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We study the quantization of a linear scalar field, whose symmetries are described by the x-Poincaré
Hopf algebra, via deformed Fock space construction. The one-particle sector of the theory exhibits a
natural (Planckian) cutoff for the modes of the field. At the “‘multiparticle’” level the nontrivial coalgebra
structure of x-Poincaré leads to a deformed bosonization in the construction of Fock space states. These
physical states carry energy-momentum charges which are divergenceless and obey a deformed dispersion

relation.
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L. INTRODUCTION

Local quantum fields on Minkowski space-time provide
a successful framework for an effective description of
particle physics up to the energies probed by current ex-
periments. The Planck energy (E, ~ 10%® eV) sets the
scale at which such a description is believed to break
down. Indeed at Planckian regimes the field quanta would
probe the background space-time at scales for which
quantum-gravitational effects become important and new
physics described by a general theory of quantum gravity
would take the stage.

Quantum field theories on noncommutative spaces are
an example of generalizations of ordinary quantum field
theory which find their motivation from certain quantum
gravity scenarios and whose new features are expected to
emerge in the ultraviolet [1-4]. The view that such theories
might enjoy “deformed” relativistic symmetries (rather
than breaking standard Poincaré invariance through the
emergence of the noncommutativity scale) has become
increasingly popular in recent years [5,6]. Such deformed
symmetries are generally described by a “quantization’ of
standard relativistic symmetries in terms of quantum
groups (noncocommutative Hopf algebras) [7]. In the
present work we focus our attention on the k-Poincaré
Hopf algebra [8,9] as one candidate for quantum group
description of relativistic symmetries at the Planck scale
[10]. The deep connection between «-Poincaré and
xk-Minkowski space-time, a “Lie algebra’-type of non-
commutative space-time, has been known for quite a while
[9]. Indeed the «-Poincaré Hopf algebra can be used to
describe the symmetries of such noncommutative space-
time [9,11]. Much of the recent interest towards these type
of deformed symmetries has been motivated by various
arguments which suggest that k-Poincaré-type of quantum
group symmetries might emerge in the low-energy limit of

*marzano @ perimeterinstitute.ca
antonino.marciano @romal.infn.it

1550-7998/2007 /76(12)/125005(14)

125005-1

PACS numbers: 11.10.Nx, 02.20.Uw, 11.30.Cp

three (and possibly four) dimensional quantum gravity
[12—-14] with the dimensionful deformation parameter «
set by the Planck energy. Moreover earlier interest in the
study of scenarios with x-Poincaré symmetries arose from
the possibility of detecting experimental signatures of the
deformed kinematics associated with such symmetries
[15].

Classical field theories with k-type of deformed sym-
metries have now been studied extensively [11,16-21],
however much work seems to be needed to reach a sat-
isfactory understanding of their quantum counterparts. One
of the early proposals for the quantization of a self-
interacting scalar field, by one of us and Amelino-
Camelia [22], was based on a generalization of the path
integral quantization method which in a x-deformed con-
text seemed more straightforward than the canonical ap-
proach (see Sec. IV below for a review of some recent
attempts on the quantization of fields with «-Poincaré
symmetries). Recent works on the derivation of Noether
charges [16,18] associated with k-deformed symmetries of
classical fields have prompted new attention to the problem
of canonical quantization.

In the present paper we discuss a new strategy for the
quantization of a free field theory with space-time symme-
tries described by the x-Poincaré Hopf algebra. We start
from the construction of a one-particle Hilbert space, we
define an appropriate Fock space, creation, and annihila-
tion operators associated to a given basis of modes, and we
study the properties of energy and momentum charges
carried by the quantum states of the theory. The very first
step of our approach to quantization will be the introduc-
tion of a (positive definite) inner product on the space of
solutions of the deformed equation of motion. To this end
we borrow the results of [18] in which such an inner
product was derived using the tools of symplectic geome-
try of classical fields. Thus the present analysis can be seen
as a natural continuation of the work started in [18].

Below is the plan of the paper. In the following section
we review the basic properties of the x-Poincaré Hopf
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algebra in the so-called bicrossproduct basis [9] and recall
some results from our previous work [18] which will turn
out to be useful in our construction. In Sec. III we focus on
the quantization of free fields. In the first subsection we
start with an overview of the usual Hilbert (and Fock)
space construction in the presence of standard space-time
symmetries. We then proceed, in Sec. III B, with the defi-
nition of a one-particle Hilbert space in the context of
deformed symmetries described by the «-Poincaré Hopf
algebra and show how a natural cutoff, set by the deforma-
tion parameter k, arises in the construction. In Sec. III C we
use the one-particle Hilbert space defined in the previous
section and introduce a ‘“‘deformed bosonization’’ in order
to build the full Fock space of the theory. Then in the
following Sec. III D we study the energy and momentum
charges carried by the states of our deformed theory. In
Sec. IV we review and comment on some recent works
related to our results. Section V contains closing remarks
and some suggestions for future studies.

II. PRELIMINARIES

A. x-Poincaré Hopf algebra

In the following we will consider k-deformations of
relativistic symmetries described by a Hopf algebra in
which both the coalgebra sector and the product (commu-
tator) of the algebra elements (symmetries generators) are
deformed. In particular we will focus on the example of the
k-Poincaré Hopf algebra P, [8] in the bicrossproduct
basis [9].

It is well known that the standard Poincaré algebra P
can be endowed with the structure of a (trivial) Hopf
algebra. If ¥ ={P,, M,,} are the generators of P, the
(trivial) coproduct, counit, and antipode can be defined,
respectively, as

AY)=Y®1+1®Y, e(Y)=0, S(Y)= —vY.

ey

The main feature of the k-Poincaré Hopf algebra P, is that
its coproducts are, in general, noncocommutative, in par-
ticular, in the bicrossproduct basis they read

A(P0)2P0®1+1®P0,
A(PJ)ZP]®1+€_PU/K®PJ,

2)

€
A(N)=N;®1+ e P/x@N; + fT“Pk ®N,.

