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Viability criterion for modified gravity with an extra force
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A recently proposed theory of modified gravity with an explicit anomalous coupling of the Ricci
curvature to matter is discussed, and an inequality is derived which expresses a necessary and sufficient
condition to avoid the notorious Dolgov-Kawasaki instability.
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I. INTRODUCTION

Modifications of gravity have received attention [1-3] in
order to explain the cosmic acceleration [4]. The alterna-
tive is a mysterious form of dark energy [5] with negative
pressure P <0 and energy density p satisfying P = —p
and perhaps even P < — p (phantom energy [6]). The latter
easily leads to a big rip singularity [7]. Modified gravity
allows one to avoid such exotica. The Einstein-Hilbert
action [8] is modified to [1,2]
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where f(R) is an (a priori) arbitrary function of R, and the
modifications are designed to affect cosmological scales
and stay tiny at smaller scales in order not to violate the
solar system constraints [9]. The prototype f(R) = R —
u*/R (with u ~ Hy ~ 1073 eV) is now regarded as a toy
model at best because of a violent instability [10] and its
violation of the experimental constraints [11]. Modified
gravities must be free of instabilities and ghosts [10,12—-14]
and have a well-posed Cauchy problem [15] and the cor-
rect cosmological dynamics (there are often problems with
the exit from the radiation era [16]).

Modified f(R) gravity comes in three versions: metric
formalism, in which the action (1) is varied with respect to
the (inverse) metric tensor g’; Palatini f(R) gravity, in
which variation is with respect to both g%’ and an inde-
pendent, nonmetric, connection I'; . but the matter part of
the action does not depend on I'}, [17]; and metric-affine
gravity, in which also £,, depends on the nonmetric con-
nection [18]. Here I focus on the metric approach.

Recently, Bertolami, Bohmer, Harko, and Lobo (here-
after BBHL) [19] put a new twist on f(R) gravity by
considering the action

5= fd4x\/—_g{f1;R)

where f ,(R) are arbitrary functions of the Ricci curvature
and A is a small parameter (from now on I follow [19] and
set k = 87G = 1). The novelty consists of the coupling
function f,(R) which adds extra freedom and new features.
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The field equations are
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where a prime denotes differentiation with respect to R,

O = g“V_V,, and T%) = \/%ig %. Because of the

extra explicit coupling to matter Af,(R), TZ'Z) is not cova-
riantly conserved and energy is exchanged between ordi-
nary matter (T((I'Z)) and the “‘effective matter’” represented

by terms in f}(R) in Eq. (3). T obeys [19]

Af5(R)
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(80 Lo = Tiy V'R (4)
The BBHL theory contains intriguing phenomenology: all
massive particles are subject to an extra force, similar to
the one arising in scalar-tensor (ST) gravity in the Einstein
frame [20,21]. In the latter, the extra force is due to an
“anomalous’ coupling of the matter Lagrangian to the
Brans-Dicke-like scalar ¢,

S =[xy 5V Vb L) )

There is, however, an important difference between
Einstein frame ST gravity and BBHL theory: while in the
former the units of time, length, and mass are not constant
but scale with appropriate powers of the conformal factor
of the conformal transformation defining the Einstein
frame [20,22], in the latter there is no such scaling of units.
For this reason, the BBHL theory [19] cannot be reduced to
“ordinary” ST or string gravity (in this respect, string
theory has the same phenomenology of ST gravity).

