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Analysis of K™ — e™ v,y in light-front quark model and chiral perturbation theory of order p
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Within the frameworks of the light-front quark model (LFQM) and chiral perturbation theory (ChPT) of
O(p®), we reevaluate the form factors of the K™ — v transition. We use these form factors to study the
decay of K* — e*w,y, which is dominated by the structure-dependent contribution. We show the
differential decay branching ratio as a function of x = 2E, /my, where E, (mg) is the photon energy
(kaon mass). Explicitly, we find that, in the standard model with the cut of x = 0.01 (0.1), the decay
branching ratio of K* — e*w,y is 1.54(1.44) X 107> and 1.57(1.47) X 1073 in the LFQM and ChPT,

respectively.
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I. INTRODUCTION

Experimentally, both decays of K* — e*v, and u* v,
have been precisely measured with the decay branching
ratios being (1.55 = 0.05) X 107> and (63.44 = 0.14) X
1072 [1], respectively. The smallness of the electron
mode can be easily understood as it is helicity suppressed
with the suppression factor of m2/m?2, ~ 2 X 107> in com-
parison with the muon mode. For the corresponding radia-
tive decays of K* — €T v,y(f = e, u), it is known that
they receive two types of contributions: “inner bremsstrah-
lung” (IB) and “‘structure-dependent” (SD) [2,3]. For the
decay of K* — e" v,7y, while the IB contribution is still
helicity suppressed and contains the electromagnetic cou-
pling constant « as well, the SD part gives the dominant
contribution to the decay rate as it is free of the helicity
suppression. Similarly, the SD contribution is also impor-
tant to the decay of K* — u* v,y [4].

In the standard model (SM), the decay amplitude of the
SD part involves vector and axial-vector hadronic currents,
which can be parametrized in terms of the vector form
factor Fy and axial-vector form factor F,, respectively.
However, the experimental determinations on these form
factors are poorly given and model-dependent [5-7]. In
particular, the experimental results on the decay rate of
K* — e*v,yinRefs. [5-7] were based on the assumption
of Fy and F, being some constant values in the chiral
perturbation theory (ChPT) at O(p*) [4]. In the ongoing
data analysis of the E949 experiment at BNL, more preci-
sion measurements on the decay of K* — e*v,y are
expected [8] and thus, the model-independent extractions
of the SD form factors are possible. Theoretical calcula-
tions of Fy, and F, in the K* — 7 transition have been
previously done in the ChPT at O(p*) [4] and O(p®) [9,10].
However, the results of the ChPT at O(p®) [10] have not
been fully applied to the decay of K™ — e® v,y yet.
Moreover, it is important if we could obtain information
on Fy 4 in some QCD model other than the ChPT. For this
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purpose, in the present study we will also evaluate Fy 4 in
the light front quark model (LFQM). We will use the form
factors in both ChPT and LFQM to examine the decay of
Kt —ety,y.

This paper is organized as follows: We present the
relevant formulas for the matrix elements and form factors
for the decay of K™ — e* v,y in Sec. II. In particular, we
study the transition form factors of K* — v in the ChPT of
O(p®) and LFQM. In Sec. 11, we describe the differential
decay rate of K* — e*w,y. In Sec. IV, we show our
numerical results on the form factors and the decay branch-
ing ratio in both ChPT and LFQM. We will also illustrate
the differential decay branching ratio as a function of x =
2E,/mg, where E,, and my are the photon energy and kaon
mass, respectively. We give our conclusions in Sec. V.

