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QCD thermodynamics with 2 + 1 flavors at nonzero chemical potential
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We present results for the QCD equation of state, quark densities, and susceptibilities at nonzero
chemical potential, using 2 + 1 flavor asqtad ensembles with N, = 4. The ensembles lie on a trajectory of
constant physics for which m,; = 0.1m,. The calculation is performed using the Taylor expansion method

with terms up to sixth order in w/T.

DOI: 10.1103/PhysRevD.77.014503

L. INTRODUCTION

The equation of state (EOS) of QCD is of special interest
to the interpretation of data from heavy-ion collision ex-
periments and to the development of nuclear theory and
cosmology. The EOS at zero chemical potential (u = 0)
has been extensively studied on the lattice. However, to
approximate most closely the conditions of heavy-ion
collision experiments (for example RHIC has u ~
15 MeV [1]) or of the interior of dense stars, the inclusion
of nonzero chemical potential is necessary. Unfortunately,
as is well known, inclusion of a nonzero chemical potential
makes the fermion determinant in numerical simulations
complex and straightforward Monte Carlo simulation not
applicable. Several methods have been developed to over-
come or circumvent this problem. They include the re-
weighting techniques [2,3], simulations with an imaginary
chemical potential combined with analytical continuation
[4,5] or canonical ensemble treatment [6], and lastly, the
Taylor expansion method [7,8], which is employed here. In
this method one Taylor expands the quantities needed for
the computation of the EOS around the point & = 0 where
standard Monte Carlo simulations are possible. The expan-
sion parameter is the ratio u/T, where T is the tempera-
ture. To ensure fast convergence of the Taylor series, the
expansion parameter should be sufficiently small.
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Numerical calculations show satisfactory convergence for
/T = 1 (see reviews [9,10]).

In our simulations we use 2 + 1 flavors of improved
staggered fermions. In such simulations where the number
of flavors is not equal to a multiple of four, the so-called
“fourth root trick” is employed to reduce the number of
“tastes.” While this trick is still somewhat controversial,
there is a growing body of numerical [11] and analytic [12]
evidence that it leads to the correct continuum limit. For
simulations at nonzero chemical potential the problems of
rooting are much more severe [13]. However, the Taylor
expansion method is not directly affected by this additional
problem with rooting since the coefficients in the Taylor
series are calculated in the theory with zero chemical
potential. The Taylor expansion method is generally con-
sidered reliable in regions where the studied physics quan-
tities are analytic.

The Taylor expansion method has been used to study the
phase structure and the EOS of two-flavor QCD [7,14-17].
Our work improves on the previous studies by the addition
of the strange quark to the sea. Our calculations are per-
formed on 2 + 1 flavor ensembles generated with the R
algorithm [18] and using the asqtad quark action [19] and a
one-loop Symanzik improved gauge action [20]. These
improved actions have small discretization errors of
O(a,a? a*) and O(a?a? a*), respectively. This is very
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important since we study the N, = 4 case, where the lattice
spacing [a = 1/(TN,)] is quite large, especially at low
temperatures. Our ensembles lie along a trajectory of
constant physics for which the ratio of the heavy quark
mass and the light quark mass is m,;/m; = 0.1, and the
heavy quark mass itself is tuned approximately to the
physical value of the strange quark mass. The determina-
tion of the Taylor expansion coefficients, other than the
zeroth order ones computed already previously, is neces-
sary only on the finite-temperature ensembles (for our
study N, =4). No zero-temperature subtractions are
needed for them. We have determined the contributions
to the energy density, pressure, and interaction measure
due to the presence of a nonzero chemical potential. We
also present results for the quark susceptibilities and den-
sities. In addition, we have calculated the isentropic EOS,
which is highly relevant for the heavy-ion collision experi-
ments, where, after thermalization, the created matter is
supposed to expand without further increase in entropy or
change in the baryon number. All the results are obtained
with the strange quark density fixed to n; = 0 regardless of
temperature, appropriate for the experimental conditions.
This requires the tuning of the strange quark chemical
potential along the trajectory of constant physics.

II. THE TAYLOR EXPANSION METHOD

In this section we give a brief description of the Taylor
expansion method for the thermodynamic quantities we
study and as applied to the asqtad fermion formulation.

A. Calculating the pressure
The asqtad quark matrix for a given flavor with nonzero
chemical potential is:

M, = Mls,r;qaﬁal + %no(x)[U(()F)(X)e“"” O iy

_ UE)F)T(x _ O)e—,l/-z,h 8X,y+6 4 UE)L)(X)G&MM 6x+36,y
- UE)LH.(X - 36)673/“”1 6x,y+36]’ (1)

where w; = w,s and p, = u, are the quark chemical
potentials in lattice units for the light (u and d) quarks
and the heavy (strange s) quark, respectively. In the above

3
i 1
M?,‘;laual = am 6, + Z 2 nk(x)[UiF)(x)6x+]2,y
=i

- U/(cF)T(x - 12)6)(,_\’-#]2 + UliL)(x)Bx+3l€,y
— UM (e =305, 5¢) )

with m,;, the light and strange quark masses. The super-
scripts F and L on the links U, denote the type of links,
“fat” and ‘“long”’; appropriate weights and factors of the

tadpole strength u, are included in UELF ) and Uff). The
partition function based on the asqtad quark matrix is
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Z = fDUe(n,/4)lndetM,e(n,,/4)lndetM,,e—Sgy 3)

where n; = 2 is the number of light quarks and n;, = 1 is
the number of heavy quarks. The pressure p can be ob-
tained from the identity

p InZ

2= 4
T TV’ @)

where T is the temperature and V the spatial volume. It can
be Taylor expanded in the following manner

14 .~ A
7= 3 (T () 5)
T n;: 0 T T
where fi;; is the nonzero chemical potential in physical
units. Because of the CP symmetry of the partition func-

tion, only the terms with n + m even are nonzero. The
expansion coefficients are defined by

1 1 N ammnZ

Cnm(T) TN n "
ntmt N3 0(uiN)"d(maN)™ | =0

. (6

with u;, = afii;, and N; and N, the spatial and temporal
extents of the lattice. All coefficients need to be calculated
on the finite-temperature ensembles only, except for
coo(T). The latter is the pressure divided by 7% at u;;, =
0, which needs a zero-temperature subtraction. It should be
calculated by other means, such as the integral method,
which we have already done in [21]. The ¢,,,(T) coeffi-
cients are linear combinations of observables A ,,, and are
given in Appendix B. The A, observables are obtainable
as linear combinations of various products of the operators

n; 0" lndetM,

L,=— , 7

T o )

H = ny amlndech’ ®)
4 ouy

evaluated at w;, = 0. For the definitions and explicit
forms of the A, see Appendix B.