The extra force on massive particles generated by the
Af>(R) coupling is always present and causes a deviation
from geodesic paths; therefore, massive test particles sim-
ply do not exist. Because of this extra force, the accelera-
tion law in the weak-field limit of BBHL theory assumes a
form similar to the one of modified Newtonian dynamics
(MOND) [23]. MOND has recently received a relativistic
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formulation in the rather complicated tensor-vector-scalar
(TeVeS) theory of [24]. The BBHL proposal exhibits
MOND-like phenomenology but has a simpler formal
structure than TeVeS: as shown below, it amounts to a ST
theory with two coupling functions, one of which is the
coupling of the scalar degree of freedom ¢ = R to matter
(unorthodox in ST gravity [25]). Of course, in order to be
viable, the BBHL theory must pass the tests mentioned
above for f(R) gravity, and it is not clear yet whether this is
possible. In this paper I study one of these criteria, namely,
the stability of the theory with respect to local perturba-
tions. In pure f(R) gravity, a fatal instability develops on
time scales ~1072% s [10] when f”(R) < 0. This instabil-
ity, the “Dolgov-Kawasaki phenomenon,” was discovered
in the prototype model f(R) = R — w*/R [10] which is
ruled out (and only cured by adding extra terms to f(R)
[12,13,26]), and then generalized to arbitrary f(R) models
[27].

II. EQUIVALENCE WITH AN ANOMALOUS ST
THEORY

It is well-known that pure f(R) gravity (1) is equivalent
to a ST theory [28]; here I revisit this equivalence and
generalize it to BBHL theory.

By introducing a new field ¢, the action (2) is written as

S=fd4x\/—_g{fl(2¢)+%fi—]; R— )

I+ AL, ®)
and, further introducing the field ¥(¢) = f1(¢) (where

now a prime denotes differentiation with respect to ¢
[29]), one can write

5= f d4x\/——g[‘/’—f — V() + U(w)ﬁm} ™)
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with ¢ (i) given by inverting ¢(¢) = f](¢). The actions
(2) and (7) are equivalent when f(R) # O: in fact, by
setting ¢ = R, Eq. (7) reduces trivially to Eq. (2). Vice-
versa, variation of (6) with respect to ¢ yields

(R = )f(¢) +2Af5($) L, = 0. (10)

Invacuo (L,, = 0), this equation yields ¢ = R whenever
f1 # 0 [28]. In the presence of matter there seem to be
other possibilities which are, however, excluded as follows.
When L,, # 0, the actions (2) and (6) are equivalent if
(R — ¢)f!($) + 2Af4($) L,, # 0. When Eq. (10) is sat-
isfied, there is a pathological case which, upon integration
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of this equation, corresponds to

Aa)£, =12

f1($).

(6 —R) 11

(11
But if Eq. (11) holds, then the action (6) reduces to pure
matter without the gravity sector, and I dismiss this case.
Then, the actions (2) and (7) are equivalent when f}(R) #
0, as in pure f(R) gravity [28]. The action (7) corresponds
to a Brans-Dicke theory [30] with a single scalar field,
vanishing Brans-Dicke parameter w, and an unorthodox
coupling U(#) to matter. Actions of this kind have been
contemplated before [31-33], but little is known about
them.

III. BBHL THEORY AND INSTABILITIES

The trace of the field equations is, in terms of R,

3L(R) +2A L, fH(R)]OR
+ 3[f{"(R) + 2AL,,fY(R)]JV'RV .R
+ 12AfY(R)V° L, V.R + fi(R)R — 2f(R)
+ 20 L, f5(RR = [1 + Af,(R)]T"™ — 6Af4(R)OL,,
(12)

where 70" = T4 As customary in f(R) gravity, I
parametrize the function f;(R) as f;(R) =R + €¢p(R),
where € and A must necessarily be small to respect the
solar system constraints [34]. Following [10], I expand the
spacetime quantities of interest as the sum of a background
with constant curvature and a small perturbation: R =
Ry+R,, T=Ty+ T, L, =Ly+ L, and the space-
time metric can locally be approximated by g,, = 1., T
h,,, where m,, is the Minkowski metric. Accordingly,
J1(R) = Ry + Ry + €p(Ry) + €¢'(R)R, + ..., fi(R) =
1+ €@’ (Ry) + €p”"(Ry)R; + ... and the linearized version
of the trace Eq. (12) in the perturbations becomes