II. MATRIX ELEMENTS AND FORM FACTORS

In the SM, the amplitude of the decay K* — et v,y

(K:zy) can be written in terms of IB and SD contributions,

given by [3,4,11,12]

. Gp . )
Mg = ie— sinf . Fym, €, K*,

V2

G
Mgp = —ie—— sinf €}, L, H"", (1)

V2

M = MIB + MSD!

where

o 2 g( _j’_ o
vk 2TV,
k9 2p.-q

LV = ﬁ(pV)YV(l - YS)U(pe)y

ke = a(p,)(1 + w(p

F F
HW = 2 (=g py - q + pkq") + i *Pg,pyp,
mg mg
2)

€, 1s the photon polarization vector, pg, p,., p., and g are
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the four-momenta of K, v,, ™, and vy, and Fx and Fy,
are the K meson decay constant and the axial-vector (vec-
tor) form factor corresponding to the axial-vector (vector)
part of the weak currents, defined by

Ol5y*ysulK* (pg)) = —iFxpk,

(@lay yssK(p)) = ei—j(up Qe — (€ - plgt]

_ . F
(y(@lay*s|K(pg)) = tem—vs’“‘*”e*aqﬁpw (3)
K

respectively, with p = pgx — ¢ being the transfer momen-
tum. We note that Mg in Eq. (1) is suppressed due to the
small electron mass m,. In the decay of K* — et v,y, the
form factors F v in Eq. (3) are the analytic functions of

|

29 =P o, uprvty + Emeut + oyt
n _T T m Z Y X))
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p* = (px — ¢)?* in the physical allowed region, given by

m? < p* = mk. 4)

In the following discussion, we will first summarize the
formulas for Fy 4 in the ChPT and then study these form
factors in the LFQM. We note that similar calculations for
the P — y(P = K%, D, B) transitions in the LFQM have
been performed in Refs. [13-15].

A. Chiral perturbation theory
The chiral Lagrangians contain both normal and anoma-
lous parts. At orders of p™, the nonanomalous and anoma-
lous Lagrangians of L and £ relevant to the K:zy
decay are given by [10]

LY = L,[Te(D,UD*UNP + L,Tr(D,,UD,UNTe(D*UD*Ut) + LyTr(D,,UD*UTD,UD"Ut)
+ L,Te(D , UD*UNTr(x Ut + Ux") + LsTe(D , UD*UT (Ut + Ux")) + Le[Tr(xUT + Ux")T?
+ Ly[Tr(x'U = UT )P + LgTr(xUT xUT + UxtUx") + iLoTx(L,,D*UD"U' + R, D*UTD"U)

+ LyoTr(L,,UR,,U"),

ﬁf) = y,7</\/+hwh“”) + Y18<X+><hwh”y> + y81<X+f+,quT/> + y82<X+>(f+Wfl+w> + iy83<f+,w{/\/+, utu”})
+ iysulx e Xt u?) + iygs(f 4wt x ) + iy100(f = wLF72 hp D+ Vioolx o f - pnf2)

+ V105X = o2 + Yioalf +wlF2 X =D + 3100V o f = o VP B + 310V p f BP0 + Lo, &)
{
and []6,17] a0 n + +
EtET K
U=exp|i—| = —&H+% K || (D
1 - 0 _2n
.££14):_W€MVQBTT(U8#U+8,,U6QU+ZB K K J6
-U%9,U3,U"9,Urp)
; L,, and R,, are the field-strength tensors of external

T et PTr(0, U 9,1,Urg—9,U0,r,U"lg)

+ U, U (1,0,1p+0,1,1p),
££z6) = iC75Wa'8<X—f+Wf+aﬁ>
+iC e By _[f 1y [—ap))
+ Con€" Pu AV f iy fraph + o (6)

respectively, where F' is the meson decay constant in the
chiral limit, L;, y; and C; are unrenormalized coupling
constants, U is the unitary matrix, parametrized by

sources, given by

L, =0,¢,

v —ad,t, —if, €]
R

®)

up = 0,1, — 9,1, —ilr,r,]

and the definitions of all other fields can be found in
Ref. [10].

From the chiral Lagrangians in Egs. (5) and (6), one
obtains the tree and loop contributions to Fy at O(p®) for

the szy decay to be [9,10]
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64 1 3 2
mz)Cyy + - mp*Chy — — [—m% ln(%)

3 16772(\/5171()2 2

+ ;mz 1n<r;2> + 3m% ln<’Z ) - 2][xm + (1 = x)m% — x(1 — x)p?]

e

2 + _ 2 _ _
o ln<xmw (1 — x)mg — x(1 —x)p* )dx—

24[[xm%7 + (1 = x)m% — x(1 — x)p?]

