a scalar object and hence cannot distinguish between
future and past event horizons, nonetheless, if it diverges at
a horizon for a particular quantum state, then it is likely
that the RSET also diverges there.

The vacuum polarization {¢2),., has been extensively
studied by many authors for various black hole back-
grounds, beginning with computations by Candelas [5] of
(@?);en for a massless, conformally coupled, scalar field on
the event horizon (and at infinity) for a Schwarzschild
black hole. This was subsequently extended to the whole
of the Schwarzschild geometry in Refs. [6] (exterior to the
event horizon) and [7] (interior to the event horizon). The
corresponding calculation for massive scalar fields was
done by Anderson [8]. Other examples of calculations of
(?);en On more general black hole space-times can be
found in [9]. As well as exact, numerical calculations, a
number of approximation schemes have been developed
for various types of space-times, both for (¢?),., [10] and
the RSET [11].

Of the three standard vacua for quantum fields on black
hole space-times (Hartle-Hawking [12], Unruh [13], or
Boulware [14]), the Hartle-Hawking state has received
the most attention in the literature. This is because the
Hartle-Hawking vacuum possesses the most symmetries
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(for example, time-reversal symmetry) and so is more
straightforward to calculate. Expectation values of observ-
ables in this state are also expected to be regular on the
event horizon of a black hole. Once the renormalized
expectation values in a particular state (say the Hartle-
Hawking state) have been computed, it is much easier to
compute renormalized expectation values in another state
because the difference between expectation values in two
states does not require renormalization. A general method
for computing (¢?),., on any static, spherically symmetric,
black hole space-time for a state at either a fixed nonzero
temperature or zero temperature was developed by
Anderson [15], and subsequently extended to calculations
of the RSET [1] (see also [16] for an application of this
type of approach to the space-time outside a star). This is
the method we shall adopt in this paper. This approach
works for computations of the Hartle-Hawking (nonzero
temperature) and Boulware (zero temperature) states, but
not for the Unruh vacuum.

Most of the work on {¢?),., and the RSET to date has
focussed on asymptotically flat black holes, such as
Schwarzschild and Reissner-Nordstrom. However, there
are many interesting features of quantum field theory on
asymptotically de Sitter black holes [17], when we have
both a black hole event horizon and a cosmological hori-
zon. The Kay-Wald theorem [18] states that there is no
thermal state on Schwarzschild—de Sitter black holes
which preserves all the symmetries of the metric (including
time-reversal symmetry) and which is regular on both the
event and cosmological horizons. Therefore, there is no
equivalent of the Hartle-Hawking state for this geometry.
This may be understood heuristically as follows. A thermal
state is expected to be regular at a horizon if the tempera-
ture of the state matches the temperature of the horizon.
However, for Schwarzschild—de Sitter black holes, the
temperatures of the event and cosmological horizons are
not equal and therefore any thermal state cannot match
both temperatures. If we consider the more general case of
Reissner-Nordstrom—de Sitter black holes, then it is pos-
sible for the event and cosmological horizons to have the
same temperature [19] (these are known as “‘lukewarm”
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black holes [20]). Therefore, a natural question is whether
the thermal state, constructed on these black holes at the
natural temperature, is regular on both the event and cos-
mological horizons. A simple calculation for two-
dimensional black holes [21] shows that this is the case,
but for four-dimensional black holes there is an unknown
function in the RSET which can only be found by direct
calculation. We will return to the computation of this
function in the near future [22], but in the present paper
we will focus on the simpler computation of {¢?),.,, for this
state.

The outline of this paper is as follows. In Sec. II we
review the method of [1] to calculate {(¢?),., using point-
splitting. As we are considering a thermal quantum state,
the Euclidean Green’s function will be used. Using tem-
poral point-splitting, even with the points split the Green’s
function contains apparent divergences. We present in
Sec. I B a new approach to regularizing these divergences,
based on dimensional reduction. Once the point-split
Green’s function is manifestly finite, the renormalization
procedure is then relatively straightforward, following [1].
The renormalized expectation value (¢$?),, is computed
numerically for lukewarm black holes in Sec. III. Our
numerical results indicate that {(¢?),., is indeed regular
on both the event and cosmological horizons. This is
proved analytically in Sec. IV, in which we use an approxi-
mation for the field modes near the horizons, developed in
Ref. [23] for the asymptotically flat Reissner-Nordstrom
case. Finally, our conclusions are presented in Sec. V.
Throughout this paper the (Lorentzian) metric has signa-
ture (—, +, +, +) and we use units in which 87G = h =
c=kg=1.

II. GENERAL METHOD TO CALCULATE (¢?);cn

A. Point-split Green’s function

We use the method of Refs. [1,15] to compute the
renormalized expectation value {¢2),.,. In this section we
just briefly outline the key steps in the construction, further
details of which can be found in Refs. [1,15].

We begin with a scalar field ¢ with mass m and coupling
¢ to the scalar curvature R, satisfying the field equation

(V,VE —m?— R)¢p = 0. @2.1)

In this paper we consider a black hole space-time with
metric, in Schwarzschild-like coordinates, given by

ds®> = —f(r)de* + f(r)~'dr* + r*d6> + r’sin’0d ¢?,
2.2)

where the metric function f depends only on the radial
coordinate r. The metric (2.2) is not the most general
spherically symmetric black hole metric, and, indeed, the
method of Ref. [1] is developed for more general spheri-
cally symmetric metrics. However, the metric (2.2) is
sufficiently general to cover a broad class of black hole
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geometries, including, in particular, the Reissner-
Nordstrom—de Sitter black holes for which
2M Q% Ar?
f=1-—+=5—-—, (2.3)
r r 3

where M, Q are related, respectively, to the mass and
charge of the black hole [24] and A is the (positive)
cosmological constant. Further details of the space-time
geometry in which we are particularly interested, the luke-
warm black holes, will be given in Sec. III A.

We are interested in computing (¢?)., for a thermal
state at a temperature 7. We follow [1] and use a Euclidean
space approach. By defining the Euclidean time 7 as 7 =
it, the metric (2.2) becomes

ds®> = f(r)dr* + f(r)"'dr* + r?d6* + r’sin’6d ¢>.
2.4

We define Gg(x;x’) to be the Euclidean Green’s function,
which satisfies the equation [1]

[V, VE = m? = €RIG(x; ') = —g~(1/P(0)8*(x, ),
(2.5)

where the covariant derivative is now taken with respect to
the metric (2.4). Using the method of point-splitting, the
(unrenormalized) expectation value {(¢2)ypren iS given by
the following limit:

<¢2>unren = m[il_l})}GE(-xs xl)]- (26)
The stress-energy tensor is calculated from derivatives of
Ge(x;x') [1].

For a thermal state at a temperature 7, the Euclidean
Green’s function Gg(x; x') is periodic in 7 — 7/ with period
T~'. In this case the scalar Euclidean Green’s function
takes the form [1,15]

[e e}

Gelx;x) = % Z explio(r — 7)]

X i(2€ + DPe(cosy)Y o(r, ), (2.7)
=0

where w = 27nT, and P, is the usual Legendre function,
with

cosy = cosf cosf’ + sinf sinf’ cos(p — ¢’),  (2.8)
and Y, satisfies the differential equation
1 a*Y 2f df\dY
—=6(r—7r) = =+ =)=
r? (r=r)=f dr? <r dr> dr
w? € +1)
- [7 Tt m* + gR}Ywe.
(2.9)

The differential equation (2.9) arises from separating the
wave Eq. (2.5) on the background metric (2.4).
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We define functions p,, and ¢, as solutions of the
corresponding homogeneous differential equation

d*Y e (2f  df\dY ¢
= (2L 2L
0=/ dr? <r dr) dr

_[%2+e(€j1)+

with appropriate boundary conditions. These will be dis-
cussed further in Sec. III B for the particular case of luke-
warm black holes. Typically, p, is the solution which is
regular at the lower limit of the region under consideration
(for black holes, the event horizon), while g, is regular at
the upper limit of the region (usually infinity, but in our
case the cosmological horizon). The function Y ,,(r, ') is
then given by [15]

m? + fR}YM, (2.10)

Y(uf(r’ rl) = Cw€pw€(r<)CIa)€(r>)r (211)

where, as usual, 7 is the lesser of the two values r, ¥’ and
r~ is the greater. In (2.11), the normalization constant C
is fixed by the normalization condition [15]

dqw{’ —q dpw( _ _i
dr ©C gy rf

Further properties of the mode functions p,, and ¢, will
be discussed in Sec. IIIB.