One also has deformed commutators for the generators of
translations P, P s rotations M;, and boosts N;
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[Po, Pj] =0,
(M), My ] = i€;juM,
[M;, N, ] = i€;uN,
[N;, Ni] = i€;juM,,
[Po, N] = —iP, 3)

.o (K _ 1 - i
[Pl’ N]] = —15,]<§(1 — e (2PO/K)> +ﬂP >+ ;PIP],

[Po. Mi] =0,
[P, M] = i€ P,
where €, is the Levi-Civita symbol and j, k, [ are spatial

indices. The nontrivial antipodes consistent with the cop-
roducts above are

S(M)) = —M,
S(Py) = —Py,
n 4)
S(P) = =P,
1
S(Nl) = _€PO/KN1 + —Gljkep()/KPij,
K
while for the co-units one has
e(P,) = e(M;) = €(N,) = 0. (5)

The (deformed) mass Casimir C,. of the x-Poincaré Hopf
algebra links the generators of translations and is given by

. (P\\? =
C.= <2K s1nh<—0>> — prePo/x. (6)
2Kk
As mentioned in the introduction the k-Poincaré Hopf
algebra describes the symmetries of k-Minkowski non-
commutative space-time [11]
i

[x;, t] = ;x,», [xi xj] =0. (7
For further details on k-Poincaré in the bicrossproduct
basis and its relation with xk-Minkowski noncommutative
space-time we refer to the literature (see e.g. [11] and
references therein).

B. Symplectic geometry of classical x-field theories

In this section we summarize the key results obtained in
[18] where we proposed a description of classical field
theories with Hopf algebra of space-time symmetries using
the tools of symplectic geometry. The idea behind a sym-
plectic geometrical formulation of classical field theories is
to provide a canonical formulation of the phase space
which does not spoil the symmetries of the theory. Such
a description turns out to be very useful in the deformed
field theory case as it gives a clear identification of the
Noether charges associated with space-time symmetries
and more importantly, for the purposes of the present
work, it provides a natural candidate for an inner product
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which will lead to the definition of the Hilbert space of our
quantum fields.

We start with a classical field theory with standard
(Poincaré) relativistic symmetries. We will consider a
real massless scalar field with Lagrangian

sz Lo, o), ®)
M2

where M is the space-time manifold on which the theory is
defined which in the undeformed case is just standard
Minkowski space-time. The phase space of such a theory
is the infinite dimensional manifold I" whose elements are
the pairs {®, [T}, where Il = (% is the momentum (den-
sity) canonically conjugate to the field ®. The definition of
IT requires singling out a time coordinate ¢, a choice that
obscures the relativistic invariance of the theory. The cru-
cial observation [23] is that there is a one-to-one corre-
spondence between the points of the classical phase space
and the solutions of the Klein-Gordon equation of motion
thanks to the uniqueness properties of the initial value
problem for such equation in Minkowski space. This al-
lows one to identify points in phase space with solutions of
the classical equation of motion i.e. the phase space I' is the
space of solutions S. The next step in the formalism is the
introduction of a symplectic structure through the defini-
tion of a nondegenerate two-form w. To do so one needs to
specify the differential structure (functions, tangent (7'S),
and cotangent (T*S) spaces) on S. For details we refer to
[18] and references therein. The nondegenerate, symplec-
tic two-form w one needs is given by

w = 8(] dO'aJ“> )
3

with the “symplectic potential current” J¢ defined by

L
(Do)

where 6®(x) € T3S and § is the exterior derivative. It can
be easily shown [23] that w is Poincaré invariant and for a
vector field tangent to the orbit of space-time symmetry
V, €TS

Joe = SD(x), (10)

w(Vy) = —8(Qy), (11
where Q; is the generator of the symmetry. In particular for
a choice of X, as the standard ¢ = 0 spacelike hypersurface
(9) reduces to the more familiar expression for the sym-
plectic form on the phase space manifold

a)=—f STI A 5O (12)
3,
and

o(V,) = % ]2 (STI(V,)8® — STISD(V,).  (13)

S, as a vector space, is isomorphic to the tangent space at
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any given point TS and through this correspondence the
two-form w and the one-form w(V;) can be used to define,
respectively, a bilinear and a linear functional on S. The
bilinear will induce a symplectic product on &

1
o(@, @) =5 [ e - @)

and the linear functional w(V,) evaluated on a solution ®
will give the (conserved) value of the Noether charge
associated with the symmetry

MWW@=;L«&mm®—Hum@»=—g
(15)

where the contraction of a one-form with the Killing vector
field V, is replaced by the Lie derivative' of ® € S and its
canonically conjugate momentum II. When the Killing
vector fields correspond to (external) space-time symme-
tries, ¥ € P, we will use the following notation for the
action of the Lie-algebra element associated with the sym-
metry on functions

L,®=Y>d (16)

to stress the fact that S is an co-dimensional representation
of the Poincaré algebra.

On the space of complex solutions of the (massless)
Klein-Gordon equation, S®, our symplectic structure will
define a Hermitian inner product

((I)l, (I)z) == _2l(1)((I)T, sz), (17)

where ® denotes the complex conjugate of ® € S®. It
will be useful for our purposes to write such a product in an
explicit covariant form as

_ [ d'p Do sui &
@, @) = [ S ES 8 2 - pdatp). (19
(2) | pol

where ®,(p), ®*;(p) are the Fourier transforms of ®;, &%
and C(p) is the relativistic “mass” Casimir which sets the
Fourier parameters p, on shell according to the equation
of motion. Noether charges associated with space-time
translations can be expressed in terms of the action of the
symmetry generators P, acting on the fields ® using the
conserved symplectic product

0, = 4@, P,>b). (19)

We now turn our attention to the deformed case. In the
standard case plane waves on shell are solutions to the
Klein-Gordon equation and provide a basis for the standard
space of solutions. In the x-Poincaré Hopf algebra sym-
metry case plane waves will still be solutions of the de-

"From the expression of the Lie derivative of a general p-form
Ly F = (8F)(V,) + 86(F(V,)) which for a function (0-form)
implies Ly f = (8/)(V,).
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formed Klein-Gordon equation [24]
C.(P)P=0. (20)

However wave exponentials labeled by a given value of the
spatial momentum will combine according to the copro-
duct structure of the nontrivial coalgebra sector of the Hopf
algebra. Seen from a dual space-time point of view [22]
this corresponds to introducing a *-multiplication for the
algebra of functions on space-time coordinates. Roughly
speaking any such *-structure corresponds to a different
choice of normal ordering for functions of noncommuting
coordinates or to a different choice of basis for the gen-
erators of the x-Poincaré (Hopf) algebra [11]. Unlike the
standard Lie algebra symmetry case, in k-Poincaré in the
bicrossproduct basis, for each mode p the positive and
negative roots of the deformed mass Casimir C,(p) will
not be equal in modulus. In fact there will be two roots”:

w*(p) = klog(Q(p)+), 2y

where . (p) is a function of |p| and in our specific case
reads
R 1
Q(p)+ = . (22)

==

=0

Notice how the positive root becomes complex for trans-
Planckian (| p| > k) modes. In the limit kK — oo each solu-
tion approaches the value of the standard roots *w =
*|pl.