X 1n<xm%7 - x)":f( BhiC x)p2>dx - 4[ m? 1n<Z2 )dx}} ©)

where the wave function and decay constant renormalizations have been included and C7 are the renormalized coefficients.
From Eq. (5), the tree and loop contributions to F, of O(p®) lead to [10]

Fu(p?) = (L5 + Lig) + ¢ < [142.65(m% —

4\/—2_m,( mg
Fg 6F 3 (2m)

2

m
3Ly + Ly ln(
mﬂ

— 6ygy + 2yg3 + 3ygy

+6y1p, + 12103 = 6704 + 3¥1ge) + %(m%( -
where L} and y! are the renormalized coupling constants.
Note that the first terms in Egs. (9) and (10) correspond to
Fy and F, at O(p*) [4,18], respectively. We remark that
the expressions of Egs. (9) and (10) have not been explic-
itly shown in the literature [9,10].

B. Light front quark model

In the framework of the LFQM [13—15], the physical
accessible kinematics region is 0 = p?> = M% due to the
timelike momentum transfers. The general structure of the
phenomenological light front (LF) meson wave function is
based only on the gg Fock space sector. It can be expressed
by an antiquark § and a quark u with the total momentum
(p + g) such as:

K(p+ )= S [l dia@mf 5 (p + g~k ~ ko)
A ks

X @ (2 k)b (ky, M)y (ky, 42)10), (1)

where q),)\(‘ % is the amplitude of the corresponding 5(u) and
ki) is the on-mass shell LF momentum of the internal

quark. The LF relative momentum variables (z, k) are
defined by

kf=z(p+q7, =2 +q9",
ki =zip+q) +kj, (12)
kyy =z2(p+q) —k

Z1+Z2:1,

and

(I);\(IAZ(Z’ kJ_) = <

ki ks )1/2
2[]‘4(2) - (ms - mu)z]

X l’_‘(klx /\l)ysv(kz’ A2)¢(Z’ kL)r (13)

p?) —198.3] —

) +2(8LT — 4L% + ALY + TLy + TLT 1 (
— Vg5 T 6¥ip3) T 2my (181, + 36y7g — 4yg, —

P2yl — 4¥i0 + y110>}, (10)

m2
(4L5 + 7Ly + 7L )m2 ln< )
| T

m2 42m
K)} — K m2 (18y7 — 2%

m> 3F%

P
12yg, + 4ygy + 6ygq + 4ygs — 3¥100

{
with ¢(z, k| ) being the space part of the wave function,
which depends on the dynamics. The amplitude of ¢(z, k| )
can be solved in principles by the LF QCD bound state
equation [19,20]. However, we use the Gaussian type wave
function in this study:

dk, K
bz k1) = N\/c?z (—M) (14)

From Egs. (11)—(14), the hadronic matrix elements in
Eq. (3) are found to be

(Y(@Isy*(1 = ys)ulK(p + q))

_ [k i(—k+m,) .
B ](2’/7)4 AK{% K} — mZ + iele"ﬁ(

ik + my)
X yi(1 = yg) L)
7 75)k’12—m§+ie

l(kl + mu)

k2 —m2 + ie

+ (o s, Ky (k) o kgucz))}, (15)

where A is a vertex function related to the u§ bound state
of the K meson, ky =g — k; and k| = (p + q) — k), =
ki + p. After integrating over the LF momentum k| in
Eq. (15), we get

Y(@I5y*(1 = ys)ulK(p + )

ptaq 1 Ap
= [ )

lon 2on

+ (o 5 K (k) < k;(kzn}, (16)

where
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dk; dk
Pkl =_— 1L
&%) 202m)3 k) k5 kf
Iﬂylkﬁm = Tr{75(_1€2 + mu)ieuﬁl(]él + m,)y*(1 — ys)
m? + k2
R R
Koy = Pon = Koyow kT =47 — ks (17)

with {on} representing the on-shell particles. For the kaon,
the vertex function Ap in Egs. (15) and (16) is given by