3[e@”(Ro) + 215 (Ro) IR, + [e@"(Ro)Ry — 1 — €¢'(Ry)
+2Af5(Ro) Lo + 2 Lo f5 (Ro)Ry — Af5(Ro) T
+6Af5(Ro) (D Ly) IR,

= —2Af5(Ro)Ro Ly +[1 + Af2(Ro)IT) — 6Af5(R))TI L,

(13)
where the zero order equation
F1(Ro)Ry = 2f1(Ro) + 24 Lo f5(Ro)Ry
= [1 + Af2(Ro)]T, (14)

has been used. Equation (13) is further rewritten as
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Ry — V2R, + miRy = {3[e¢"(Ry) + 2Af5(Ry) ]}
X {2Af5(Ro) L,
—[1 + Af2(RYIT,
+ 6Af5(R)) L}, (15)

where the effective mass m of the dynamical degree of
freedom R, is given by

mZy; = {3[e@"(Ry) + 2415 (Ro)} {1 + €¢'(Ry)
+ €9 (Ro)Ry — 2ALo[f5(Ro) + f5(Ro)Ro]
+ Af5(Ro)To}-

The dominant term on the right-hand side is {3[e¢”(R,) +
2Af5(Ry)]} ! and the effective mass squared must be non-
negative for stability. Therefore, e¢”(R) + 2AfJ(R) = Ois
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the stability criterion for the BBHL theory against Dolgov-
Kawasaki instabilities.

IV. OUTLOOKS

The inequality e’ (R) + 2Af5(R) = 0 generalizes the
stability condition f”(R) = €¢”(R) = 0 found in pure
f(R) gravity [27,35]. The survival of BBHL theory [19]
is subject to satisfying the other (physically independent)
viability criteria mentioned above, which require a sepa-
rate analysis and will be analyzed in future publications.

ACKNOWLEDGMENTS

I thank Francisco Lobo for a discussion and the Natural
Sciences and Engineering Research Council of Canada
(NSERC) for financial support.

[1] S. Capozziello, S. Carloni, and A. Troisi, arXiv:astro-ph/
0303041.

[2] S.M. Carroll, V. Duvvuri, M. Trodden, and M. S. Turner,
Phys. Rev. D 70, 043528 (2004).

[3] X. Meng and P. Wang, Classical Quantum Gravity 20,
4949 (2003); T. Chiba, J. Cosmol. Astropart. Phys. 05
(2005) 008; P. Wang, Phys. Rev. D 72, 024030 (2005); S.
Capozziello, S. Nojiri, S. D. Odintsov, and A. Troisi, Phys.
Lett. B 639, 135 (2006); S. Nojiri and S.D. Odintsov, J.
Phys. Conf. Ser. 66, 012005 (2007); J. Phys. A 40, 6725
(2007); Phys. Lett. B 652, 343 (2007); arXiv:0707.1941;
Phys. Rev. D 74, 086005 (2006); F. Briscese, E. Elizalde,
S. Nojiri, and S.D. Odintsov, Phys. Lett. B 646, 105
(2007); S. Nojiri, S.D. Odintsov, and H. Stefancic, Phys.
Rev. D 74, 086009 (2006); S. Nojiri, S. D. Odintsov, and
M. Sami, Phys. Rev. D 74, 046004 (2006); M. E. Soussa
and R.P. Woodard, Gen. Relativ. Gravit. 36, 855 (2004);
R. Dick, Gen. Relativ. Gravit. 36, 217 (2004); A.E.
Dominguez and D.E. Barraco, Phys. Rev. D 70, 043505
(2004); V. Faraoni, Phys. Rev. D 75, 067302 (2007); 74,
023529 (2006); 72, 061501 (2005); 70, 044037 (2004);
J.C.C. de Souza and V. Faraoni, Classical Quantum
Gravity 24, 3637 (2007); D.A. Easson, Int. J. Mod.
Phys. A 19, 5343 (2004); G.J. Olmo, Phys. Rev. Lett.
95, 261102 (2005); Phys. Rev. D 72, 083505 (2005); 1.
Navarro and K. Van Acoleyen, Phys. Lett. B 622, 1
(2005); J. Cosmol. Astropart. Phys. 03 (2006) 008; 09
(2006) 006; 02 (2007) 022; G. Allemandi, M.
Francaviglia, M.L. Ruggiero, and A. Tartaglia, Gen.
Relativ. Gravit. 37, 1891 (2005); J. A.R. Cembranos,
Phys. Rev. D 73, 064029 (2006); S. Capozziello and A.
Troisi, Phys. Rev. D 72, 044022 (2005); T. Clifton and
J.D. Barrow, Phys. Rev. D 72, 103005 (2005); T.P.
Sotiriou, Gen. Relativ. Gravit. 38, 1407 (2006); C.-G.
Shao, R.-G. Cai, B. Wang, and R.-K. Su, Phys. Lett. B
633, 164 (2006); S. Capozziello, A. Stabile, and A. Troisi,
Mod. Phys. Lett. A 21, 2291 (2006); A. Dolgov and