We now follow standard procedure and choose temporal
point-splitting, so that r = 7/, 8 = 0, and ¢ = ¢’. Then
v = 1(2.8) and, using Py(1) = 1, we have

Cwe[pwe (2.12)

o0

T .
o — ilwe
Ge(r, %7, x) b Y e €§:0(2€+ 1)

n=-—00

X CMPM(’”)%)((V), (213)

where e = 7 — 7.

B. Finite mode sums

Even though the points are separated, the Green’s func-
tion (2.13) is apparently divergent. This is due to our choice
of point-splitting and arises in practice because the sums
over £ in (2.13) do not converge. This problem is well
known, arising first in Candelas’s [5] calculations on a
Schwarzschild background. This divergence cannot be
“real” since, by definition, the Green’s function must be
finite when the points are separated. The apparent diver-
gences are removed by subtracting from (2.13) a suitable
multiple of the delta function (which vanishes when the
points are separated). The answer is well known, and given
by [1,15]:

[oe] (o]

Z elwe Z[(ze +1)

Gelr,x; 7, x) = —
4 n=-—00 =0

1
X Corpouoc?) = | @14
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Although this answer has been previously calculated, in
this section we would like to take a different approach to
deriving the result (2.14) based on dimensional reduction.
This new method may prove to be useful in more compli-
cated situations (such as Kerr black holes).

We begin by writing the general Euclidean Green’s
function (2.7) in the form

oo

Gelw) =1 S expliolr — 7]

n=—o0

X G,(r,6, o1, 0, ¢), (2.15)

where

Gu(r 6, @7, 8, ¢) = > (20 + )Y ,¢(r, r)P(cosy).

=0
(2.16)
Using the wave equation (2.5), the function
G,(r, 0, ;7,0 ¢ satisfies the differential equation
Sx,x) 1 9 ,9G, 1 o7 . oG,
- == 2 B4 = | sing
r’sing  r? ar|:fr ar } r? sinf 80[Sm a6 :|
1 %G w?
2 — | —+m?+ €R |G,
r’sin0 o> [f met g :|g‘”
2.17)

Equation (2.17) looks very much like a wave equation in
three dimensions, with a potential term:

. w?

V=—+m?+ &R (2.18)
f

In fact, by multiplying (2.17) by f~!, we obtain the wave

equation on the three-metric

d3* = dr* + P> fd6? + r*fsin*0d¢?, (2.19)

namely,
[ViV' = V)]G, (x;x) = g 12 (x)8(x, x'), (2.20)

where the covariant derivatives are with respect to the
three-metric (2.19) (acting on x) and g is the determinant
of the three-metric (2.19), with the potential
m? + R
=_=__4__ >

A
where it should be stressed that R is the Ricci scalar of the
original, four-dimensional, metric (2.4).

The three-metric (2.19) is curious. We emphasize that it
has no physical significance, and in fact it has a curvature
singularity at an event horizon where f vanishes.
Furthermore, the potential (2.21) is also divergent at a
horizon. On the other hand, if we are dealing with an
asymptotically flat metric (2.2), then the three-metric
(2.19) is also asymptotically flat as f — 1 at infinity. The

221
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three-metric should simply be regarded as a useful mathe-
matical tool.

From Eq. (2.20), we can see that G, (x;x’) is indeed a
three-dimensional Euclidean Green’s function for a scalar
field on the three-metric (2.19), but with an unusual poten-
tial (2.21). However, the potential does not affect the
general form of the singularity structure of the Green’s
function, which has the usual Hadamard form in three
dimensions [25,26]:

Ulx, x)

0o e a7

+ Wi(x, x'). (2.22)

Here, 20(x, x') is the square of the geodesic distance
between two closely separated points x, x/, and U(x, x'),
W(x, x') are symmetric biscalars which are regular in the
limit x — x’, whose precise form will depend on the po-
tential V(x). Note that there is no logarithmic term in the
Hadamard expansion (2.22) as we are currently working in
three rather than four dimensions. The biscalars U(x, x')
and W(x, x’) can be expanded in terms of o(x, x") using
standard methods [26,27]. For our purposes here, we only
require the lowest order term in U(x, x):

Ux,x')=1+ 0(0), (2.23)

which does not depend on the potential V (2.21).

We now choose a point-splitting for the three-
dimensional Green’s function G,. We choose r = ' and
@ = ¢'. Since the metric (2.19) is spherically symmetric,
we can, without loss of generality, fix #’ = 0, and then
cosy = cosf (2.8) and (2.16) takes the form

Go(r, 0, ¢:1,0,0) = > (2€+ 1)
€=0

X Cw(Pw((}’)qwg(r)Pg(COSQ). (224)

Although we have brought the radial coordinates together,
this sum is still finite because of the P,(cosf) terms. For
this point-splitting, to leading order we have

20 = 6% + 0(6). (2.25)

Therefore the Hadamard form (2.22) reads
1 ..
G,r0 ¢;10 ¢) = m + finite terms, (2.26)

so that, for small 6, we have

- 1
{/20(26 + 1)ngpwg(r)qwg(r)Pg(cosﬁ) = m + 0(])
(2.27)

This clearly shows that the sums over € in (2.13) diverge.
We find the appropriate subtraction term to render the
sums over ¢ finite using the identity [3]
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(oo}

P(cost) = é + 0(0). (2.28)
=

¢

Multiplying this by 1/(rf'/?) and subtracting, we therefore
obtain

[e e}

;}[(% + DCoiPwe(r)que(r) — ﬁ}&(cos&) =0(1).

(2.29)

We may now take the limit & — O and find that the sums
over ¢ in (2.14) are finite as required.

C. Renormalized expectation value

From (2.14), we now have an expression for the un-
renormalized expectation value {¢?)ynren:

(oo}

. [T i
B = limly - 3 coslw) 3 20+
X Cw(fpw{f(r)Qw(f(r) - ﬁ:”
(T & >
— E—r»r(l){ﬁ ’; cos(we) ;)[(25 +1)

1
X CotPae(1)que(r) — rf(1/2)}

T > 1
t St et - |

dar =

(2.30)

To renormalize this expression, we subtract the usual di-
vergent terms {(¢?)y;, before taking the limit € — 0 [28]:

(DPaiy = ﬁ + L[mz + (f - l)R}

872 6
1. /u?lo] m?
x|c+-1 -
[C 2 n( 2 )} 1677
1 ooP
+WRQBT, (231)

where 0% = o, the quantity C is Euler’s constant, and
R p is the (four-dimensional) Ricci tensor. If we are con-
sidering a massive scalar field, then the constant w is
simply equal to m, the mass of the field. However, for a
massless scalar field, the constant w is arbitrary [1]. It
corresponds in the massless case to a finite renormalization
of terms in the gravitational action.

For our particular point-splitting, the quantities appear-
ing in (2.31) have already been computed [1,15,28]:
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o =316~ 5ot (G) et + o

T— _ L (dfy? 4 5Y.

o € <dr> e+ 0(e); (2.32)
ro— _ ﬁZ 4

o 4fd + O(e*);

ol =o¢=0.