[21,22]:
AP [ kl + k/ +
k/— — K- \/— D (2, k). (18)
2on 0
To calculate the right hand part of Eq. (16), we choose a
frame with the transverse momentum p; = 0 so that p? =
pTp~ = 0 covers the entire range of the momentum trans-
fers. Here, we have used the LF momentum variables
(x, k1). Hence, the relevant quark momentum variables
in Fig. 1 are

ki =0=2)p+q", k" =Z(p+q",
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FIG. 1. Fy(p?) as a function of the transfer momentum p2.

hadronic matrix elements in Eq. (3) can be rewritten as:

F
Y(@lsTysuslK(p + q)) = —62—"(61 q)p”,
mg

(20)
kK, =0-2NqL +K, K, =2q K, v i
= =g Tk 2L 7L TR g Y@lsturlK(p + q)) = —ies —eleiq;p”.
K =0-2¢" Kk =z :
_ _ Using Eq. (19), the trace part /#” in Eq. (17) can be carried
ki =0 —=2)qy +ky, kol =291~k out. By comparing Eq. (16) with Eq. (20), we obtain the
By considering the good component as “u = +,” the  form factors Fy 4 to be:
|
dzd*k | 1 [2m,—AK>® 1 m,+ Bk’ 0
Fy(p?) =4 D(Z, k) _— T+ =1
AP%) m"fz(z ot —7 {3 mi+ k3 mltkl } o
dzd*k | 2m, — 7 m, —m )20 1m,+ (1 —z7)m, —m,)k* 0O
F 2\ — 8 (D / k2 u s u/™ 1 _ - s s u/™ 1 ,
v(p?) mez(z o PE KD T {3 mZ+ K2 3 m?+ K
where
A=(1-227(m; —m,) —2zm,, B=(1—-2)7m, +m, + (1 —2z)(1 —)m,
1-2) 12 |dk e 1 dd(z, k) P>
B k) = N[ ) 2 ex (——> - I (1 )
@ kL) (2[M3 —m—myr]) \dz P\ 202 G R2)  die “={17e) @
s s o T \3/4 1 m2 — m> K+ m2 K+ m?
k= (ky, k), N=4—), k.o =(z—=\M, + = M2 ="1 w K1 5
ke k) <w%(> ) <Z 2) ° 2M, 0 Z 1—z

I11. DIFFERENTIAL DECAY RATE

In the K™ rest frame, the partial decay rate for K™ —
e’ v,y is given by [1]
1

dr' = M |* dE,dE,, 23

GrF g | MPdEE, @)

where E,, and E, are photon and electron energies, respec-

tively. To describe the kinematics of Kt — etv,y, we

introduce two dimensionless variables, defined by x =

{
2E,/mg and y = 2E,/mg, with their physical allowed
regions being
O=x=1-r, 1—x+%5y51+re, (24)
—Xx

where r, = m2/m%. The relation between the transfer
momentum p? and x is given by:

p? = mi(l — x). (25)
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From Egs. (1) and (23), we obtain the double differential decay rate of K™ — e* v,y as