We denote with S the spaces of (complex) solutions of
the «-Klein-Gordon equation (20). The set of plane waves
{¢§r}’ with the subscript p*+ specifying plane waves
whose momentum labels are on the positive or negative
deformed mass-shell, provides a basis for the associated
vector space ST. This can be easily seen [18] introducing a
linear map

m: St — SC (23)

which associates every element of ST to its “classical”
counterpart in S®. Positive and negative energy solutions
are related by deformed complex conjugation which on
plane waves acts as follows:

B =g, —or (24)

with k given by k = —pe(@"/) and the label ~p. is a
short-hand notation meaning that we are taking the anti-
pode (4) of a four-momentum on shell in the plane wave.

2C.(p) = 0 has a countable infinite set of complex roots. As
will become clear from our considerations below, each pair of
such complex roots will correspond to a copy of the same
deformed space of solutions. For our purposes the restriction
to a single pair of roots, which in the limit kK — oo reproduces the
standard positive and negative roots, will be enough to construct
a model of field theory with deformed relativistic symmetries.
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Both in the standard and in the x-deformed case the
spaces of positive and negative energy solutions can be
shown to be isomorphic to the spaces of functions on the
positive and negative mass-shell, respectively, through
(noncommutative) Fourier transforms [11]. As a vector
space, ST can be endowed with a symplectic structure if
we require 1 to be a Poisson map (see [18]). Such sym-
plectic structure defines a bilinear functional w,(®f, ®F)
from which one can define the inner product® (®;, ®,), =
—2iw (P}, P,) which written explicitly reads

d4
#acxp»sign(ew —1)

X eBPo/0P* | (= p)D,(p) (25)

(q)lr (I)Z)K =

in which C,(p) is the deformed mass Casimir of the
x-Poincaré Hopf algebra. If in Eq. (25) above we restrict
to modes in the range |p| € [0, «) the factor sign(e?/* —
1) can be written in the more familiar form p,/|p,| and
thus we have

d*p
D, D,), = | —=6(C,
(@), @) = [ 5555 p)
X L0 Om/Od (< p)do(p).  6)
| pol
Energy and momentum charges associated with

k-deformed translation symmetries for each ® € St will
be given by*

K =X, PD>D),. (27)

III. QUANTUM FIELDS

Now we move on to the quantization of the linear (non-
interacting) field theory described in the previous sections.
We will first recall some basic facts about canonical quan-
tization in the usual special relativistic framework keeping
in mind the covariant phase space formalism used above.

A. Standard Hilbert space construction

The ‘“‘one-particle”” Hilbert space of a free quantum
(scalar) field theory can be constructed starting from the
complexified space of classical solutions of the equations
of motion S® [25]. In order to turn ST into a Hilbert space
one needs to define an inner product. The natural choice
would be the conserved product (18), that preserves the
Poincaré symmetry structure, but it turns out that such a

3Here we drop the superscript « for the fields, being now
obvious that in the following we refer to elements of SC.

The definition of the action of translational symmetries on
fields P[> involves a choice of deformed differential calculus.
Such a choice is not unique (see [17,20] for examples of Noether
analyses with a 5-d differential calculus). There appears to be no
obstruction in adapting the results presented here to any choice
of differential calculus.
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product fails to be positive definite on all S©, thus one has
to restrict to a subspace of S® on which (18) is positive
definite. One possible choice” is to restrict to the subspace
spanned by positive frequency solutions which we denote
with SC*. The Hilbert space completion of S under (18)
is the one-particle Hilbert space of the theory FH . Using
Fourier transforms it can be shown that 4 (and thus S¢*
as a vector space) is isomorphic to the Hilbert space of
square integrable functions in momentum space on the
positive mass-shell. One also has that SC is spanned by
H and its complex conjugate JH and that for ¢+ € H,
&€ H onehas (6€7,67) =0.

From J one can construct the (symmetric) Fock

space  F (H) as follows: denote H"=
HeHe.. oH (with H°=C);if o €P,is a per-
n—times

mutation in the permutation group of n-elements and £;” ®
-+ - ® &5 is a basis of H "

U(f?—@"'@f;):f;—(l)®"'®§;(") (28)
one defines
1
SHZHU;O' (29)

then the bosonic (symmetric) Fock space is given by
F(H) =@ s.HH" (30)
n=0

We denote a generic element ¥ € F (H) as ¥ =
(a,ay,ay...) with a €C, a; € H, ay € H o, H,
etc. Observables are self-adjoint operators on JF (FH).
For each “positive frequency” solution or ‘“‘one-particle’
state & € H one defines the annihilation operator

a(§): Fo(H) — F(H)
a@)V = (£-a, 2 ayBE-a3..), (3

where & € JH is the complex conjugate vector associated
to £ and £ - a,, is the “contraction,” via inner product, of
the first element of each tensor product of the symmetrized
sum appearing in a,, with £. The vacuum state |0) € F, is
defined by

a®loy=0 V e H. (32)
The creation operator, adjoint to a(€) is defined by

at ()W = (0, éa, V2E®, a;, V3E®, ay,..)).  (33)

>The choice of a subspace of ST to be used as a Hilbert space
is actually not unique. Any subspace satisfying appropriate
conditions (see e.g. [25]) would work. Most interesting proper-
ties of quantum fields on curved space-time (and for noninertial
observers in flat space-time) can be traced back to this
observation.
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If {£;} is an orthonormal basis of our (separable) Hilbert
space H then the quantum field operator can be written as

b =3 (@) + Eat(£)); (34)

when such basis elements are (positive energy) plane
waves qﬁg and we are restricting to a box of spatial size

L one obtains the familiar expression®

b= (pja;+ djab) (35)
p

with a}g = a_p, as we are dealing with a real scalar field.