The subtraction terms (2.31) then simplify to [15]:

R 212f = o +<§_é> ]

[C+2ln< wle ﬂ 176n;+1921772f<j}:>2

1 &f 1 df
9672 drr 487r dr’

<¢2>div

(2.33)

In order to subtract (2.33) from (2.30), we first need to write
(2.33) in terms of mode sums. This is done using the
following identities, valid for small € and any « > 0 [1,3]:

1 i 2
2= — K2 Z ncos(nke) — % + 0(€%);

n=1

1n(K i s(nke) + 0(e?). (2.34)

We choose k = 27T, so that w in Eq. (2.30) is equal to n«.
Then the subtraction terms (2.33) become

(DDgiv = —ﬁ i w cos(we) — 8—;2["12 + (f - é)R}

g os(we) 8717[ 2+<§—2>R}
[ ( ﬂ_ 1’;17272+ 1921772f<%>2

1 d2f 1odf R
9672 drf  487Pr dr  487f

+ 0(€?).

(2.35)

This is now in a form suitable for subtracting from (2.30),
and the limit € — 0 can then be taken to give the final,
renormalized, expectation value [1]:

<¢2>ren = <¢2>analytic + <¢2>numeric (2.36)

where

PHYSICAL REVIEW D 77, 024008 (2008)

(D) anatytic = %; - 1921772f (% ) 961772 f_r];
2
e s
[C+21 <4if>} (2.37)
(e = Tﬂi{iﬂ[(zm1>c,,,€pwe<r>qwe<r> ]
% e G|
i[(% +1)Corpoc(r)qoc(r) —ﬁj_p}
(2.38)

As the name suggests, (¢*)nayiic has a simple form which
can be easily computed for any « and metric function f. On
the other hand, the quantity {¢2),umeric €an, in general, only
be computed numerically as the mode equation (2.10)
needs to be integrated. Solutions to the mode equation
are not known in closed form for general w even for
Schwarzschild black holes. One might hope that
() analytic 1 @ good approximation to ($?)y,, at least in
some region of the space-time. This is discussed in [1] for
the case of Reissner-Nordstrom black holes, and we will
examine this issue for lukewarm black holes in Sec. IIL.

D. Computation of {¢$2),umeric

Before we can compute {¢>)umeric» further work is
needed. The mode sums in {¢>),umeric cONverge so slowly
as to render their numerical computation impractical. We
therefore employ a WKB-like approximation, which will
give the large w, € behavior of the mode sums in (2.38). We
have found it simplest to use the WKB approach of
Howard [3], which is different from that used in
Refs. [1,15].

Define a new function B,(r) for w # 0 by

18w€(r) =C

Then B,, satisfies the following differential equation
(cf. [3]):
—-(1/2)
)]

(2.40)

wtPot(Nqwe(r). (2.39)

d*(VBoo)

Bw( = d{z

1 1 1
LI _<
2Xw€|: /\/i)f \/Bw(/

where we have defined a new independent variable { by

d
a

and the functions y,¢(r) and 7n(r) are given by

2f— (2.41)
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Xot(r) = \/w2r4 + (e %>2r2f,

W) = = 37+ O+ ERP

(2.42)

We are looking for the behavior of B,,¢(r) when either w or
¢ are large, that is, when y,,(r) is large. This is found by
inserting a fictitious parameter ¢ into (2.40) as follows:

= o (i)

(2.43)
and then expanding S, in inverse powers of &:
:Bwf(r) = B()w€(r) + 8_2Blw€(r) + 8_4B2w€(r) +.. ¥
(2.44)

finally setting € = 1 at the end of the calculation.
It is straightforward to read off from (2.43) that By, ¢(r)
has the simple form

1
2Xw€(r).

The next term in the expansion B;,¢(r) is more compli-
cated but not difficult to calculate:

Bowe(r) = (2.45)

6
Brod) = ~ G Axs + Bt + O, (240
wft
where
A = f“[ fr({) + 12f2F f+4f3 42
+ 1672ERf? + 4f%r zd f + 16r2m2f2}
1) f df
B —4f2 2 + 6fr
e ( @)
— 16f2r f+16f3}
_ w4r4 24 df af
C, 7 [4}” <d> 4fr i| (2.47)

It can be seen from (2.45) and (2.46) that, for large ¢ (or,
equivalently, for large w or € if f # 0),

ﬂOw{f Blw(f

and we find similarly that 8,,, ~ ,\/;g etc. If we consider
the sum

~ Xk ~ Xob (2.48)

Z Z(ze + 1)[Cw€pw€(r)Qw€(r) - Bwa(r) - Bla)f(r)]y
n=1 =0

(2.49)

then the summand is O(€~*) for large €. This is the
behavior we observe when we compute the summand

PHYSICAL REVIEW D 77, 024008 (2008)

numerically in Sec. III B. When this is summed over ¢,
we obtain a summand which is O(w™3) and therefore
converges rapidly. Therefore it is sufficient to subtract
just Bowe and By, from the mode sums in (P>)umeric
(2.38).

The contribution to (2.38) from the w = 0 modes needs
to be considered separately. When w = 0, from (2.42) we
have yor = (€ + %)rf(l/ 2 and therefore (2.45) and (2.46)

become
1 1\-!
2rf1/2) <€ i 5) ’

r 1\-3
- e A1<€ + 5) .

Therefore (2€ + 1)Booe(r) = (rf1/?)~1 and this part of
the WKB approximation has already been subtracted
from the sum. In this case we consider

Booe(r) =
(2.50)
Bioe(r) =

[e e}

2(25 + DICoepoe(r)qoe(r) —
=

— Bioe(r)],

(2.51)

Booe(r)

and again the summand is O(€~#) for large € as required.
We therefore write

2 nzl{z(zg + 1 [Cw(fpw(f(r)Qw{f(r)
= Bowe(r) = Brwe(r)]
+ z[ee # DB )+ Brae] =7 |

e e Gl

+ ‘57{;)(26 + D[Coepoe(r)goe(r) = Booe(r)

< ¢ 2 >numeric

~ B+ YU DBu] @5
=0

where we have used the fact that (2€ + 1)Bgoe(r) =
(rf/2)=1. The sums in the first two lines and last two
lines of (2.52) are now amenable to numerical computa-
tion. The final sum is readily computed using (2.50) to be

(o] r3 (o] 1 _2
20 + DByog(r) = ——-—— A, z<€ + _>
{;, 64f1/2) go 2
77.2’,3

Since we have analytic expressions for Bg,¢(r) and
B1,¢(r), we next examine the term
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S5 (o=t o]
el e )

The sums over € are most easily found using the Watson-
Sommerfeld formula (see, for example, [4]), valid for any
function analytic in the right-hand half plane:

g F(e) = / (A—é)d/\
—%[ /0 ﬁf(iA—%)d)\} (2.55)

Using (2.55), we write, for o # 0,

(2.54)

1

{;}(26 + 1)[300;50) - rf('/z)} = Iy(w, r) + Jo(o, r);

Z(2€ + 1)Blw€(r) = Il(w’ r) + Jl(w» r);
=0

(2.56)

where the I;(w, r) are the integrals from the first term in
(2.55) and the J;(w, r) are the integrals from the second
term in (2.55). The I;(w, r) integrals are easily calculated
for w # 0 (here £ = A — 1/2):

w

oo 1) = [ 24Bouutr) - f(ll 5 fia=-%:

I(w,r) = fo " 20140 ()dA
N

Substituting these results in (2.52) gives

(2.57)

<¢2>numeric = l 2{2(26 + 1)[wapwf(r)wa(r)

277}1 1L

= Bowt(n) = Broe(N] + Jo(@, 1) + Jy(w, r)
- ﬁ} + %{Z(Zf + DICoePoc(r)qoc(r)
=
22,3
= Buoel) = Bl = ). 238)

Next we examine the J;(w, r) integrals (here € = iA —

1/2):
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] e 2 |
Tolw, 1) = —9i ﬁ W[zmﬁw(r)
1

f(l/Z)}d)t}

m{ﬁ) Wﬁlwe(r)d/\}_

We consider each of these in turn. First, for Jy(w, r),
substituting in the form of By, ¢(r) (2.45) gives

1 o 2§
rf(l/z)m[ﬁ) 1 + o274 dA

a 27
+ dA
ﬁ) (1 + e2™)(a? — A2)1/2

(2.59)

Ji(w, 1) =

Jolw, r) =

2A
a (1 + ezm)(az _ )\2)(1/2) d/\} (2'60)
where we have defined
wr

The first and third integrals in (2.60) do not contribute,
leaving just the second integral. The integrand is integrable
but not regular at A = a. Furthermore, this integral is not
known in closed form and will need to be computed
numerically. It is easier numerically to have a regular
integrand, so we integrate once by parts to obtain

= o 4mw [a A2N(1/2)  g2mA
Jolw, 1) == ——— -] e dA
ol@, ) f  Jo < a2> (1 + 272
(2.62)
For large w, this integral behaves like
Tolw, r) = + 0(w™3), (2.63)

24w r?