da’T my
— = G%sin?6.(1 — MA(x, y), 26
o~ G aGHIN (1~ VA ) 6)
where A = (x+y—1—r,)/x and
A(x,y) = Ap(x, y) + Asp+ (v, y) + Asp-(x, y) + Are (6, y) + Ar- (6, ),
4r,|Fgl|? r, x2A? r,
AIB(x,y)=W/\§2[x2+2(l _re)<1 _x_x>i|, Agp+(x, y) = |FV+FA|2 A<1 —X—x>,
2.2 4r, . r, 27
Agp-(x, ) = |Fy = FalPx*(y — M), A (%, y) = _m_ Re[Fg(Fy + Fy) ](1 —X 7)
K
4r, Al =y T A
At (%, y) = —= Re[Fg(Fy — Fy) ] ———.
mg A
By integrating out the y variable in Eq. (26), we obtain the differential decay rate as a function of x to be
ar  my .
o = i aG%sin?0 A(x) (28)
where
Ax) = A (x) + Agp+ (x) + Agp- (%) + Any+ (x) + ANy~ (%),
dr,Faf(x+r, =D +40 —r)(1—x)] x*+2(0-r)0—x+r,) 7,
Ap(x) = 2 [ - In }
my 1—x x 1—x
1—x r
A + = F + F 2,3 - _e ,
sp* (¥) = |Fy al?x [ 3 ) 6(1 —x)2:|
1—x r
Agp- (x) = |Fy — Ful?x? -2+ ,
so-(0) = 1y = FyP =57 =5 6(1_)6)2}
4 1 - r2
A (¥) = —£ Re[F(Fy + F,)*Ix R P
mg 2(1 —X) 1—x
4 -1+3 2 -2
AINT* (x) = i RC[FK(FV - FA)*]X x + i e + (x - re) In Te . (29)
mg 2 2(1 — x) 1
It is clear that the contributions to the decay rate from the
IB and INT= parts are suppressed due to the small electron 0.051
mass.
0.04-
IV. NUMERICAL RESULTS | ______
The numerical values of F, (p?) in the ChPT of O(p®) O \_“‘_\f\ """"""""""""""
have been shown in Figs. 5 and 6 of Ref. [10]. To compare ' ’\\‘
these values with those in the LFQM, we plot the results in n" N
Figs. 1 and 2. In these figures, we have also included the 0.024 ‘\\
results in the ChPT at O(p*). For the calculations of the —ChPT O(p:) \
ChPT [10], we have taken my = 0.495, m, = 0.14, m,, = ----ChPT O(p’) \\
0.55 and m, = 0.77, Fx = 0.112 GeV and the renormal- oot{ 777 LFQM N
ized coefficients of (L, L5, L}, L§, LY,), (C}, Cy,, C5,) and hS
(Vo0 Yioa V5o ¥i10) to be (0.53,0.71, —2.72, 6.9, —5.5) X 0.00 . . . . . .
073 [23], (0.013, —6.37,6.52) X 1072 GeV~? [24] and 0.00 0.05 0.10 0.15 0.20 0.25
(1.09, —0.36, 0.40, —0.52) X 107*/F2% [25], respectively. p’ (GeV?)
For some other possible sets of coefficients, see Ref. [10]
as well as the recent review in Ref. [26]. We note that we FIG. 2. F,(p?) as a function of the transfer momentum pZ.
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TABLE I. The form factors of F,(0) and F4(0) in (a) the ChPT
at O(p*) [4], (b) the ChPT of O(p®) and (c) the LFQM.

Model Fy(0) F,(0)
(a) 0.0945 0.0425
(b) 0.082 0.034
© 0.106 0.036

have ignored the contributions from p?-nondependent
terms involving y;. On the other hand, the
p*-dependence of F,(p?) for the ChPT at O(p®) are in-
sensitive due to the small contributions related to y! [10].
We emphasize that as illustrated in Figs. 1 and 2, the form
factors Fy 4 at O(p?) in the ChPT are constants [4]. To
evaluate the form factors of Fy , from Eq. (21) in the
LFQM, we have used m, = 0.26, m; = 0.37, and wg =
0.382 in GeV. In Table I, we explicitly display the values of
Fya(p* =0).

By integrating out the variable x in Eq. (28), in Table II
we give the decay branching ratio of K™ — e*v,y in
(a) the ChPT at O(p*), (b) the ChPT of O(p®) and (c) the
LFQM. Here, as the IB term diverges at the limit of x — 0
corresponding to p?> — pZ.. = m%, we have used the cuts
of x =0.01 and 0.1, respectively. With the cuts, from
Table 1I we see that both IB and INT* contributions are
much smaller than the SD™ ones, which are insensitive to
the cut. We remarks that in Table 11, our results for the SD™*
contribution to the decay branching ratio in the ChPT of
O(p®) and LFQM are 1.15 and 1.12 X 107>, which are
smaller than that of 1.52 = 0.23 X 1073 [5,6] quoted by
the PDG [1], respectively. Note that the value in the PDG
was based on the combination of the data in Refs. [5,6], in
which large constant values of F4 + Fy = 0.15070:018 and
0.147 = 0.011 were used, respectively. It is clear that to
compare the data with the theoretical predictions, proper
form factors should be used in the data analysis.