Figure 1 compares the cutoff effects due to the finite
temporal extent N, in the free theory case for the coeffi-
cients cgg, Ca9, Cag, and cgo for three different staggered
fermion actions: the standard, the Naik (asqtad), and the p4
action. The results for the first three coefficients are nor-
malized to their respective Stefan-Boltzmann (SB) values.
The SB value for ¢ is zero (and the same holds for cy). In
the SB limit, the c¢(, coefficients are, of course, equal to
half of the SB values of ¢,y for 0 <n = 4. All other
coefficients with n, m # 0 are zero in the SB limit. In
the interacting case, the coefficients which are zero in the
SB limit can acquire nonzero values. Figure 1 shows that
the asqtad action has better scaling properties than the
standard (unimproved) staggered action at N, = 4, but it
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FIG. 1 (color online).

is clear that a study at larger N, is important for further
reduction of the discretization errors.

B. Calculating the interaction measure and energy
density

The interaction measure / can be Taylor expanded in a
manner similar to the pressure

(o]

“Son(2)(a) o

1

N} dInZ
o=

N_f dlna

where again only terms even in n + m are nonzero and

b ()= — 1 N} gntm dIinZ
e nlm! N? G(MINZ)"G(,LLhN,)m ,u,y;,—O(dlna).
(10)

The derivative with respect to Ina is taken along a trajec-
tory of constant physics. The fermionic part of ‘{fllfr‘lf, con-
sidering the form of the asqtad action, is

ds; nyrdlmga) . _
= £ tr(M ;!
<dlna> f:ZhJ4 [ ding "M
du() _ de
+ MLV 11
dlna tr< f duoﬂ (ih

No volume normalization of the various traces is assumed
in the above. The gauge part, taking into account the
explicit form of the Symanzik gauge action, is

c>,

() o -

where P, R, and C are the appropriate sums of the pla-
quette, rectangle, and parallelogram terms, respectively
(here they are not normalized to the volume). Thus the
b, (T) coefficients become

—dS,
dlna

ap
6——P+12
dlna

d B
dlna

dBpg
dlna

R+ 16

The expansion coefficients cgg, ¢y9, €49, and cgq for the pressure in the free theory case as a function of N,.

1 N} < ns[d(msa)
Do) = = —— =5 S L =
nm( ) n'm! N?f;h 4 |: dlna min=0
i a"+”%A4;1>
a(:“th)na(lu“hNt)m M1, =0
_1dMm
duo an+m<Mf1 duof> :|
r
dina | =0 9(uwN)"O(wuN)™ | =0
B 1 N_t3 an+m<g> (13)
n!m! N% a(,leN[)na(luhNt)m M1 =0

The explicit forms of the b,,,(T) coefficients are more
complex than those for c,,(T) and we save them for
Appendix C. The SB limit of all b, coefficients is zero.
In the presence of interactions their values can become
different from zero. For the computation of the b,,,(T)
coefficients, in addition to the derivatives of the fermion
matrix and the gauge action with respect to the chemical
potentials, we have to know the derivatives of the action
parameters with respect to Ina along the trajectory of
constant physics. The latter have been determined in our
previous work on the EOS at zero chemical potential [21],
along with the coefficient byy(T), which is the interaction
measure divided by T* in that case. The coefficients c,,,,(T)
can be obtained from b,,,(T) by integration along the
trajectory of constant physics. This can serve as a consis-
tency check of the calculation.

The energy density ¢ is simply obtained from the linear
combination

e
T*

I+3p
T4

. (14)

C. Quark number densities and susceptibilities

The Taylor expansion for the quark number densities can
be obtained from that for the pressure. For example, the
light quark number density, n,,, is

()= 2 e (7] (7

(15)

00

>

n=1,m=0

nyaq o Jd
™ om,/T
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and the heavy one, ng, is

ng 9 (InZ - AN\t

=m = === me (D =) (= .

73 a,zh/T(TW) F%:l o )<T> <T>
(16)

Similarly, the quark number susceptibilities are derivatives
of the quark number densities with respect to the chemical
potentials. Thus, the diagonal light-light quark susceptibil-
ity becomes

Xuu _ d M
T 0, /T\T?

3 n(n—l)cnm(T)@)"_z(@)m, (17

-y -

n=2,m=0

and the heavy-heavy diagonal one is

Xss 9 [ng
— i m(m—l)cnm(T)<'[;l>n<'L;h>m_2. (18)

n=0,m=2

Lastly, the mixed quark susceptibility has the form
Xus _ d Nyq
T 9pu,/T\T?