D.N. Pelliccia, Nucl. Phys. B734, 208 (2006); J.D.
Barrow and S. Hervik, Phys. Rev. D 73, 023007 (2006);
W. Hu and I. Sawicki, Phys. Rev. D 76, 064004 (2007);
arXiv:0708.1190 [Phys. Rev. D (to be published)].

[4] A.G. Riess et al., Astron. J. 116, 1009 (1998); 118, 2668
(1999); Astrophys. J. 560, 49 (2001); 607, 665 (2004); S.
Perlmutter er al., Nature (London) 391, 51 (1998);
Astrophys. J. 517, 565 (1999); J.L. Tonry et al,
Astrophys. J. 594, 1 (2003); R. Knop et al., Astrophys.
J. 598, 102 (2003); B. Barris et al., Astrophys. J. 602, 571
(2004).

[5] E.V. Linder, arXiv:0705.4102.

[6] S. Capozziello, S. Nojiri, and S. D. Odintsov, Phys. Lett. B
632, 597 (2006); S. Nojiri and S.D. Odintsov, Gen.
Relativ. Gravit. 38, 1285 (2006); Phys. Rev. D 72,
023003 (2005); V. Faraoni, Classical Quantum Gravity
22, 3235 (2005); Phys. Rev. D 69, 123520 (2004); 68,
063508 (2003); Int. J. Theor. Phys. 40, 2259 (2001); W.
Fang et al., Int. J. Mod. Phys. D 15, 199 (2006); M. G.
Brown, K. Freese, and W.H. Kinney, arXiv:astro-ph/
0405353; E. Elizalde, S. Nojiri, and S.D. Odintsov,
Phys. Rev. D 70, 043539 (2004); Phys. Lett. B 574, 1
(2003); J.G. Hao and X.-Z. Li, Phys. Lett. B 606, 7
(2005); Phys. Rev. D 68, 043501 (2003); X.-Z. Li and
J.-G. Hao, Phys. Rev. D 69, 107303 (2004); J.M.
Aguirregabiria, L.P. Chimento, and R. Lazkoz, Phys.
Rev. D 70, 023509 (2004); Y.-S. Piao and Y.-Z. Zhang,
Phys. Rev. D 70, 063513 (2004); H. Q. Lu, Int. J. Mod.
Phys. D 14, 355 (2005); V.B. Johri, Phys. Rev. D 70,
041303 (2004); H. Stefandic, Phys. Lett. B 586, 5 (2004);
D.J. Liu and X.Z. Li, Phys. Rev. D 68, 067301 (2003);
M.P. Dabrowski, T. Stachowiak, and M. Szydlowski,
Phys. Rev. D 68, 103519 (2003); E. Babichev, V.
Dokuchaev, and Yu. Eroshenko, Phys. Rev. Lett. 93,
021102 (2004); Z.-K. Guo, Y.-S. Piao, and Y.-Z. Zhang,
Phys. Lett. B 594, 247 (2004); J.M. Cline, S. Jeon, and
G.D. Moore, Phys. Rev. D 70, 043543 (2004); S. Nojiri