We therefore take the —(24wr?)~! term from (2.58) and
consider instead

Jo ) w 1 d7w (a | A2\(1/2)
wr=————— - —
0 f  24r’w f 0( 2)

6277/\

(1 277'/\)2

as w — o0, This means that the sum Y >, Jy(w, r) can be
computed separately from the other terms in (), umeric
(2.58).

The integral J;(w, r) is more complicated. Using the
form (2.46) of B,¢(r), we find

a

~ O0(w™?) (2.64)

1
Ji(w, r) = — |:r4A1K1(w, r) + —ByKs(w, 1)
a)

1
16rf1/2

1

+ Tr4C1K3(ﬂh r), } (2.65)

where we have defined new integrals
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1 [ [ q 7
K(w,r)=-N dg |;
0= |, i e
K(w, r) =lfﬁ—/w q dq_;
a LJo (1=¢)°P 1+ em9) " |
1 [ [ q 7
Kiy(w, r)=-N dq |;
swr) = | g ey 4

(2.66)

and ¢ = A/a. The integrands in all three integrals have
branch points at ¢ = =1, so we cut the plane along the
interval [—1, 1] and consider the contour shown in Fig. 1.
The contribution to each K;(w, r) from the contour vy, is
zero, so we write, for each i = 1, 2, 3:

K(w, r)= élir%[Li(w, r)+ M(w,r)], (2.67)
where each L;(w, r) is the contribution from the contour vy,
and M;(w, r) is the contribution from the contour vy, in
Fig. 1. We illustrate the procedure for calculating these by
considering L(w, r) and M,(w, r). The method works
similarly for K,(w,r) and Ki(w,r) but is more
complicated.
Considering L, (w, r) first, we have

. q
Ll(w, I") 91\,|:/;] (1 — qz)(3/2)(1 + e277aq) dq:|

_ v/‘lfs q dq
0 (1 _ q2)(3/2)(1 + eZwaq) :

(2.68)

Integrating by parts gives
1 1
2/e(1 + €*™) 2

l—¢ —_ . 2\—(1/2) ,2maq
+ 27a 1-q) ¢
0 (1 + eZﬂ'aq)Z

Ll(w, r) =

+ 0(g'1/?), (2.69)
Note that the first term in (2.69) is divergent as € — 0, and
that we have now isolated a finite integral (although the
integrand is not regular). We next turn to M, (w, r):

3Im g
q=-1 q =1 Re q
71 € 72
Is
FIG. 1. Contour used for computing the integrals K;(w, r)
(2.66).
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— q
M(w,r) = %[j;g (= A1 + ) dq}. (2.70)

Along vy, we have

g—1=—¢ge?, o< I < 2.71)
Changing the variable of integration in M, (w, r) to ¥, and
computing the integral, we find

1

4+ 0(sW2),
N A

M(w,r)=— (2.72)

Therefore, adding L(w, r) and M, (w, r) will give a finite
quantity and we can take the limit € — 0. It is helpful for
numerical computation to integrate by parts again to give a
regular integrand:

1 77.2627741

S
2a (1 + &™)

a . /A 627T/\(€27T)\_ 1)
+ 472 ﬁ sin 1<5>WCM, (2.73)

Ki(w,r)=—

where we have returned to the original variable A = agq.
The calculation proceeds similarly for K,(w, r) and
K;(w, r), except that more integrations by parts are re-
quired. In each case, the divergences in L;(w, r) and
M;(w, r) cancel to give the following finite quantities:

1 87a (a A2\(1/2)

6277'/\(_1 _ e477/\ + 46277')\)
(1 + 6277'/\)4

drx;  (2.74)

1 167*a (a A%\(1/2)
K3(w’r):_10—a_ 15 0)\(1_?>
« e277')\(_1 + 116277'/\ _ 116477/\ + 6677/\) m
(1 + 627”\)5

(2.75)

It is straightforward to verify that, for each i, the integrals
K (o, r) are O(w3) for large w, so that the sums over n
required in (2.58) will converge rapidly.

At this stage it is helpful to bring together our results for
(?) pumeric- From (2.58) we have

T o0
<¢2>numeric = E + E r;[]o(w» }") + Jl(w; }")], (276)

where
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(o)

T =
52

= Bructlf + 3L 3 @+ DICucpugoc
€=0

(2€ + 1)[Cw€pw€(r)qw€(r) - ﬁOw{f(r)
0

mr

2.3
= Booe(r) = Broe(r)] — —Al};

64f(1/2) (2.77)

and the numerical integrals Jy(w, r) and J,(w, r) are given
by (2.64) and (2.65), respectively, [with the K;(w, r) given
by (2.73), (2.74), and (2.75)]. In the following we shall
refer to 2 as the “mode sum.”

III. NUMERICAL RESULTS FOR LUKEWARM
BLACK HOLES

We now turn to the computation of (¢2),., for a specific
example, namely, lukewarm black holes [20]. We briefly
review the key features of these black holes before describ-
ing the results of our calculation. For many of our numeri-
cal computations we have used standard routines [29].
Therefore we omit much of the detail of the numerical
methods used, which are comprehensively discussed in
Ref. [30].

A. Lukewarm black holes

Lukewarm black holes are a particular type of Reissner-
Nordstrom—de Sitter space-time, with metric given by
(2.2) and (2.3) with M = Q. For 4M < \/3/A, there are
three distinct horizons [a black hole event horizon at r =
r+, an inner (Cauchy) horizon at » = r_ and a cosmologi-
cal horizon at r = r_], given by

L aM
ro=—|—1+,1+—1
2 L
L a4M
=_11—,/1-— 3.1
r+ 2|: L:|’
L
rc=[1+ 1—4M:|,
2 L
where
L= 3 IM < L 3.2)
N . .

The Penrose diagram for this space-time can be found in
[19].

In this case the event and cosmological horizons have
equal surface gravities:

(3.3)

K+:KC:Z L;

which means that they have the same temperature 7" =

PHYSICAL REVIEW D 77, 024008 (2008)

K /2. Here we are interested in the region between the
event and cosmological horizons, which has a regular
Euclidean section, with topology S? X §2 [19]. Our com-
putations are for a thermal state at the natural temperature
T.

In the following sections, we show plots of the constitu-
ent parts of {(¢?),., for the specific case of M = Q = 0.1L,
although the main features are the same for other values of
M. For the remainder of this section, all dimensionful
quantities (r, M, etc.) are given in units of L.

B. Mode sum

We begin our numerical analysis by calculating the
mode sum (2.77). First we need to find the modes them-
selves, by integrating the mode equation (2.10) which is
satisfied by p,¢(r) and g,(r). This is done using standard
shooting techniques [29].