nmcnm(T)<%>n_l<%>m_l. (19)

n=1,m=1

II1. SIMULATIONS

The asqtad-Symanzik gauge ensembles we use in this
study have spatial volumes of 12° or 16*> and N, = 4, and
are generated using the R algorithm. They are a subset of
the ensembles in our EOS calculation at zero chemical
potential [21]. The ensembles lie on an approximate tra-
jectory of constant physics for which m,; = 0.1mg, and m;
is tuned to the physical strange quark mass within 20%.
Along the trajectory, the 77 to p mass ratio is m,/m, =
0.3. Table 1 in [21] contains the run parameters and tra-
jectory numbers of the ensembles used here. They are the
ones that have the gauge coupling values of 8 = 6.0,
6.075, 6.1, 6.125, 6.175, 6.2, 6.225, 6.25, 6.275, 6.3, 6.35,
6.6, and 7.08. The last column of that table shows the lattice
scale. For explanation of the scale setting and other simu-
lation details we refer the reader to Sec. 3 of [21]. The
observables that need to be measured along the trajectory
of constant physics in order to construct the Taylor coef-
ficients in the expansion for the pressure are L, and H,,
defined by Egs. (7) and (8). For the interaction measure
determination the following observables have to be calcu-
lated in addition:
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and the gluonic observables P, R, and C. In Appendix C we
show how they enter in the coefficients b,,,(T). To sixth
order in the Taylor expansion, the number of fermionic
observables (L,, H,,, l,, h,, A,, Xx,) that need to be
determined is 40. We calculate them stochastically em-
ploying random Gaussian sources. In the region outside
the phase transition or crossover we use 100 sources and
double that number inside the transition/crossover region.
This ensures that we work with statistical errors dominated
by the gauge fluctuations and not by the ones coming from
the stochastic estimators.

The ensembles we are working with have been gener-
ated using the inexact R algorithm which introduces finite
step-size errors. In our previous study of these ensembles
[21] we measured the step-size error in both gluonic and
fermionic observables. The error was considerably less
than 1% in the relevant gluonic and fermionic observables,
measured on the high temperature ensembles. For the EOS
at zero chemical potential it is necessary to subtract the
high temperature and zero-temperature values. In the dif-
ference the effect of the step-size error becomes somewhat
more pronounced. The contributions to the EOS due to
nonzero chemical potential, computed here, do not require
zero-temperature subtractions. Thus, based on the obser-
vations noted above, we expect any step-size errors in these
contributions to be considerably smaller than our statistical
errors.

IV. NUMERICAL RESULTS

Figure 2 shows our results for the temperature depen-
dence of the ¢,((T) and the c,,(T) coefficients. They all
show rapid changes in the phase transition region and
relatively quickly reach the Stefan-Boltzmann (SB) ideal
gas values around 1.57,-2T,..

Unsurprisingly, the errors of the higher order coeffi-
cients are larger than the ones for the lowest order coef-
ficients. They are worst for the sixth order coefficients
ceo(T) and cye(T). Although the magnitude of the coeffi-
cients decreases with each order in the Taylor expansion,
for ji/T ~ 1 the sixth order terms contribute a great deal of
noise in the thermodynamic quantities at the present level
of statistics. Very similar conclusions can be made about
the general behavior of the rest of the pressure coefficients,
¢um(T) with both n, m # 0, shown in Fig. 3.

By comparison with the c,o(T) and c,,(T) coefficients,
they are smaller and so are their contributions to the
various thermodynamic quantities.
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FIG. 2 (color online).

Figures 4 and 5 show the coefficients in the Taylor
expansion of the interaction measure.

Here again we see the rapid changes/large fluctuations
around the transition region, the fast approach to the SB
limit at high temperatures and the increase in magnitude of
the errors and the decrease in magnitude of the coefficients
with each successive order. In principle, each c,,,(T) co-
efficient could be obtained from b,,,(T) by integrating the
latter along the trajectory of constant physics. For example,
in Fig. 6 the cy(T) coefficient obtained directly using

Taylor expansion coefficients c¢,o(T) and ¢y, (T) for p/T*.

Eq. (5) is compared to its value calculated by integrating
byo(T). The comparison shows that within the statistical
errors the two results are the same.

Similar calculations were done for the rest of the coef-
ficients and the consistency between the results from the
two methods was satisfactory considering the large errors
on the values obtained by integration.

Having determined the c,,,(T) and b,,,(T) coefficients
we can now calculate the EOS to sixth order in the chemi-
cal potentials. We also determine the quark densities and
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FIG. 3 (color online).

Taylor expansion coefficients c,,,(T) with n, m # 0 for p/T*.
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FIG. 4 (color online).

various susceptibilities to fifth and fourth order, respec-
tively. Since we want to work at strange quark density n, =
0 to approximate the experimental conditions, we tuned
/T along the trajectory of constant physics in order to
achieve that condition within the statistical error. Figure 7
(left) shows, for several values of /T, that with fi,/T =
0 a slightly negative n, is generated due to the nonzero
¢,1 (T) terms. After the introduction of an appropriate non-
zero fi,/T for each studied temperature and f&,/T, Fig. 7
(right) shows our approximation of the condition n; = 0.

Taylor expansion coefficients b,(T) and b, (T) for I/T*.

The effect of the tuning on thermodynamic quantities,
other than n,/T3 itself, is small, because of the smallness
of the “mixed expansion coefficients” c,,,(T) and b,,,,(T)
for n, m # 0. For our level of statistics the typical effect is
within the statistical errors on the studied quantities.
Figures 8 and 9 show the corrections to the pressure,
interaction measure, and energy density due to the pres-
ence of a nonzero i&,;/T. The correction to the pressure, for
example, is the difference Ap/T* = p(u;, # 0)/T* —
p(uy, = 0)/T*, which is Eq. (5) minus the zeroth order
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FIG. 5 (color online).