In the next section we will see how the above construc-
tion must be modified in the presence of deformations of
the algebra of relativistic symmetries. To this end it is
useful to remind the reader how standard symmetries act
on the algebra of scalar (quantum) fields equipped with the
standard multiplication ““-”’. As a symmetry of our theory
Y € P will act on an element ¥ € F (H ) as Y>>V and,
formally, on the operators defined on the Fock space
through Y»a. We would like to establish a relation be-
tween these two actions. First let us consider the action of a
Poincaré group transformation on ¥ € F (H):

U(A, 8)(61‘1’) = a(A‘s)‘l’(Als). (36)

For an infinitesimal transformation U(A, &)(aV¥) =~
1 —i8°Y, (with 8¢ infinitesimal parameters and Y. € P)
one has from (36) that

¥»a)V = (Y>a¥) — a(YD>WP) (37)

which can be rewritten formally as Y®»a = [Y, a]. One can
verify, using the above relation, that the following property
must hold

Y»(a o b) = 0[AY>(CI ® b)] = Z(Y(1)>a) ] (Y(2)>b),

(38)

where AY is the trivial coproduct of the standard Poincaré
(Hopf) algebra (see (1)), o is the composition law for
operators acting on F (), and in the last term we used
Sweedler’s notation for the coproduct. The equation above
is telling us that there is a nontrivial relation between the
coproduct and the composition law for operators. In par-
ticular if the coproduct is deformed or ‘““‘twisted’” then one
has to modify o to a deformed ‘‘star product” *. The need
for a deformed composition law for operators is well
known for the case of #-twisted Poincaré algebra in which
only the coproduct structure is deformed [26-29]. As we
will see in the next sections something similar emerges in
the k-Poincaré case in which the nontrivial coalgebra

®From a rigorous mathematical point of view the “field
operator” is an operator valued distribution. In the case of linear
scalar field (i.e. a noninteracting theory) our lack of rigor will be
harmless.
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structure exhibits deformed (noncocommutative) copro-
duct as well as a deformed action of symmetry generators.

We can write down the explicit form of the action of the
generators of translations and space-time rotations on the
creation and annihilation operators, ag, a;g, from their

action on one-particle states. The state a%lO} is, by con-
struction, a positive energy eigenvector of the momentum

operators with

Po>(at]0) = w(®)(all0),  P>(all0) = ki(al]0)).

(39)
From
P,>(a10)) = (P, »aD)0) + af (P,>]0) (40)

and the invariance of the vacuum under translations we
derive

t— Wbt t_ gt
P()Pal2 = w(k)a];, P,}a]; = k,»alz. 41)

For boosts and rotations one has

M0j>aE = iw(/g)ékja;;r, (42)

M»al = i(k;o;, — kidy )al, (43)

and analogous expressions, with appropriate sign changes,
hold for annihilation operators a;.

B. K-one-particle Hilbert space

In the following sections we propose an extension of the
standard Fock space construction described above to the
case when standard relativistic symmetries described in
terms of the Poincaré (Lie) algebra are generalized by
the «-Poincaré deformed (Hopf) algebra of symmetries.
We assume that the physical Hilbert space of our quantum
field theory consists of a deformation of the standard
bosonic Fock space F, () whose structure is, at this
stage, unknown.

Our strategy will be to start from the space of solutions
of the «-Klein-Gordon equation from which, using the
inner product (25) (and implicitly the map (23)) described
in Sec. II, we will define a k-one-particle Hilbert space. At
this level the nontrivial Hopf algebra structure of the
symmetries will impose a natural truncation to sub-
Planckian modes in the Hilbert space. In the next section
we will also show how the deformed coalgebra structure of
k-Poincaré will require a new concept of symmetrization
when constructing “n-particle” states leading to a non-
trivial structure for the Fock space of the theory F, (H).
After defining a field operator we will apply our results to
the calculation of the energy and momentum charges car-
ried by one and two-particle states of our theory and study
their properties.
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We start with the definition of our ‘‘one-particle”
Hilbert space. To construct such Hilbert space we consider
the inner product (25) and look for a subspace of the space
of complex solutions’ &% on which such a product is
positive definite. In order to do so we give a closer look
at the properties of our inner product

4
(@1, 02), = [ 555 8C (pDsignter’s ~ 1)
Q2m)?

X eGP/ D" (= p)D,(p).

One can easily verify that sign(e”/% — 1), when p, is put
on shell, behaves as

sign (e?/% — 1) = LL g(k — |pl) — LL 0(—k + |])
7ol 7ol

(44)

in which 6 is the Heaviside function. Now consider an
orthonormal plane wave basis ¢; = Ae’™ in which A is a
normalization factor.® Their x-Fourier transform and its
complex conjugate are given by

di(p) = AQm)?8O(k — p);
(i(p)* = AQm) 80 (p — k),

and f;*,;((;)p) = AQm)3e 3¢ I/ §3) (5 — k). Plugging
these expressions in the formula for the inner product

(45)

(¢1€,: d"?):c = (277)3A2|]21|—lsign(e(k?/l<) _ 1)5(3)(121 _ ];’2)’
(46)

where k) is now on shell and from which we fix the

normalization factor to A = |k|!/2(277)~3/2. As customary,
we now put our fields ““in the box” so that the modes have
finite spacing determined by the spatial extent of the box.

From (44) one can easily see that for modes on the
“positive energy” mass-shell (w™ (k) with |k] > k the
inner product is no longer positive definite. Indeed the
energies associated with such modes become complex
valued. Thus, in order to construct our one-particle

Hilbert space, we need to restrict to the subspace S &T<K C

S*, the space of “positive energy”” solutions whose mode
components are truncated at the Planck scale «, on which
the inner product is positive definite. Our k-one-particle
Hilbert space H , will be defined by the completion of
S« C 8 in the inner product (25).

|k|=«
Through the k-complex conjugation map described in
Sec. II B, whose definition combines standard complex

conjugation and the antipode transformation, SIKIET is
=K

mapped into S§*7, the space of negative solutions, i.e.

"In the following we will use S instead of S¢ to leave room
for other indices.
8Without loss of generality we take A to be real.
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‘_Sll(ETSK = §*7. Indeed, it can be easily seen that the anti-
pode is a one-to-one and onto map only restricting to
positive energy modes with |E| = k or, equivalently, re-
stricting to purely real energy modes.