The mode equation (2.10) has regular singular points at
the event and cosmological horizons. Using the standard
Frobenius method, we write the mode functions as power
series:

Soe = ax'™”, (3.4)
i=0

where S, is either p,¢(r) or g, ¢(r),and x =r —r, >0

if we are considering the behavior near the event horizon

(x =r. — r>0 if we are considering the behavior near

the cosmological horizon). By looking at the lowest order

term in (2.10) we obtain the indicial equation [15]:

2 2<df >2,

V= w E
where ry is either r, or r, as applicable. In our mode sum
(2.77), we are only summing over modes for which

ndf

w=27TnT=nK+=§d—
X

(3.5)

) n=012...

r=ry

(3.6)

Therefore ¥ = *n/2, and the roots of the indicial equation
differ by an integer (n > 0) or zero (n = 0). Therefore the
linearly independent solutions of the mode equation (2.10)
are

Siwe = Y a0/,

A 3.7)
S2a)€ = Z bixii(”/z) + waslwf ln<£>,

=0 o

where K, is a constant which definitely does not vanish
if n = 0 but may possibly vanish if n > 0, and r( = r or
r. as applicable. The mode functions are chosen so that
Pwe¢ 1s regular (that is, has the form S;,,) near the event
horizon, while ¢, is regular near the cosmological hori-
zon. From (3.7), it is clear that g, will diverge (that is,
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have the form S,,,) near the event horizon, and p,, will
diverge near the cosmological horizon. This can be seen in
the examples of mode functions plotted in Fig. 2.

For n > 0, it is clear that the mode functions p,,(r) will
vanish at the event horizon and that g,.(r) will vanish at
the cosmological horizon. However, for n = 0, we have
that pg,(r) is regular but nonzero at the event horizon [and
similarly for go¢(r) at the cosmological horizon]. In this
case po(r) will still diverge at the cosmological horizon
because of the In(x/ry) term in S,,¢ (3.7) (note that K,
cannot be zero because there must be two linearly inde-
pendent solutions of the mode equation). It is straightfor-
ward to show, from the mode equation (2.10), that the
mode functions are monotonic and do not have zeros
except possibly at a horizon.

To find the p,.(r) mode functions, we start the numeri-
cal integration of the mode equation (2.10) just outside the
event horizon, using as many terms in the power series
expansion (3.7) of S;,¢ as required for the desired accu-
racy. As in [15], there is a complicated recurrence relation
(involving seven terms in general) for the coefficients in
the power series expansion (3.7), which we do not repro-
duce here. Starting with a, = 1, this recurrence relation is
used to compute the power series expansion. We then
integrate outwards towards the cosmological horizon. For
the g,¢(r) mode functions, we start integrating just inside
the cosmological horizon, and integrate towards the event
horizon. We use the Bulirsch-Stoer method [29] of inte-
grating the differential equation (2.10) because the mode
functions are not oscillating and because of the high degree
of accuracy required.

2 I o=2rT log p,

Modes (log scale)

0.0 0.2 0.4 0.6

Event (r-r,)L ngr;oogoglcal
Horizon

FIG. 2 (color online). Examples of mode solutions of the
Eq. (2.10), with @ =2#T and € = 0. The function p,.(r)
vanishes at the event horizon (at the left-hand edge of the plot)
and diverges at the cosmological horizon (at the right-hand edge
of the plot), while the mode function g,¢(r) vanishes at the
cosmological horizon and diverges at the event horizon. For
these mode functions, we have taken the scalar field to be
massless and conformally coupled, and the black hole metric
(2.2) and (2.3) has parameter M = Q = 0.1L. The radial coor-
dinate on the horizontal axis is in units of L.
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Looking at the mode sum (2.77), it can be seen that for
large w or €, the rapid convergence of the sum is dependent
on subtracting very nearly equal quantities. Therefore it is
imperative to calculate the mode functions p,¢(7), ,¢(r)
with great accuracy. We therefore used quadruple precision
throughout our calculations. The normalization constant
C,¢ 1s computed from (2.12). The constancy of the C,; as
calculated from (2.12) for different values of r represents a
good check on the accuracy of our results. For the particu-
lar case of Q = M = 0.1L, we find that C,, remains
constant to within 1072°|C,,| for 0 =n =25 and 0 =
€ = 600, which gives us enough modes to get good con-
vergence of the mode sum (2.77).

Once we have the mode functions p,¢(7), g,¢(7), as the
WKB approximants Bg,¢(r) (2.45) and B,¢(r) (2.46) are
known analytically, we are able to find the mode sum
(2.77). We found that the summand was O(€~*) for large
€ as predicted in Sec. IID. We found that the sums con-
verged more quickly if we summed over 7 first and then €.
Convergence of the sums was speeded up by using a
Shanks transformation (see appendix D of [3]). The dis-
advantage of the Shanks transformation is that one loses
accuracy (typically the accuracy after the transformation is
half that before), but we are nonetheless confident that our
final answers are accurate to five significant figures. The
form of the mode sum (2.77) will be shown explicitly as a
function of 7 in Sec. III D.

C. Numerical integrals

The remainder of {¢2),umeric iNvolves sums of integrals
which have to be computed numerically (2.76):

T o0
<¢2 xll{lmeric = ZT Z[Jo(w, r) + Jl(w’ r)], (3.8)
n=1

where Jy(w, r) is given by (2.64) and J,(w, r) is given in
(2.65) as a combination of three integrals, K (w, r) (2.73),
K>(w, r) (2.74), and K;3(w, ) (2.75). Each of these integrals
depends on a (2.61), which in turn depends on w = 27nT,
for n =1, ... (note that the numerical integrals are only
relevant for w # 0, as the modes for w = 0 were consid-
ered separately in Sec. IID). For each value of n, the
integrals are straightforward to compute, and then summed
over as many n as required for convergence. The sum-
mands are all O(n~3) as n — oo so convergence is rela-
tively rapid. As an example of our results, we plot in Fig. 3

(3.9

for i = 1, 2, 3, showing how these sums vary with r.
From (2.73), (2.74), and (2.75), these sums are indepen-
dent of the mass or coupling of the scalar field, but do
depend on the metric of the black hole through the function
f (2.3). It can be clearly seen in Fig. 3 that all three sums
vanish at both the event and cosmological horizons. We

024008-10



VACUUM POLARIZATION FOR LUKEWARM BLACK HOLES

0.3

0.2 -

0.1 -

K Integrals

0.0 0.2 0.4 06
Event (r-r,)/L
Horizon

Cosmological
Horizon

FIG. 3 (color online). Sums over n of the K;(w, r) integrals
(2.73), (2.74), and (2.75) as functions of r. Note that these are
independent of the mass or coupling of the scalar field. The
radial coordinate on the horizontal axis is in units of L, and we
consider the black hole metric (2.2) and (2.3) with parameter
M = Q = 0.1L. It can be seen that all three sums vanish at the
event horizon (left-hand edge of the plot) and the cosmological
horizon (right-hand edge of the plot). This is in agreement with
analytic work to be presented in Sec. IVA.

will show analytically in Sec. IVA that this is always the
case, independent of the temperature of the thermal state
under consideration.

D. Final answers

The final answers for (¢?),, are now computed by
combining the mode sum (2.77) with the numerical integral
contribution (3.8) to give () umeric (2.38), and then add-
ing this to <¢2>ana1ytic (237)

We begin this section by examining the contributions to
() pumeric- Namely, the mode sum (2.77), and the two sums
over numerical integrals

T (o] T (o]
. ,; Jo(w, r), oy ,,Zl Ji(w, r).

These are shown in Figs. 4—7 for a lukewarm black hole
with M = Q = 0.1L. The quantity labeled “Total” in
FigS. 4-T1is <¢2>numeric-

In Figs. 4 and 5 we consider a massless, conformally
coupled, scalar field, while in Figs. 6 and 7 the field is still
conformally coupled but has mass m = L. We have chosen
a large value of the mass so that the differences between
this and the massless case are very clear.

Examining first the massless case, from Fig. 4 we can
see that all three contributions to (¢?),umeric have peaks
near the event horizon of the black hole, and that all three
parts become very small at the cosmological horizon. The
behavior near the event horizon is clearer in the close-up in
Fig. 5. From Fig. 5 it can be seen that the contributions
coming from sums over the numerical integrals (3.10) tend

(3.10)
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0.01 4
0.00

-0.01 +

-0.02

-0.03 4

-0.04

0.0 0.2 04
Event (r-r,)/L
Horizon

0.6 Cosmological
Horizon

FIG. 4 (color online). Contributions to {¢2),umeric (2.38) from
the mode sum 2, (2.77) and the sums over the numerical integrals
(3.10), as functions of r. Here, the quantum scalar field is
massless and conformally coupled. The radial coordinate on
the horizontal axis is in units of L, and the black hole metric
(2.2) and (2.3) has parameter M = Q = 0.1L. All quantities
appear to be regular near the cosmological horizon. Their
behavior near the event horizon is shown in close-up in Fig. 5.

to zero as the horizon is approached, and the dominant
contribution to (%) umeric cOmes from the mode sum X
(2.77). Furthermore, this appears to remain finite as the
horizon is approached.