Taylor expansion coefficients b, (T) with n, m # 0 for I/T*.
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FIG. 6 (color online). Comparison between two different
methods for calculating ¢,y(7). The direct method uses Eq. (5)
and the other method integrates b,y(7T) along the trajectory of
constant physics. The integral method produces significantly
larger errors than the direct one.

term cgo(T) = p(u;;, = 0)/T*. Similarly for the interac-
tion measure and energy density, the corrections are
AI/T* = I(uy), # 0)/T* — I(uy;, = 0)/T* and Ag/T* =
e(pyp # 0)/T* — e(uy, = 0)/T*, which means again
that the zeroth order terms are subtracted from the Taylor
expansions for these quantities. Qualitatively, our EOS
results are similar to the previous two-flavor studies [16].
The corrections to the thermodynamic quantities grow with
increasing ,;/T and so do the statistical errors. The latter
is due to the increasing contributions from higher order
terms, which are noisier than the lowest order terms.
Figures 10 and 11 show that similar observations are true

PHYSICAL REVIEW D 77, 014503 (2008)
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FIG. 9 (color online). Corrections to the energy density at
several values of fi;/T. fi,/T is tuned such that n; = 0 along
the trajectory.

for the rest of the studied quantities: the light quark density
and the light-light, heavy-heavy, and light-heavy quark
susceptibilities. Of these, the weakest dependence on
/T is shown by the heavy-heavy susceptibility y,,. A
clear peak structure at the accessible @,;/T in the flavor
diagonal light-light quark susceptibility y,, would be a
sign of reaching the critical end point in the 4 — T plane.
Our result does not show such a peak. Considering the
significant errors for larger values of @,/T, it is difficult to
say whether such a structure could be revealed with higher
statistics or if the critical @,;/T has not been reached here.
In any case, reducing the statistical errors and probably
adding higher orders in the Taylor expansion would be the
way to resolve that important problem.
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FIG. 7 (color online). The strange quark density n,/T>:
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Corrections to the pressure (left) and interaction measure (right) at several values of fi;/T. ii,/T is tuned such
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FIG. 11 (color online).
ny = 0 along the trajectory.

The isentropic EOS

The AGS, SPS, and RHIC experiments produce matter
which is expected to expand isentropically, i.e., the entropy
density s and baryon number ngz = n,,;/3 both remain
unchanged during the expansion. This implies that s/ng
remains constant. For the experiments mentioned, s/ny is
approximately 30, 45, and 300 [17], respectively. In this
subsection we present our results for the EOS and other
thermodynamic quantities as calculated at nonzero chemi-
cal potential on trajectories in the @ — T space with s/ng
fixed at the values relevant to these experiments. Figure 12
shows the trajectories in the (u;, wy,, T) space, obtained by
numerically solving the system
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with C = 30, 45, 300 for temperatures at which we have
simulations. The tuning of the parameters wu; and w, is
done until the deviations from C and zero are no bigger
than the statistical errors of s/ny and n,/T?, respectively.
After mapping the isentropic trajectories we use them to
calculate the EOS, the results for which are shown in
Figs. 13 and 14. For comparison, we also include the
EOS result with s/ng = oo, which is the zero chemical
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FIG. 12 (color online).
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FIG. 13 (color online).

Isentropic version of the interaction measure (left) and pressure (right) dependence on temperature at

different finite values s/by as described in the text. The case of zero chemical potential (s/ng = 00) is also shown. These are the full
results for the quantities, not only the correction due to the nonzero chemical potential.
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FIG. 14 (color online). Isentropic versions of the energy den-
sity dependence on temperature.

potential case (u; = wu;, = 0). From the EOS results we
conclude that in the studied range of s/ny the differences
between the isentropic trajectories are not very large, with
the interaction measure least affected by the change in
s/ng. Our results are again qualitatively very similar to
the two-flavor isentropic EOS study from [17]. The isen-
tropic results for n,;, X,u» Xus>» and X, are shown in
Figs. 15 and 16.

It is interesting to note that y,, does not develop a peak
structure on any of the isentropic trajectories. This means
that all of the experiments work in the ranges of s/np far
from the critical end point, if such an end point exists at all
for physical quark masses [22]. The light quark density n,,
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FIG. 15 (color online).

Light quark density (left) and light-light susceptibility (right) for different s/np.
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FIG. 16 (color online).

Light-heavy (left) and heavy-heavy (right) susceptibilities for different s/np.
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looks most affected by the value of s/ng, and y,, is practi-
cally independent of it.

V. CONCLUSIONS

We have calculated the QCD equation of state for 2 + 1
flavors along a trajectory of constant physics and at non-
zero chemical potential using the Taylor expansion method
to sixth order in the chemical potential. The Taylor expan-
sion coefficients for the pressure and the interaction mea-
sure were determined directly by measuring a set of
fermionic and gluonic observables on the finite-
temperature ensembles along the trajectory. We used
Gaussian random sources in the calculation of the 40
fermionic observables. The higher the order of the coef-
ficients the noisier they proved to be. Although the higher
order coefficients have smaller magnitudes, for increasing
values of the chemical potential they contribute signifi-
cantly to the statistical errors. We tuned the heavy quark
chemical potential at each temperature studied in order to
keep a vanishing strange quark density and have deter-
mined a number of thermodynamic quantities at different
values of the light quark chemical potential for which the
ratio @;/T < 1. Our corrections to the EOS due to the
nonzero chemical potential grow with the increasing val-
ues of fi;/T. However, not all thermodynamic quantities
are equally affected by the addition of a chemical potential.
Indeed, the heavy-heavy quark susceptibility is practically
independent of it.

We also have determined the isentropic versions of the
EOS, the light quark densities, and quark number suscep-
tibilities, which are supposedly most relevant for the cur-
rent heavy-ion collision experiments. We found that the
EOS is not strongly affected by changes in the ratio s/ng,
which is in agreement with previous two-flavor results
[17].
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APPENDIX A: PROPERTIES OF THE QUARK
MATRIX DERIVATIVES

We use the following identities for the fermion matrix
and its derivatives:

PHYSICAL REVIEW D 77, 014503 (2008)

Mt (u) = 75M(—M)75, and

awf (A1)
() =(=D"y ( M)V
Then, at u = 0
oMM amM *
o M 1 2 Mﬂ...)
op™ o’
(g o P M
Iu™ I’

(A2)

Because the terms in the nth derivative satisfy ny + n, +
- = pn, we obtain

0" IndetM 0" IndetM
<T> = (=" g (A3)
0" trM 1\ " trM !
(S ) = @
M op
" trM ™~ 133/1 9" trM 1 M
() mCrs @
M ap

i.e. all even derivatives are real and all odd ones are purely
imaginary. This means, for example, that

Re(L,L L) = —(Re(L,) Im(L,) Im(L,)), (A6)

and the real part of any observable containing odd number
of odd derivatives is zero.