At this point, even though a general description of the
Fock space of the theory F () is still lacking, we can
characterize the creation and annihilation operators rela-
tive to a specific basis in terms of their action on the
vacuum state they single out in F(J). In particular
consider the (normalized) plane wave basis {d)g} of

S|l<1€|+<x C 8% described above. We define the annihilation

operators b relative to {(ﬁg} and a vacuum state |0) €

F.(H) such that
b50)=(0,0,...) V p. (47)

The action of the creation operator b; on the vacuum will
be defined by

bil0) = (0,61,0,...). (48)

Our state b;glO) will be, according to the well-defined

action of momenta on plane waves (see [11]), a positive
energy eigenvector of the momentum operators with

Po>(b110) = w*(B110));  P>(b110)) = pi(b}]0))
(49)

in analogy with the standard case, we have

P»bl = w*bl:  PPbL=pbl,  (50)

which again we write in a more compact form as
P, »bl = ptbl. (51)

For the adjoint operators we have, according to the de-
formed complex conjugation defined in Sec. II B

P »b; = (=ph)b;. (52)

Now that we have a candidate x-one-particle Hilbert space
we can start building multiparticle states and their associ-
ated Fock space.

C. k-Fock space and n-particle states

In the case of standard scalar quantum fields, the Fock
space F(J) built from the direct sum of tensor products
of one-particle Hilbert spaces FH is “too large” and one
has to resort to a symmetrization, related to the specific
type of particle statistics, which leads to the bosonic Fock
space described in Sec. III A. The redundance in using
JF(H) as the Hilbert space of the theory comes from the
fact that if we decide to label the states according to the
number of particles and the eigenvalues of the four-
momentum operator P, for an n-particle state there will
be n! different states in F(HH) which have the same
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momentum eigenvalue. One thus proceeds to symmetrize
such states obtaining a single element belonging to the
“physical” Hilbert space F (). In the x-deformed
case one could try to proceed in an analogous way but
such a naive guess turns out to be inconsistent as the new
symmetrized states, like e.g. the two-particle state’
0,0,1/v2(¢;® ¢; + ¢;® ¢5),0,...), will not be ei-
genstates of the operator P, in other words the standard
“flip” operator 7(¢; ® ¢p;) = ¢;® ¢; is no longer
“superselected” i.e. does not commute with all the observ-
ables. To overcome this difficulty, starting from the two-
particle case, we will look for states which have the same
momentum eigenvalues, extract the information regarding
the type of nontrivial reshuffling of the momentum labels
needed to go from one state to the other, and then construct
a k-bosonic Fock space.

The two-mode tensor product state ¢; ® ¢; has an
associated four-momentum eigenvalue p-+g due to the
nontrivial coproduct of the P,,’s. We now look for momen-
tum labels of(p) and o7,(q) such that ¢« G @ Gy (5)

K 12
will carry the same four-momentum eigenvalue p+¢. Here

o, indicates that the new momenta are associated to the
only nontrivial element of the permutation group S? (o
being the identity) but do not correspond to the standard
flip of momentum labels. One can check that

TH@ = 7= @ ge ") 53)
ot (p) = p = (po; pe’®)

with'® Gy = 0w (Ge @ P/%) and py = w*(pedo/~) are
such that g+ p = p+¢q. One also easily verifies that
such a choice is unique.

We can write down the action of two creation operators
on t}llle vacuum obtaining a x-symmetrized two-particle
state

by *bE0) = (0,0,1/v2(¢, ® ¢, + b;® $7),0,...)
= b} *bl]0). (54)

Notice how we introduced the non-Abelian * composition
of creation and annihilation operators, which reflects the
noncocommutativity of the coproduct, to stress that b,t *
b}; and b}; * b;ﬁ, acting on the vacuum, will create two
different states in F¥(JH ). The action of an annihilation
operator on the state above will be

“In the following we omit the superscript + from ¢ being at
this point obvious that we are considering only “positive en-
er%y” plane wave solutions.

'URemember that, according to (21), the time component of the
four-momentum on the positive deformed mass-shell is given
ot (p) = —klog(l — |pl/k).

From now on, in an effort to keep the notation clear, the
different modes will be labeled in terms of the four-momentum p
instead of the spatial vector p and it will be understood that the
four-momenta are on shell.
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[ ] [ ] e — 0
1 2 1 2
—
N N = N _ 0
(P1; P2) (P1; o e PR

FIG. 1. Two-particle state with momentum eigenvalue p,+ p,.

b % b} x bJ10) = (0, (8504 + 8:065),0,..). (59

A pictorial representation of how one gets from p+g to
g + p will be helpful in generalizing the construction to
n-mode states. We consider two modes of a single particle
state as an ordered couple (p; p,) and associate to each
element of the couple a node of a graph. Drawing an arrow
going from node 1 to node 2 corresponding to the ordered
couple (p;; p,) will give the two-particle state labeled by
the couple (B;pre P1/%) with momentum eigenvalue
p1+p, (Fig. 1). Analogously drawing an arrow going
from 2 to 1 gives the two-particle state (pje P2/%; p,)
with momentum eigenvalue p,+ p, (Fig. 2). Notice how
summing the elements of the resulting ordered couple in
the first case reproduces the spatial component of the
coproduct p,+ p, and in the second case of p,+p;.

“Retracting”” an arrow going from node 1 to node 2
corresponding to the couple (p;; p,) is the inverse move of
the one described above and will give (p;;p,ePt/<).
Retracting an arrow extending from 2 to 1 one goes from
(B1: P) 1o (pre™/*; pr) (Fig. 3).

In general an n-mode state graph will consist of n nodes.
Each node will have [ arrows ending on it with 0 = [ =<
n — 1 and each value of / will occur only once in the graph.
We call [ the weight of the node. Each one of the n-mode
graphs has an associated coproduct that we represent as a
set of spatial momenta multiplied by the exponents deter-
mined by the coproduct.

Let us see how it is possible to obtain the correct
symmetrized tensor product states using the pictorial rep-
resentation just introduced. Consider the simple example
of a two-mode state with momentum eigenvalue p,+p, =
(7 (p1) + @F (B); p1 + Pre”PV/*). We can obtain such a
coproduct summing the two entries of (j,; p,e P1/%) or
(pre PV/%; p,) (attach the first entry to node 1 and the
second entry to node 2). “Undoing” the state in both cases
gives the two components of the symmetrized two-particle
state given in (53) (see Fig. 4).