When the scalar field is no longer massless, we see the
difference in behavior clearly in Fig. 6. Near the cosmo-
logical horizon, the contributions to {¢$?),,meric from the
sums over the numerical integrals (3.10) still vanish as the
horizon is approached, but now the mode sum 2 (2.77)

—————— Z, Jo(o,r)
——= X Jy(or)
Total

0.00

P e -

-0.02

-0.03 1

-0.04 -
0.000 0.001 0.002 0.003 0.004 0.005 0.006
Event (r-r,)/L

Horizon

FIG. 5 (color online). Close-up, near the event horizon, of the
contributions (shown in Fig. 4) to {¢>)yumeric (2.38) from the
mode sum 3, (2.77) and the sums over the numerical integrals
(3.10), when the quantum scalar field is massless and confor-
mally coupled. It is clear that the contributions from the sums
over the numerical integrals (3.10) vanish at the event horizon.
Near the horizon the mode sum X (2.77) is the dominant
contribution and this appears to remain finite as the horizon is
approached.
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5’ 0.02

0.00 4%

-0.02

-0.04 1

0.6 Cosmological
Horizon

0.0 0.2 0.4
Event (r-r,)/L
Horizon

FIG. 6 (color online). Contributions to {$>)pumeric (2.38) from
the mode sum 2, (2.77) and the sums over the numerical integrals
(3.10), as functions of r. Here, the quantum scalar field is
conformally coupled but has mass m = L. The radial coordinate
on the horizontal axis is in units of L, and the black hole metric
(2.2) and (2.3) has parameter M = Q = 0.1L. The contributions
from the sums over the numerical integrals appear to be regular
near the cosmological horizon, but the mode sum 3 (2.77) is
diverging as the cosmological horizon is approached. The be-
havior of these quantities near the event horizon is shown in
close-up in Fig. 7.

(and therefore {¢2)yumeric) diverges. The close-up near the
event horizon in Fig. 7 confirms that this also happens near
the black hole event horizon.

We will show in Sec. IV that the contributions to
() pumeric from the sums over numerical integrals always
vanish at the horizons, whatever the mass or coupling of
the scalar field, so that the mode sum 2, is indeed the

o~
= 0.02

0.00 { —~ ~~

-0.04

-0.06
0.000 0.001
Event
Horizon

0.002 0.003 0.004 0.005 0.006
(r-r,)/L

FIG. 7 (color online). Close-up, near the event horizon, of the
contributions (shown in Fig. 6) to (¢} umeric (2.38) from the
mode sum 3, (2.77) and the sums over the numerical integrals
(3.10), when the quantum scalar field is conformally coupled and
has mass m = L. It is clear that the contributions from the sums
over the numerical integrals (3.10) vanish at the event horizon.
Near the horizon the mode sum X (2.77) is the dominant
contribution and this appears to be diverging as the horizon is
approached.
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1/

°
<}
=

analytic

o
o
@

)ren
.

numeric

2
—~
2> 5

o
o
o

Components of (O
o
<

0.00
-0.01 : , ,
0.0 0.2 0.4 0.6 Cosmological
Event (r-r,)/L Horizon
Horizon

FIG. 8 (color online). The vacuum polarization {¢$?),., and its
components (¢*)anayic (2.37) and (?)pumeric (2.38) (all in units
of L™2). Here, the quantum scalar field is massless and con-
formally coupled. The radial coordinate on the horizontal axis is
in units of L, and the black hole metric (2.2) and (2.3) has
parameter M = Q = 0.1L. All quantities appear to be finite near
both the event and cosmological horizons. Near the event and
cosmological horizons, (d)z)analytic is the dominant contribution

to <¢2>ren-

dominant contribution to {(¢2),umeic Near the horizons.
Furthermore, we will show that 3, diverges near a horizon
unless the quantum scalar field is both massless and con-
formally coupled.

We now turn to the final result, namely, {(¢?),.,. In
FlgS 8 and 9 we plOt <¢2>analytic (237)’ <d)2>numeric (238)’
and their sum (¢?),., for a massless, conformally coupled
scalar field, and a conformally coupled scalar field with
mass m = L.

analytic

.

0.02 1

numeric

Components of (),
o o
N 8

0.0 0.2 0.4 06  Cosmological
Event Hori
| r-r )L orizon
Horizon (-r.)

FIG. 9 (color online). The vacuum polarization {¢?),., and its
components <¢>2)analytic (2.37) and {A>)umeric (2.38) (all in units
of L™?). Here, the quantum scalar field is conformally coupled
and has mass m = L. The radial coordinate on the horizontal
axis is in units of L, and the black hole metric (2.2) and (2.3) has
parameter M = Q = 0.1L. It can be clearly seen that both
() anaytic and (d?)pumeric diverge near the event and cosmologi-
cal horizons, but with opposite signs.
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When the scalar field is massless and conformally
coupled, from Fig. 8 it is clear that ($?)suayic,
(*) pumeric> and (@2, are regular at both the event and
cosmological horizons. The total (¢?),., is greatest near
the event horizon, and slightly negative near the cosmo-
logical horizon. The contribution {¢?) i has the same
qualitative behavior as the total {¢?),, but does not rep-
resent more than a qualitative approximation to the exact
quantity.

When the quantum scalar field is not massless, from
Fig. 9 we can see that both (¢?)ayic and () yumeric
diverge as either the event or cosmological horizons are
approached, albeit with opposite signs. From our numeri-
cal results, it looks like these divergences cancel to give a
finite (¢?),.,. However, finiteness of this quantity cannot
be proven by numerical calculations alone. Therefore, in
the next section, we study (¢2),., analytically.

IV. REGULARITY ON THE HORIZONS

Our numerical results, computed in the previous section,
indicate that (¢?),., is finite on both the event and cosmo-
logical horizons, for the thermal state at the same tempera-
ture as both horizons. In this section we shall show
analytically that this is indeed the case. We shall consider
a general, nonextremal horizon at r = ry, and show that
(@?)sen is regular at that horizon for a thermal state at the
same temperature as the horizon.

A. Analytic part and numerical integrals

We consider first the behavior of (¢?)anayic at a horizon
r = ry. In order to analyze the regularity at a horizon of
() analytic (2.37), we split it into two parts:

<¢2>ana]ytic = <¢2>analytlc <¢2 analytlc’ (41)
where
m? 1 df\2 1 4
<¢2>dndlytlc - 2 2 l + 2 _JZC
1670~ 1927 f \dr 967~ dr
1 ﬂ K2 )
A87%r dr  A8wrf’
1 1
<d)2>analytlc - W |:m2 + (f - _>R:|
wf
C+- 1 . 4.2
<[eran(ie)] 42

At first sight it looks like (¢?)] . is divergent at a
horizon where f = 0, but in fact it is straightforward to
show that if « is chosen to be 1 df at the horizon, then
<¢2>analyuc is regular there. ThlS 1s in accordance with
expectations: if the temperature 7 = 27k of the state
matches the natural temperature of the horizon we are
considering, then (¢? }analym is regular at that horizon. In

particular, for the lukewarm black holes, we have that
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(@) inayiic 18 Tegular at both the event and cosmological

horizons.

On the other hand, it is clear that (¢2 analync
logarithmic divergence as f — 0 unless both m> = 0 and
& = 1/6, that is, the field is massless and conformally
coupled. We will show in the next subsection that this
divergence cancels with a corresponding divergence in
the mode sum X (2.77), to give an overall (¢?),., which
is regular.