Explicitly the derivatives of the asqtad fermion matrix
are

"M 1
ap" ) Mo(O[UY (x)ek 8,1
— (=D)"UPT(x — O)e~6

+ 3)' U e,y

Ly+ﬁ

— (=3 UP (e = 30)e 48, ) (AT)

APPENDIX B: ALGEBRAIC TECHNIQUES FOR
THE PRESSURE

The nonvanishing c,,,(T) coefficients from second
through sixth order are
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_ 1 9*(p/TY _IN 4
072 (/TP 2N
1 Mp/TY 1 1 2
Cq0 = 47 W 47 W(ﬂm 3‘A2O)
_1.d%p/TY 1
0 T ST | oo™ 61 NG P T 15 A0 £ 025
1R |1,
272 8w /TP 2N
1 8% (p/T? 1
= = 3 o ’
cos = /T | o = N3N (Ap —3A%)
_ 1 6%p/TY 1
00 = 61 St |, o 81 W s ~ 13 A0 Aer + 30
. P(o/T) Mg
U a(u/ D)o/ T) | o N3
1 *(p/T*) 1 1
=__ = — - 3
S S G DT | o 3NN, T A
1 *(p/T*) 1
_ - (A -3ApA
C13 3'1| a(Ml/T)a3(lu‘h/T) M]’,,ZO 3|1' N?N ( 13 02 11)
1 *(p/T*) 1
— 242
en =5 PG D7/ | o =50 N3Nt(.5422 AxnAp —2A7),
1 °(p/T")
oy = ——
24 a4(u,/T)az(uh/T) 1140
1
~ 4121 N3N3 (Ap = 6AnAyn —8A Ay — AyAp + 24 A0 A} + 6 AnA%)
1 a%(p/T*)
oy =
#4120 02wy /D)o (wn/T) |y~
1
a4 W(ﬂﬂ —6Apn Ay —8A A3 — AuAy + 24 A5, A%, + 64,5 A,)
1 9°(p/T*) 1
51 =57 95 (u,/T)9 () T) 0 TN N3N 3(52151 1045, Ay — 5 A4 Ay +30A,,.435)
M=
1 3(p/T% 1 2
TS 0 (/)0 () | o 511 W (Ais =10A 3 Ap = 5 A0 A + 304, Ag)
i h M= e Ats i
1 (p/T?
Con = ——
373131 a3(m/T)63(Mh/T) 14 =0
1
~ 33 N3N3 (A =3 A3 A —3A13 Ay — 9A 1 Ay + 18 A5 Ap Ay + 1247)).

[

To generate the above expressions for c,, we follow dlnZ .
closely the technique given in [16]. Let P = Ao = (H)).
It can be shown that
dInZ dA
= le01 = <L1>’ (Bl) —= = ﬂn-%—l,m - ﬂl()ﬂnmr
o o
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dA
8,ut,m = ﬂn,m-%—l - ﬂOlﬂnmr (B4)
where
9"elo gmeHo
Ay = <eLﬂeH0 - — > (B5)
ouy oup

Higher order derivatives of InZ at u;; = 0 are zero if n +
m is odd, which can be shown to mean that, in this case,
A ,m» = 0. An example for getting a higher order deriva-
tive using either Eq. (B1) or Eq. (B2):

Ay =(Ly) +(LD),  Au=

PHYSICAL REVIEW D 77, 014503 (2008)

?InZ A, JIA

_ 0 _ 0— (A, - A0 A =0
Ipmdpmy,  Opy Iy

_a, (B6)

Once an expression for ¢, is obtained it is easy to get c,,,
by just interchanging n and m in the former. The observ-
ables A, in terms of the operators

3" IndetM; and Hm:n 9™ IndetM,,

n h
4 out 4 oup

L,= (B7)

are

(L) + KLsLy) + 3(L3) + 6L, LT) + (L),

Ago = (Lg) + 6(LsLy) + 15(L4Ly) + 10(L3) + 15(L4L3) + 60(L3L, L) + 15(L3) + 20(L3L3) + 45(L3L?) + 15(L,L?)

+(LY),
Ag, = (Hy) + (H?),

Ay = (Hy) + 4H;3H\) + 3(H3) + 6(H,H7T) + (HY),

Ao = (He) + 6(HsH,) + 15(H,H,) + 10(H3) + 15(H,H?) + 60(H3H,H,) + 15(H3) + 20(H;H;) + 45(H3H?)

+ 15(H,H?) + (H?),
Ay =(LH)),
A3 =(HsL,) + 3(H,H\L,) + (H}L,),

Ay =(LyHy) +(L,H?}) + (L}H,) + (L1H}),

Ay =(L3H,) +3(L,L H,) +(L{H,),

Ay = (LyH,) + KL3L Hy) + 3(L3H,) + 6(L,L3H,) + (LTH,) + (L4H?) + &KLs L H?) + 3(L3H?) + 6(L,L1H?)

+(L1H?),

A,y = (H,L,) + 4H3H\Ly) + 3(H3L,) + 6(HyH7Ly) + (H{Ly) + (HyL3) + 4(H3H,L3) + 3(H3L3) + 6(H,H?L?)

+(H{LY),

As) =(LsH) + 5(L4L H) + 10(L3LyH,) + 10{L3L3H ) + 15(L3L H,) + 10(L,L3H,) + (LIH,),

Ays =(HsL)+ 5(H,H,L
Ay = ((Ls +3L,L, + L})(H; + 3H,H, + H3)).