(P15 P2) (By e P2 ; )

FIG. 2. Two-particle state with momentum eigenvalue p,+ p;.
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e — >0 [ ] [
1 2 1 2

(P1; Pa ePiln )

o<— 0 [ ] [ ]
1 2 1 2
—
(P15 P2) (B P57 ; )

FIG. 3. Undoing two-particle states.

This procedure can be easily generalized to any n-mode
state: the n! degeneracy of states will be given by attaching
the n addenda of the coproduct to each of the n nodes of the
graph (total of n! possible ways) and then retracting the
arrows in the following sequence:

1. retract the arrow going from the node with weight O
and the one with weight 1;

2. retract the 2 arrows going from the weight 0 nodes and
the weight 2 node;

n — 1. retract the n — 1 arrows going from the weight 0
nodes to the weight n — 1 node.

Let us watch the above algorithm at work in the ex-
ample of a 3-mode state. We focus on the symmetrized 3-
mode state with momentum eigenvalue p;+p,+
p3 = (0f (B) + 3 (By) + wi(B3): p1 + pre PV/< +
pre PU/x=P2/x) represented by the graph in Fig. 5. We are
looking for the 3! tensor product states belonging to H , ®
H,.® H, with the same momentum eigenvalue
p1+p,+p;. These states will be obtained by attaching
each one of the elements of the triple (p;, pre Pi/%,

e —— 0 [ ] [}
1 2 1 2
—

(By; pa e P (P1; P2)
pP1; p2€ P1; P2
e —©0 [ ] [ ]
1 2 1 2
—

— _ — — _ 0 N ~0
(Bo e P ) (Py e PR P2/ )

FIG. 4. Obtaining the two states which contribute to the two-
particle symmetrized state with momentum eigenvalue p,+ p,.
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Pre PI/x=P2/x) o the nodes of the graph in Fig. 5 in all the
3! possible ways, which correspond to the permutations of
the elements of the triple, and then undoing the arrows
according to the algorithm above. We can label each of the
3! addenda of the xk-symmetrized state with elements of the
permutation group of three elements. For example o, will
stand for the element obtained starting from the permuta-
tion which exchanges the first and the second term in the
triple, 0,5 to the one which exchanges the first and the
second terms, and then the second and the third, etc. The
triple obtained from the identity element of (i.e. p; at-
tached to node 1, 1326_1’(1)/ “ attached to node 2, etc.) would
be (py, P2, P3) and is the analogous of the first couple
appearing on the right-hand side of Fig. 4. Putting «; =

@ one can write down the whole set of tensor products

which summed will give the symmetrized 3-particle state
|
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o >

NS

3

FIG. 5. The three-particle state with momentum eigenvalue
p1tp2tps.

o = (p1, P2 P3), (56)
o5y =P, (1 — ax)p;, (1 — az(1 — ay)) " 'pa),  (57)

oy = (1= ap)py (1 —ar(1 —a) 'py, p3),  (58)

oy = (1 —a)py, (1 — ay(1 — ) M1 — a)(1 — ay)ps, (1 — ay(1 — ay))™!
X (1= a3(l —ay(1 —ay)'(1 — a1 — @) "' py), (59)

oy =((1—a) —ay)ps (1 —az(l —a)(1 —ay)'(1 — a)py, (1 — a3(l — a)(1 — ay))™!
X (1= ay(l = a3((1 —a))(A — ay) (1 — )" p)), (60)

oy = (1= a1 — ax)ps3, (1 — a3(1 — a)(1 — ay) 15y, (1 — a3(l — a))(1 — ay))~!
X (1= a (1 —a3(1 —a)—a)) H (1 = a)py). (61)

To clarify the above formulae note that using the same notation the elements of the symmetrized 2-mode state would have

been written as

o5 = (P, P2)s (62)
o= (1= a))py (1 = ay(l —a))”'p)). (63)

The 3-mode state with momentum eigenvalue p,+ p,+ p; can finally be written as
bh, * b}, x b}10) = (0,0,0, 1/V6(0f + o5 + oy + ofys + 0fy + 073,),0,..), (64)

where each o corresponds to an ordered triple above which in turn corresponds to a tensor product of plane wave solutions
with given momentum labels (51, pa, p3) — ¢, ® ¢, ® ¢,.. Applying an annihilation operator we have

bp * b;l * b;z * b;3|0> = (0, 0, 1/\/5[5[;1;1(0_'6 + 5’53) + 5[;,(1_&1)132(5"1(2 + 0_"{23) + 8[;,(1_0(1)(1_%)53(0_"1(3 + 0_"{32)], .. .),

where o stands for one of the addenda in (64) with the
first factor in the tensor product removed. We have written
down these states explicitly as we will need such expres-
sions in order to calculate the Noether charges carried by
multiparticle states in the following section.

Having a general prescription for the construction of
n-particle, k-symmetrized, states from the one-particle
Hilbert space H ., we can define the deformed Fock space
of the theory to be

(65)
F () = @ si3%, (66)
n=0
where
1
S =3 > o~ (67)

gEP,

and to each permutation o € P,, is associated with a non-
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trivial reshuffling of modes o*
0 (P, @ ® Py ) = Dori) @ ® Pyr,) (68)

according to the rules described above. Now that we have
the full Hilbert space of our theory we can write down the
deformed field operator acting on it

P — 7t
b = Z ((;S,,b;, + ¢pb13) (69)
plpl=x
and the x-deformed counterpart of the reality condition for
creation and annihilation operators reads

according to the notation for the antipode of modes on shell
introduced in Sec. I B.

D. Energy and momentum of quantum states

As an application of the formalism introduced we now
calculate the energy and momentum charges carried by
different states of our theory. The Noether charges de-
scribed in Sec. II B
=3(®, P, D), 71)

o

in the quantum context will become observables, i.e. op-

erators on F(FH)
0,=4d pP,>d), (72)

whose expressmn depends on the explicit form of the field
operator & and where P, >® indicates that the generators
of translations act on the “function” coefficients of .

Using the orthogonality properties

(¢p’_¢zq)_: 0, (¢f’)¢q) = 6;7(}’ (73)
(d)p’ ¢q) = _673w (p)/K(Sﬁq
and also
(bybj bybg) = 8530} % by, a4

(@,bF, G bd) = —e 73" P/x by x b,
we can write an explicit expression for the operators Q “
_ L, 30t (p)/K( t
e )/ ( pM)bﬁ*bﬁ].