Before that, we examine next the other contribution to

<¢2>numeric ’ namely’

has a

2\II
<¢ >numerlc

l 4.3)
2w

Z J()(a), }") + Jl(wJ r)]’

where Jy(w, r) and J;(w, r) are given, respectively, by
(2.64) and (2.65), with J,(w, r) in turn determined by the
integrals in (2.73), (2.74), and (2.75). It is straightforward
to show that, for fixed w and small f, the integrals Jy(w, r),
K(w, r), Ky(w, r), and K3(w, r) behave as follows:

f
Jo(w, r) = + O(f?);
ol@. 7) 19200778 ()
FB/2 21672
Ki(o, 1) = O£/
@) = 803 T 3sa0ws T O
£6/2) 7£6/2 . (4.4)
Ky)(w, r) = + +0 ;
2w, 1) 48w’ 768wr] ()
FG/2 4975/2)
Ky(w, r) = ~ + O(F7);
(. 1) 48w’ 3840w°r; (%)

where r = ry is the location of the horizon where f = 0.
We should comment that the first terms in the expansions
of K|(w, r), K»(w, r), and K5(w, r) do have r and not r, in
the denominator. Therefore they include some second or-
der terms as well as leading order terms. Writing the
expansions in this way simply makes the expressions
shorter. From (4.4), it is clear that the sums over the
K;(w, r) should vanish at the horizon, regardless of the
temperature 7" of the state under consideration or the mass
or coupling of the scalar field. This is in agreement with
our numerical results in Fig. 3.

Combining the K;(w, r) integrals to form J,(w, r) using
(2.65), we find that the leading order contributions from the
K;(w, r) integrals cancel and J;(w, r) has the following
behavior:

Ji(w, r) =

2 (df ’ 4.5)

——— (=) + 0(f?.
7680(1)5}’3 dr) o(f)

Recalling that w = 2n@T, n # 0, we therefore see that
both Jy(w, r) and J;(w, r) tend to zero uniformly in n as
f — 0, and therefore the contributions to ($?),umeric from
the numerical integrals (4.3) vanish at both the event and
cosmological horizons. This is independent of the (non-
zero) temperature of the state under consideration, and the

024008-13



ELIZABETH WINSTANLEY AND PHIL M. YOUNG

mass and curvature coupling of the scalar field, and is in
agreement with our numerical results in Figs. 4—7.
Therefore the only parts of {¢?),., which need further

investigation are (¢ ;. (4.2), which has a logarithmic
divergence as r — ry, and the mode sum (2.77) contribu-
tion t0 (P2 )umeric- If (P2 )en is to be regular at the horizon,
it must be the case that the mode sum 2, (2.77) also has a
logarithmic divergence, and, furthermore, this must ex-
actly cancel the logarithmic divergence in ()1 .. We
next establish that this is the case using a careful analysis of
the mode functions.

B. Mode sums

The behavior of the mode sum 2, (2.77) near a horizon is
by far the most difficult part of (¢?),, to analyze. The
reason for this is that the sums over € are not uniformly
convergent: more and more €’s are needed before conver-
gence is reached as we get closer and closer to a horizon.
This is due to the fact that the WKB approximants Bg,,¢(r)
(2.45) and B, ,¢(r) (2.46) do not depend on € when f = 0,
as in this case y,¢(r) (2.42) reduces to

Xot(r) = 01, 4.6)

Furthermore, the WKB approximants do not correctly
reproduce the In[(r — ry)/ro] behavior seen in the field
modes (3.7) near the horizon.

Suppose we are considering a horizon on which the
mode functions p,(r) are regular and the g,,(r) diverge.
The analysis below will be equally valid if we are on a
horizon where the p,¢(r) diverge and the g, ,(r) are regu-
lar, but with the p’s and ¢’s swapped over. Then near the
horizon, the mode functions p(r) and g,(r) will have
the following behavior (3.7):

Poe(r) = (r = rg)"? + O(r — ry)' T /2);
Goe(r) = (r = rg) =2 + O(r — ry)'=/2)

+ Kol = o) i 70)
To

+ O[(r — o)/ ln<—r — rO)}

ro

4.7)

for some constant K¢, where w = 27nT. Therefore,
near the horizon, we have

r—r
wapwf(r)qw€(r) -~ ng:K:a,g(l" - ro)" 11’1( . 0)
0

+ finite terms. 4.8)

From (4.8), it is clear that the only contribution to the mode
sum 2 which is important near the horizon is that for n =
0 = w, since this contains a In[(r — ry)/ro] term which
diverges at the horizon. For n > 0, the (r — r¢)" In[(r —
rg)/ro] term is subleading compared to the finite terms.
The finite terms in (4.8) for n > 0 are described well by the
conventional WKB approximation described in Sec. IID
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and their contribution to the total mode sum is finite as the
horizon is approached [23].

To analyze the behavior of the mode sum 3, what is
therefore required is an approximation for the mode func-
tions with n = w = 0, near the horizon, which is uniformly
valid in €. Such an approximation was first developed by
Candelas [5] for Schwarzschild black holes, and subse-
quently extended in Ref. [23] for the Reissner-Nordstrom
black hole. Here we generalize the approach of Ref. [23]
for general metric function f(r). We focus on the case of a
horizon at r = ry, where pg.(r) is regular and gge(r) di-
verges, but the analysis proceeds similarly for a horizon
where gg(r) is regular and py,(r) diverges.

We begin by writing the mode functions in terms of
modified Bessel functions [23]:

pur) = (g ) o0
4.9)
i) = () Kol

where I'(r) and Q(r) are functions which we shall define
very shortly. The mode functions (4.9) are required to
satisfy the differential equation (2.10) and the normaliza-
tion condition (2.12). Considering the normalization con-
dition (2.12) first, this is identically satisfied with Cy, = 1
if I'(r) is defined to be

- o)
r'=ry f(r/)

whatever the (as yet undetermined) function 2(r). With
this definition of I'(r), substituting (4.9) into (2.10) gives a
differential equation for {}(r) which can be found in [23].
Following [23], the function €)(r) is defined to be

Q(r) = y(r)y/f(r),

where y(r) is a function which is regular at the horizon. To
analyze the behavior of the mode functions near the hori-
zon, we expand f(r) and y(r) near the horizon as follows:

() =alf1 + xfr + O(A)];
y(r) = B[1 + xy; + x%y; + O(*)];

I'(r) = dr’, (4.10)

4.11)

(4.12)

where f;, B, and y; are constants and x = r — ry. The fact
that this expansion should be uniform in € means that the
constants y; must be bounded as £ — oo. The expansions
(4.12) lead to the following behavior near the horizon:

[(r) = f\/f;l + 0(xB/?);

I'(r) \1/2) 2 + o)
= |[— X).
(” 2Q(r )) Jfir %
The expansions (4.12) are substituted, in turn, into
(4.11), then (4.10) and finally (4.9) to give the form of

(4.13)
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the mode functions near the horizon. These are then, in
turn, substituted into the mode equation (2.10), which is
then expanded in powers of x. The lowest order term in
(2.10) gives the following expression for the constant B:

B2 = €(€ + 1) + %r()fl + %r%flyl +%

i+ (€ - %)Ror%, (4.14)
where Ry = R(r,) is the value of the Ricci scalar on the
horizon. The expression (4.14) generalizes that found in
[23] for the Reissner-Nordstrom case. As in [23], the next-
to-leading order term in the mode equation (2.10) gives a
complicated expression involving y; and y,. Using the fact
that both y; and y, must remain bounded as € — oo, we

obtain

1

i=-— + 0% as{— oo, (4.15)
0

which means that, as £ — oo, we have

B2 =€((+ 1) + 1+ m?r + (£ = YRyrz + O((?).

(4.16)

We may now use the form of the mode functions (4.9) to
study the contribution of the @ = 0 modes to the mode
sum 2, (2.77) near the horizon. In other words, we wish to
analyze

T & 1
% = pp EZO[(M + 1) Corpoe(r)qoe(r) — W}
_T < I'(r)
Rz ;)[<2€ e G G)
1
o rf(l/2):|' (4.17)

In Sec. IID, we added and subtracted Y%, B1¢(r) to this
sum to give a sum which was more readily computed
numerically. We do not need to do this here as the sum is
convergent. In addition, B,o¢(r) diverges as r — r, so that
the sum (4.17) is more straightforward to analyze, as it
does not include these additional divergences (which do,
however, cancel).