The observables L,, and H,, include the quark matrix M(=
M, ;,) derivatives with respect to (= ;) which have the
following form:

d IndetM oM
L <M 1 )) (B8)
ou ou
0% IndetM *M oM oM
e — (M 28 — (M S 22, (BY)
ou ou? ou a,u

}IndetM _ L0*M oM 0*M
d° Indet (-t 2 O e By en| -
ou’ ou ou om

+ o p 1 My My M
< Ip I 8#«)’

(B10)

)+ 10(H3H, L) + 10(H3H? L) + 15(H3H, L

1)+ 10(H, H3L ) + (H3Ly),

[

9% IndetM _, 0*M
74=tr< 74)
ou I
P3M
— 4t M~ 19 M !
ou 6/.L
M *M
—3tr<M l—M ! )
ou? ou?
oM oM ’M
+ 12tr M’I—M’I—M’l—2
B,LL a,u ou
oM
—6tr[ M~ 19 M 19 M !
ou ou 6,LL
X M1 19M (B11)
u)
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> M | OM *M *M
97 Indetd_ (Ml )—5t< Ep ) 10t<M1—M1 )
oud ou’ o o’ ou? ou’
oM oM a3M oM, 0*M ’M
+20u(M —M I —Mm! +30u(M ' ——M ' — M ——
op ou ou ou? G,LL
oM oM oM, *M oM oM oM
-60tu{M ' —M ' — M — M + 24 tr( M~ 1—M 19 M — M — —),
ou ou ou 6/.L ou ou ou ou ou
(B12)
9% IndetM M oM PM ’M *M >’M
n—2=tr<M_1—6>—6tr<M_ Sy Ve 5)—15t<M Ry Vel 4> 10t<M— ey i Rl
ou oum ou ou au? ou ou’
oM oM o*M | OM ’M P3M
+30u(M ' —M ' —M ' — )+ 0u( M ——M T =M —
ou om a,u om ou? om
?*M oM N ?*M ?*M *M
+60tr( M~ 1—M l—m! +30u(M ' —M ' —M! 2)
ou? o a,u o oM o
oM oM oM M oM oM ’M ’M
—120te(M ' —M ' — M —— M ——), —180tr M_I—M_l—2 —
N ou ou ou’ 8,u ou ou ou
oM ?PM M *M oM oM oM oM ’M
—90tr<M‘ O Sy Sy )+360t( P 1 2y 22 —2)
ou ou? ou d ou ou o ou
oM oM . oM oM oM oM
- 120a0(M ' —M ' —M ' —M— M —— M) (B13)
o om ou ou ou o
{
APPRENDIX C: ALGEBRAIC TECHNIQUES FOR ¢ above means
THE INTERACTION MEASURE Boo = (rM; 1), (C4)
Equation (13) for the coefficients b,,,(T) contains three
types of derivatives of the fermion matrix with respect to
the chemical potentials. We tackle them separately in the , 5
following. B = (M, ). (CS)
It foll that
1. First type of derivative otiows tha
. Here we give the method [16] for calculating the deriva e B = A B (C6)
tive o
an+m<M—1>
S (C1) 0B,
a(lu’l]\]t) a(I‘LhN[) :U'l,h=0 G—M = Bn,m+] - ﬂOanm) (C7)
A convenient place to start in this case is by defining the
observables 9B
o (trMelo) gmelt apilm = Brein = AroBun (C8)
t 0 0 1
Bnm = <eL Ho - ln ° em >’ (C2)
o oy
JB,
L H an = Bn m+1 ﬂOIBnm‘ (C9)
a"e~0 9™(trM,; ‘e'o h
Bl = <e_Loe_Ho en (tr hm ¢ )> (C3)
dp] d g, Using the above and then applying u;, = 0 we get
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o (teM; )
I
oMM )
Iy
aS(trM ;1)
Il
d%(trM; ")
o}
oMMt
o
a%(teM; )
o
oM,y
Kt
oM )
optopl

oM, ) _
Iy

%My
Imjom;

aSrM; Yy
i)

aSerM; Yy
Iy o

By = AxnBo

By — 6 A2 By + 6.A5,Byy — ABy,

Bso — AeBoo — 15A,0Byy — 15A4,40Byg + 30 A0 A 4By + 9043, By — 9043, By,
Bor — A Boo

Boy — 6 A0 By, + 6.A5,Bo — AwuBo,

Bos — AosBoo — 15 A0, By — 15 A0, Boy + 30 A4, AgsBoo + 9043, By, — 90 A%, By,
B, — AuBoy,

By — AnBo + 2By Ap Ay + 4By Al — 4B A — ApByy — AxnBn,

Bis — A;3By —3A0nB;; —3A 1By + 6. A, AgpnBay,

B3 — A31Bo —3ABi —3A11By + 6411 A% B,

324 - ﬂ24300 - 8JIZ\II:BB + 16~¢t13~521111;00 - 8ﬂ13311 - *AO4BZO - ﬂ20304 - 6~AOZB22

+ 6.52[(2)2320 - 6‘5422302 + 48ﬂ02ﬂ]]31] + 12%22.7\02300 + 12.}420‘/’402302 + 24\/,4%1 302
—T12A3 ApBoo — 18 A2 A5 B + 2 A0 A0 Boo,

= 342 - ﬂ423()0 - 8~ﬂl11331 + 16~ﬂ[31~ﬁl11300 - 8‘ﬁ‘ﬂBll - J,Zl40302 - -5402340 - 6ﬂ20322

+ 6ﬂ%0302 - 6‘222320 + 48ﬂ20ﬂ]]31] + 12ﬂ22ﬂ20300 + 12.}2[02‘/,420320 + 24./,4%1 BZO
- 72ﬂ%1ﬂ20300 - 18.}402‘/’430300 + 2.}402\/,440300,

B15 - ﬂlSBOO - 1O~52102BI3 + 2()~;Zl13~,"7l02300 - 5~;ZLO4BII - 10~;Zl13BO2 - 5~;lelBO4 + 30%%2311
+60A, ApBy + 104, Ay By — 904, A%, By,

351 - le51,-800 - 10*le0£31 + 20ﬂ31ﬂ20300 - 5*ﬂl40,-811 - 1OﬂBIfBZO - 5ﬂ11f340 + 30‘ﬂl%OfBII
+60A 1 AyBy + 104, AyBy — 903411}\30,300,

Biz — As33Boy —3A,0B13 —3A0B3; —9A4,1By —9A»nB, —3A 3By, — 3A3, By

+ 36ﬂ%1311 - 36ﬂ?1300 + 6ﬂ13ﬂ20300 + 6ﬂ31ﬂ02300 + 18,%02.5420311 + 18ﬂ11ﬂ22300
+ 18 A0 Ay 1By + 1841 AyBy, — 5441 Ay AxyBy.