127501-3



BRIEF REPORTS

[15]
[16]

and S.D. Odintsov, Phys. Lett. B 562, 147 (2003); L.
Mersini, M. Bastero-Gil, and P. Kanti, Phys. Rev. D 64,
043508 (2001); M. Bastero-Gil, P. H. Frampton, and L.
Mersini, Phys. Rev. D 65, 106002 (2002); P. H. Frampton,
Phys. Lett. B 555, 139 (2003); E.O. Kahya and V.K.
Onemli, Phys. Rev. D 76, 043512 (2007); L. Amendola
and S. Tsujikawa, arXiv:0705.0396.

R.R. Caldwell, M. Kamionkowski, and N.N. Weinberg,
Phys. Rev. Lett. 91, 071301 (2003); S.M. Carroll, M.
Hoffman, and M. Trodden, Phys. Rev. D 68, 023509
(2003).

Here L, is the matter Lagrangian density, R is the Ricci
scalar, and k = 87G.

C.M. Will, Theory and Experiment in Gravitational
Physics (Cambridge University Press, Cambridge, 1993).
A.D. Dolgov and M. Kawasaki, Phys. Lett. B 573, 1
(2003).

A.L. Erickcek, T.L. Smith, and M. Kamionkowski, Phys.
Rev. D 74, 121501(R) (2006); T. Chiba, T.L. Smith, and
A.L. Erickcek, Phys. Rev. D 75, 124014 (2007).

S. Nojiri and S.D. Odintsov, Phys. Rev. D 68, 123512
(2003); Gen. Relativ. Gravit. 36, 1765 (2004).

S. Nojiri, Vestnik 44N7, 49 (2004); T. Multamaki and I.
Vilja, Phys. Rev. D 73, 024018 (2006).

I. Navarro and K. Van Acoleyen, J. Cosmol. Astropart.
Phys. 03 (2006) 008; J. Phys. A 39, 6245 (2006); T.
Clifton and J.D. Barrow, Phys. Rev. D 72, 123003
(2005); Classical Quantum Gravity 23, L1 (2006); A.
Nunez and S. Solganik, Phys. Lett. B 608, 189 (2005);
arXiv:hep-th/0403159; T. Chiba, J. Cosmol. Astropart.
Phys. 03 (2005) 008; A. De Felice, M. Hindmarsh, and
M. Trodden, J. Cosmol. Astropart. Phys. 08 (2006) 005; G.
Calcagni, B. de Carlos, and A. De Felice, Nucl. Phys.
B752, 404 (2006); J. Traschen and C. T. Hill, Phys. Rev. D
33, 3519 (1986); V. Miiller, H.-J. Schmidt, and A.A.
Starobinsky, Phys. Lett. B 202, 198 (1988); H.-J.
Schmidt, Classical Quantum Gravity S, 233 (1988); A.
Battaglia Mayer and H.-J. Schmidt, Classical Quantum
Gravity 10, 2441 (1993); M.R. Setare, Phys. Lett. B 644,
99 (2007).

N. Lanahan-Tremblay and V. Faraoni, arXiv:0709.4414.
L. Amendola, D. Polarski, and S. Tsujikawa, Phys. Rev.
Lett. 98, 131302 (2007); Phys. Rev. D 75, 083504 (2007);
S. Capozziello, S. Nojiri, S.D. Odintsov, and A. Troisi,
Phys. Lett. B 639, 135 (2006); S. Nojiri and S.D.
Odintsov, Phys. Rev. D 74, 086005 (2006); A.W.
Brookfield, C. van de Bruck, and L.M.H. Hall, Phys.
Rev. D 74, 064028 (20006).