Using the Watson-Sommerfeld formula (2.55), we con-
vert the sum (4.17) over ¢ into two integrals:

s,=Lisp+xg) “18)
where
r(r) !
S — L d)\[ZA( o )>IO(F (NKo(T'(r) — rfu/z)}
(4.19)
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o 2

x[207( (()() o0 o TDET() -

1
(1/2)}}

(4.20)

In (4.19) we have € = A — 1/2, while in (4.20) we have
€ = i) — 1/2. In both cases the functions I'(r) and Q(r)
depend on ¢.

We now use the expansions (4.13) for the functions I'(r)
and Q(r) near the horizon, which are uniform in €. It turns
out that %}/ is the more straightforward to work with, so we
examine this first. Using (4.13), the leading order behavior

of X/ near the horizon is given by
o0 8A 2B |x
i = %U 7 P — (- —>
0 o rRfil+ &™) N\ o\ £

<22 \ﬁ )} + Otetnla/roD,

where B depends on A. In this case we can use the approxi-
mate behavior of the modified Bessel functions for small x
[31]:

(4.21)

Ih(x) = 1+ O(x?);

(4.22)
ln<2> + O(x? Inx);

Ko(x) = =

where C is Euler’s constant. We then obtain the following
expression for 31

%= 6r%f1 o+ 1“<i\/leﬂ
rOfl {j dA

The integral in (4.23) involving InB cannot be computed
exactly because we do not have a closed-form expression
for B for all values of €. However, this integral does not
depend on x, and is finite because the behavior of B for
large A is given by (4.16). Therefore, we have, near the
horizon,

lnB} + 0[x1n<r10>}

(4.23)

1
12r(2) 11

Next we consider 2{) (4.19). From (4.14) with € = A —
1

5, we have

SU = — ln<£) + finite terms. (4.24)
o

dB dyl
235 =2\ +— r0f1 (425)
so that, for large A,
dB
2B— =21+ 0(A7?). 4.26
- () (4.26)
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Defining By = B(A = 0), and using the expansions (4.13),
the leading order behavior of 2} can be written as

SI =3, + 3, + 0(xIn[x/ry)), 4.27)
where
~ 4B 2B [x 2B [x dr 1
ZNK (= =) = ——— .
> f {rofl <o\/;> O(m\/]:) dB"O\/m}

M(

A R e R

(4.28)

To compute il, we first change the upper limit of the
integral from A = o0 to A = A; > 1, which simplifies
the analysis. The integral 3, is in fact regular as A; —
oo, but the individual terms in it are not. We use the
standard result [23], valid for all nonzero v:

f 2BIy(Bv)Ko(Bv)dB = B[1y(Bv)Ko(Bv)
+ 1,(BV)K,(BY)],  (4.29)

which gives

[ p GG
G F Gl

roN/f1x

where B; = B(A;). For large z, we then use the expansion
[31]:

By
i| ,  (4.30)
By

2 _
1[ _4n 1 @31)

LK) = 5| 1= Tt o<z4>}

together with the behavior of B for large € (4.16). This
enables us to simplify the expression (4.30) to obtain a
quantity which is manifestly finite as A; — o0, and then we
can take the limit A; — oo. The answer obtained is

- )
)]

For small x, we now expand il, using (4.22) and [31]

(4.32)

I(x)K,(x) = % + O(x*1In[x/ry)), (4.33)
to give, for small x,
- B2
S, =201 (x> + finite terms. (4.34)
rof1 o

For iz, it is sufficient to use the expansions (4.22) in the
integrand to give, for small x,
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- 2 () B
3, = ——ln<x>f d)l</\—Bd—>+finite terms
’"ofl ro/ Jo dA
1 1 X
=———|B——-—m*ry — (£~ —)Ror} |1
r%f1[ 07 M <§ ) Oro} n< 0)

+ finite terms. (4.35)

Combining (4.34) and (4.35), we find the following ex-

1 It + m?

0T 212
and, combining this with (4.24), gives our final expression
for the behavior of the mode sum . (2.77) near the horizon:

+ finite terms,
<§ - )RO} ln< ) + finite terms
Iy

(f — >R0} ln< ) + finite terms,
ro

(4.37)

(4.36)

2:4;1[

B 16772[

where we have used the fact that the temperature 7 =
k/2m, where k = f/2 is the surface gravity of the
horizon.

From (4.37) we see that the mode sum 3, diverges near a
horizon unless the quantum scalar field is massless and
conformally coupled. This behavior can be seen in our
numerical results in Figs. 4—7, where it is apparent that
3 is regular at a horizon in the massless, conformally
coupled, case but otherwise divergent.

Finally, comparing (4.2) and (4.37), we see that the
logarithmic divergences cancel and 3 + (¢p?)!] analytic 1S
regular at the horizon. Since we have already shown that
the remaining contributions to (¢*)e,, namely, ()] .1ysic
(4.2) and (p>)H . (4.3), are regular at a horizon, we
therefore conclude that the total (¢2),.,, for a thermal state
at the same temperature as the horizon, is regular at that
horizon. For the particular case of lukewarm black holes,
the analysis above applies equally well to the event and
cosmological horizons, which are at the same temperature.
Therefore, for a thermal state at this temperature, we have
shown analytically that (¢?),., is finite at both the event
and cosmological horizons. This means that the divergen-
ces seen (Flg 9) in <¢2>analytic and <¢2>numeric when the

scalar field is no longer massless do in fact cancel to give a
finite {2 )en-

V. CONCLUSIONS

In this paper we have studied the renormalized expec-
tation value {¢?),., for a quantum scalar field on a luke-
warm black hole background, where the space-time
possesses a black hole event horizon and a cosmological
horizon which are at the same temperature. We have used
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the method of [1] to compute (¢?),., for a thermal quantum
state at this natural temperature. Our numerical computa-
tions have indicated that (¢?),., is regular on both the event
and cosmological horizons, and this has been proved ana-
lytically as well.

The method of Ref. [1] splits {¢?),, into two parts, an
analytic expression <¢2>analytic and a part, <¢2>numeric’
which can only be computed numerically. One might
hope that the analytic expression would be a good approxi-
mation to the exact quantity, at least in some limit (say, for
large mass). However, as observed in Ref. [1], this is not
the case because <¢2>analytic contains a term which diverges
logarithmically near a horizon unless the quantum scalar
field is massless and conformally coupled. We have shown
that, for a thermal state at the same temperature as the
horizon, this divergence cancels with a divergence in
() pumeric Near the horizon to give an overall finite quan-
tity. In the literature other analytic approximations have
been developed [10,11], some of which do not have this
logarithmic divergence.

Unlike the Schwarzschild-de Sitter black hole [17], for
lukewarm Reissner-Nordstrom—de Sitter black holes we
have shown that a static quantum state can be constructed
which has a regular renormalized expectation value {¢2),e,
across both future and past event and cosmological hori-
zons. This is the equivalent of the Hartle-Hawking state
[12] for these black holes. This result is in accordance with
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the theorems of Kay and Wald [18], who proved that no
regular thermal state can exist on a Reissner-Nordstrom-de
Sitter black hole for which the temperatures of the event
and cosmological horizons are not equal. When the tem-
peratures do match, the fact that the region between the
event and cosmological horizons has a regular Euclidean
section [19] allows one to construct a thermal state at the
natural temperature and then we have shown that this state
has regular (¢?),., on both the event and cosmological
horizons.

Our work in this paper has considered only (¢?),.,, and
not the RSET. The computation of the RSET, following
[1], mirrors that here for {¢?),.,, but is considerably more
complex. In particular, even though we have shown that
(@?)sen is finite on both the event and cosmological hori-
zons, this does not guarantee that the RSET will be finite
there. We plan to report on this in the near future.
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