Replacing B with B’ in the above we get the expressions for the derivatives of (trM; ). Let
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_omuaM;!

., L (C10)
o]
" trM; !
hy=2—"h (C11)
opmy

then explicitly we have

Boo = Loy = (M 1), By =) + L), Bao = (L) + 2, Ly) + (loL,) + ([oL?),

Byg = (I3) + HLLy) + 3{l 1 Ly) + (loL3) + 3(I 1 LT) + 3(loLLy) + (lHL3),

By = (la) + K3Ly) + 6l Ly) + &1 L3) + (loLy) + 6LLT) + 12(, L Ly) + 3(loL3) + KoL L3) + 41 L3)
+ 6¢IyL2L,) + (oL,

Bso = (Is) + 30{l, L Ly) + 30{|L3L,) + 20¢1, L L3) + 10{lgL3Ly) + (loLs) + 5¢I,L}) + 10{l,L3) + 5(14L})
+ 10{/3Ly) + 10{I3L3) + 5¢I, Ly) + 15¢1,L3) + 10{, L3y + (IoL3) + 10{lgL,L3) + 5oL Ly) + 15(loL,L3)
+ 10{lyL3L5),

Beo = (lg) + 60(l | LoL3) + 15(1oL1L,) + 201y L3 L3) + 90, L3Ly) + 90(I, L L3) + (IoLe) + 6(1;L3) + 45(1,L3)
+ 15, LYy + 20(I3L3) + 151, L4) + 6(IsLy) + 15(I4Ly) + 151, L2) + 20{I;L3) + 10¢1,L3) + 151, L3)
+ 61, Lsy + 60{I3L L) + 60(l,L L) + 60¢I;L3L3) 4+ 30¢I, L Ly) + 60{l;L3L,) + 45(1oL3L3) + 15(IyL,L,)
+ 6(lgLLs) + 15IgLTLys) + 60Clo Ly LyL3) + (IoLS),

By, = (loH,) + (loH?),

B = (loHy) + KlyH3H,) + 3y H3) + 6loH HY) + ([ HY),

Bos = (lgHe) + 6ClyHsH ) + 15(lgH,H,) + 10{loH2) + 15(lgH,4H?) + 60loH3HoH ) + 15(lgH3) + 201 H3H3)
+ 45(l H3H?) + 15(lH,HY) + (IgHS),

By = (LHy) + L Hy),

By ={(l, + 21, Ly + lyLy + [,L)(H, + H?)),

By = (l3H;) + 3L Hy) + 31, LyHy) + (lgL3Hy) + 3 L1H; ) + 3(lo L LoHy) + (lgL7Hy),

B3 = (I, + lhL,)(H; + 3H,H, + H?)),

By, = Iy + 4L, + 6l,Ly + 41, Ly + IgLy + 61,12 + 12111, Ly + 310L3 + 41yL L3 + 41, L3} + 6l4L3L, + [,L})(H,
+ HY)),

By = (I + 2L, Ly + gL, + 1oL})(Hy + 4H3H, + 3H3 + 6H,H? + H?)),

Bsi = (IsH;) + 30(l,L | LoyH,) + 30, L2L,H}) + 201, L L3 H, ) + 10{loL3L,H}) + (loLsH,) + 5(I, L{H )
+ 10{l,L3H ) + 514, L 1 H) + 10{3L,Hy ) + 10{3L3H ) + 5, LyH ;) + 15, L3H ) + 10, L3 H,) + (I, L3H ;)
+ 10y Lo L3H ) + 5oL LyH ) + 15¢1gL\L3H,) + 10¢l,L3L;H}),

Bis = (I + loL,)(Hs + 5H4H,| + 10H3H, + 10H3H? + 15H3H, + 10H,H; + H3)),

Byz = (I3 + 3L,Ly +31,Ly + loLy + 31, L3 + 3loL Ly + I,L3})(H3 + 3H,H, + H3)).

From the above expressions it is easy to get the B’ expressions by substitutions
Blw=B,,(1—h L — H). (C12)