D.N. Vollick, Phys. Rev. D 68, 063510 (2003); Classical
Quantum Gravity 21, 3813 (2004); Phys. Lett. B 584, 1
(2004); E.E. Flanagan, Phys. Rev. Lett. 92, 071101
(2004); T. Koivisto, Phys. Rev. D 73, 083517 (2006);

[18]

[19]

[20]
(21]

[22]

(23]

[24]
[25]

[26]

[27]
(28]

[29]
[30]

(31]
(32]
[33]
[34]

[35]

127501-4

PHYSICAL REVIEW D 76, 127501 (2007)

Classical Quantum Gravity 23, 4289 (2006); T. Koivisto
and H. Kurki-Suonio, Classical Quantum Gravity 23, 2355
(2006); P. Wang, G. M. Kremer, D.S. M. Alves, and X. H.
Meng, Gen. Relativ. Gravit. 38, 517 (2006); G. Allemandi,
M. Capone, S. Capozziello, and M. Francaviglia, Gen.
Relativ. Gravit. 38, 33 (2006); S. Nojiri and S.D.
Odintsov, Int. J. Geom. Methods Mod. Phys. 4, 115
(2007); E. Barausse, T.P. Sotiriou, and J.C. Miller,
arXiv:gr-qc/0703132; K. Uddin, J.E. Lidsey, and R.
Tavakol, Classical Quantum Gravity 24, 3951 (2007); K.
Kainulainen, J. Piilonen, V. Reijonen, and D. Sunhede,
Phys. Rev. D 76, 024020 (2007); B. Li, J. D. Barrow, and
D.FE. Mota, arXiv:0707.2664.

T. P. Sotiriou, Classical Quantum Gravity 23, 5117 (2006);
T.P. Sotiriou and S. Liberati, Ann. Phys. (N.Y.) 322, 935
(2007); N.J. Poplawski, Classical Quantum Gravity 23,
2011 (2006); 23, 4819 (2006).

O. Bertolami, C. G. Bohmer, T. Harko, and F. S.N. Lobo,
Phys. Rev. D 75, 104016 (2007).

R.H. Dicke, Phys. Rev. 125, 2163 (1962).

J.P. Mbelek, Acta Cosmologica 24, 127 (1998); Astron.
Astrophys. 424, 761 (2004).

V. Faraoni and S. Nadeau, Phys. Rev. D 75, 023501
(2007).

M. Milgrom, Astrophys. J. 270, 365 (1983); J. Bekenstein
and M. Milgrom, Astrophys. J. 286, 7 (1984); M.
Milgrom, New Astron. Rev. 46, 741 (2002); Astrophys.
J. 599, 125 (2003).

J.D. Bekenstein, Phys. Rev. D 70, 083509 (2004).

V. Faraoni, Cosmology in Scalar-Tensor Gravity (Kluwer
Academic, Dordrecht, 2004).

V. Faraoni and S. Nadeau, Phys. Rev. D 72, 124005
(2005).

V. Faraoni, Phys. Rev. D 74, 104017 (2006).

P.W. Higgs, Nuovo Cimento 11, 816 (1959); P.
Teyssandier and P. Tourrenc, J. Math. Phys. (N.Y.) 24,
2793 (1983); B. Whitt, Phys. Lett. 145B, 176 (1984); D.
Wands, Classical Quantum Gravity 11, 269 (1994).

This is not an abuse of notations because ¢ = R.

C.H. Brans and R.H. Dicke, Phys. Rev. 124, 925
(1961).

I. L. Shapiro and H. Takata, Phys. Rev. D 52,2162 (1995);
Phys. Lett. B 361, 31 (1995).

E.E. Flanagan, Classical Quantum Gravity 21, 3817
(2004).

T.P. Sotiriou, V.
arXiv:0707.2748.

B. Bertotti, L. Iess, and P. Tortora, Nature (London) 425,
374 (2003).

I. Sawicki and W. Hu, Phys. Rev. D 75, 127502 (2007);
Y.-S. Song, W. Hu, and I. Sawicki, Phys. Rev. D 75,
044004 (2007).

Faraoni, and S. Liberati,