(75)

We start by calculating the energy-momentum charges
carried by the one-particle state

Ip) = b}l0) = (0, $,,0...). (76)

Using the explicit form of the operator 0 u given above one
has
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A 1 1 i
Pl0,1p) =50k = ) =5 T e Pk
k k=K
(77

where
= (0" (p), p) Pp = (0= (p), —p). (78)

The last term on the right-hand side of (77) is the analogous
of the standard “‘vacuum energy” and, due to the presence
of the exponential factor in the sum and the cutoff «, turns
out to be finite. Once the vacuum contribution has been
subtracted the one-particle energy momentum reads

(p10,Ip) = (p) — ) (79)

We can write down an explicit form of the one-particle
energy and momentum charges

0=y —py) 0" =5h (80

It is easily checked that they obey the dispersion relation

0] = Ktanh<Q0> (81)

Notice how, as one would expect in the presence of a
cutoff, the modulus of spatial momentum charge is
bounded by «, while the energy charge carried by the state
goes to infinity when the modulus of the spatial momentum
becomes Planckian.

We now calculate the same charges for a two-particle
state. As showed in the previous section, given two modes
with momenta labels p and g, we have two 2-particle states
labeled by different values of the total four-momentum:

bl xbi0)=Ip+g),  blxbb0)=1g+p). (82)

Using the expressions for the action of four creation and
annihilation operators acting on a vacuum given in the
previous subsection one obtains

(pF+4ql0,lp+q) = 07 + [py + ;) — pau + d2)]
(83)
in which
Gy = (@t (Ge Po/x), Ge Po /"), 84)

Gp = (@™ (geP3/%), —gers /"),
and
1 +(r .
Q,‘i“c _ _§<QZ e 3 (k)/K>(_k;)>, (85)
kkl=k

The conserved charges for the two-particle state | p+¢) are
then

$7 = 1/2(p5 — py) + 1/2(45 — Gy

] (86)
O " = p, + e ri/xg,
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Note how such charges are different from the correspond-
ing ones carried by the state |¢+ p). In fact this state has an
associated energy Qo = 1/2(qq — qo) + 1/2(pg — By ),
with p = (w(pe~ /%), pe~% /%), and spatial momentum
components Q; = q; + e 9 /% p;. This indicates that the
two states |p+¢) and |g+p) are truly different physical
states.

Using the technology developed so far one could go on
and calculate the energy-momentum charges for states
with an arbitrary number of particles. For our illustrative
purposes here we limit to write explicit formulae up to the
two-particle case.

A comment on the possible phenomenological implica-
tions of the framework proposed is now in order. Among
the original motivations for studying quantum fields with
k-deformed symmetries was the suggestion that the de-
formed mass Casimir C,(p) could lead to a Planck-scale
modified energy-momentum dispersion relation. Various
heuristic arguments showed that such a modified disper-
sion relation might be responsible for observable effects
like e.g. the existence of trans-Greisen-Zatsepin-Kuzmin
(GZK) events in the cosmic ray spectrum, time-of-flight
delays for gamma ray bursts photons with different ener-
gies, or weakened bound on the flux of high energy neu-
trinos (see e.g. [30]). After the release of the two-year
activity data from the Auger cosmic ray observatory [31]
the first option has become the most valuable candidate for
providing a solid experimental test for theories which
predict Planck-scale modifications of kinematical thresh-
old conditions. Our model certainly represents an impor-
tant step forward in the formulation of a consistent
framework which can be falsified by the Auger data.
Indeed we provide for the first time an expression for the
energy and momentum charges carried by «-field quanta
and show that they obey a dispersion relation (81). Notice,
however, that in order to extract quantitative results for
kinematical thresholds within our framework one requires
the introduction of interactions and a viable proposal for
the vertex of the resulting Feynman graphs. A description
of canonically quantized interacting fields in a k-symmetry
framework is one of the next challenges on our research
agenda.

A remarkable result obtained within the formalism in-
troduced is the expression for the vacuum energy Qg that
can be read off (85). As we stressed above, unlike the
undeformed case, Qy*° for « quantum fields is finite.
Moreover it is a well-known fact in standard quantum field
theory that, in the presence of boundary conditions, the
existence of a vacuum energy leads to macroscopically
observable phenomena (e.g. Casimir effect). One then
naturally expects that k-quantum fields would lead to the
same effects which differ quantitatively from the standard
ones by small (%-suppressed) corrective terms. A prelimi-
nary study of the Casimir effect in a k-deformed setting
was proposed in [32]. The result found was indeed a
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Casimir energy which expanded in terms of the deforma-
tion parameter reproduces the standard result plus small
corrective terms. The treatment of [32], however, was
based on a heuristic quantization of «-fields and essentially
proposed a calculation of the Casimir energy in the pres-
ence of a k-deformed energy-momentum dispersion rela-
tion. The derivation of [32] can be adapted to incorporate
our rigorous result for the vacuum energy and the result
[33] does not differ qualitatively from the ones of [32].

IV. COMPARISON WITH PREVIOUS ANALYSES

Before concluding we review and discuss some recent
efforts in constructing quantum fields with «-Poincaré
symmetries. '

In [34] the authors attempt a quantization of a real scalar
field on x-Minkowski space-time with symmetries de-
scribed by the k-Poincaré algebra in the so-called “sym-
metric basis.” Such a basis is related to the standard
bicrossproduct basis via the mapping P; — P;e’0/2¢_ The
authors write the following Fourier expansion of the field

6% [ d* pA(po, P)8(CS — M)zein”

_ 1
(2m)3/?

in which M is a mass parameter and C5 represents the mass
Casimir of the «-Poincaré Hopf algebra in the specific
basis considered. The Fourier coefficients of the fields
are on shell according to the roots of the mass Casimir
Pi = *,(p) and they are such that (A(Xw,(p), p)T =
A(Fw,(p), —p) holds. Classical fields are promoted to
quantum fields in [34] by defining creation and annihila-
tion operators given by

a(w,(p), p) = C(p)A(w.(p), P),
aft(wk(ﬁ)’ ﬁ) = C(ﬁ)A(_wK(ﬁ)’ _ﬁ);

where the factors C(p) result from the expansion of the
delta function which sets the fields on shell.