To show the behaves of the various contributions in the
ChPT and LFQM, we present the IB and SD* parts of the
differential decay branching ratio as functions of x in
Fig. 3. Here, we do not plot the INT= contributions in
Fig. 4 as they are vanishingly small. As shown in the figure,
in the small x region there is an enhancement for the IB
part, whereas those from the SD™ parts are close to zero. In

PHYSICAL REVIEW D 77, 014004 (2008)
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FIG. 3. The IB and SD~ parts of the differential decay branch-
ing ratio as functions of x = 2E, /mg.

40

—— ChPT O(p") R

351 R 8 ' \
ChPT O(p°) L \

30+

251

201

154

10° d Br ( K- evy ) / dx
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FIG. 4. The differential decay branching ratio as a function of
x =2E,/mg.

Fig. 4, we also display the spectrum of the differential
decay branching ratio vs x in the ChPT at both O(p*) and
O(p®) and the LFQM.

TABLE II.  The decay branching ratio of K™ — e™ v,y (in units of 107°) in (a) the ChPT at O(p*), (b) the ChPT of O(p®) and (c) the

LFQM with the cuts of x = 0.01 and x = 0.1, respectively.

Model Cut 1B SD* SD™ INT™ INT™ Total

(a) x=0.01 1.65 X 107! 1.34 1.93 X 107! 6.43 X 107 —1.10 x 1073 1.70
x=0.1 0.69 X 107! 1.34 1.93 X 107! 6.43 X 107 —-1.10 X 1073 1.60

(b) x = 0.01 1.65 X 107! 1.15 2.58 X 107! 6.22 X 107 —1.21 X 1073 1.57
x=0.1 0.69 X 107! 1.15 2.58 X 107! 6.22 X 107 —1.21 X 1073 1.47

(c) x=0.01 1.65 X 107! 1.12 2.59 X 107! 433 X107 —1.29 X 1073 1.54
x=0.1 0.69 X 107! 1.12 2.59 X 107! 4.33 X 1073 —1.29 X 1073 1.44
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TABLE III. The decay branching ratio of K™ — e*v,y (in
units of 1073) in the regions of 0.1 <x < 0.7 and 0.7 <x < 1
from the various approaches, respectively.

Region ChPT of O(p*)  ChPTof O(p®) LFQM
0.1<x<07 0.871 0.871 0.541
07<x<1 0.733 0.606 0.902

From Fig. 4, we see that in the region of x < 0.7 or E,, <
173 MeV, the decay branching ratio in the LFQM is much
smaller than that in the ChPT at O(p®). On the other hand,
in the region of x > (.7 the statement is reversed. However,
if we only consider the contributions in the ChPT at O(p*),
the conclusion is weaker. In Table III, we illustrate the
decay branching ratio in the regions of 0.1 < x < 0.7 and
0.7 < x <1 from the various approaches, respectively. The
main reasons for the differences are due to the form factors.
The form factors of the ChPT at O(p*) are constant and
straight lines at O(p®), whereas in the LFQM they are the
overlap between the wave functions of the K meson and
photon and become zero when x — 0 or p?> — p2.. = m%.
It is clear in the future data analysis such as the one at the
experiment BNL-E949 [8], one could concentrate on these
two regions to find out which model is preferred.
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V. CONCLUSIONS

We have studied the axial-vector and vector form factors
of the K — 1 transition in the LFQM and ChPT of O(p®).
Based on these form factors, we have calculated the decay
branching ratio of K™ — e*v,y. We have demonstrated
that the SD part gives the dominant contribution to the
decay in the whole allowed region of the photon energy
except the low endpoint. Explicitly, we have found that, in
the SM with the cut of x = 0.01 (0.1), the decay branching
ratio of KT —etwv,y is 1.54(1.44) X 107> and
1.57(1.47) X 1072 in the LFQM and ChPT, respectively.
Future precision experimental measurements on the decay
spectrum [8] should give us some useful information to
determine the SD contribution as well as the vector and
axial-vector form factors.
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