Explicitly /,, and h,, are the derivatives below with M = M, and u = w; .
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S aM ! oM PM PM oM
;6— <M 1—M 1>+6tr<M*1—M*1—5M*1>+6t<M 1—M M- 1)
o op ou o oud ou
M P*M
+15tr<M 1—M 1—M 1>+15tr<M 1—M 1—M 1>+20tr<M 1—M 1—M 1)
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oM *M *M_ IM
—30tr<M I—M— — M —M >—30tr< M— —M! —1>
ou a,u, ot 8,u
a4M oM _,0°M #*M
50 T I ) {1 2y Ty )
ou a,u oum ou
_, M *M M oM
—60tr<M '—M'——=M—— —> < —M! M—1>
ou N a,u ou
a2M PM oM 82M oM P*M
—60tr<M — M~ l—M L — M- )—60t<M '—M ! M”—M )
ou’ ou ou o’
L O*M a2 a3M oM M
—90tr< 1 E g 2M‘1>—60t<M VM g1 WM gy O™y 1)
ou ou ou’ ou ou?
a3M oM oM oM oM P*M oM oM
+120tr(M 1—M "M ' —M'—M ) 120tr<M M~ 1—M M1 —M 1)
ou a,u ou 8,u a,u, ou ou
oM oM PM
+120tr<M 1—M ! M‘I—M 1—M 1)+120tr<M ! M 19 M M- 1—%M‘1>
ou ou’ ou ou ou ou ou”
a2M M oM oM M M *M_ OM
+180tr(M —M —M —M —M >+180tr(M —M '— M —M M >
o> o op? ou ou? ou
82M L OM oM oM M M oM
+ 180tr( M~! — M ' —M )+ 180t M — M~ '—M 1—M M1
B,LL ou ou aou? ou? ou
M M, oM oM M M
+180tr(M 1— — M ! >+180tr(M‘1—M‘1—M‘1—2 ‘1—2 ‘1>
a,u a,u, ou ou ou o
—360tr( M~ aMM”ﬂ -1 aM
2 ou o B,LL
—360tr{ M~ 1 62M —1%1‘4—13
G,U, om a,u
L OM ?*M oM oM
—360tr<M I — M*‘—ZM —M! M 1)
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oM a2M
—360tr<M 1My OV OV )
a,u, ou a,u
—360trM1—M1%M'%M'aM - 2M -
o o o
| oM oM oM aM oM
+720tr( — MM MM M”). (C18)
a,LL o I ou Ly
2. Second type of derivative ; Lo 6"[tr(Mf1‘3—’Z;)eLo] gmaHo 20
= “Loe o
The next term we are concerned with is the derivative ”m <e ¢ out aum > (€20)
ntms A g—1dM;
nt <Mf1 du({> (C19) / . 8” Lo am[tr(Mhli;Z[h) HO]
= —Lo
a(:leNt)na(MhNt)m M1, =0 Cm <e e aMl a/'Lh > (€21)

Here we start from the definitions

From the above
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am The derivatives
COO = <tl'<M 1 in l>>’ (C22) an<t (M 1dM,,,)>
0 r
% (C28)
dMm, Kl
M;! . C23 . .
Coo <tr< duyg >> (€23) have the form of the derivatives of (tr(M;}!)) in the pre-
The following can be proven true: Vi?us section with thq substitutions B,,, — C,,, and
B!, — Ch- The explicit forms of C,,, and C/,, are the
ICom _ Coitm — ALC (C24)  same as for B,,, and B!, with the substitutions [, — A,
dp e e and h, — x,, where
ac,,. o"(M; ' G
= Cn m+1 *jzl()lcnm’ (C25) n = 7! (C29)
aﬂh ’ a/"Ll
IChm / " tr(M; 1‘IM”)
o =Chiim — A10Chm (C26) Xy = T (C30)
ouy
/
ICoum = ! — / These derivatives have the form below with M = M,
Crme1 = AaCom- (C27) :
I, and u = up
|
d (M~ G0 (MM 6 M
r —_— —_—
ou ( op  duy ey du0>
PuMT G MV aM  _oMT' 9 dM || 8% dM
D (T M M T
Ip ou=  duyg opm  op dug ou” duyg
O (M Gt LM AM M 9 M oMl @ aM 9 dM
i r _ S — U — S —
ou’ ( op’  dug ou’> ou dug o ou? dug ou’ du0>
64tr(M*‘j—uM0 - 64M_1d_M BM! id_M 9ZM~1 92 d_M+ oM~ 93 d_M+ . 94 d_M
aut ou*  dug op® ou dug ou? du o ou’ dug ou* duy)
FPuM G M aM | _a*MT' 9 dM LM atam M 9 dM M 9 dM
o’ ( op’  dug au* ou dug o ou* dug o’ ou? dug op?> ou’ dug
= 9° dM
I du0>
9 (M~ D) MM M 9 M oM 8 M oM @ aM M ot dM
p—t r _ S — S — M — S —
aub ( ou’  dug o’ op dug o o’ dug ou*  ou? dugy op?>  ou* dug
#PM~t 9 am a8 dm
+20—3—3d—+M1—d—>.
a,LL 6,u, dl/to 6/_L6 dl/t()
In the above the derivatives of M~ ! can be taken from the 3. Third type of derivative
previous sub§ection. Thg derivative of M with respect both The third type is the gauge derivative
to the chemical potential and the tadpole factor for the
asqtad action, is 9"tm(G) (C32)
qn dM dU(()F)(X) a(:u'th)na(:u‘hNt)m p«,yh:O.
7o(x )[ e S
aou" d“o 2 o du, oy In this case let
ndU(F)Jr _ L H
—D ¢ oyt G = (Getoe—n L2 2 (C33)
dl/to m n m
o opy Oy
dUy” (x
+ (3 ——e 0,130,y and similarly as before
o
dUP (x —30) _ Gm _ _
= (=3 — a 3w Bmm} (C31) Py Gortm = A10Gum (C34)
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aG
= Gn,m+1 - ‘/,Zl()lGnmr (C35)
Opp
with
Goo =(G). (C36)
This means that the necessary  derivatives
9" (G)

ERARITAL | =0 have the same form as the derivatives
t 1 ’

gntm tr(Mffl) .
Wlﬂl,hzo with Bnm i Gnm' The Gnm observ-
ables have very similar form to the ‘A, observables, but
with an additional multiplication by G inside the ensemble

average brackets of each term in them. For example,

TD| = Gn-AxGw )

and
G = (GL,) +(GL}), (C38)

etc.
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For example, combining the three types of terms for
each flavor, one of the simplest of the Taylor coefficients
in the interaction measure expansion, b,,, becomes

1 N, 11 d(m;a)
by = — [—

(320 - ﬂ20 B00)

Mi,p=0

(CZO - ﬂZOCOO)

M1 =0

21N3|2 dlna
1 duy
2 dlna
1 d(mya)
4 dlna
1 du

* 4 dina

(Blzo - ﬂzoBf)o)

H1p=0

(C'zo - le20660)

=0

+ Gy — ﬂzoGoo}

(C39)
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