Moving to the multiparticle sector of the theory the
authors adopt a strategy used in various works on field
theories with #-twisted Poincaré symmetries [26-28].
They look for a composition rule o for annihilation (and
creation) operators which is consistent with the nontrivial
coproduct of x-Poincaré in the symmetric basis

A(P0)=P0®1+1®P0,
A(Pl) = Pi ® e(PO/ZK) + e_(PO/2K) ®Pi’

i.e. such that the action of the P, generators on the anni-
hilation operators is

"“For the purpose of clarity, in this section, we conform to the
notation used, respectively, in each work discussed.
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PMDGK(PO: p) = PMaK(Por 13),
PMDa,JE(pO, p) = _PMGI(P(» P),
P> (a,(po, P) © ai(qo ) = (AD(P)>a,(po, P)
X (AD(P,)>a,(q0, §))-

The deformed composition rule derived by the authors is

aK(P) ° aK(‘]) = ax(pO’ 3_(%/2'()13)%(%, e(pO/zK)ZI))

in which py = w,.(p), g0 = w,(g). Using this deformed
“multiplication’ of operators the appropriate commutators
[, ] are then written down and the authors observe that
they simply reproduce the standard algebra of creation and
annihilation operators. This conclusion is not surprising
since the choice of deformed composition of operators
above tries to get rid of the nontrivial structure of the
coproduct. However a major problem arises if one notices
that creation and annihilation operators, acting according
to the deformed composition law given above, do not
create or destroy particles which are on shell,"® in fact
M? = C5(ko, k) = (2K sinh(é‘—i))2 — k2 is not satisfied, for
example, for the mode (kg, k) = (pg, e~ (40/2%) ) belonging
to a 2-particle state. This undesirable feature represents, in
our opinion, a major flaw of the quantization of fields
proposed in [34].

Two recent works in which quantization of x-fields is
discussed, in the context of an analysis of the blackbody
radiation and Unruh effect in k-Minkowski space-time, are
[35,36]. There the authors define a real scalar field as the
Fourier decomposition of plane waves which are taken to
be the ‘“‘time to the left” ordered elements of the non-
commutative coordinates £, i.e. : e PF = ¢ iP"¥ ok,
The basis of the k-Poincaré Hopf algebra associated with
such a normal ordering is related to the standard bicross-
product basis by the redefinition P; — P;efo/% and by
setting k — — k. This basis is called by the authors ““asym-
metric.” In [36] the following field expansion is used

b(x) = f =P () S(E(p)
P

ep)+ o = M1+ M%(”)),

4x2

where M2(p) is the mass Casimir relative to the specific
basis of the x-Poincaré algebra considered. The deformed
action for a scalar field used in [35,36] is

5= f S PAF (Pep),  AF(p) = E(p) + i

P

30n the other hand it easily checked that such a basic require-
ment is verified in the type of k-symmetrization we propose in
Sec. III C.
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where A7 !(p) is denoted as “the Feynman propagator,”
is the antipode, and p — —p is called the conjugate
transformation.

The authors of [35,36] then perform a field quantization
promoting the classical function Az!(p) to the Feynman
propagator of the quantum theory in momentum space.
Namely, as the authors write, ‘it is technically safe to
assume’ that

iAF(p)lon shell — <(I)(P)q)(P)T>

The expansion of the quantum field is obtained imposing
consistency with the latter relation. The authors then find
an algebra of creation and annihilation operators that dif-
fers from the standard one by a multiplicative factor E(q),
ie.

[a(p), at(q)] = 2E(p)(27)*&%*(p — q),
[b(p). bT(q)] = 2E(p)2m)38*(p — q).

The authors repeat their analysis for the same basis of
generators of k-Poincaré considered in [34]. The differ-
ence now emerges at the level of the coproduct for the
translation generators and at the level of the mass Casimir.
The algebra of creation and annihilation operators obtained
in this case [36] differs from the one relative to the asym-
metric basis by the replacement E(p) — D(p). The possi-
bility of reabsorbing both factors E(p) and D(p) by a
suitable renormalization of the creation and annihilation
operators is not discussed.

The authors of [35,36] essentially follow the quantiza-
tion procedure, first proposed in [37], which relies upon the
assumption that the function Az!(p) can be promoted to
the Feynman propagator of the quantum theory. The in-
consistencies of such an approach, which are particularly
severe in the multiparticle sector, were already pointed out
by the same authors of [37]. It is not clear to us how such
problems can be resolved in the case of [35,36]. Moreover
the analyses reported in [35,36] lack an explicit construc-
tion of the Hilbert space of the theory where, as we showed
in the present work, the nontrivial coalgebra sector of the
x-Poincaré Hopf algebra plays a crucial role.

V. CONCLUSIONS

We have constructed the Fock space for a free massless
scalar field in the presence of deformed symmetries de-
scribed by the k-Poincaré Hopf algebra. On such space we
have defined the basic observable of the theory, the field
operator, and calculated the energy-momentum charges
carried by one and two-particle states.

The two main features of the space of quantum states we
presented are the existence of Planckian cutoff for the field
modes in the one-particle sector and the need of a non-
trivial bosonization in the construction of the Fock space of
the theory. Moreover the “vacuum energy,” which in usual
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quantum field theory is a divergent quantity, due to the
presence of the cutoff « is now finite and, in our particular
framework, energy and momentum charges of a single
particle state obey a deformed dispersion relation.

To our knowledge this is the first time that a Hilbert
space for quantum fields enjoying -Poincaré symmetries
has been constructed and, remarkably, it provides an ex-
ample of a quantum field theory in which an ultraviolet
cutoff pacifically coexists with its relativistic symmetries.
The nontrivial behavior of the theory in the multiparticle
sector is not surprising since, for example, it is well known
that in the case of #-Poincaré Hopf algebra symmetries the
usual flip operator must be twisted thus leading to a de-
formed particle statistics [26—28]. However the type of
nontrivial bosonization we found, characterized by an
“entanglement’”” of multiparticle modes, radically differs
from the more popular framework of twisted statistics and
it is a challenge for future studies to investigate the physi-
cal consequences of such peculiar behavior. Finally, it is
important to notice the emphasis of our approach to quan-
tization on the definition of an inner product, creation and
annihilation operators, and field modes. This emphasis
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makes the framework developed in the present paper tai-
lored for generalizations to different choices of ‘“‘time
translation” Killing vectors, which define *“positive en-
ergy” modes for the field, and thus for the study of
Unruh-like phenomena in a k-deformed setting. Such an
analysis will be the subject of a forthcoming work.
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